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THE WHITEHEAD TYPE THEOREMS

IN COARSE SHAPE THEORY

NIKOLA KOCEIĆ BILAN and NIKICA UGLEŠIĆ

(communicated by Alexander Mishchenko)

Abstract
The analogues of Whitehead’s theorem in coarse shape the-

ory, i.e., in the pointed coarse pro-category pro∗-HPol0 and in
the pointed coarse shape category Sh∗

0, are proved. In other
words, if a pointed coarse shape morphism of finite shape dimen-
sional spaces induces isomorphisms (epimorphism, in the top
dimension) of the corresponding coarse k-dimensional homo-
topy pro-groups, then it is a pointed coarse shape isomorphism.

1. Introduction

The classical Whitehead theorem (Theorem 1 of [27]) is one of the few most impor-
tant theorems in algebraic topology, especially homotopy theory. It is not (except in
some special cases) a kind of a theorem that allows one to do something in an easier
or more efficient way. Its significance is much deeper since it relates rather different
mathematical branches: geometry (topology, especially homotopy theory) to algebra
(group theory). Namely, it proves that the main goal of the homotopy theory, i.e., the
homotopy type classification of locally nice spaces, via the homotopy equivalences,
can be achieved by purely algebraic tools. However, the range of application of the
Whitehead theorem is strictly limited to the class of all connected (pointed) spaces
having the homotopy types of CW -complexes. Thus, when the notion of shape was
introduced, i.e., when the homotopy theory was suitably generalized to the shape the-
ory (for all topological spaces), the great importance of an appropriate generalization
of the Whitehead theorem became obvious by itself.

The first step in the generalization of the Whitehead theorem to the shape theory
was made by M. Moszyńska [22], by proving an appropriate analogue for finite-
dimensional metric compacta. After that, she exhibited an analogous theorem for
movable pointed spaces [23]. S. Mardešić proved the Whitehead theorem for topo-
logical spaces when a shape morphism is induced by a (continuous) map [15], as well
as a homological and cohomological version of the “Whitehead theorem” in shape
theory [16]. A slightly better result was obtained by K. Morita [20]. The full result
was first proved also by K. Morita [21]. Some cases with more general or special con-
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ditions were considered by several other authors: J. Dydak [1, 2, 3], J. Keesling [6],
D. A. Edwards and R. Geoghegan [4, 5], and some others. For instance, J. Dydak
generalized the Whitehead theorem by replacing dimension by shape dimension. All
the main results can be found in the book of S. Mardešić and J. Segal [18, Chapter II,
Section 5].

The coarse shape theory was founded by the authors in [12]. Its roots reach [17]
and [7], where the problem of shape types of fibers of a shape fibration of metric
continua was considered and solved: They need not to be of the same shape type;
nevertheless, they all are of the same S-type [17] (and S∗-type [19]). In [19] S.
Mardešić and the second named author succeeded in characterizing the S∗-type in
a category framework. So it was the starting point of the coarse shape theory for
compact metrizable spaces. However, a suitable generalization to all topological spaces
required an essential redefinition (characterization) of morphisms [12]. The coarse
shape theory enables a classification of topological spaces strictly coarser than the
shape type classification. Nevertheless, almost all important shape invariants are,
actually, the invariants of coarse shape. The category framework of the coarse shape
provides some new topological invariants (the coarse shape path connectedness [13])
and algebraic invariants (the coarse shape groups [11]).

In this paper, after naturally defining the notions of an m-equivalence of pro∗-
HTop0 and a coarse (shape) m-equivalence, we have generalized the Whitehead the-
orem to the coarse shape theory for topological spaces. In the realizing category
pro∗-HPol0 of the coarse shape category for pointed topological spaces (i.e., in the
standard pointed coarse pro-category), it reads as follows (see Theorem 4.1):

Let m ∈ N, and let (X,x0) and (Y ,y0) be inverse systems of pointed connected
polyhedra (in HPol0) such that, for every λ ∈ Λ, dimXλ 6 m− 1, and, for every
µ ∈ M , dimYµ 6 m. If f∗ : (X,x0) → (Y ,y0) is an m-equivalence of pro∗-HPol0,
then f∗ is an isomorphism.

In the (pointed) coarse shape category Sh∗
0, the statement is as follows (see The-

orem 4.3):

Let m ∈ N, and let (X,x0) and (Y, y0) be connected pointed spaces satisfying sd
X 6 m− 1 and sd Y 6 m. If F ∗ : (X,x0) → (Y, y0) is a coarse m-equivalence of
Sh∗

0, then F ∗ is an isomorphism.

As a conclusion, roughly speaking, this paper shows that the classification of finite
shape dimensional spaces via the appropriate coarse shape equivalences is an algebraic
problem.

We also remind that the full analogue of the Hurewicz isomorphism theorem in the
coarse shape theory is already proved by the first named author ([10, Theorem 4.11];
compare the full shape analogue in [18, Theorem II.4.1.1]). We believe that the results
and techniques of this paper could help in the further studying of some important
(algebraic) properties of spaces and mappings. However, since the technique is very
sophisticated the progress is rather slow. For instance, one is still searching for an
appropriate definition of the “coarse shape fibration” of topological spaces.
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2. Preliminaries

2.1. The coarse shape category and functor
By following [12], for every category pair (C,D), where D ⊆ C is a pro-reflective

subcategory, i.e., every C-object X admits a D-expansion p : X → X ([18, I.2.1–3];
since [25], the term “dense” has been replaced by “pro-reflective”!), there exists an
abstract coarse shape category Sh∗

(CD), which is constructed in the same general way
as the shape category Sh(C,D). The difference is in the replacement of the ordinary
pro-category pro-D (the realizing category for Sh(C,D)) by the new “∗-pro-category”
pro∗-D, termed the coarse pro-category.. The object class

Ob(Sh∗

(CD)) = Ob(C),

while

Sh∗

(CD)(X,Y ) ≈ pro∗-D(X,Y )

(X and Y are D-expansions). In other words, a coarse shape morphism of X to Y ,
denoted by F ∗ : X → Y , is the equivalence class 〈f∗〉 of an appropriate morphism
f∗ : X → Y of pro∗-D.

A brief description of the coarse pro-category pro∗-A”, for an arbitrary category
A, and the corresponding functor J : pro-A → pro∗-A reads as follows. In the first
step we construct the category inv∗-A by an essential enlarging of the morphism class
of inv-A. Given a pair of inverse systems in A, X = (Xλ, pλλ′ ,Λ), Y = (Yµ, qµµ′ ,M),
a ∗-morphism (originally an S∗-morphism [12]) of inverse systems, (f, fn

µ ) : X → Y ,
consists of a function f : M → Λ (the index function) and, for each µ ∈ M , of a
sequence of A-morphisms fn

µ : Xf(µ) → Yµ, n ∈ N, satisfying a certain commutativity
condition. The composition of the ∗-morphisms and the identities are defined in the
most natural way. In the second step we define an appropriate equivalence relation
(on each morphism set inv∗-A(X,Y )), (f, fn

µ ) ∼ (f ′, f ′n
µ ), which is compatible with

the category composition. Therefore, there exists the corresponding quotient category

pro∗-A = (inv∗-A)/(∼).

Further, for every category A, there exists a (faithful) functor

J : pro-A → pro∗-A

defined by J (X) = X and, for an f = [(f, fµ)], J (f) = f∗ = [(f, fn
µ )], where, for

every n ∈ N, fn
µ = fµ, for all µ ∈ M . (Such an (f, fn

µ = fµ) is called an induced
∗-morphism.) Especially, for a pro-reflective subcategory D ⊆ C, there exists a faithful
functor J : pro-D → pro∗-D described above. It induces a faithful functor

J : Sh(C,D) → Sh∗

(C,D)

(relating the shape and the coarse shape category), which keeps the objects fixed.
The most interesting (standard) example of the coarse shape category Sh∗

(C,D) ≡

Sh∗ is given by C = HTop (the homotopy category of topological spaces) and D =
HPol (the homotopy category of polyhedra) or D = HANR (the homotopy category
of ANR’s for metric spaces). In the special (sub)case of C = HcM (the homotopy
category of compact metrizable spaces) and D = HcPol (the homotopy category of
compact polyhedra) or D = HcANR (the homotopy category of compact ANR’s),
only the sequential expansions are required.
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Besides the standard (absolute) case Sh∗, we shall also need the standard pointed
case Sh∗

0 (C = HTop0, D = HPol0 or HANR0 ).

2.2. The induced pro∗-homotopy group functors

Let C = HTop0, D = HPol0, and K = Set0 (the category of pointed sets) or K =
Grp (the category of groups). Then, by following Section 3 of [10], the k-th homotopy
group functor U ≡ πk : HPol0 → Grp, k ∈ {0} ∪ N, (U ≡ π0 : HPol0 → Set0), which
assigns the k-th homotopy group πk (P, p0) (pointed set π0 (P, p0)) to every pointed
polyhedron (P, p0) and the homomorphism fk = πk (f) : (P, p0) → (Q, q0) to each
H-map [f ] : (P, p0) → (Q, q0), induces the functor

pro−U ≡ pro−πk : Sh0 → pro−Grp (pro−U ≡ pro−π0 : Sh0 → pro−Set0),

called the induced k-th pro-homotopy group functor on the pointed shape category, as
well as

pro∗−U ≡ pro∗−πk : Sh
∗
0 → pro∗−Grp

(pro∗−U ≡ pro∗−π0 : Sh
∗
0 → pro∗−Set0)

called the induced k-th pro∗-homotopy group functor on the pointed coarse shape
category into the coarse pro-category of groups (pointed sets, for k = 0). The func-
tor pro∗-πk is an extensions of pro-πk, k ∈ {0} ∪ N, in the sense that (pro∗-πk)J =
J(pro-πk) holds, where J and J are the corresponding embedding functors. An appli-
cation is demonstrated by Example 3.6 of [10].

3. m-equivalence of pro∗-HTop0

We first define a coarse pro-analogue of an n-equivalence as follows (compare [24,
p. 404] and the introducing note above Theorem II.5.2.1 of [18]).

Definition 3.1. Let m ∈ N. A morphism f∗ : (X,x0) → (Y ,y0) of pro∗-HTopo is
said to be an m-equivalence of pro∗-HTop0 if the induced morphism

π∗
k(f

∗) ≡ f∗

k : π
∗
k (X,x0) = πk(X,x0) → πk(Y ,y0) = π∗

k (Y ,y0)

is an isomorphism of pro∗-Set0 for k = 0, an isomorphism of pro∗-Grp for each k =
1, . . . ,m− 1, and an epimorphism of pro∗-Grp for k = m.

The next theorem is a full “∗-analogue” of Theorem II.5.3.1 of [18].

Theorem 3.2. Let m ∈ N, and let (X,x0) = ((Xλ, xλ) , [pλλ′ ] ,Λ) and (Y ,y0) =
((Yλ, yλ) , [qλλ′ ] ,Λ) be inverse systems of pointed connected polyhedra (in HPol0) hav-
ing the same cofinite index set Λ. Let a morphism f∗ : (X,x0) → (Y ,y0) of pro∗-
HPol0 admit a level representative (1Λ, [f

n
λ ]). Then f∗ is an m-equivalence of pro∗-

HTop0 if and only if, for every λ ∈ Λ, there exist a λ′ > λ and an n ∈ N such that,
for every n′ > n, there are a pair of pointed connected CW -complexes (Pn′

λ , pn
′

λ ),

(Qn′

λ , qn
′

λ ), an m-equivalence gn
′

λ : (Pn′

λ , pn
′

λ ) → (Qn′

λ , qn
′

λ ) and maps pn
′

λ : (Pn′

λ , pn
′

λ ) →

(Xλ, xλ), p′n
′

λ : (Xλ′ , xλ′) → (Pn′

λ , pn
′

λ ), qn
′

λ : (Qn′

λ , qn
′

λ ) → (Yλ, yλ) and q′n
′

λ :

(Yλ′ , yλ′) → (Qn′

λ , qn
′

λ ) such that the following diagram commutes up to homotopy
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(in HTop0).

(Xλ, xλ) ✛ pλλ′

(Xλ′ , xλ′)

(

Pn′

λ , pn
′

λ

)

✛ p
′n
′

λ

✛

p n ′λ

(

Qn′

λ , qn
′

λ

)

gn
′

λ❄

(Yλ, yλ)

fn′

λ

❄
✛ qλλ′

✛
q
n
′

λ

(Yλ′ , yλ′)

fn′

λ′

❄

✛
q ′n

′λ

(1)

Proof. Let us first prove the sufficiency. Let m ∈ N, and let (1Λ, [f
n
λ ]) : (X,x0) →

(Y ,y0) be a level representative of f∗. Suppose that, for every λ ∈ Λ, there exist a
λ′ > λ and an n ∈ N such that, for every n′ > n, there are a pair of pointed connected
CW -complexes (Pn′

λ , pn
′

λ ), (Qn′

λ , qn
′

λ ), an m-equivalence gn
′

λ : (Pn′

λ , pn
′

λ ) → (Qn′

λ , qn
′

λ ),
and maps

pn
′

λ : (Pn′

λ , pn
′

λ ) → (Xλ, xλ) , p′n
′

λ : (Xλ′ , xλ′) → (Pn′

λ , pn
′

λ ),

qn
′

λ : (Qn′

λ , qn
′

λ ) → (Yλ, yλ) , q′n
′

λ : (Yλ′ , yλ′) → (Qn′

λ , qn
′

λ )

such that diagram (1) commutes in HTop0. We propose to prove that

f∗ : (X,x0) → (Y ,y0)

is an m-equivalence of pro∗-HTop0. First, we are to verify that the induced homo-
morphisms

f∗

k : πk (X,x0) → πk (Y ,y0)

are isomorphisms of pro∗-Set0, for k = 0, and of pro∗-Grp, for k = 1, . . . ,m− 1. It is
sufficient to show that, for every k = 0, . . . ,m− 1, the level representative (1Λ, f

n
λk) ∈

f∗

k (of inv∗-Set0; inv
∗-Grp) fulfills the condition of Theorem 6.1 of [12] (a “pro∗-

analogue” of the well-known Morita lemma). Let λ ∈ Λ be an arbitrary index. By the
theorem assumption, there exist a λ′ > λ and an n ∈ N such that, for every n′ > n,
diagram (1) commutes. Now, by operating the functor πk on that diagram, it yields
the corresponding commutative diagram in pro∗-Grp for 1 6 k 6 m− 1 (in pro∗-Set0
for k = 0), which consists of the induced homomorphisms

pn
′

λk : πk(P
n′

λ , pn
′

λ ) → πk (Xλ, xλ) , p′n
′

λk : πk (Xλ′ , xλ′) → πk(P
n′

λ , pn
′

λ ),

qn
′

λk : πk(Q
n′

λ , qn
′

λ ) → πk (Yλ, yλ) , q′n
′

λk : πk (Yλ′ , yλ′) → πk(Q
n′

λ , qn
′

λ ),

fn′

λk : πk (Xλ, xλ) → (Yλ, yλ) , fn′

λ′k : πk (Xλ′ , xλ′) → πk (Yλ′ , yλ′) ,

pλλ′k : πk (Xλ′ , xλ′) → πk (Xλ, xλ) , qλλ′k : πk (Yλ′ , yλ′) → πk (Yλ, yλ)

and of the induced isomorphism

gn
′

λk : πk(P
n′

λ , pn
′

λ ) → πk(Q
n′

λ , qn
′

λ ).



108 NIKOLA KOCEIĆ BILAN and NIKICA UGLEŠIĆ

Let us define, for every n′ > n, a homomorphism

hn′

λ : πk (Yλ′ , yλ′) → πk (Xλ, xλ)

by putting

hn′

λ = pn
′

λk(g
n′

λk)
−1q′n

′

λk .

Then

fn′

λkh
n′

λ = fn′

λkp
n′

λk(g
n′

λk)
−1q′n

′

λk = qn
′

λkg
n′

λk(g
n′

λk)
−1q′n

′

λk = qn
′

λkq
′n′

λk = qλλ′k,

and

hn′

λ fn′

λ′k = pn
′

λk(g
n′

λk)
−1q′n

′

λk f
n′

λ′k = pn
′

λk(g
n′

λk)
−1gn

′

λkp
′n′

λk = pn
′

λkp
′n′

λk = pλλ′k.

According to Theorem 6.1 of [12], this implies that f∗

k = [(1Λ, f
n
λk)] is an isomorphism,

for every k = 0, . . . ,m− 1. It remains to verify that

f∗

m : πm (X,x0) → πm (Y ,y0)

is an epimorphism of pro∗-Grp. It is sufficient to show that the level representative
(1Λ, f

n
λm) ∈ f∗

m fulfills condition (E-Grp) of (4.5) of [9]. Let λ ∈ Λ be an arbitrary
index. By assumption, there exist a λ′ > λ and an n ∈ N such that, for every n′ > n,
diagram (1) commutes. Now, by operating the functor πm on that diagram, it yields
the corresponding commutative diagram in pro∗-Grp which consists of the induced
homomorphisms pn

′

λm, p′n
′

λm, qn
′

λm, q′n
′

λm, fn′

λm, fn′

λ′m, pλλ′m, qλλ′m, and epimorphism gn
′

λm.
For a y ∈ Im qλλ′m, there exists a y′ ∈ πm (Yλ′ , yλ′) such that y = qλλ′m (y′). Thus, it
holds that

y = qn
′

λmq′n
′

λm (y′) . (2)

Since

gn
′

λm : πm(Pn′

λ , pn
′

λ ) → πm(Qn′

λ , qn
′

λ )

is an epimorphism, for q′n
′

λm (y′) ∈ πm(Qn′

λ , qn
′

λ ) there exists a y′′ ∈ πm(Pn′

λ , pn
′

λ ) such

that q′n
′

λm (y′) = gn
′

λm (y′′) . Therefore, (2) implies that

y = qn
′

λmq′n
′

λm (y′) = qn
′

λmgn
′

λm (y′′) . (3)

Since fn′

λmpn
′

λm = qn
′

λmgn
′

λm, it follows, by (3), that y = fn′

λmpn
′

λm (y′′) . Thus, we infer that

y ∈ Im fn′

λm. Therefore, the ∗-morphism (1Λ, f
n
λm) ∈ f∗

m satisfies condition (E)(E-Grp)
of (4.5) of [9], which implies that f∗

m is an epimorphism and, consequently, that
f∗ : (X,∗) → (Y ,∗) is an m-equivalence of pro∗-HTop0.

In order to prove the necessity part of Theorem 3.2 we first want to define some
auxiliary objects and to establish several technical lemmata as follows.

Lemma 3.3. Let m ∈ N, and let, for each i = 1, . . . ,m, pi : (Xi−1, Ai−1, xi−1) →
(Xi, Ai, xi) be a map of pointed pairs of CW -comlexes such that X0 is connected and
the induced homomorphism πi (pi) : πi (Xi−1, Ai−1, xi−1) → πi (Xi, Ai, xi) is trivial.
Then the composite map pmpm−1 · · · p1 : (X0, A0, x0) → (Xm, Am, xm) factors through
an m-connected pointed pair of CW -complexes (Q,P, p0) with Q and P connected.
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Proof. A polyhedral analogue of the above lemma is equivalent to Lemma II.4.2.3 of
[18]. Further, by following the proof of that lemma, it is easy to verify that it remains
valid if we replace a pointed polyhedral pair with a pointed pair of CW-complexes
throughout.

Let us recall that, for a given map f : (X,x0) → (Y, y0) of Top0, the reduced
mapping cylinder of f is the space (Zf , z0) obtained by attaching X × I to Y by
the map (x, 1) 7→ f (x), x ∈ X, and (x0, t) 7→ f (x0) = y0, t ∈ I. Its base point is
z0 = {p (({x0} × I) ⊔ {y0})}, where p : (X × I) ⊔ Y → Zf denotes the corresponding
projection. The restriction map

j ≡ p|Y : (Y, y0) → (Zf , z0) (i ≡ p| (X × 0) : (X,x0) → (Zf , z0))

is an embedding which is called the canonical embedding onto upper (lower) base of
(Zf , z0). Further, the pointed homotopy class [j] is an isomorphism of HTop0, and it
holds that

[j] [f ] = [i] . (4)

Let us recall that the wedge of a given family of pointed spaces (Xα, xα)α∈A is the
pointed space

∨

α∈A

(Xα, xα) = (
⊔

α∈A

(Xα, xα))/(
⊔

α∈A

{xα})

obtained by identifying all the base points xα in the disjoint union of spaces Xα,
α ∈ A, endowed with the weak topology. We denote the natural embedding of the
pointed space (Xα, xα) into the wedge by

ια : (Xα, xα) →
∨

α∈A

(Xα, xα) , for each α ∈ A.

For a given family

(fα : (Xα, xα) → (Y, y0))α∈A

of maps, there exists the unique map

f =
∨

α∈A

fα :
∨

α∈A

(Xα, xα) → (Y, y0)

such that fια = fα, for every α ∈ A. Further, for a given family

(pα : (Xα, xα) → (X ′
α, x

′
α))α∈A

of maps, there exists the unique map

p =
∨

α∈A

pα :
∨

α∈A

(Xα, xα) →
∨

α∈A

(X ′
α, x

′
α)

of the wedges such that pια = ι′αpα, for every α ∈ A.



110 NIKOLA KOCEIĆ BILAN and NIKICA UGLEŠIĆ

Let (Zf , z0) be the reduced mapping cylinder of a map

f :
∨

α∈A

(Xα, xα) → (Y, y0) ,

and let

i :
∨

α∈A

(Xα, xα) → (Zf , z0)

be the canonical embedding onto lower base of (Zf , z0) . Then, for every α ∈ A, the
composite map

iα ≡ iια : (Xα, xα) → (Zf , z0)

is an embedding, which is called the canonical embedding of (Xα, xα) into lower base
of (Zf , z0). Consequently, (Xα, xα) can be regarded as the subspace of (Zf , z0).

Lemma 3.4. Let (fn), fn : (Xn, xn) → (Y, y0), be a sequence of cellular mappings of
pointed CW -complexes, where Y is connected, and let (Zf , z0) be the reduced mapping
cylinder of the map

f =
∨

n∈N

fn :
∨

n∈N

(Xn, xn) → (Y, y0) .

If j : (Y, y0) → (Zf , z0) and in : (Xn, xn) → (Zf , z0) , n ∈ N, are the canonical embed-
dings onto upper and into lower base of (Zf , z0) , respectively, then

(i) (Zf , z0) is a connected CW -complex;

(ii) (Xn, xn) is the subcomplex of (Zf , z0), for every n ∈ N; and

(iii) [j] [fn] = [in] in HTop0, for every n ∈ N.

Proof. Since
∨

n∈N

(Xn, xn) is a pointed CW -complex (Corollary 2.5.9 of [14]) and

since f :
∨

n∈N

(Xn, xn) → (Y, y0) is a cellular mapping, it follows, by Corollaries 2.5.12

and 2.5.9 of [14], that (Zf , z0) is a pointed CW -complex which admits a CW -
decomposition having (Xn, xn) as its subcomplex, for every n ∈ N. Since Y is
(pointed) homotopy equivalent (isomorphic in HTop0) to Zf , it follows that Zf is
connected. Finally, by (4), one obtains that

[j] [fn] = [j] [f ] [ιn] = [i] [ιn] = [in] .

Proof of Theorem 3.2 (necessity). Let m ∈ N, and let f∗ : (X,x0) → (Y ,y0) be an
m-equivalence of pro∗-HTop0 having a level representative (1Λ, [f

n
λ ]) . Since the index

set Λ is cofinite, we may apply Lemma 1 of [8] to obtain, for every λ ∈ Λ, an integer
nλ ∈ N such that, for every λ′ 6 λ and every n > nλ, it holds that

[fn
λ′ ][pλ′λ] = [qλ′λ][f

n
λ ] (5)

in HPol0 . Moreover, one can achieve that

nλ′ 6 nλ, (6)

for every λ′ 6 λ. For every λ ∈ Λ, let
(

X0
λ, x

0
λ

)

=
∨

n∈N

(Xn
λ , x

n
λ)
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denote the wedge of the family (sequence) of pointed polyhedra (Xn
λ , x

n
λ), n ∈ N,

(Xn
λ , x

n
λ) =

{

(Xλ, xλ) , n > nλ

({xλ} , xλ) , n < nλ.
(7)

Let p0λλ′ =
∨

n∈N

pnλλ′ :
(

X0
λ′ , x0

λ′

)

→
(

X0
λ, x

0
λ

)

, where pnλλ′ = pλλ′ |Xn
λ′ : (Xn

λ′ , xn
λ′) →

(Xn
λ , x

n
λ).

Notice that (Xn
λ , x

n
λ) and (Yλ, yλ) , for all λ ∈ Λ and n ∈ N, are pointed CW -

complexes with obvious CW -decompositions. For every λ ∈ Λ and every n ∈ N, let
us choose a cellular map fn

λ : (Xλ, xλ) → (Yλ, yλ) of the pointed CW -complexes rep-
resenting the (pointed) homotopy class [fn

λ ] : (Xλ, xλ) → (Yλ, yλ) (cellular approx-
imation theorem—Theorem 8.5. of [14]). Let (Zλ, zλ) denote the reduced mapping
cylinder of the map

f0
λ =

∨

n∈N

(fn
λ |X

n
λ ) :

(

X0
λ, x

0
λ

)

=
∨

n∈N

(Xn
λ , x

n
λ) → (Yλ, yλ) ,

for every λ ∈ Λ. For every λ and every n, let

inλ : (Xn
λ , x

n
λ) → (Zλ, zλ) (jλ : (Yλ, yλ) → (Zλ, zλ))

be the canonical embedding into lower (onto upper) base of (Zλ, zλ), and let

iλ =
∨

n∈N

inλ : (X
0
λ, x

0
λ) → (Zλ, zλ)

denote the canonical embedding onto lower base of (Zλ, zλ).

Claim 3.5. (Zλ, zλ) is a connected CW -complex having (Xn
λ , x

n
λ) for its subcomplex,

and it holds that [jλ] [f
n
λ ] = [inλ], for every n > nλ and every λ ∈ Λ.

Proof. Since, for every λ ∈ Λ, fn
λ is a cellular map, the restriction

fn
λ |X

n
λ =

{

fn
λ : (Xλ, xλ) → (Yλ, yλ) , for n > nλ

const. = ∗ : ({xλ} , xλ) → (Yλ, yλ) , for n < nλ,
(8)

is a cellular map as well, for every n ∈ N. Lemma 3.4 implies the first part of the
claim. Further, since it holds [jλ] [f

n
λ |X

n
λ ] = [inλ] in HTop0, for all λ and n, the claim

follows by (8) and (4).

Claim 3.6. For every related pair λ 6 λ′, there exists a map

sλλ′ : (Zλ′ , zλ′) → (Zλ, zλ)

such that the following diagram strictly commutes (in Top0).

(

X0
λ, x

0
λ

) ✛ p0λλ′
(

X0
λ′ , x0

λ′

)

(Zλ, zλ)

iλ
❄

✛ sλλ′

(Zλ′ , zλ′)

iλ′

❄

(Yλ, yλ)

jλ
✻

✛ qλλ′

(Yλ′ , yλ′)

jλ′

✻

(9)
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Therefore, the map sλλ′ can be considered as a map

sλλ′ :
(

Zλ′ , X0
λ′ , x0

λ′

)

→
(

Zλ, X
0
λ, x

0
λ

)

of pointed pairs of CW -complexes such that sλλ′ |X0
λ′ = p0λλ′ . Furthermore, whenever

needed, we may consider sλλ′ to be

snλλ′ : (Zλ′ , Xn
λ′ , xn

λ′) → (Zλ, X
n
λ , x

n
λ) , n > nλ′ ,

the map of pointed pairs of CW -complexes such that

snλλ′ |Xn
λ′ = sλλ′ |Xn

λ′ = pλλ′ : (Xλ′ , xλ′) → (Xλ, xλ) ,

for every n > nλ′ .

Proof. Notice that

pnλλ′ =

{

pλλ′ : (Xλ′ , xλ′) → (Xλ, xλ), for n > nλ′

const. = ∗ : ({xλ′} , xλ′) → (Xλ, xλ) , for n < nλ′ .
(10)

By (5) , (6) , (7) , (8) , and (10), one obtains

[fn
λ ] [p

n
λλ′ ] =

{

[fn
λ ] [pλλ′ ], for n > nλ′

∗, for n < nλ′

and

[qλλ′ ][fn
λ′ |Xn

λ′ ] =

{

[qλλ′ ][fn
λ′ ], for n > nλ′

∗, for n < nλ′ ,

which imply that

[fn
λ ] [p

n
λλ′ ] = [qλλ′ ][fn

λ′ |Xn
λ′ ], for all λ 6 λ′ and n ∈ N.

Consequently, the following diagram homotopically commutes (in HTop0).

(

X0
λ, x

0
λ

) ✛ p0λλ′
(

X0
λ′ , x0

λ′

)

(Yλ, yλ)

f0
λ

❄
✛ qλλ′

(Yλ′ , yλ′)

f0
λ′

❄

Then, the claim follows by Lemma II.5.1.3 of [18].

Claim 3.7. (Z, z0) = ((Zλ, zλ) , [sλλ′ ] ,Λ) is an inverse system in HTop0.

Proof. By Lemma II.5.1.3 of [18] and diagram (9), it follows that

[sλλ′ ] [sλ′λ′′ ] [jλ′′ ] = [jλ] [qλλ′ ] [qλ′λ′′ ] = [jλ] [qλλ′′ ] = [sλλ′′ ] [jλ′′ ]

in HTop0 . Since jλ : (Yλ, yλ) → (Zλ, zλ) is the canonical embedding onto upper base
of (Zλ, zλ), [jλ] is an isomorphism of HTop0 (a pointed homotopy equivalence), for
every λ ∈ Λ. Consequently, for all λ 6 λ′ 6 λ′′, it holds that

[sλλ′ ] [sλ′λ′′ ] = [sλλ′′ ] .
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Claim 3.8. (1Λ, [ι
n
λ]) : (X,x0) → (Z, z0) is a level ∗-morphism, where, for every λ

and every n, the map ιnλ : (Xλ, xλ) → (Zλ, zλ) is defined by the following rule:

ιnλ =

{

inλ : (Xn
λ , x

n
λ) → (Zλ, zλ) , for n > nλ

const. = ∗, for n < nλ.
(11)

Proof. By (9) and (10), for every related pair λ 6 λ′ and every n > nλ′ , one infers
that

[sλλ′ ] [inλ′ ] = [sλλ′ ] [iλ′ |Xn
λ′ ]

(9)
= [iλ]

[

p0λλ′ |Xn
λ′

]

= [iλ] [p
n
λλ′ ]

(10)
= [inλ] [pλλ′ ] ,

which means that, for every n > nλ′ , the following diagram commutes in HTop0
(moreover, strictly, i.e., in Top0).

(Xλ, xλ) ✛ pλλ′

(Xλ′ , xλ′)

(Zλ, zλ)

inλ
❄

✛ sλλ′

(Zλ′ , zλ′)

inλ′

❄
(12)

It follows that

[sλλ′ ] [ιnλ′ ] = [ιnλ] [pλλ′ ] ,

for every pair λ 6 λ′ and every n > nλ′ .

Claim 3.9. j∗ = [(1Λ, [j
n
λ ])] : (Y ,y0) → (Z, z0) is an isomorphism of pro∗-HTop0,

where jnλ = jλ, for every λ and all n.

Proof. By (9) (the lower rectangle of the diagram), we infer that

(1Λ, [j
n
λ ]) : (Y ,y0) → (Z, z0)

is the yielded ∗-morphism. Since [jnλ ] : (Yλ, yλ) → (Zλ, zλ) is an isomorphism of
HTop0, it follows, by Corollary 6.3. of [12], that j∗ is an isomorphism.

Claim 3.10. ι∗ = [(1Λ, [ι
n
λ])] is an m-equivalence of pro∗-HPol0.

Proof. By Claim 3.5 one infers that

(1Λ, [j
n
λ ]) (1Λ, [f

n
λ ]) ∼ (1Λ, [ι

n
λ])

and, consequently, that

j∗f∗ = ι∗ = [(1Λ, [ι
n
λ])]

in pro∗-HTop0. Therefore,

π∗
k (j

∗)π∗
k (f

∗) = π∗
k (ι

∗)

in pro∗-Grp (pro∗-Set0, for k = 0) holds. Since j∗ is an isomorphism and f∗ is an
m-equivalence of pro∗-HPol0, one infers that ι∗k = π∗

k (ι
∗) is an isomorphism of pro∗-

Grp (pro∗-Set0), for k = 1, . . . ,m− 1 (k = 0), and an epimorphism of pro∗-Grp, for
k = m. Thus, ι∗ is an m-equivalence of pro∗-HPol0.
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Claim 3.11. There exist functions ϕm : Λ → Λ and εm : Λ → N such that, for every
λ ∈ Λ and every n > εm (λ) , it holds that

Im sλϕm(λ),m ⊆ Im ιnλ,m. (13)

There exist functions ϕk : Λ → Λ and εk : Λ → N such that, for every λ ∈ Λ and
every n > εk (λ), there exists a homomorphism

hn
λk : πk

(

Zϕk(λ), zϕk(λ)

)

→ πk (Xλ, xλ)

that makes the following diagram commutative (in Set0, Grp).

πk (Xλ, xλ) ✛pλϕk(λ),k
πk

(

Xϕk(λ), xϕk(λ)

)

πk (Zλ, zλ)

ιnλ,k
❄

✛
sλϕk(λ),k

πk

(

Zϕk(λ), zϕk(λ)

)

ιnϕk(λ),k❄

✛
hn
λk (14)

Proof. Since ι∗m : πm (X,x0) → πm (Z, z0) is an epimorphism, and since, for every
k = 0, . . . ,m− 1, ι∗k : πk (X,x0) → πk (Z, z0) is an isomorphism, there exist, accord-
ing to condition (E-Grp) of 4.5 of [9] and Theorem 6.1 of [12], the functions ϕk and
εk and homomorphisms hn

λk such that (13) and (14) hold.

Claim 3.12. For every related pair λ 6 λ′, for every n > nλ′ and for every k ∈ N,
the following diagram has exact columns and commutes in Grp (Set0).

πk (Xλ, xλ) ✛ pλλ′,k
πk (Xλ′ , xλ′)

πk (Zλ, zλ)

ιnλ,k
❄

✛ sλλ′,k
πk (Zλ′ , zλ′)

ιnλ′,k

❄

πk (Zλ, X
n
λ , x

n
λ)

κn
λ,k

❄
✛
snλλ′,k

πk (Zλ′ , Xn
λ′ , xn

λ′)

κn
λ′,k

❄

πk−1 (Xλ, xλ)

∂n
λk

❄
✛pλλ′,k−1

πk−1 (Xλ′ , xλ′)

∂n
λ′k

❄

πk−1 (Zλ, zλ)

ιnλ,k−1
❄

✛sλλ′,k−1
πk−1 (Zλ′ , zλ′)

ιnλ′,k−1
❄

(15)

where κn
λ : (Zλ, zλ, zλ) →֒ (Zλ, X

n
λ , x

n
λ) denotes the inclusion map and

∂n
λk ≡ ∂k (Zλ, X

n
λ , x

n
λ) : (Zλ, X

n
λ , x

n
λ) → (Xλ, xλ) = (Xn

λ , x
n
λ)

is the boundary homomorphism (pointed function).

Proof. By (11) and (7), for every λ ∈ Λ and every n > nλ, the map

ιnλ : (Xλ, xλ) = (Xn
λ , x

n
λ) →֒ (Zλ, zλ)

is an inclusion. Therefore, it induces a long exact sequence of homotopy groups, i.e.,
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for every k ∈ N, every λ ∈ Λ, and every n > nλ, the exact sequence in Grp (Set0):

πk (Xλ, xλ)
ιnλ,k

→ πk (Zλ, zλ)

κn
λ,k

→ πk (Zλ, X
n
λ , x

n
λ)

∂n
λk→ πk−1 (Xλ, xλ)

inλ,k−1

→ πk−1 (Zλ, zλ) . (16)

Since, by Claim 3.6, we may consider sλλ′ ,

snλλ′ : (Zλ′ , Xn
λ′ , xn

λ′) → (Zλ, X
n
λ , x

n
λ) , n > nλ′ ,

as the map of pointed pairs of CW -complexes that induces the mapping of exact
sequences (16) . Therefore, for every n > nλ′ ((6) also implies that n > nλ) and every
k ∈ N, the diagram (15) commutes in Grp (Set0).

Claim 3.13. Given a λ ∈ Λ, there exists a finite sequence of indices λk ∈ Λ, k =
0, . . . ,m, such that

λm = λ 6 λm−1 6 · · · 6 λk 6 λk−1 6 · · · 6 λ0,

and there exists a finite sequence of integers n(k), k = 1, . . . ,m, such that

o = snλkλk−1,k
= πk

(

snλkλk−1

)

: πk(Zλk−1
, Xn

λk−1
, xn

λk−1
) → πk(Zλk

, Xn
λk
, xn

λk
) (17)

is the trivial homomorphism, for every n > n(k) and every k = 1, . . . ,m.

Proof. Put λm = λ. We use Claim 3.11 to define

λ′
m = ϕm (λm) , λm−1 = ϕm−1 (λ

′
m) , and

n(m) = max
{

εm (λm) , εm−1 (λ
′
m) , nλm−1

}

.

Then, by (14) and (15), for every n > n(m), the following diagram, having exact
columns, commutes.

πm (Xλm
, ∗) ✛ pλmλ′

m,m
πm

(

Xλ′

m
, ∗
) ✛ pλ′

mλm−1,m
πm

(

Xλm−1
, ∗
)

πm (Zλm
, ∗)

ιnλm,m
❄

✛ sλmλ′

m,m
πm

(

Zλ′

m
, ∗
)

ιnλ′

m,m
❄

✛ sλ′

mλm−1,m
πm

(

Zλm−1
, ∗
)

ιnλm−1,m❄

πm(Zλm
, Xn

λm
, ∗)

κn
λm,m

❄
✛

snλmλ′

m,m
πm(Zλ′

m
, Xn

λ′

m
, ∗)

κn
λ′

m,m
❄

✛
snλ′

mλm−1,m
πm(Zλm−1

, Xn
λm−1

, ∗)

κn
λm−1,m

❄

πm−1 (Xλm
, ∗)

∂n
λmm

❄
✛ pλmλ′

m,m−1
πm−1

(

Xλ′

m
, ∗
)

∂n
λ′

mm
❄

✛pλ
′

mλm−1,m−1
πm−1

(

Xλm−1
, ∗
)

∂n
λm−1m❄

πm−1 (Zλm
, ∗)

ιnλm,m−1
❄

✛ sλmλ′

m,m−1
πm−1

(

Zλ′

m
, ∗
)

ιnλ′

m,m−1
❄

✛sλ
′

mλm−1,m−1
πm−1

(

Zλm−1
, ∗
)

ιnλm−1,m−1
❄

✛ hn
λ′

mm−1

(18)
Let us check, by chasing diagram (18), that

snλmλm−1,m
: πm(Zλm−1

, Xn
λm−1

, xn
λm−1

) → πm(Zλm
, Xn

λm
, xn

λm
)
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is trivial, for every n > n(m). Let n > n(m), and let

x ∈ πm(Zλm−1
, Xn

λm−1
, xn

λm−1
) (the 3rd row and the 3rd column of diagram (18)).

Since the 3rd column of diagram (18) is exact, it follows that

ιnλm−1,m−1∂
n
λm−1m

(x) = 0,

and, consequently,

hn
λ′

mm−1ι
n
λm−1,m−1∂

n
λm−1m

(x) = 0.

Then, by commutativity of diagram (18), one infers that

∂n
λ′

mmsnλ′

mλm−1,m
(x) = 0,

and, consequently, that

snλ′

mλm−1,m
(x) ∈ ker ∂n

λ′

m,m.

The exactness of the 2nd column of diagram (18) implies that

snλ′

mλm−1,m
(x) ∈ Imκn

λ′

m,m.

Therefore, there exists an

x′ ∈ πm

(

Zλ′

m
, zλ′

m

)

(the 2nd row and the 2nd column of (18))

such that

κn
λ′

m,m (x′) = snλ′

mλm−1,m
(x) . (19)

Since n > εm (λm), it follows, by (13), that

sλmλ′

m,m (x′) ∈ Im ιnλm,m.

Then, by the exactness of the 1st column of (18), it follows that

κn
λm,msλmλ′

m,m (x′) = 0.

The commutativity of diagram (18) implies that

snλmλ′

m,mκn
λ′

m,m (x′) = 0.

Finally, by (19), it follows that

snλmλ′

m,msnλ′

mλm−1,m
(x) = 0.

Therefore, the homomorphism snλmλm−1,m
is trivial. Hereby, we have proved (17) in the

case m = 1. If m > 1, suppose that, for an l ∈ N, l 6 m− 1, we have already proven
the existence of indices λk ∈ Λ, k = l, . . . ,m− 1, λl > · · · > λm−1 > λm, and integers
n(k), k = l + 1, . . . ,m, such that, for every k ∈ {l + 1, . . . ,m} and every n > n(k),

o = snλkλk−1,k
: πk(Zλk−1

, Xn
λk−1

, xn
λk−1

) → πk(Zλk
, Xn

λk
, Xn

λk
)

is the trivial homomorphism. In order to prove (17), it is sufficient to prove the
existence of an index λl−1, λl−1 > λl and an integer n(l) such that

snλlλl−1,l
: πl(Zλl−1

, Xn
λl−1

, xn
λl−1

) → πl(Zλl
, Xn

λl
, xn

λl
)

is trivial, for every n > n(l). Let us choose λ′
l = ϕl (λl) and λl−1 = ϕl−1 (λ

′
l) , and let

n(l) = max
{

εl (λl) , εl−1 (λ
′
l) , nλl−1

}

. Then, by (14) and (15), for every n > n(l), the
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following diagram, having exact columns, is commutative.

πl (Xλl
, ∗) ✛

pnλlλ
′

l
,l

πl(Xλ′

l
, ∗) ✛

pλ′

l
λl−1,l

πl

(

Xλl−1
, ∗
)

πl (Zλl
, ∗)

ιnλl,l

❄
✛

sλlλ
′

l
,l

πl(Zλ′

l
, ∗)

ιnλ′

l
,l

❄
✛

sλ′

l
λl−1,l

✛
hn
λ
l l

πl

(

Zλl−1
, ∗
)

ιnλl−1,l

❄

πl

(

Zλl
, Xn

λl
, ∗
)

κn
λl,l

❄
✛

snλlλ
′

l
,l

πl(Zλ′

l
, Xn

λ′

l
, ∗)

κn
λ′

l
,l

❄
✛

snλ′

l
λl−1,l

πl(Zλl−1
, Xn

λl−1
, ∗)

κn
λl−1,l

❄

πl−1 (Xλl
, ∗)

∂n
λll

❄
✛

pλlλ
′

l
,l−1

πl−1(Xλ′

l
, ∗)

∂n
λ′

l
l

❄
✛

pλ′

l
λl−1,l−1

πl−1

(

Xλl−1
, ∗
)

∂n
λl−1l

❄

πl−1 (Zλl
, ∗)

ιnλl,l−1

❄
✛

sλlλ
′

l
,l−1

πl−1(Zλ′

l
, ∗)

ιnλ′

l
,l−1

❄
✛

sλ′

l
λl−1,l−1

πl−1

(

Zλl−1
, ∗
)

ιnλl−1,l−1
❄

✛ hn
λ ′

l l−1

(20)

Let n > n(l) and let

x ∈ πl(Zλl−1
, Xn

λl−1
, xn

λl−1
) (the 3rd row and the 3rd column of diagram (20)).

Since the 3rd column of diagram (20) is exact, it follows that

ιnλl−1,l−1∂
n
λl−1l

(x) = 0,

and, consequently, that

hn
λ′

l
l−1ι

n
λl−1,l−1∂

n
λl−1l

(x) = 0.

Then, by commutativity of diagram (20), one infers that

∂n
λ′

l
ls

n
λ′

l
λl−1,l

(x) = 0,

which implies that

snλ′

l
λl−1,l

(x) ∈ ker ∂n
λ′

l
,l.

The exactness of the 2nd column of diagram (20) implies that

snλ′

l
λl−1,l

(x) ∈ Imκn
λ′

l
,l.

Therefore, there exists an x′ ∈ πl(Zλ′

l
, zλ′

l
) (the 2nd row and the 2nd column of (20))

such that

κn
λ′

l
,l (x

′) = snλ′

l
λl−1,l

(x) . (21)

By the exactness of the 1st column of (20) , it follows that

κn
λl,l

ιnλl,l
hn
λll

(x′) = 0.
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Now, since diagram (20) commutes, it follows that

κn
λl,l

sλlλ
′

l
,l (x

′) = 0,

which implies that

snλlλ
′

l
,lκ

n
λ′

l
,l (x

′) = 0.

This, along with (21), implies that snλlλ
′

l
,ls

n
λ′

l
λl−1,l

(x) = 0. Therefore, we may conclude

that snλlλl−1,l
= 0. This completes the proof of the claim.

Proof of necessity (continuation). For an arbitrary λ, let λm = λ 6 λm−1 6 · · ·
6 λk 6 λk−1 6 · · · 6 λ′ = λ0 and n(1), . . . , n(m) be as in Claim 3.13. Then, for every
n′ > n = max

{

n(k) | k = 1, . . . ,m
}

, the homomorphism sn
′

λkλk−1,k
is trivial, k =

1, . . . ,m. Consequently, by Lemma 3.3, the map

sn
′

λλ′ = sn
′

λmλm−1
· · · sn

′

λkλk−1
· · · sn

′

λ1λ0
: (Zλ′ , Xn′

λ′ , xn′

λ′ ) → (Zλ, X
n′

λ , Xn′

λ )

factors through an m-connected pointed pair of CW -complexes (Qn′

λ , Pn′

λ , pn
′

λ ), such

that Qn′

λ and Pn′

λ are connected. Then there exist maps

rn
′

λ : (Qn′

λ , Pn′

λ , pn
′

λ ) → (Zλ, X
n′

λ , xn′

λ ), and

r′n
′

λ : (Zλ′ , Xn′

λ′ , xn′

λ′ ) → (Qn′

λ , Pn′

λ , pn
′

λ )

such that sn
′

λλ′ = rn
′

λ r′n
′

λ .

Let pn
′

λ : (Pn′

λ , pn
′

λ ) → (Xn′

λ , xn′

λ ) and p′n
′

λ : (Xn′

λ′ , Xn′

λ′ ) → (Pn′

λ , pn
′

λ ) be the restric-

tion maps pn
′

λ ≡ rn
′

λ |Pn′

λ and p′n
′

λ ≡ r′n
′

λ |Xn′

λ′ , respectively, and let gn
′

λ : (Pn′

λ , pn
′

λ ) →֒

(Qn′

λ , qn
′

λ ) be the inclusion map. Notice that gn
′

λ is an m-equivalence (since

(Qn′

λ , Pn′

λ , pn
′

λ ) is m-connected). Then the following diagram homotopically commutes
(moreover, strictly, in Top0).

(

Xn′

λ , xn′

λ

) (

Xn′

λ′ , xn′

λ′

)

(

Pn′

λ , pn
′

λ

)

✛ p
′n
′

λ

✛

p n ′λ

(

Qn′

λ , qn
′

λ

)

gn
′

λ
❄

(Zλ, zλ)

in
′

λ

❄
✛ sn

′

λλ′

✛

r
n
′

λ

(Zλ′ , zλ′)

in
′

λ′

❄

✛
r ′n ′λ

Since n′ > nλ′ (> nλ) , one infers, by (7) and Claim 3.6, that the following diagram
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homotopically commutes (moreover, strictly, in Top0).

(Xλ, xλ) ✛ pλλ′

(Xλ′ , xλ′)

(

Pn′

λ , pn
′

λ

)

✛ p
′n
′

λ

✛

p n ′λ

(

Qn′

λ , qn
′

λ

)

gn
′

λ❄

(Zλ, zλ)

in
′

λ

❄
✛ sλλ′

✛
r
n
′

λ

(Zλ′ , zλ′)

in
′

λ′

❄

✛
r ′n ′λ

By using the previous diagram, equality (11) and the lower rectangle of diagram (13),
one concludes that the following diagram commutes up to homotopy (in HTop0).

(Xλ, xλ) ✛ pλλ′

(Xλ′ , xλ′)

(

Pn′

λ , pn
′

λ

)

✛ p
′n
′

λ

✛

p n ′λ

(

Qn′

λ , qn
′

λ

)

gn
′

λ❄

(Zλ, zλ)

in
′

λ

❄
✛ sλλ′

✛
r
n
′

λ

(Zλ′ , zλ′)

in
′

λ′

❄

✛
r ′n ′λ

(Yλ, yλ) ✛ qλλ′

✛

f
n

′

λ

j λ
✲

(Yλ′ , yλ′)

f
n
′

λ
′

✲

✛
j
λ
′

(22)

Finally, let us put [qn
′

λ ] = [jλ]
−1[rn

′

λ ] : (Qn′

λ , qn
′

λ ) → (Yλ, yλ) and

[q′n
′

λ ] = [r′n
′

λ ][jλ′ ] : (Yλ′ , yλ′) → (Qn′

λ , qn
′

λ ).

Then, by (22), it follows that diagram (1) commutes up to homotopy (in HTop0),
which, finally, completes the proof of necessity part of Theorem 3.2 as well.

Theorem 3.14. Let (X,x0) and (Y ,y0) be inverse systems of pointed connected
polyhedra (in HPol0) over the same cofinite index set Λ. Let m ∈ N, and let f∗ :
(X,x0) → (Y ,y0) be an m-equivalence of pro∗-HPol0 ⊆ pro∗-HTop0 which admits
a level representative (1Λ, [f

n
λ ]). Then, for every λ ∈ Λ, there exist a λ′ > λ and an

n ∈ N such that, for every n′ > n, the following conditions are satisfied:
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(i) For every map s : (R, r) → (Yλ′ , yλ′) of pointed connected polyhedra, with
dimR 6 m, there exists a map kn

′

: (R, r) → (Xλ, xλ) such that the following
diagram commutes up to homotopy (in HPol0).

(Xλ, xλ) ✛ kn
′

(R, r)

(Yλ, yλ)

fn′

λ

❄
✛ qλλ′

(Yλ′ , yλ′)

s
❄

(23)

(ii) If k, k′ : (R, r) → (Xλ′ , xλ′) is a pair of maps of pointed connected polyhedra
such that dimR 6 m− 1 and [fn′

λ′ ] [k] = [fn′

λ′ ] [k′] , then [pλλ′ ] [k] = [pλλ′ ] [k′] in
HPol0.

In order to prove the above theorem, we need the following lemma, which is an
immediate consequence of Corollary 7.6.23 and Theorem 7.6.22 of [24].

Lemma 3.15. Let m ∈ N and let f : (P, p) → (Q, q) be an m-equivalence of pointed
spaces. Then we have the following:

(i) For every pointed map h : (R, r) → (Q, q), where R is a connected CW -complex
having dimR 6 m, there exists a pointed map l : (R, r) → (P, p) such that
[f ] [l] = [h] in HTop0.

(ii) If l, l′ : (R, r) → (P, p) are pointed maps, where R is a connected CW -complex
having dimR 6 m− 1, such that [f ] [l] = [f ] [l′] in HTop0, then [l] = [l′] in
HTop0.

Proof of Theorem 3.14. Assume that an f∗ : (X,x0) → (Y ,y0) is an m-equivalence
of pro∗-HPol0. Let λ ∈ Λ. Let a λ′ > λ and an n ∈ N be chosen as in Theorem 3.2.
Then, by the same theorem, for every n′ > n, there exist a pair of pointed connected
CW -complexes (Pn′

λ , pn
′

λ ), (Qn′

λ , qn
′

λ ), an m-equivalence gn
′

λ : (Pn′

λ , pn
′

λ ) → (Qn′

λ , qn
′

λ ),

and maps pn
′

λ : (Pn′

λ , pn
′

λ ) → (Xλ, xλ), p
′n′

λ : (Xλ′ , xλ′) → (Pn′

λ , pn
′

λ ), qn
′

λ : (Qn′

λ , qn
′

λ ) →

(Yλ, yλ), and q′n
′

λ : (Yλ′ , yλ′) → (Qn′

λ , qn
′

λ ) such that diagram (1) homotopically com-
mutes (in HTop0). Let s : (R, r) → (Yλ′ , yλ′) be a map of pointed connected polyhe-
dra with dimR 6 m. According to Lemma 3.15(i), for h = qn

′

λ s, there exists a map

l : (R, r) → (Pn′

λ , pn
′

λ ) such that

[gn
′

λ ] [l] = [h] = [qn
′

λ ][s]

in HTop0. Then

[qn
′

λ ][gn
′

λ ] [l] = [qn
′

λ ][qn
′

λ ][s],

which, by diagram (1), implies that

[fn′

λ ][pn
′

λ ] [l] = [qλλ′ ] [s] .

Now, for kn
′

= pn
′

λ l, one infers that diagram (23) commutes, which completes the
proof of (i). To prove (ii), suppose that k, k′ : (R, r) → (Xλ′ , xλ′) are maps of pointed
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connected polyhedra, with dimR 6 m− 1, such that

[fn′

λ′ ] [k] = [fn′

λ′ ] [k′] (24)

in HPol0 . Let us put

l = p′n
′

λ k and l′ = p′n
′

λ k′. (25)

Then

[gn
′

λ ] [l] = [gn
′

λ ] [l′] . (26)

Namely, by (24), it holds that

[q′n
′

λ ][fn′

λ′ ] [k] = [q′n
′

λ ][fn′

λ′ ] [k′] ,

which, by diagram (1), implies that

[gn
′

λ ][p′n
′

λ ] [k] = [gn
′

λ ][p′n
′

λ ] [k′]

in HTop0, and (26) follows. By considering (26) and applying Lemma 3.15 (ii), we
get

[l] = [l′] . (27)

Then, by (25) and (27), it follows that

[pn
′

λ ][p′n
′

λ ] [k] = [pn
′

λ ] [l] = [pn
′

λ ] [l′] = [pn
′

λ ][p′n
′

λ ] [k′] .

Now, by diagram (1), one infers that

[pλλ′ ] [k] = [pλλ′ ] [k′]

in HPol0, which completes the proof of (ii) .

4. The coarse shape analogue of the Whitehead theorem

Theorem 4.1. Let m ∈ N, and let (X,x0) = ((Xλ, xλ) , [pλλ′ ] ,Λ) and (Y ,y0) =
((Yµ, yµ) , [qµµ′ ],M) be inverse systems of pointed connected polyhedra (in HPol0)
such that, for every λ ∈ Λ, dimXλ 6 m− 1, and, for every µ ∈ M , dimYµ 6 m.
Then f∗ : (X,x0) → (Y ,y0) is an m-equivalence of pro∗-HPol0 if and only if f∗

is an isomorphism.

Proof. Clearly, we only need to prove the necessity part. Let f∗ : (X,x0) → (Y ,y0)
be an m-equivalence of pro∗-HPol0. According to Theorem 3.27. of [12], there exist
inverse systems

(

X ′,x′
0

)

= ((X ′
ν , x

′
ν) , [p

′
νν′ ] , N) and

(

Y ′,y′
0

)

= ((Y ′
ν , y

′
ν) , [q

′
νν′ ], N)

in HPol0 having the same cofinite index set N , a morphism f ′∗ : (X ′,x′
0) → (Y ′,y′

0)
of pro∗-HPol0 admitting a level representative, and isomorphisms i∗ : (X,x0) →
(X ′,x′

0) and j∗ : (Y ,y0) → (Y ′,y′
0) such that j∗f∗ = f ′∗i∗. Therefore, f∗ is an

m-equivalence (isomorphism) of pro∗-HPol0 if and only if f ′∗ is an m-equivalence
(isomorphism) of pro∗-HPol0. Hence, it is sufficient to prove that f ′∗ is an isomor-
phism. By following the proof of Theorem 3.27 of [12], one readily sees that the



122 NIKOLA KOCEIĆ BILAN and NIKICA UGLEŠIĆ

inverse systems X ′ and Y ′ consist of the same objects (terms and bonding mor-
phisms) as inverse systems X and Y , and, especially, that dimX ′

ν 6 m− 1 and
dimY ′

ν 6 m hold for every ν ∈ N . Let ([1N , [f ′n
ν ]) be a level representative of the

morphism f ′∗. For every related pair ν 6 ν′ in N , let β (ν, ν′) ∈ N denote an inte-
ger such that [f ′n′

ν ] [p′νν′ ] = [q′νν′ ][f ′n′

ν′ ], for every n′ > β (ν, ν′). We propose to prove
that the level ∗-morphism (1N , [f ′n

ν ]) fulfills the condition of Theorem 6.1 of [12]. Let
ν ∈ N . Since f ′∗ is an m-equivalence of pro∗-HPol0, there exist, by Theorem 3.14, a
ν′ > ν and an n1 = n (ν) ∈ N, such that, for every n′ > n1, properties (i) and (ii) of
the same theorem hold. Further, by applying the same theorem on ν′, we obtain a
ν′′ > ν′ and an n2 = n (ν′) such that, for every n′ > n2, properties (i) and (ii) of the
same theorem hold. Put n = max {n1, n2, β (ν, ν′) , β (ν′, ν′′)} .

Let us prove that, for every n′ > n, there exist a pointed map hn′

ν : (Y ′
ν′′ , y′ν′′) →

(X ′
ν , x

′
ν) such that

[f ′n′

ν ][hn′

ν ] = [q′νν′′ ] (1)

and

[hn′

ν ][f ′n′

ν′′ ] = [p′νν′′ ] (2)

in HPol0 hold. Since n′ > n2 and dimY ′
ν′′ 6 m, by applying Theorem 3.14 (i) to the

pointed map

s = 1Y ′

ν′′
: (R, r) = (Y ′

ν′′ , y′ν′′) → (Y ′
ν′′ , y′ν′′)

(of pointed connected polyhedra), one obtains a map kn
′

: (Y ′
ν′′ , y′ν′′) → (X ′

ν′ , x′
ν′)

such that

[f ′n′

ν′ ][kn
′

] = [q′ν′ν′′ ] (3)

in HPol0. Let

hn′

ν = p′νν′kn
′

: (Y ′
ν′′ , ∗) → (X ′

ν , ∗) . (4)

Then, since n′ > β (ν, ν′), it follows that

[f ′n′

ν ][hn′

ν ]
(4)
= [f ′n′

ν ] [p′νν′ ] [kn
′

] = [q′νν′ ] [f ′n′

ν′ ][kn
′

]
(3)
= [q′νν′ ] [q′ν′ν′′ ] = [q′νν′′ ]

in HPol0, which proves (1) . Further, since n′ > β (ν′, ν′′) , it holds that

[f ′n′

ν′ ] [p′ν′ν′′ ] = [q′ν′ν′′ ] [f ′n′

ν′′ ].

Hence, by (3), it follows that

[f ′n′

ν′ ] [p′ν′ν′′ ] = [f ′n′

ν′ ][kn
′

][f ′n′

ν′′ ] (5)

in HPol0. Now, let us define maps k, k′ : (R, r) → (X ′
ν′ , x′

ν′) of pointed connected
polyhedra by putting (R, r) = (X ′

ν′′ , x′
ν′′) and

k = p′ν′ν′′ , k′ = kn
′

f ′n′

ν′′ . (6)

Since (5) implies that [f ′n′

ν′ ] [k] = [f ′n′

ν′ ] [k′] holds, and since dimX ′
ν′′ 6 m− 1, by
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applying Theorem 3.14 (ii), it follows that

[p′νν′ ] [k] = [p′νν′ ] [k′] . (7)

Finally, by (6) , (7) , and (4), one obtains

[p′νν′′ ]
(6)
= [p′νν′ ] [k]

(7)
= [p′νν′ ] [k′]

(6)
= [p′νν′ ] [kn

′

][f ′n′

ν′′ ]
(4)
= [hn′

ν ][f ′n′

ν′′ ],

which proves (2). Hereby, we have proven that the level ∗-morphism (1N , [f ′n
ν ]) fulfills

the condition of Theorem 6.1 of [12]. Consequently, by the same theorem, it follows
that f ′∗ is an isomorphism.

Definition 4.2. Let m ∈ N, and let F ∗ : (X,x0) → (Y, y0) be a pointed coarse shape
morphism (of Sh∗

0). Then F ∗ is said to be a coarse (shape) m-equivalence if the
induced morphism

F ∗
k ≡ pro∗-πk(F

∗) : pro∗-πk(X,x0) = pro-πk(X,x0) → pro-πk(Y, y0)

= pro∗-πk(Y, y0)

is an isomorphism of pro∗-Set0 for k = 0, an isomorphism of pro∗-Grp for k = 1, . . . ,
m− 1, and an epimorphism of pro∗-Grp for k = m.

Observe that, in comparison to Definition 3.1, such an F ∗ is a coarse m-equivalence
if and only if there exists a (equivalently, every) representative f∗ : (X,x0) → (Y ,y0)
in pro∗-HPol0 which is an m-equivalence of pro∗-HPol0. Namely, for every k, the
induced morphism F ∗

k is represented by an

f∗

k ≡ π∗
k(f

∗) : π∗
k(X,x0) = πk(X,x0) → πk(Y ,y0) = π∗

k(Y ,y0).

This shows that Definition 4.2 is correct.
Recall that a space X has the shape dimension sd X 6 n if it admits an HPol-

expansion p = ([pλ]) : X → X = (Xλ, [pλλ′ ],Λ) such that, for every λ ∈ Λ, the (cov-
ering) dimension dimXλ 6 n. Finally, we can state a full coarse shape analogue of
the Whitehead theorem as follows.

Theorem 4.3. Let m ∈ N, let (X,x0) and (Y, y0) be connected pointed spaces satis-
fying sd X 6 m− 1 and sd Y 6 m, and let F ∗ : (X,x0) → (Y, y0) be a pointed coarse
shape morphism (of Sh∗

0). Then F ∗ is a coarse m-equivalence if and only if F ∗ is an
isomorphism.

Proof. The necessity part only needs a proof. According to the relevant facts of [18,
Chap. I., Sec. 5] (see also Theorem 2.1 of [13]), there exists a pair of HPol0-expansions

p = ([pλ]) : (X,x0) → (X,x0) = ((Xλ, xλ), [pλλ′ ],Λ),

q = ([qµ]) : (Y, y0) → (Y ,y0) = ((Yµ, yµ), [qµµ′ ],M)

such that dimXλ 6 m− 1, for every λ ∈ Λ, and dimYµ 6 m, for every µ ∈ M . Since
X and Y are connected, we may assume that all Xλ and Yµ are connected as well
(see Remark II.4.1.1 of [18]). Consider a representative f∗ : (X,x0) → (Y ,y0) of F

∗.
Since F ∗ is a coarse m-equivalence (of Sh∗

0), the representative f
∗ is an m-equivalence

of pro∗-HPol0. Then, by Theorem 4.1, f∗ is an isomorphism of pro∗-HPol0. This
means that F ∗ is an isomorphism of Sh∗

0.
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Remark 4.4. Similarly to the shape case [18, the definitions below Theorem I.5.2.10],
one can define a weak equivalence f∗ : (X,x0) → (Y ,y0) of pro∗-HTop0 to be
an m-equivalence of pro∗-HTop0 for every m ∈ N. Further, a weak coarse shape
equivalence is a coarse shape morphism F ∗ : (X,x0) → (Y, y0) of Sh∗

0 which is a
coarse (shape) m-equivalence for all m, i.e., it induces isomorphisms pro∗-πk(F

∗) for
all k. However, as in the shape case, the ∞-dimensional Whitehead-type theorems
fail in pro∗-HPol0 and Sh∗

0. Namely, Adams’ example, which yields a counterexample
(see Example II.5.2.1 of [18]), works in the coarse shape theory as well.

Remark 4.5. Example 7.2 of [12] may be also considered as an application of Theorem
4.1 in a very special case. Namely, since X and Y consist of the polyhedral terms
Xi and Yj having dimXi = dimYj = 2, i, j ∈ N, the proof reduces to the verification
that the considered morphism f∗ = [(1N, [f

n
j ])] : X → Y is a 2-equivalence of pro∗-

HPol0. Further, since all the terms are compact connected abelian groups (2-tori), the
appearing homotopy classes are represented by unique homomorphisms. Finally, since
only the fundamental group of the 2-torus is not trivial, the proof further reduces to
the verification that

π∗
1(f

∗) ≡ F ∗ : π∗
1(X,x0) = Z

2
X

→ Z
2
Y

= π∗
1(Y ,y0)

is an isomorphism of pro∗-Grp, which was done in 7.2 of [12].
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Mardešić, Bull. Acad. Polon. Sci. Sér. Sci. Math. Astronom. Phys. 23 (1975),
775–779.

[4] D. A. Edwards and R. Geoghegan, The stability problem in shape, and a White-
head theorem in pro-homotopy, Trans. Amer. Math. Soc. 214 (1975), 261–277.

[5] D. A. Edwards and R. Geoghegan, Infinite-dimensional Whitehead and Vietoris
theorems in shape and pro-homotopy, Trans. Amer. Math. Soc. 219 (1976),
351–360.

[6] J. Keesling, On the Whitehead theorem in shape theory, Fund. Math. 92 (1976),
247–353.
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[17] S. Mardešić, Comparing fibres in a shape fibration, Glas. Mat. Ser III 13(33)
(1978), 317–333.
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