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Abstract
For a locally finitely presented Grothendieck category A, we

consider a certain subcategory of the homotopy category of FP-
injectives in A which we show is compactly generated. In the case
where A is locally coherent, we identify this subcategory with the
derived category of FP-injectives in A. Our results are, in a sense,
dual to the ones obtained by Neeman on the homotopy category of
flat modules. Our proof is based on extending a characterization
of the pure acyclic complexes which is due to Emmanouil.

1. Introduction

The work of Neeman [21] on the homotopy category of flat modules has led to
interesting advances in ring theory and homological algebra. Neeman was inspired by
work of Iyengar and Krause [16], who proved that over a Noetherian ring R with a

dualizing complex D, the composite K(ProjR) ↣ K(FlatR)
D⊗R−−−−−→ K(InjR) is an

equivalence, which restricts to Grothendieck duality. Neeman in [21] focuses on the
embedding K(ProjR) ↣ K(FlatR) for a general ring R and shows that the cate-
gory K(ProjR) is ℵ1–compactly generated and that the composite of canonical maps
K(ProjR) ↣ K(FlatR) −→ D(FlatR) is an equivalence. Related work on homotopy
categories and the existence of adjoints between them is done by Krause [17], Murfet
and Salarian [18], Saoŕın and Š´ov́ıček [23], and others.

Closely related to the notion of flatness, is the notion of purity [4]. A submodule
A ⩽ B is called pure if any finite system of linear equations with constants from A
and a solution in B, has a solution in A. This condition can be expressed diagram-
matically, and is equivalent to asking for the sequence A ↣ B ↠ B/A to remain
exact after applying, for any finitely presented module F , the functor HomR(F,−),
or equivalently the functor F ⊗R −. Such sequences are called pure exact and they
are of interest since they form the smallest class of short exact sequences which is
closed under filtered colimits. It follows from this discussion that a module M is
flat if and only if any epimorphism with target M is pure. Thus flatness can be
defined in any additive category which has an appropriate notion of finitely pre-
sented objects, namely locally finitely presented additive categories [2,5]. If A is such
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a category, it is well known that the relation between purity and flatness can be
given formally via the equivalence A ∼= Flat(fp(A)op,Ab); A 7→ HomA(−, A)|fp(A)

1,
see [5, 1.4]. Thus, roughly speaking, the study of purity can be reduced to the study
of flat (left exact) functors, and Neeman’s results have analogues in the context of
purity, see Emmanouil [7], Krause [17], Simson [25] and Š´ov́ıček [28].

The dual notion of flatness, in a locally finitely presented Grothendieck category
A, is that of FP-injectivity. Namely, an object A in A is called FP-injective if any
monomorphism with source A is pure. We denote the class of FP-injective objects
by FPI(A). FP-injective modules were studied first by Stenström in [26]. One reason
why they are of importance is because over (non-Noetherian) rings where injectives
fail to be closed under coproducts, one can work with FP-injectives which are always
closed under coproducts. Moreover, a ring is coherent if and only if the class of FP-
injective modules is closed under filtered colimits [26, 3.2], in strong analogy with the
dual situation, where coherent rings are characterized by the closure of flat modules
under products.

In this note our goal is to provide, in a sense, duals of the above mentioned
results of Neeman, that is, to obtain analogous results for the homotopy category
of FP-injectives. For this we look at the tensor embedding functor of a module
category to FP-injective (right exact) functors, that is, the functor Mod-R→ A :=
(R-mod,Ab); M 7→ (M ⊗R −)|R-mod, which identifies pure exact sequences in Mod-R
with short exact sequences of FP-injective (right exact) functors, and induces an
equivalence Mod-R ∼= FPI(A) [13, §1]. It is easy to observe that under this equiv-
alence, the pure projective modules (the projectives with respect to the pure exact
sequences) correspond to functors in the class FPI(A) ∩ ⊥ FPI(A)2. We point out
that by work of Eklof and Trlifaj [6], we know that this class consists of those FP-
injectives which are (summands of) transfinite extensions of finitely presented objects
(see 2.2). We can now state our main result (proved in 3.5).

Theorem. Let A be a locally finitely presented Grothendieck category and denote by
FPI(A) the class of FP-injective objects in A. Then the homotopy category K(FPI(A)
∩ ⊥ FPI(A)) is compactly generated. Moreover, if A is locally coherent, the composite
functor

K(FPI(A) ∩ ⊥ FPI(A)) ↣ K(FPI(A)) can−−→ D(FPI(A))

is an equivalence of triangulated categories.

Our proof is based on Neeman’s strategy. Let C := FPI(A) ∩ ⊥ FPI(A). Since K(C)
is compactly generated and admits coproducts, we obtain a right adjoint of the inclu-
sion K(C) ↣ K(FPI(A)), and in the case where A is locally coherent, we identify
its kernel with the pure acyclic complexes of FP-injective objects in A. From this
it follows that any chain map from a complex in K(C) to a pure acyclic complex
of FP-injectives is null homotopic. In fact, in 3.2 we prove something more general,
namely that for any locally finitely presented Grothendieck category A, any chain
map from a complex in K(⊥ FPI(A)) to a pure acyclic complex is null homotopic.
This extends a result of Emmanouil [7].

1 fp(A) denotes a set of isomorphism classes of finitely presented objects in A, see section 2.
2 ⊥ FPI(A) denotes the left orthogonal class of FP-injectives with respect to the Ext1A(−,−) func-
tor, see section 2.
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Finally, we point out that Š´ov́ıček [28] has also studied the category D(FPI(A))
and in the locally coherent case has proved the existence of a model category struc-
ture with homotopy category D(FPI(A)). Using our main result we can identify the
cofibrant objects in this model structure with the category K(C), and combining with
one of the main results of [28] we also obtain that for A locally coherent K(Inj(A))
is compactly generated (see 3.7, 3.8).

2. Preliminaries

Locally finitely presented additive categories [2,5]. In an additive category
A, an object X is called finitely presented if the functor HomA(X,−) : A → Ab pre-
serves filtered colimits. A is called locally finitely presented if it is cocomplete, the
isomorphism classes of finitely presented objects in A form a set fp(A), and every
object in A is a filtered colimit of objects in fp(A). An abelian category A is locally
finitely presented if and only if it is a Grothendieck category with a generating set
of finitely presented objects [2, Satz 1.5]. A locally finitely presented Grothendieck
category A is called locally coherent if the subcategory fp(A) is abelian.

Purity. If A is a locally finitely presented additive category, a sequence 0→ X →
Y → Z → 0 in A is called pure exact if it is HomA(fp(A),−)–exact, that is, if for any
A ∈ fp(A), the sequence

0→ HomA(A,X)→ HomA(A, Y )→ HomA(A,Z)→ 0

is an exact sequence of abelian groups. An object X ∈ A is called pure projective if
any pure exact sequence of the form 0→ Z → Y → X → 0 splits, and dually X is
called pure injective if any pure exact sequence of the form 0→ X → Y → Z → 0
splits. We will denote the class of pure projective objects in A by PProj(A). Pure
exact sequences induce on the category A the structure of a (Quillen) exact category,
i.e., we equip A with an exact structure [3, Dfn. 2.1] where the conflations are the pure
exact sequences; see Crawley-Boevey [5, 3.1]. We will refer to this exact structure as
the pure exact structure on A.

Cotorsion Pairs [12,22]. Let X be a class of objects in an exact category A. Put

X⊥ := {A ∈ A | ∀X ∈ X , Ext1A(X,A) = 0}

and define ⊥X analogously. A pair (X ,Y) of classes in A is called a cotorsion pair
if X⊥ = Y and ⊥Y = X . A cotorsion pair is said to be generated by a set3 if it is
of the form (

⊥
(S⊥),S⊥) where S is a set of objects in A. A cotorsion pair (X ,Y)

is called complete if for every object A in A there exists a short exact sequence
0→ Y → X → A→ 0 with X ∈ X and Y ∈ Y, and also a short exact sequence 0→
A→ Y ′ → X ′ → 0 with X ′ ∈ X and Y ′ ∈ Y. It is called hereditary if X is closed
under kernels of epimorphisms and Y is closed under cokernels of monomorphisms.
Note that being hereditary is equivalent to having for all X ∈ X , Y ∈ Y and i ⩾ 1,
ExtiA(X,Y ) = 0.

We recall a fundamental result on cotorsion pairs generated by a set from the work
of Eklof and Trlifaj [6]. First a definition.

3 This terminology is in accordance with Göbel and Trlifaj [12, Dfn. 2.2.1].
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Definition 2.1. Let A be an abelian category and S a class of objects in A. An
object A in A is called S-filtered if there exists a chain of subobjects

0 = A0 ⊆ A1 ⊆ · · · ⊆
∪
α<σ

Aα = A,

where σ is an ordinal, Aλ = ∪β<λAβ for all limit ordinals λ, and Aα+1/Aα ∈ S for
all α < σ. The class of S-filtered objects will be denoted by Filt(S).

Proposition 2.2. ([6], see also [12, 3.2]) Let S be a (small) set of objects in a
Grothendieck category and assume that S contains a generator. Then the following
hold:

(i) The cotorsion pair (
⊥
(S⊥),S⊥) is complete.

(ii) The class
⊥
(S⊥) consists of direct summands of S-filtered objects, that is, for all

X ∈ ⊥
(S⊥) we have P ∼= X ⊕K where P ∈ Filt(S). Moreover, in this decom-

position K can be chosen in
⊥
(S⊥) ∩ S⊥.

FP-Injectives [26]. Let A be a locally finitely presented Grothendieck category.
The objects in the class

fp(A)⊥ = {A ∈ A | ∀F ∈ fp(A), Ext1A(F,A) = 0}

are called FP-injective objects. We will denote this class by FPI(A). Note that
Prop. 2.2, applied on the cotorsion pair (⊥ FPI(A),FPI(A)), tells us that the class
⊥ FPI(A) consists of direct summands of fp(A)-filtered modules.

We recall the following well known facts for the class of FP-injectives.

Proposition 2.3. ([26], see also [28, App.B]) Let A be a locally finitely presented
Grothendieck category. Then the following hold:

(i) The class FPI(A) is closed under extensions, direct unions, products, coproducts,
and pure subobjects.

(ii) An object A ∈ A belongs to FPI(A) if and only if any monomorphism with
source A is pure.

Moreover, from [26, 3.2] (also [28, B.3]) the category A is locally coherent if and only
if the class FPI(A) is closed under filtered colimits if and only if the class FPI(A) is
closed under cokernels of monomorphisms.

The derived category of an exact category [19]. Let E be a (Quillen) exact
category and denote byC(E) the corresponding category of chain complexes.C(E) has
a canonical exact structure in which a diagram X ↣ Y ↠ Z in C(E) is a conflation
if and only if Xn ↣ Yn ↠ Zn is a conflation in E for every n ∈ Z; see Bühler [3,
Lem. 9.1]. We refer to this exact structure as the induced exact structure on C(E).

A complex X = · · · → Xn+1
dn+1−−−→ Xn

dn−→ Xn−1 → · · · in C(E) is called acyclic
(with respect to the exact structure of E) if each map dn decomposes in E as a deflation
Xn ↠ Zn−1(X) followed by an inflation Zn−1(X) ↣ Xn−1 and such that the induced
sequence Zn(X) ↣ Xn ↠ Zn−1(X) is a conflation in E . Denote by Kac(E) the homo-
topy category of acyclic complexes. If the exact category E has split idempotents,
then Kac(E) is a thick (épaisse) subcategory of K(E) [19, 1.2] and then by defini-
tion [19, 1.5] the derived category of E is the Verdier quotient D(E) := K(E)/Kac(E).
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3. On the homotopy category of FP-injectives

Let A be a locally finitely presented Grothendieck category, viewed as an exact
category with the pure exact structure, as in section 2. Then the acyclic complexes
in A (with respect to this exact structure) are called pure acyclic complexes and are
denoted by Cpac(A). Moreover, the subcategory of FP-injective objects in A is closed
under extensions, therefore it is an exact category. It is easy to see that the acyclic
complexes in C(FPI(A)) (with respect to the exact category FPI(A)) are the acyclic
complexes (in the usual sense) with cycles in FPI(A). Equivalently, since the class
FPI(A) is closed under pure subobjects (by 2.3), they are the pure acyclic complexes
with components FP-injectives. Thus we will denote them by Cpac(FPI(A)). Then
by definition we have

D(FPI(A)) := K(FPI(A))/Kpac(FPI(A)).

In Theorem 3.5, we identify D(FPI(A)) with a certain homotopy category. The key
ingredient is to extend a characterization of the pure acyclic complexes which is due
to Emmanouil. In [7, Thm. 3.6] Emmanouil proves that a complex X is pure acyclic if
and only if any chain map from a complex of pure projectives to X is null homotopic.
Emmanouil’s proof is self-contained, while Simson [25] and also Š´ov́ıček [28] give a
functorial proof of this result by reducing it to Neeman’s [21, Thm. 8.6].

We first recall a useful and well known lemma we will need.

Lemma 3.1. Let A be an exact category and consider C(A) with the induced exact
structure (as in section 2). If X,Y ∈ C(A), denote by Ext1C(A)(X,Y ) the abelian
group of (Yoneda) extensions with respect to the induced exact structure, and by
Ext1dw(A)(X,Y ) the subgroup consisting of extensions Y ↣ T ↠ X which are degree-
wise split. Then we have natural isomorphisms

Ext1dw(A)(X,Σ−(n+1)Y ) ∼= HomK(A)(X,Σ−nY ) ∼= Hn HomA(X,Y ),

where HomA(X,Y ) denotes the Hom-complex.

Proof. For the first isomorphism, see for instance [11, Cor. 5.5 (4)]. The second follows
from a direct computation of the homology of the Hom-complex.

Proposition 3.2. (Compare with [7]) Let A be a locally finitely presented Grothen-
dieck category and let X be a chain complex in A. Then the following are equivalent:

(i) X is a pure acyclic complex.

(ii) Any chain map from a complex in C(PProj(A)) to X is null-homotopic.

(iii) Any chain map from a complex in C(⊥ FPI(A)) to X is null-homotopic.

In particular, any pure acyclic complex with components in ⊥ FPI(A) is contractible.
Proof. As we discussed above the assertions (i)⇔ (ii) have been proved in [7].
Moreover, (iii)⇒ (ii) is trivial, thus we are left with (ii)⇒ (iii). First consider
the case where we are given a chain map Y → X, with Y having components in
Filt(fp(A)). From the fact that each component of Y is fp(A)-filtered, a result of
Š´ov́ıček [27, Prop. 4.3] implies that Y itself is C−(fp(A))-filtered, that is, Y is given
as a continuous chain of subcomplexes

0 = Y0 ⊆ Y1 ⊆ · · · ⊆
∪
α<σ

Yα = Y,
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where σ is an ordinal, Yλ = ∪β<λYβ for all limit ordinals λ, and for all α < σ the
quotient Yα+1/Yα is a bounded below complex with components finitely presented
objects. Now, denote by C(A)pure the exact category of chain complexes with the
induced pure exact structure (as in section 2). For all ordinals α < σ we have

Ext1C(A)pure
(Yα+1/Yα, X) = Ext1dw(A)(Yα+1/Yα, X)

∼= HomK(A)(Yα+1/Yα,Σ
1X)

= 0,

where the first equality holds because each degreewise pure extension of a com-
plex with pure projective components is degreewise split exact, the isomorphism is
obtained by Lemma 3.1 and the last equality follows by assumption. Hence Eklof’s
lemma [6, Lemma 1], in its version for exact categories [23, Prop. 2.12], gives the
result. Now consider the case where Y has components in ⊥ FPI(A). Then from 2.2
we know that for all n ∈ Z there exists Jn such that Yn ⊕ Jn ∼= Fn, where Fn is fp(A)-
filtered. Consider for each n the disc complex Dn(Jn) = 0→ Jn = Jn → 0, which is
concentrated in homological degrees n and n− 1. Then the complex

Y ′ := Y ⊕

(⊕
n∈Z

Dn(Jn)

)
⊕ Σ−1Y

has components of the form Fn ⊕ Fn+1, and these are fp(A)-filtered. Then from the
previous treated case we have that HomK(A)(Y

′, X) = 0, thus HomK(A)(Y,X) = 0
too. Finally, by what we have proved, if X is a pure acyclic complex with components
in the class ⊥ FPI(A), then the identity map on X is null homotopic, in other words
X is contractible.

As a corollary we obtain a result on pure periodicity which extends the following
fact: if M is a module fitting into a pure exact sequence 0→M → P →M → 0
with P pure projective, then M is pure projective as well. In other words, every
PProj(A)–pure periodic module is pure projective. This result was first proved by
Simson [24, Thm. 1.3] and recently by Emmanouil [7, Cor. 3.8]. We point out that
in [1] the authors provide a proof of this result and also a proof of the dual statement.

Our version below extends the case of PProj(A)–pure periodicity to the case of
⊥ FPI(A)–pure periodicity.

Corollary 3.3. (Compare with [7,24]) Let A be a locally finitely presented Grothen-
dieck category and let M be an object in A admitting a pure short exact sequence of
the form

0→M → F →M → 0,

where F ∈ ⊥ FPI(A). Then M ∈ ⊥ FPI(A). In other words, any ⊥ FPI(A)–pure peri-
odic object belongs to the class ⊥ FPI(A).

Proof. The argument is identical as in [7, Cor. 3.8], but invoking 3.2. Namely, we
may splice copies of the given short exact sequence to obtain a pure acyclic complex
with components in ⊥ FPI(A), thus a contractible complex. Hence M is a summand
of F ∈ ⊥ FPI(A) and the assertion follows since the class ⊥ FPI(A) is closed under
summands.
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We now relate Proposition 3.2 with the theory of cotorsion pairs.

Lemma 3.4. Let A be a locally finitely presented Grothendieck category and let C :=
C(FPI(A) ∩ ⊥ FPI(A)) and W := Cpac(FPI(A)). Then the following hold.

(i) (C(⊥ FPI(A)),W) is a cotorsion pair in C(A).
(ii) If A is locally coherent, then the cotorsion pair of (i) is complete. Moreover,

in this case the pair (C,W) is a complete and hereditary cotorsion pair in
C(FPI(A)).

Proof. (i) Recall that by definition (⊥ FPI(A),FPI(A)) is a cotorsion pair which is
generated by a set, therefore by 2.2 it is complete. Thus, from work of Gillespie [9,
Prop. 3.6], there exists an induced cotorsion pair (⊥W,W) in the abelian category
C(A) where the class ⊥W can be identified with

⊥W = {X ∈ C(⊥ FPI(A)) | ∀W ∈ W, HomK(A)(X,W ) = 0}.

Since every complex inW is pure acyclic, 3.2 implies that ⊥W = C(⊥ FPI(A)), which
proves the claim.

(ii) Assume that A is locally coherent. In this case, from 2.3, we obtain that the
complete cotorsion pair (⊥ FPI(A),FPI(A)) is also hereditary. Thus, [10, Cor. 3.7]
implies that the cotorsion pair of (i) is complete.

Now, we prove that (C,W) is a cotorsion pair in C(FPI(A)). Let C ∈ C and W ∈
W. Invoking Lemma 3.1 we have

Ext1C(FPI(A))(C,W ) = Ext1dw(A)(C,W ) ∼= HomK(A)(C,Σ
1W ).

Since W is pure acyclic, from part (i) we obtain ⊥W = C and W ⊆ C⊥.
To prove the inclusion C⊥ ⊆ W, let X ∈ C(FPI(A)) be such that, for all C ∈

C, Ext1C(FPI(A))(C,X) = 0. We need to show that X ∈ W. Since the cotorsion pair

(C(⊥ FPI(A)),W) is complete, there exists a short exact sequence X ↣ W ↠ C with
W ∈ W and C ∈ C(⊥ FPI(A)). Since A is locally coherent, from 2.3 we obtain that
the complex C has components in FPI(A). By the assumption on X this short exact
sequence splits, therefore the fact that W is closed under direct summands implies
that X ∈ W.

Completeness of the cotorsion pair (C,W) in C(FPI(A)) follows easily from the
completeness of the cotorsion pair in (i). We show that (C,W) is hereditary. The
category C, as a subcategory of C(FPI(A)), is easily seen to be closed under kernels
of epimorphisms. To see that the classW is closed under cokernels of monomorphisms
let 0→ A→ B → C → 0 be a short exact sequence in C(FPI(A)) with A,B ∈ W.
Then C is an exact complex and using the fact that in the coherent case FPI(A) is
closed under cokernels of monomorphisms 2.3, we obtain that C has cycles in FPI(A),
thus C ∈ W.

Recall that if T is a triangulated category with set-indexed coproducts, an object
S ∈ T is called compact if for any family {Xi}i∈I of objects in T , the natural map⨿

i∈I HomT (S,Xi)→ HomT (S,
⨿

i∈I Xi) is an isomorphism. T is called compactly
generated if there exists a set S of compact objects in T , such that for any non-zero
T ∈ T there exists a non-zero morphism S → T for some S ∈ S.
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Theorem 3.5. Let A be a locally finitely presented Grothendieck category. Then the
homotopy category K(FPI(A) ∩ ⊥ FPI(A)) is compactly generated. Moreover, if A is
locally coherent, the composite functor

K(FPI(A) ∩ ⊥ FPI(A)) ↣ K(FPI(A)) can−−→ D(FPI(A))

is an equivalence of triangulated categories.

Proof. Put C := FPI(A) ∩ ⊥ FPI(A). We will make use of [14, Thm. 3.1], which
asserts that for any class of objects C which is closed under (set indexed) coproducts
and direct summands, the homotopy category K(C) is compactly generated provided
the following hold:

(i) Every finitely presented object A has a right C-resolution [8, Dfn. 8.1.2], which
by definition means that there exists a sequence 0→ A→ C0 → C1 → · · · with
Ci ∈ C which is exact after applying functors of the form HomA(−, C).

(ii) Every pure exact sequence consisting of objects in C is split exact.

Their result is stated for modules over associative rings, but in fact their proof only
uses properties shared by locally finitely presented Grothendieck categories.

To check condition (i), recall that the cotorsion pair (⊥ FPI(A),FPI(A)) is com-
plete, therefore for any A ∈ fp(A), we can construct an exact sequence

C(A) := 0→ A
∂−1

−−→ C0
∂0

−→ C1
∂1

−→ C2 → · · · ,

where ∂−1 is a (special) FP-injective preenvelope of A with cokernel ϵ0 : C0 ↠ Z0 ∈
⊥ FPI(A), ∂0 = d0 ◦ ϵ0 where d0 is an FP-injective envelope of Z0 with cokernel C1 ↠
Z1 ∈ ⊥ FPI(A) etc. Since fp(A) is contained in ⊥ FPI(A) and the latter class is closed
under extensions, we deduce that for all i = 0, 1, . . .; Ci ∈ ⊥ FPI(A). The sequence
constructed has all the Ci’s in C and clearly is HomA(−, C)–exact, thus it is a right
C–resolution of A.

To check condition (ii), let C := · · · → Cn+1 → Cn → Cn−1 → · · · be a pure exact
sequence consisting of objects in C. In particular, C is a pure acyclic complex with
components in ⊥ FPI(A), hence by 3.2 it is contractible. Thus employing [14, Thm. 3.1]
we obtain that K(C) is compactly generated by the set {ΣiC(A) |A ∈ fp(A), i ∈ Z}.

We now assume that A is locally coherent. Since K(C) is compactly generated
and the inclusion j! : K(C)→ K(FPI(A)) preserves coproducts (which exist because
FPI(A) is closed under coproducts), by Neeman’s Brown representability theorem [20,
Thm. 4.1], the functor j! admits a right adjoint j∗ : K(FPI(A))→ K(C). The kernel
of this right adjoint is ker(j∗) = {Y | ∀X ∈ K(C), HomK(FPI(A))(X,Y ) = 0}, which
by 3.4 (ii) is precisely the category Kpac(FPI(A)).

Therefore, well known arguments (see for instance [21, Remark 2.12]) imply that

the composite K(C) j!−→ K(FPI(A)) can−−→ D(FPI(A)) is an equivalence of triangulated
categories and that the canonical map K(FPI(A))→ D(FPI(A)) is equivalent (up to
natural isomorphism) with j∗.

Remark 3.6. For any locally finitely presented Grothendieck category A, Krause
in [17, Example 7] shows the existence of a left adjoint of the canonical map
K(FPI(A))→ D(FPI(A)). In the proof of 3.5 above, we obtain such a left adjoint
after restricting ourselves to the case where A is locally coherent, and we identify its
essential image with K(FPI(A) ∩ ⊥ FPI(A)).
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Before closing this note, we mention that our theorem 3.5 has an interpretation in
the language of (Quillen) model categories. By the work of Hovey [15] (resp., Gille-
spie [11]) we know that certain cotorsion pairs on an abelian (resp., exact) category A
correspond bijectively to the so-called abelian (resp., exact) model structures on the
category A. If A is a locally coherent Grothendieck category, it is not hard to see that
the cotorsion pair on the category C(FPI(A)) we obtained in 3.4, corresponds (via
the aforementioned Hovey–Gillespie theory) to an exact model structure on the cate-
gory C(FPI(A)) with Quillen homotopy category D(FPI(A)). The precise statement
is as follows.

Theorem 3.7. Let A be a locally coherent Grothendieck category and let C(FPI(A))
denote the category of chain complexes with components FP-injective objects. Then
there exists an (exact) model structure on C(FPI(A)), where

– the cofibrant objects are the chain complexes in C(FPI(A) ∩ ⊥ FPI(A)),
– every chain complex in C(FPI(A)) is fibrant,

– the trivial objects are the pure acyclic complexes with FP-injective components.

The homotopy category of this model structure is equivalent to D(FPI(A)).

Remark 3.8. Let A be a locally coherent Grothendieck category. Š´ov́ıček in [28,
Thm. 6.12] shows the existence of a model structure with Quillen homotopy cate-
gory D(FPI(A)) and also proves an equivalence D(FPI(A)) ∼= K(Inj(A)). In 3.7 we
identify the cofibrant objects of this model structure with the category C(FPI(A) ∩
⊥ FPI(A)). Thus, combining 3.7 with [28, Thm. 6.12] we obtain equivalences

K(FPI(A) ∩ ⊥ FPI(A)) ∼= D(FPI(A)) ∼= K(Inj(A)).

From this and our theorem 3.5 we obtain that the homotopy category of injective
objects K(Inj(A)) is compactly generated, which is one of the main results in [28].
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