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NON-ABELIAN TENSOR AND EXTERIOR PRODUCTS MODULO ¢ AND
UNIVERSAL ¢-CENTRAL RELATIVE EXTENSION OF LIE ALGEBRAS

EMZAR KHMALADZE
(communicated by Graham Ellis)

Abstract
The notions of tensor end exterior products modulo ¢ of two crossed
P-modules, where q is a positive integer and P is a Lie algebra, are
introduced and some properties are established. The condition for the
existence of a universal g-central relative extension of a Lie epimor-
phism is given and this extension is described as an exterior product
modulo q.

Introduction

The non-abelian tensor product of groups was introduced by Brown and Loday [3,4] and has
applications in homotopy theory and in non-abelian (co)homology theory of groups [11,13,14].

In [5] Conduche and Rodriguez-Fernandez introduce the non-abelian tensor product modulo
an integer ¢ of groups, generalizing definitions of Brown [2] and Ellis and Rodriguez [9]. This
construction is the mod ¢ version of the non-abelian tensor product of groups of Brown and
Loday.

In [6] Ellis developed an analogous theory of non-abelian tensor product for Lie algebras (see
also [7]). Using tensor (exterior) product of Lie algebras Ellis describes the universal central
extension of Lie algebras. The importance of this product is given by Guin in [12], constructing
the non-abelian homology of Lie algebras in low dimensions, which has applications in cyclic
homology.

In the present paper we introduce the non-abelian tensor (exterior) product modulo g,
M®IN (M A?N), where M and N are two crossed P-modules, in the context of Lie algebras,
as the mod ¢ version of Ellis’ tensor (exterior) product of Lie algebras and investigate its prop-
erties. The general aim introducing this notion is to describe the universal g-central relative
extension of a Lie epimorphism, analogously to Conduche-Rodriguez-Fernandez’s result in the
group case [5, Theorem 2.11].

In [16] Kassel and Loday give the notion of relative extension of a Lie epimorphism
a : P — @ and prove that a universal central relative extension exists if and only if the
relative homology group Hs2(Q, P; A) = 0, where A is a principal ring. In this paper we intro-
duce the definition of a g-central relative extension of a Lie epimorphism, which is the mod
q version of Kassel-Loday’s notion and give our main result (Theorem 2.8): for a short exact
sequence of Lie algebras

0-N—-P3Q—0

there exists a universal g-central relative extension of « if and only if N = N#,P, where
N#,P is the submodule of P generated by the elements [n, p] and ¢n for n € N, p € P.
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In the rest of the paper the following interesting properties of non-abelian tensor (exterior)

product modulo g, M ®? N (M A? N), of Lie algebras are given. The existence of a unique
isomorphism M®IN — NQIM (MAIN — NA?M) (Proposition 1.7) is shown. Compatibility
of tensor product modulo g of crossed modules with the direct limit of crossed modules is
established (Theorem 1.9). Some examples of crossed squares of Lie algebras are given. Using
a slightly generalized version of Whitehead’s universal quadratic functor (for the definition see
bellow) the relation between the Lie exterior product modulo ¢ and the Lie tensor product
modulo q is estabished (Theorem 1.17). Finally, the relation between Ellis’ non-abelian tensor
product and the non-abelian tensor product modulo ¢ of two Lie algebras with compatible
actions on each other is given (Theorem 1.22).
Notation. We shall use the term Lie algebra to mean a Lie algebra over A, where A is a
commutative ring with identity. We denote by [,] the Lie bracket and by ¢ a non-negative
integer. For any Lie algebra X, an ideal Y C X and z € X we shall write cl(z) to denote the
coset ¢ + Y.

1. Tensor and exterior products modulo g of Lie algebras

Let P and M be two Lie algebras. By an action of P on M we mean a A-bilinear map
Px M — M, (p,m) — Pm satisfying

P2l = P(P'm) — P (Pm),
Plm,m'] = [Pm,m'] + [m, Pm’]

for allm,m’ € M, p,p’ € P. Note that any Lie algebra acts on its ideals by Lie multiplication.

Recall from [16] (see also [6]) that, in the context of Lie algebras, a crossed P-module is a
Lie homomorphism p : M — P together with an action of P on M which satisfies the following
conditions:

(i) p(Pm) = [p, p(m)],

(ii) #Mm! = [m,m’
forallm,m’ € M, p € P.

A morphism of crossed modules pn : M — P and p' : M’ — P’ is a pair (f : M — M/,
¢ : P — P') of Lie homomorphisms such that f(?m) = ¢®) f(m) for all m € M, p € P and
wf=ep.

Suppose that p : M — P and v : N — P are two crossed P-modules and consider the
pullback

MxpN —25 N

“l b

M LN, &
Let K =M xp N={(m,n) € M x Nljm € M,n € N, u(m) = v(n)}. In this diagram each
Lie algebra acts on any other via its image in the Lie algebra P.

Definition 1.1. The tensor product modulo q, M ®% N, of the crossed P-modules p and v is
the Lie algebra generated by the symbols m®@mn and {k}, m € M, n € N, k € K subject to the
following relations:

A(m®n)=Ime@n=m® An, (1.1)

(m+m)@n=men+m Qn,

mnm+n)=meOn+men, (1.2)
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[m,m’]@n:w}@m/n—m’@)mn, (1.3)
menn]="men—"men/,

men,m @n']=-"me"™n,

[{k},m@n]=%men+me%n,

{Ak+XNE} = ME}+ N{E'},

[{k} K} = m1(qk) @ ma(qk'),

{(="m,"n)} = q(m @ n)

for allm,m’' e M, n,n’ e N, k,k' € K, A\, X € A.

AAA,.\,.\
— = = = =
o ~J O Ut
NN NSNS N

Let MON be the submodule of M ®7 N generated by the elements m®n with u(m) = v(n).
Then MON lies in the centre of M ®4 N since for any m @ n € MON, m’ @ n’ € M ® N we
have [m ® n,m' ® n’] = 0 (see [6]) and for any {k} € K by relations (1.3), (1.5) one has

Hk},m@n]=%mon+me%*n=[r(gk),m]@n+me%n
=7m(gk) @"n —m @ P*n+m e %*n =1 (gk) @ "™n
=m(gk) ®"™n = 11(gk) ® [n,n] = 0.

In particular, MON is an ideal of M ®% N.

Definition 1.2. The exterior product modulo q, M AN? N, of the crossed P-modules p and v
is the quotient

M ®9 N/MON.

In other words, the Lie algebra M A? N is the quotient of the Lie algebra M ®? N by the
relation

m (k) @me(k) =0, keK. (1.9)
Let us denote by m A n the image of m® n in M A? N.

Proposition 1.3. There are two Lie homomorphisms £ : MQIN — M and &' : M®IN — N
defined by

gmen)="n, ¢{k})=mldgk)
Moreover, these homomorphisms factor through M AT N.

Proof. [6, Proposition 2| leaves us to show that £ and &’ commute with relations (1.5)-(1.9).
In effect,
EFmen+me%n) = —"(%m) - () = —"(%*m) — v ()

= " (%) — [wri(gk),v(n)]y, — —"(*m) — um(qk)(nm) + (% m)

= —[m1(gk),"m] = £([{k},m @ n)]).

The proof of the rest is left as an exercise. O

Remark 1.4. There is the canonical Lie homomorphism § : M @1 N — M xp N (resp.
0 :MNN— MxpN), given, forx € M @1 N (resp. x € M AT N) by §(z) = (£(x), & (x))
(resp. 8'(z) = (&(x), & (x))). In the case ¢ = 1 the map § is an isomorphism of Lie algebras.

Lemma 1.5. (i) Let m,m/,m"” € M and n,n’,n"” € N be such that u(m) = v(n) = v(n”)
and p(m') = p(m”) =v(n'), then

qm” ® qn" =—qgmQ qn/ = qm/ & qn.
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(ii) Let k, k' € K and suppose [k, k'] =0, then
q(m1 (k) @ ma (k') = 0.
Proof. (i) By the relation (1.7) one has
gm”" @ qn” = [{(m",n")}, {(m,n")}] = =[{(m,n")}, {(m",n")}]
= —gm @ qn’ = —[{(m,n)},{(m’,n)}] = gm’ @ qn.
(i) Follows from the relation (1.8) and the fact that {0} = 0. O

Recall from [6] Ellis’ original definition of the non-abelian tensor product of Lie algebras,
M ® N, which is the Lie algebra generated by elements m ® n, m € M,n € N and subject
to the relations (1.1)-(1.4). Furthermore, Ellis’ exterior product, M A N, is the Lie algebra
generated by elements m An, m € M,n € N and subject to the relations (1.1)-(1.4) and (1.9)
(see [6], [7])

Let [M, N] be the submodule of K = M xp N generated by the elements (—"m,™n),
m € M,n € N. It is easy to see that [M, N] is an ideal of K. Further, [M, N] contains the
commutator [K, K] of K since for k, k" € K one has

[k, ) = (=70 (k), ™ O (k).

We have the following

Proposition 1.6. There is a commutative diagram of Lie algebras

MeN —*— M@ N —— K/[M,N] —— 0

l ! H

MAN —%— MAN —— K/[M,N] —— 0
with exact rows.
Proof. At first note that the Lie algebra K/[M, N] is abelian. The homomorphism ¢ (resp.
) is defined by p(m ® n) = m @ n (resp. Y(m An) =m An). By (1.5) Im¢ (resp. Ime)) is
an ideal of M ®7 N (resp. M A? N). It is clear that the quotient of M ®? N (resp. M A7 N)

by (M ® N) (resp. (M A N)) is generated by elements {k}, & € K with the relations
{AE+NE'Y = MEY+N{E'}, [{E} {K'}] =0, {(="m,™n)} = 0 and the diagram is commutative.
a

The tensor and exterior products of Lie algebras modulo g are symmetric as we shall show
now.

Proposition 1.7. Let (M, n) and (N,v) be crossed P-modules. Then there is a unique iso-
morphism of Lie algebras

S:M®IN—NIM (s:MANN-—NAN M),

such that s(m®@n) = —(n@m) (s(mAn) = —(nAm)), s({k}) = {k}, where k = (mwa(k), 71(k))
forallme M, ne N and k € K.

Proof. We have only to show that s commutes with relations (1.5)-(1.9) (for relations (1.1)-
(1.4) see [6]). In effect,

s([{k},m@n]) = [{k}, ~n@m] = —(*n @ m+n® *m)
= —(qkn®m—|—n® qkm) = s(qkm®n—|—m®qkn),

s(UNe+ NE'Y) = (Ve + VR = ME} + N{F} = s(ME} + N{k'D).
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By Lemma 1.5(i) one has

s([{k}, {K}]) = [{K}, {F'}] = m1(qk) © ma(qk’)
= ma(qk") ® mi(qk) = s(m1(qk) ® ma(qk)),

s({(=""n,"n)}) = {("n, ="m)} = —q(n ©@m) = s(¢(m @n)).
And finally
s(my (k) Ama(k)) = —(m2(k) Ami(k)) = 0.0
Proposition 1.8. Let (M, u), (N,v) be crossed P-modules and (M', '), (N',v') be crossed

P’-modules. Suppose o = (f, ) : (M, ) — (M', 1), 8= (g,¢) : (N,v) — (N', V') are crossed
module morphisms such that ¢ = 1. Then there are natural homomorphisms of Lie algebras

a®!B:MIN— M ®¢N'
(aANTB:MAN— M NN,

such that (o @ B)(m @ n) = f(m) ® g(n) ((a AT B)(m An) = f(m) Ag(n)), (a®?B)({k}) =
{(Fm (), gma ()} (o AT B)(1k)) = {(Fra(k), gmalk))}) for allm € M, 1 € N and k € K.
Furthermore, if «a, B are onto, so also is a @1 3 (a N1 j3).

Proof. Note that (fri(k), gma(k)) € M’ xpr N’ for all k € K = M xp N. a ®? 3 plainly
commutes with relations (1.1)-(1.9). For instance,

(@ B)([{k}, m @ n)) = [{(fr1(k), gma(k))}, F(m) ® g(n)]
= 1ImR) f(m) @ g(n) + f(m) @ V9™ g(n)

= orm(ah) £(m) @ g(n) + f(m) @ #72(@F) g(

= f(™Pm) @ g(n) + f(m) @ g(*™@)n)
= (a®1? 6)(qkm R/N+mE qkn).l]

n)

Now we investigate the compatibility of the tensor product modulo ¢, ®9¢, with the direct
limit of crossed modules. The group-theoretic version of this result is given in [15].

Theorem 1.9. Let {M,,®? a < 8} and {P., V5 o < B} be two directed systems of Lie al-
gebras. Let po, : My — P, be a crossed P,-module for each a such that (fl)g, ‘Ilg) s (M, ha) —
(Mg, vg), o < B is a crossed module morphism. Let v : N — P, be a crossed Py- module
for each o such that (1,93) : (N,v,) — (N,vs), a < B8 is a crossed module morphism. Then
there are natural isomorphisms of Lie algebras

(limo{Mo}) @ N = limo{Ms ®? N}, limo{Mo}) AN N = lim o {Ma AT N},

where lim o { My} ®? N is considered as the tensor product modulo q of crossed lim o{Pa}-
modules.

Proof. It is easy to check that a homomorphism v : N — lim,{P,} defined by v(n) =
cl(va(n)), n € N with an action “Pa)n = Pap is a crossed module.

Let p : limo{My} — limo{P,} be the Lie homomorphism defined by p(cl(ms.)) =
cl(fta(ma)). There is an action of lima{Pa} on lim.{M,} defined by clva)cl(mg) =
cl(wl(pa)fl)g(mg)), where v > «a, 3 (the existense of such v follows from the directeness of
the system). It is easy to check that everything is well defined here. Then we have

(1P el(mp)) = p(cl(Ma DT (mg))) = cl(py (Y2 PO DY (mg)))
= cl([¥3,(Pa); iy (P (mp))]) = cl([2, (Pa): ¥hps(mp)])
= [el(pa), pcl(mp))], where v > a, 3;
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u(cl(ma))cl(mﬁ) — cl(pa (ma))cl(mg) - Cl(\PZua(ma)q)g(mﬁ))
= ("B (mg)) = cl(® (ma), @3 (ms)])
= [cl(mq), cl(mg)], where v > a, .
Hence p is a crossed lim o { Py }-module.
Suppose
t: (h_r>na{Ma}) ®'N — h_r>na{Ma ®? N}

(resp. t: (limo{Mo}) AT N — lim o { My A N})

is a homomorphism defined by the formula t(cl(mqy) ® n) = cl(mq @ n) (resp. t(cl(mq) An) =
cl(ma An)) and t({(cl(ma),n)}) = cl({(®2(m4),n)}). Note that there is a 3 > « such that
(@8 (ma),n) € Mg xp, N, when (cl(mqa),n) € (lim o Ma) X1im o P, N. To prove that ¢ is well
defined we repeat the correspondmg part of the proof of Theorem 1.5 in [15].

It is clear that ¢ commutes with relations (1.1) and (1.2). Let us show the compatibility
with relations (1.3)-(1.9).

t(lcl(ma), cl(mp)] @ n) = t(cl([®(ma), P5(ms)]) © n)
= d([2%(ma), ®i(ms)] @ n)

(

(

oY

(D) (ma) @ " Dy(ms),, _ (I)g(mﬁ) ® uvi’l(ma)n)

= d((®) @7 15)(ma ® Vara(ma)py _ ((I)’Y @7 1y)(mg @ Yara(map))

c(m ®#B(mﬁ)n_cl(mﬁ @ Halma)p)

= t(cl(ma) @ L n — cl(mg) @ m)n) for some v > a, B.
Similarly it can be proved that ¢ preserves the second relation of (1.3). Next
H(cl(ma) & n, cl(ms) © ') = [el(ma @), cl(mg © )]
= c([(2] ®7 1n)(ma ® n), (25 @7 Ly)(mp @ n')])
= cA([@7(ma) @ n, @ (mg) @ n']) = —cl(" DY (ma) © *5 ")
= —t("cl(ma) © ), 5 > a,

t([{(cl(ma), n)}, clmg) @ n']) = [A({(BL (ma), n)}), cl(mg @ )]
= cl([(®7 @ 1x)({(®(ma), n)}), B} (mgs @ n')])
= cl([{(Y (ma),n)}, @} (m) @ n'))
= (™Y (mp) @1 + @ (mp) ® )
=t("cl(mg) @ n' + cl(mg) @ ""n’), v =7, 0,
t({A(cl(ma), n) + N (cl(ms), n')})
= t({(cl(®], (\ma) + B (N'mg)), An + N'n')})
], (Ama) + O} (Nmpg)), An + Xn')})
Ama) + ) (N'mpg)), An + N'n')}
AN (DY (ma),n)} + N ({@] (mg),n)})
= t(M(cl(ma), )} + N {(cl(mg), n")}),
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t([{(cl(ma), n)}, {(cl(ms), n)}])
= [A{(®Y(ma), )}, A({(@7 (ms),n)})]
= cA([{(@2 (ma), )}, {(®F (ms),n)}])

= cl(q®) (ma) © qn’) = t(gq.cl(my) @ qn’),

H{(="cl(ma), " n)}) = ¢({(el(~"ma), "))
= cl({(@5(="ma), " m)}) = el({(~" B (ma), )}
— cl(a(®(ma) & 1)) = ta(cl(ma) @)

(
If cl(pa(ma)) = cl(va(n)) then there is # > a such that W8 p,(m,) = ¥2v,(n) and hence
ps®B (mey) = vg(n). Then

t(cl(ma) An) = cl(ma An) = cl(® (my) An) = 0.

\/

On the other hand, the homomorphisms
Do @71y : My @1 N — (lim o{Mo}) @7 N
(resp. @0 ANT1n : Mo AT N — (limo{Ma}) A7 N),

where @ 1 My — limo{M,} are the canonical homomorphisms, induce a homomorphism
hma{M @1 N} — (imo{Ma}) ®? N (resp. t' : limo{Ma AT N} — (lima{Ma}) A?N).
It is easy to see that ¢t’, t't are identity maps. O
One has the following generalization of the homomorphism ¢ in Proposition 1.6

Theorem 1.10. (i) Let p be a positive integer and let ¢ = pq. Then there is a Lie homo-
morphism ¢’ : M @4 N — M ®1 N given by
¢'(men)=men, ¢({k})={pk}
forme M,n € N,k € K. Furthermore, the Lie homomorphism ¢’ induces a Lie homo-
morphism ' : MNY N — M AT N.
(i1) Let L = K/[M, N] then cokery’ and cokery’ are isomorphic to L/pL.
Proof. (i) We have to show that ¢’ commutes with relations (1.1)-(1.9). It is clear for relations
(1.1)-(1.4) and (1.9). Now, form € M, n€ N, k, k' € K, \, N € A we have
(k) m@n)) = [{ph}, m @ n] = Pm @+ m® P
="men+me@ =g (TFmen+me )

' ({Ak + NE'}) = {p(Ak + X'E)} = Mpk} + N{pk'} = o' (ME} + N{¥'});

o' ([{k}, {K'}]) = {pk}, {pk'}] = m1(qpk) @ 2 (qpk’)
= ¢'(m(d'k) @ ma(d'K"));

¢ ({(="m,"n)}) = {p(="m,"n)} = q¢'(m @ n) = ¢'(¢'(m @ n)).

(ii) Can be proved by analogy with the group theoretic version (see [5, Theorem 1.22]). O
Suppose that p: M — P and v : N — P are two crossed P-modules in the context of
Lie algebras. There is an action of P on M ®7 N (M A? N) which on generators is given by
Pm@n) =Pm@n+mePn P(mAn)=PmAn+mAPn) and P{k} = {Pk} for m € M,
n€ N, ke K and p € P. The proof of this fact is left for the reader.
Now we give the definition of the crossed square of Lie algebras which is the crossed 2-cube
of Lie algebras (see [8, Definitions 1.3 and 1.4]).
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Definition 1.11. A crossed square is a commutative diagram of Lie algebras

L —2 M

S
N —“— P
endowed with an action of P on each Lie algebra and a bilinear function h : M x N — L

such that
(i) p, v and a = vXN = pA are crossed modules, and the maps A\, X preserve the actions
of P;
(ii) Ah(m,n) = ="m, N'h(m,n) ="n;
(1V) h’([ma m/]a n) = h’(ma m/n) - h’(m/a mn)’
h’(ma [na n/]) = h(n m, n) - h(nm, TL/),’
(v) Ph(m, n) = h(Pm, n) + h(m, "n)
forallm,m’ e M, n,n’ e N,pe P,l € L.

It is easy to obtain the following property of crossed squares of Lie algebras:

Lemma 1.12. Consider a crossed square of Lie algebras. Then:
(i) with the actions induced by the image in P the morphisms A, X are crossed modules;
(ii) the actions of M on KerX and of N on Ker\ are trivial;
(iii) R, N (") = [I, 1] for all1,1" € L.
Now we list some examples of crossed squares of Lie algebras. Throughout, P is an arbitrary
Lie algebra and pp: M — P and v : N — P are crossed P-modules.
(1) The square (pull)

MxpN —2 5 N

ALk
M SN, &
with h(m,n) = (="m,™n) is a crossed square.

(2) The square
M®N v, N
i I
M £ p
with §(m ®n) = ="m, {(m ®n) = ™n and h(m,n) = m @ n is a crossed square.
(3) The square

M . p
with h(m,n) =m An is a crossed square.

One has the following
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Lemma 1.13. Form € M, ne€ N, k € K we have the following relations:
"{k} = m @ m(qk),
"k} = —m(gh) @ n.

Proof. ™{k} = {([m, m1(k)], "m2(k))} = {(=™F)m, "ms(k))} = m @ m2(gk) by formula (1.8).
The proof of the second formula is similar. O
Now we have a fourth example of a crossed square of Lie algebras

Proposition 1.14. The square

M -+, P
is a crossed square with the function h given by h(m,n) = m @ n, where & and &' are the Lie
homomorphisms defined in Proposition 1.3.

Proof. We have to check each property of a crossed square.
(i) It is easy to see that £ and &’ preserve the actions of P. Consider o« = u& = v¢’, then:

ot (m @ n)) = pE(Fm @ n+m® Pn) = u(~"m) — ")
= p(="("m)) = [p, p(="m)] = [p, a(m @ n)],
a("{k}) = n€({"k}) = pmi (P (gk)) = [p, pmi(qk)] = [p, a({k})],
(m@n) () @ ') = HE"M) (! @ p/) = Wl @ ! 4o @ )]y
=-"Im,m@n +[m,"m]en —m' @[n,"n]+m @™ [n,n]
=—["m,m'|@n" +m' @ ["n,n]
=—"me™n —m'® [™n,n'] +m' @ ["n,n'] = [men,m @n]
by formulas (1.3) and (1.4),
AmE gy = ™ ("{k}) = "("{k}) = " (=mi(ak) ® n) = "(m @ m2(qk))
= [m(gk),m] @ n —m(gk) @ "n —"m @ mo(qk) — m @ [n, m2(qk)]
=7m1(gk) @ ™ —m @ ¥®n — 1(gk) @ "n — "m @ m(gk) — Fmen
+"'m © my(gk) = [m @n, {k}]
by Lemma 1.13 and formulas (1.3) and (1.5),
a({k})(m ®n) = T(dk) @ m 4 m @ TR g = [{k}, m® n]
by formula (1.5),
SNy = M8 K = (k) © ma(a) = [(8), (4]

by Lemma 1.13 and formula (1.7).
Now if 2,y € M ®? N are such that a(Pz) = [p, a(x)] and a(Py) = [p, a(y)], then

al’lz,y]) = [a(Pz), a(y)] + [a(2), a(Py)]
= [[p, a(2)], a(y)] + [a(z), [p, 2(y)]] = [p, ([, y])];
Next, if x1, 41, 21 € M ®% N are such that O‘(ml)yl = [x1,41] and alw) ) = [1, 21], then

@[y, 2] = [[x1, 1], 21) + W1, [21, 21]] = [0, w1, 2]
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And finally, if 2o, y2, 2o € M ®7 N are such that *(*2) zy = [z5, 25] and *¥2) 2y = [y, 25], then
a([mz,yz])z2 _ a(mz)(a(yz)ZQ) _ a(yz)(a(mz)z2)
= [2, [y2, 22]] — [y2, [2, 22]] = [[2, 2], 22].

Thus « is a crossed module.

(ii), (iv) and (v) are clear.

(iii) For the proof of the first formula we consider the two cases | = m ® n and | = {k},
then one has

Emen)en =-"men = men+me [n,n'] = —"/(m®n)
by formula (1.3),
§{k}) @ n =m(gk) @ n = ="{k}

by Lemma 1.13, and observe that if {(I) @ n = ="l and {(I') @ n = —"I', for |, I € M ®4 N,
then by formula (1.3) and (i) it can be written

&L @n =& @ On -y ©<On

=g @n) — e @n - D))+ VeW) @n

=, ="+ &LV @n =1, ="I'T+&([1,1']) @ n,
so that

LD @n=—(L,"] +["LV]) = ="[L, V.

The proof of the second formula is similar.0

Corollary 1.15. The square

M —* . p
with h(m,n) = m An is a crossed square.

Lemma 1.16. (i) With the action induced by the image of K = M Xp N in P the Lie
homomorphism 6 : M @I N — K (§' : M NY N — K ), constructed in Remark 1.4 is a
crossed module.

(ii) Ifx € M AT N (resp. x € M ®%1 N ), then {¢'(z)} = qx (resp. {§(x)} = qx).

Proof. (i) immediately follows from the direct calculations.
(ii) For k € K by formula (1.6)

{o'({k})} = {(m1(qk), m2(ak))} = {ak} = a{k},
for m € M and n € N, using (1.8) one has
{o'(m An)} = {(="m,"n)} = q(m An).
Now let x, y € M AT N, A\, N € A, {§'(x)} = gz and {0'(y)} = qy, then by formula (1.6)
{6' Mz + Ny)} = qg(hz + Ny).
Next, by relation (1.8), Lemma 1.12(iii) and Proposition 1.14 one has
{8 ([ )} = {(="" Wm1 8 (@), ™ O a8 (1)} = q(€(@) AE () = gle, y).

It is enough to see that {0'(x)} = ¢z for any x € M A? N. The equality {§(x)} = g for
x € M ®? N can be proved similarly. O
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Now we analyse the kernel of the canonical homomorphism M ®4 N — M A?N. In order to
do this we consider the generalized version of Whitehead’s universal quadratic functor T' [19],
which is defined by Simson and Tye in [18] (see also [6]) for any A-module A as the A-module
T'(A) generated by the symbols v(a) with a € A, subject to the relations

A*9(a) = v(Xa),
v(a+b+c)+v(a) + () + v(c) =v(a+b) +v(a+ ¢) +v(b+ ¢),

v(Aa + b) + My(a) + Ay(b) = My(a + b) + v(Aa) + ~(b)

forall A\, N € A, a, b, c € A.

Let p: M — P and v : N — P be two crossed P-modules. Suppose the image of (£,¢£’) is
written < M, N >. It is easy to check that < M, N > is an ideal of K = M xp N and the
quotient is abelian. One has the following

Theorem 1.17. There is a natural exact sequence of Lie algebras
K/ <MN>) S Ma"N 5 MAMN— 0,
where P(vy(cl(m,n))) =m &n and t(m @n) =m An.

Proof. It is easily seen from relations (1.1), (1.4)-(1.7) that any element € M ®? N is of the
form x = ", m; ® n; + {k}, so

() Zmﬂgﬂh )@ E&'( Zm“@nl
HQme© ) S + &) 2 € Qmi o)
+E(RD O € (D).

But from the proof of Proposition 14 in [6] we have
Q- mien) (> mi@n)=0
Next, using Lemma 1.13

5(2 m; @n;) ® &' ({k}) + E({k}) ® 5’(2 m; @ n;)
= Z ‘m; @ ma(qk) + mi(gk) ® "in;) = Z(—("im"){k} — (ML)

%

_ Z _[v(na),u(my)] {k} — [l"(mi)vl’("i)]{k}) =0,

By relation (1.7)

§({k}) @ ' ({k}) = mi(qk) ® ma(gk) = 0.
So &(x)®¢&' (x) = 0 for every x € M®IN. Thus if cl(m,n) = 0 then ¢(vy(cl(m,n))) = men = 0.
Clearly ¢ commutes with the defining relations of I'(—) and Imvy = MON = Kert (see

Definition 1.2). But MON is in the centre of M ®4 N and so v is a Lie homomorphism. O
Recall the definition of compatible actions of Lie algebras from [6]

Definition 1.18. Let M and N be two Lie algebras with actions on each other. The actions
are compatible if
Cmip! = [0/, ™n] and "m’ = [m!, " m]

for allm,m’ € M n,n’ € N.
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Let M and N be two Lie algebras with compatible actions on each other. We shall denote
by ™ N the submodule of N generated by the elements of the form ™n, m € M, n € N. It
follows from the compatibility condition that ™ N is an ideal of N.

According to the definition of the Peiffer product of groups (see [19],[10]) we have the
following

Definition 1.19. The Peiffer product, M <1 N, of two Lie algebras M and N with compatible
actions on each other is the quotient of the coproduct M x N by the relations:

m n

[m,n] =™n, [n,m] ="m

forallme M, ne N.

As a consequence of the compatibility condition the actions of M *« N on M and on N
factor through M > N and the canonical maps M — M >x N and N — M a1 N are crossed
modules. So we can define an ’absolute’ tensor product modulo ¢ of two Lie algebras M and
N acting on each other compatibly, by considering them as crossed M > N-modules.

Theorem 1.20. If M and N act trivially on each other (i.e. N = {0} and M = {0})
then there is an isomorphism

M @7 N ~ (M /gM®) @ jqn (N /gN),

where M = M/[M, M), N* = N/[N, N] and [M, M|, [N, N] are commutants of M and N
respectively.

Proof. In the case of trivial actions [m,n] = 0 in M > N for all m € M, n € N and
hence the Peiffer product M s N = M x N. Clearly K = M Xy N = 0. So the Lie
homomorphism ¢ in Proposition 1.6 is surjective. By [6] in the case of trivial actions one has
M ® N ~ M® @, N. By relation (1.8) every element in M ®7 N has an order dividing q.
Then

M®'Nx~M®N/q(M®N)~ M@, N®/g(M® @, N)
~ (M /qM") @pjqn (N /gN). O
Now the relation between Ellis’ non-abelian tensor product of Lie algebras and the non-
abelian tensor product modulo g of Lie algebras with compatible actions on each other will be
given, which is the Lie algebra analogue of [15, Theorem 1.9]
First we study the Peiffer product of Lie algebras. Let M and N be two Lie algebras acting
compatible on each other and let ) : M« N — M > N be the natural Lie homomorphism. Then

modulo Keriy, [m,n] = ™n, so that every element of M <1 N can be written as ¢(m) + ¥(n)
for suitable m and n. We denote 1)(m) +(n) by < m,n >. It is easy to see that the relations

[<m,n> <m0 > =<[m,m]+"m —"m,[nn]>
=< [ma m/]a [TL, TL/] + mn/ - m/n >
are defining relations for M < N on the generators < m,n > and the Peiffer product is a
g g ) p

homomorphic image of the semidirect products M x N and M x N. Furthermore, M > N is
obtaind from M x N (resp. M x N) by imposing the relation

("m,™n) =0
for all m € M and n € N, since if L is an ideal of M x N (resp. M x N) generated by the

set {("m,™n)|m € M,n € N}, then we have a Lie homomorphism M x N/L % M 1 N
(resp. M x N/L < M < N), e(cl(m,n)) =< m,n >. On the other hand, there is a Lie

homomorphism M > N S MxN /L (resp. M <t N S MxN /L) induced by the canonical
homomorphisms M — M x N and N — M x N (resp. M — M x N and N — M x N). It is
clear that e’ and €’e are identity maps.
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Let p: M — P and v: N — P be two crossed P-modules.The actions of M and N on each
other via P are always compatible and it is easy to prove the following

Proposition 1.21. There is an exact sequence of Lie algebras

0— K/[M,N] 2 MNP (1.10)
where the map j is induced by the map K — M x N given by (m,n) — (m,—n) and
t(<m,n>)=pu(m)+vn).

Observe that this result is the Lie algebra analogue of Proposition 2.5 [1] (see also [10],

[15]).

By (1.10) and Proposition 1.6 one has the following exact sequence of Lie algebras
MONS5M@IN— MxN — P. (1.11)

In the case of the "absolute’ tensor product modulo g of Lie algebras M and N acting com-
patibly on each other and considered as crossed M <1 N-modules, the natural homomorphism
Mt N — P =M < N is the identity map. Thus from (1.11) ¢ : M @ N — M ®? N is an
epimorphism and K = [M, N].

Theorem 1.22. Let M and N be Lie algebras equipped with compatible actions on each other.
Then there is a short exact sequence of Lie algebras

0 — g(KerANKerN) — M@ N 2 M ®@? N — 0,
where \: M QN — M, N : M® N — N are Lie homomorphisms defined on generators by
A(m®@n) = ="m, N(m®@mn)="n (see [6, Proposition 2]).

Proof. Any element x € M ® N is of the form = >, m; ® n;. Let © € KerA N KerX, then
by the formulas (1.8), (1.6) one has

<P(q$)*z (m; ® n;) Z{ ="'mq, ™n;)}
*{Z (="mi) Zml = {(A@), N(@))} = {(0,0)} =

This proves that p(q(KerA N Ker')) = 0. Hence ¢ induces a natural Lie homomorphism
:M®N/q(KerA\N Ker\') — M ®7 N.

Since K = [M, N] (see above), any element k € K is of the form k = )_,(—"™m;, ™n,) for
suitable m; € M, n;, € N. Let us define a homomorphism ¢/ : M ®7 N —
M @ N/q(KerAn KerX') as follows: ¢/(m ®@n) = c(m@n), ' ({k}) = (>, ¢(m; ®n;)). It
is easy to see that ¢ is correctly defined, it preserves the relations (1.1)-(1.8) and ¥, ¥’
are identity maps. O

Note that by [12] if N — M (resp. M — N) is a crossed M-module (resp. N-module) then
Ker)X (resp. Ker)) is the first non-abelian homology H; (M, N) (resp. H1(N, M)) of the Lie
algebra M (resp.N) with coefficients in the Lie algebra N (resp. M)

Corollary 1.23. If M is a perfect Lie algebra (i.e. M = [M, M]) then one has the following
short exact sequence of Lie algebras

0—qgHy(M) = MeOM—>MeIM —0

Proof. Follows from Theorem 1.22 and the fact that if M is a perfect Lie algebra then
Ker\ = Hy(M) [6, Theorem 11]. O
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2. The universal ¢-central relative extension of Lie algebras

Let M and N be two ideals of the Lie algebra P, so that there is a canonical identification
K =M xp N=MnNN, sending (k, k) onto k. We denote by M#,N the image of M @7 N
and M AY N in K = M N N. Whence M#,N is the ideal of K generated by elements [m, n]
and gk forme M, ne€ N and k € K.

Proposition 2.1. Suppose that M and N are two ideals of a Lie algebra P and M NN =
M#4N, then we have
M®IN=MAMLN.

Proof. For k € K = M NN = M#4N there exists € M ®7 N such that k = £(z), then by
Lemme 1.12(iii) we have

k@k=¢(r)@(z) = [r,2] =0.0
Now we give the following definition from [16]

Definition 2.2. (i) Let a: P — Q be a Lie epimorphism and A be a Q-module. A relative
extension of a by A is an exact sequence of Lie algebras

0-A—-ELPSQ—0
such that p is a crossed P-module.
(ii) a morphism between the relative extensions
0-A—-ELPLQ—0
and
O—>A/—>E/i/>Pg>Q—>O
is a P-equivariant Lie homomorphism ¢ : E — E' (i.e. o(Pz) =Pp(z) forx € E, p € P)
such that p'o = p.
(iii) A relative extension of o by A is called a central relative extension if Q acts trivially on
A.

Following definitions are the Lie algebra analogues of Definitions 2.3-2.5 in [5].

Definition 2.3. A relative extension of o by A is called a q-central relative extension if Q) acts
trivially on A and ga = 0 for any a € A. Such q-central relative extension is called universal if
there exists a unique morphism of relative extensions from it to any q-central relative extension

of a.

Note that if Q@ = {0}, then the g-central relative extension of o by A is a g-central extension
of P by A, i.e. a central extension of Lie algebras

0—-A—F—P—0,
such that ga = 0 for all a € A.

Definition 2.4. A P-Lie algebra A (P acts on A) is called P-q-perfect if A is generated by
elements of the form [a,d]| —Pa’ and qa, a,a’ € A, p € P.

Note that if P acts trivially on A, then the P-g-perfect Lie algebra A is a g-perfect Lie
algebra, i.e. A is generated by elements of the form ga and [d’,a”], a,d’,a” € A.

Now we obtain the conditions for the existence of a universal g-central relative extension of
a Lie epimorphism and describe this extension using exterior (tensor) product modulo g.
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Lemma 2.5. Let P be a Lie algebra and N be an ideal of P. Then the P-Lie algebra N N1 P
(N ®1 P) is P-q-perfect if and only if N = N#4P.

Proof. First suppose N = N#,P, then for any n € N there exists x € N A9 P such that
n = &(x), thus, by Lemma 1.16(ii) {n} = {¢(z)} = gz and by Definition 1.11(iii) and Corollary
1.15 we have n Ap = &(z) Ap = —Px. As N AY P is generated by elements n A p and {n} it is
P-g-perfect.

Conversely, let N A? P be P-g-perfect. Consider the surjective Lie homomorphism v :
N AT P — N/[N, P] given by Proposition 1.6. As the elements [z, 2] — Pz’ and gz generate
N A? P, then their images ¥([z, 2] —Pz’) = cl([{(z'),p — &(z)]) = 0 and ¥ (qx) = cl(&(gx))
generate N/[N, P],so N = N#,P. O

Lemma 2.6. A short exact sequence of Lie algebras
0-N—->P3Q—0
gives rise to an exact sequence of Lie algebras
NAMPSEPLOQ S0
if and only if N = N#,P.
Proposition 2.7. Suppose that
0-N—-P35Q—0
is a short exact sequence of Lie algebras and let
0-A—-ELPLSQ—-0

be a q-central relative extension of . If N # N#4P then the Lie algebra E is not P-q-perfect
and this q-central relative extension is not universal.

Proof. If the Lie algebra E is P-g-perfect then by surjectivity of the Lie homomorphism
E % N we obtain that N is P-g-perfect i.e. N = N#4P. So E is not P-g-perfect.

Let EY be the submodule of E generated by the elements [z, z'] — P2’ and qz, z,2’ € E,
p € P. It is easy to see that E}, is an ideal of E, E/EY, # 0 is abelian and @Q acts trivially on
E/EY%. Then the exact sequence

0— E/EL S E/ELx NS PS5Q—0,

where 7(z,n) = n, is a ¢g-central relative extension of .

Let us define Lie homomorphisms fi1, fo: E — E/E} x N as follows: fi(z) = (cl(x), u(z))
and fa(z) = (0, u(z)) for all x € E. Clearly f; and f; are morphisms of relative extensions and
f1 # f2. Hence the g-central relative extension 0 — A — E % P % Q — 0 is not universal. O

Theorem 2.8. Let
0-N—->P3Q—0

be a short exact sequence of Lie algebras and N = N#4P. Then the exact sequence

0V SNAMPSPAOS0
is the universal q-central relative extension of o, where V = Ker.

Proof. By Lemme 2.6 this sequence is exact. By Lemma 1.12(ii) and Corollary 1.15 the Lie
algebra @ acts trivially on Keré and by Lemma 1.16(ii) one has gz = {£(z)} = 0 for z € Ker€.
So the sequence is a g-central relative extension of a.

Let

0-A—-ELPSQ—0
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be another g-central relative extension of a. Suppose ¥ : N — E be a set-theoretic section of
w and let us define a map k: N A? P — E as follows: k(n Ap) = —P9(n) and k({n}) = ¢d(n).
We must show that & commutes with relations (1.1) to (1.9).

Clearly

E(n A Xp) = =*Pd(n) = Mk(n A p).
Note that if z,y € E and x — y € A, we have Px = Py for all p € P. Then
E(An A p) = =PY(An) = =P(AI(n)) = Ak(n A p);

E((n+n")Ap)=—-P@(n+n")) = -L(n)+39n)) =k(nAp)+kn Ap).
Clearly
k(n A (p+p') =k(nAp)+knAp);
Using the defining conditions of crossed module
k([n,n'] A p) = =PO([n,n]) = =P[0(n), I (n')]
= —[P3(n), 9(n")] — [W(n), PO ()] = =D’y + Dy (n)
= =) + P (n) = —k(n' A"p) + k(n A"'p)
and
kA [pp]) = =PP9(n) = =P (7 d(n)) + 7' (P9 (n))
= —P9(*'n) + P I9(Pn) = k(" nAp) — k(Pn A D).

The proof of the commutativity of k with relations (1.4) and (1.5) is similar. Next, since
qr = qy for all z,y € FE such that z —y € A, we have

E({An +Xn'}) = gd(An + XN'n') = (NI (n) + NI (n'))
= Ak({n}) + Nk({n'});

k([{n}, {n'}) = [a9(n), @9(n)] = =" (g0 ()

= —""9(qn) = k(qn A qn');

k({[n, pl}) = ¢d¥([n, p]) = —¢"9(n) = k(q(n A p)).
Finally
k(n An) = ="9(n) = ="M (n) = —[9(n),d(n)] = 0.
Since ¥(Pn) — PY¥(n) € A one has
k(P{n}) = q¥("n) = ¢"9(n) = Pk({n});
and
k(A p) = =7 9(Pn) = PP (n) = —2(*'D(n) = k(n A p).

Thus k is P-equivariant.

Suppose k' : N A? P — E is an other homomorphism such that puk = pk’ = &, then
k(y) — k' (y) € Kery = A and Ek(qy) = k'(qy) for all y € N A? P. On the other hand for any
z,2' € NAYP and p € P we have “(®) =) (k(2') — k/(2")) = 0 from which comes

k([z, 2] —Px") = K ([, 2] —P2').

Thus k = k' since N A? P is P-g-perfect and is generated by elements [z, 2] — P2’ and qy, for
all z, 2,y e NANTP,pe P.O
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Remark 2.9. In Theorem 2.8 N N1 P can be replaced by N @7 P.

Corollary 2.10. If P is a g-perfect Lie algebra, then the exact sequence of Lie algebras

0=V ->PANPSP 0

is the universal q-central extension, where V = Ker€.
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