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KOSZUL DUALITY AND THE HOCHSCHILD COHOMOLOGY OF
ARTIN-SCHELTER REGULAR ALGEBRAS
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(communicated by Charles A. Weibel)

Abstract

We identify two Batalin—Vilkovisky algebra structures, one
obtained by Kowalzig and Krahmer on the Hochschild cohomology
of an Artin—Schelter regular algebra with semisimple Nakayama
automorphism and the other obtained by Lambre, Zhou and Zim-
mermann on the Hochschild cohomology of a Frobenius alge-
bra also with semisimple Nakayama automorphism, provided that
these two algebras are Koszul dual to each other.

1. Introduction

In 2014, Kowalzig and Krahmer showed in [12] that the Hochschild cohomology of
an Artin—Schelter (AS for short) regular algebra with semisimple Nakayama automor-
phism has a Batalin—Vilkovisky algebra structure. Soon after that, Lambre, Zhou and
Zimmerman proved in [14] that the Hochschild cohomology of a Frobenius algebra
with semisimple Nakayama automorphism also admits a Batalin—Vilkovisky algebra
structure. These two Batalin—Vilkovisky algebras are nontrivial in the sense that the
corresponding Batalin—Vilkovisky operators in both cases generate the Gerstenhaber
bracket on the Hochschild cohomology. In this paper, we identify these two Batalin—
Vilkovisky algebra structures, provided that these two algebras are Koszul dual to
each other. Let us start with some background.

In 1998, Van den Bergh introduced in [23] the “noncommutative Poincaré duality”
for associative algebras. As a corollary, one obtains that for an AS-regular algebra of
global dimension n, say A, there is an isomorphism between the Hochschild cohomol-
ogy of A and the Hochschild homology of A with coefficients in A,

HH®(A) @ HH,,_o(4; A, ), (1)

where o is the Nakayama automorphism of A (see loc. cit. Proposition 2). Now if we
assume o is semisimple, then it was proved in [12] that HHe(A; A,) can be computed
by a subcomplex of the corresponding Hochschild complex on which the Connes cyclic
operator exists. Therefore we may pull back the Connes cyclic operator to HH®(A)
via (1), which is usually denoted by A. They showed A generates the Gerstenhaber
bracket on HH® (A), which means (HH®(A), U, {—,—},A) is a Batalin—Vilkovisky algebra.
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In [14], it was proved that a Frobenius algebra with semisimple Nakayama auto-
morphism, say A', has a Batalin-Vilkovisky algebra structure on HH®(A").

To relate these two Batalin—Vilkovisky algebra structures, let us recall a result of
P. Smith. In [18, Proposition 5.10] he showed that for a graded connected Koszul
algebra A, A is AS-regular if and only if its Koszul dual A' is Frobenius. Buchweitz

showed (see [2]), there is an isomorphism
HH®(A) =~ HH®(A")

as Gerstenhaber algebras. So it is natural to ask for an AS-regular algebra A with
semisimple Nakayama automorphism whether the above isomorphism is an isomor-
phism of Batalin—Vilkovisky algebras. In this paper we give an affirmative answer to
this question:

Theorem 1.1. Suppose A is a Koszul AS-regular algebra with semisimple Nakayama
automorphism. Denote by A" its Koszul dual algebra. Then

HH®(A) = HH®(A")
as Batalin—Vilkovisky algebras.

This paper can be viewed as a sequel to [5], where the isomorphism of Batalin—
Vilkovisky algebras on two Hochschild cohomology groups are proved for Koszul
Calabi—Yau algebras, verifying a conjecture of Rouquier given in the preprint [8] of
Ginzburg.

Note that Calabi-Yau algebras and AS-regular algebras are highly related: in [19],
Reyes, Rogalski and Zhang introduced the notion of twisted Calabi—Yau algebras
(a Calabi-Yau algebra is twisted with trivial twisting), and proved that an algebra
is twisted Calabi-Yau if and only if it is AS-regular (see also [25] for some partial
result). Thus the isomorphism of Batalin—Vilkovisky algebras for Koszul Calabi—Yau
algebras, proved in [5], is a special case of Theorem 1.1. In other words, we may view
Theorem 1.1 as a twisted version of Rouquier’s conjecture.
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Notation. Throughout this paper, k denotes a field of character 0. All tensors and
Homs are over k unless otherwise specified. All algebras (resp. coalgebras) are unital
and augmented, (resp. co-unital and co-augmented) over k. If A is an associative
algebra, then A°P is its opposite and A® = A ® A°P is its envelope. Suppose V, is a
graded vector space, then the shift of the grading of V, down by n is denoted by
sT"V, or Ve[|, i.e., (ST"Va)m = Viutm and (Va[n])m = Vingn.

2. Preliminaries on Hochschild homology

In this section, we recall the Hochschild homology and cohomology of associative
algebras. These two homology groups, together with algebraic operations on them,
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form a so-called differential calculus, a notion introduced by Tamarkin and Tsygan
in [20].

2.1. Hochschild homology and cohomology of algebras

For an associative k-algebra A, let A be its augmentation ideal. The reduced
Hochschild chain compler of A with coefficients in an A-bimodule M, denoted by
CH,(A; M), is

o M@ AT M@ AR 5 S Mo A M 0,

with the boundary b,, given by

n—1
bn(ma C_Lla RS dn) = (malaa% LERE an) + Z(il)z(ma dla s >C_Liai+17 cee 76_"77.)
i=1
+(_]—)n(anm7 gy .- 7547171)3

for any m € M and a; € A, i =1,...,n. The associated homology is called the
Hochschild homology of A with coefficients in M, and is denoted by HH,(A; M).
The reduced Hochschild cochain compler CH®(A; M) of A with values in M is the

complex

0— M 2% Homy (A, M) 2% -« — Homy,(A®", M) 22 ...
with the coboundary §,, given by
(Onf)(@1,. .. an41) = a1 f(az,...,an41) + Z(*l)if(dh o @iig 1y ey Gng)
i=1
+(_1)n+1f(d17 ) dn)an+17

for any f € Hom(A®" M) and a; € A, i =1,...,n+ 1. The associated cohomol-
ogy is called the Hochschild cohomology of A with values in M, and is denoted by
HH®(A; M).

Later we will use the fact that HH, (A; M) = Tor” (A; M) and HH"(A; M) =
Exti. (4; M) (c¢f. [24, Lemma 9.1.3]). Let us recall the Connes cyclic operator on
the Hochschild chain complex.

Definition 2.1 (Connes cyclic operator). For an associative algebra A, the Connes
cyclic operator

B: CH,(A; A) — CH,11(A; A)

is given by
n

B(ao,dl, .. .,C_ln) = Z(—l)”i(l,c‘zi, .. .,C_ln,t_lo, .. .,C_Lifl).
=0

It is easy to check B? = Bb+ bB = 0, and therefore (CH,(4; A),b,B) is a mixed
complex in the sense of Kassel [9].

Remark 2.2. The Hochschild homology and cohomology can also be defined for dif-
ferential graded algebras. It is better to view these two homology groups as follows:
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Suppose (4, d4) is a possibly differential graded algebra and (M, dyy) is a differential
graded A-bimodule. Let B(A) be the bar construction of A (see [7, 16, 24] for more
details). Considering the following total complex

CHe(A; M) =M @ B(A),
with the total degree of the tensor product, and the differential is b = by + by given
by

bo(m, ay, .. .,Ebn) = —(de,&l, ... ,an) — Z(—l)”‘l(m,@l, ey dAGg, ... ,an)

=1
and
n—1
bl(m, dl, ey &n) = —(—1)‘m|(m&1,&2, ey dn) — Z(_l)fi(m’ (ll, ceey &i7i+17 e dn)
i=1
+(_1)(‘6‘n|71)€n_1 (anm7 a’h e 7dn—1)a

where €; = |m|+ |ai| + -+ + |a;| + i, for any homogeneous elements m € M and
a; € A, i=1,...n. Here we denote by |a;| the degree of @;. For M = A and tak-
ing the gradings into account, the cyclic operator B can also be defined in the same
way. For Hochschild cochain complex,

CH®*(A; M) = Hom(B(A), M),
with the differential on the right-hand side analogously defined.

2.2. Differential calculus with duality

Let us recall the Gerstenhaber cup product and the bracket on the Hochschild
cohomology of associative algebras, and its actions on the corresponding Hochschild
homology of A.

Definition 2.3 (Gerstenhaber). A Gerstenhaber algebra is a graded k-vector space
A® endowed with two bilinear operators U: A™ @ A" — A™T" and {—,—}: A" ®
A™ — Antm—1 guch that: for any homogeneous elements a,b,c € A®,

(1) (A*,U) is a graded commutative associative algebra, i.e.,
aUb=(=1)ltlpya,

satisfying associativity;

(2) (A°,{—,—1}) is a graded Lie algebra with the bracket {—, —} of degree —1, i.e.,
{a,b} = (—1)(‘““1)(‘b|‘1){b,a}
and
{a,{b,c}} = {{a, b}, c} + (=)D EI=VLp fa, ¢}
(3) the cup product U and the Lie bracket {—, —} are compatible in the sense that
{a,bUc} = {a,b} Uc+ (=)=l {g, ¢}

Definition 2.4 (Tamarkin—Tsygan [20, Definition 3.2.1]). Let H®* and H, be two
graded vector spaces. A differential calculus is a sextuple

(H.7Ua {_7 —},H.,B,ﬂ),
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satisfying the following conditions
(1) (H*,U,{—,—}) is a Gerstenhaber algebra;
(2) H, is a graded module over (H®,U) by the “cap action”
N:H"®@H,, > Hyppe, fROa — fNa,

ie. (fUg)Na=fN(gNa) for any f € H*, g € H™, a € Hy;

(3) there exists a linear operator B: He — H, 1 such that B? = 0 and, moreover, if
we set Ly(a) := B(fNa) — (=) f nB(a), then

Lisgy(@) = [Ly, LoJ(@)

and

(DY f gl na=Lg(gna) — (~DIIFVg 1 (Ly(a)).

In the above definition, Ly () is called the Lie derivative of f on «. It is shown by
Daletskii, Gelfand and Tsygan in [6] that the Hochschild cohomology and homology
of an associative algebra form a differential calculus. Let us give some details:

(1) The Gerstenhaber cup product U: CH™(A; A) @ CH™(A; A) — CH" ™™ (A; A) is
given by

FUg(@, ... anem) = fl@,...,0,)g(@ns1,- - Gnpm)-
(2) The Gerstenhaber Lie bracket
{—,—}: CH"(4; A) ® CH™(A4; A) — CH" "™~ 1(4; A)

is given by
{f.9}i= fog— (-1)+Dl+ DG g
where
f o 9(6_11, R afn%»mfl)
n—1
= (—1)(‘g‘+1)1f(@1, ey (zi, g(di+17 - 7di+m)7 @Z‘+m+1, . ,(zn+m_1).
i=0

(3) The cap product N: CH"(A; A) ® CH,,,(A4; A) — CH,,,_,,(4; A) is given by
f N (aO; A1y -y C_lm) = (a()f(ala R an)a an-‘rla cey C_Lm)'
(4) The differential operator B on CHe(A; A) is nothing but the Connes cyclic
operator.

One can show that the above operations respect the boundary operators up to homo-
topy (which we will not address), and hence are well-defined on the homology level:

Proposition 2.5 (Daletskii-Gelfand-Tsygan [6]). Let A be an associative algebra,
then the data (HH®(A; A),U,{—, =}, HHe(4; A),B,N) forms a differential calculus.

2.3. Another example of differential calculus
Let A' be a finite dimensional associative algebra and let Ai := Hom(A', k) be its
dual space. Then Al has an A'-bimodule structure induced by the natural A'-bimodule
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structure of A'. There are two operators:

N*: CH®(A') x CH*(A'; Al) — CH®(A4% A))

given by

(f,) = f o= (=)*ao f
and

B*: CH®(A'; Ai) — CH®*(A'; A))
given by

ar (1)l oB.
Here B is the Connes cyclic operator on the Hochschild complex CH,(A'; A'), and
CH"(A'; Ai) is viewed as the linear dual space of CH,,(A'; A7) via the following iden-
tification
CH"(A'; A1) = Homy,((A)®", A1) = Homy, ((A")®"+ k).

Theorem 2.6. For a finite dimensional associative algebra A',

(HH®(A"Y, U, {—, -}, HH®*(A"; A1), B*,N")
forms a differential calculus.
Proof. A differential calculus is a pair of a Gerstenhaber algebra and a Gerstenhaber
module. Since (HH®(A'), HH,(A'; A")) forms a differential calculus and HH®(A'; Af)

is the linear dual of HH,(A'; A'), the Gerstenhaber module structure on HH®(A'; A)
is the adjoint of HH4(A'; A"). O

2.4. The Batalin-Vilkovisky algebra structure

In this paper we are mainly concerned with the Batalin—Vilkovisky algebra struc-
ture on the Hochschild cohomology.

Let us first recall the following notion of a differential calculus with duality, intro-
duced by Lambre in [13].

Definition 2.7 (Lambre [13]). A differential calculus (H®,U,{—,—},H,,B,N) is
called a differential calculus with duality if there exists an integer m and an iso-
morphism of H®-modules

¢: H® — H,_.,.

Lemma 2.8 (Lambre [13, Theorem 1.6 and Lemma 1.5]). Let (H®,U,{—, —}, He,
B,N) be a differential calculus with duality and A := ¢~ oBo ¢. Then

{a,b} = (=D)L (A(@Ub) — Ala) Ub— (—=)"la U A(D)).

The above lemma, in fact, says H® is a Batalin—Vilkovisky algebra. Let us recall
its definition:

Definition 2.9. A Batalin—Vilkovisky algebra is a Gerstenhaber algebra (H®,U,
{—,—}) together with an operator A: H®* — H*~! of degree —1 satisfying A o A = 0,
A(1) =0 and

{a,b} = (=D (A(@Ub) — A(a) Ub— (=1)la U A(D)),

for any homogeneous elements a,b € H®.
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3. Artin-Schelter regular algebras

In this section, we briefly recall the construction of the Batalin—Vilkovisky algebra
on the Hochschild cohomology of Artin—Schelter regular algebras with semisimple
Nakayama automorphism, obtained by Kowalzig and Krahmer in [12]. In this section,
A is a connected graded algebra over an algebraically closed field k. A graded algebra
A is said to be connected if A; =0 for i < 0 and Ag = k.

Definition 3.1 (Artin—Schelter [1]). A connected graded algebra A is called the
Artin—-Schelter reqular (or AS-regular for short) of dimension d if

(1) A has finite global dimension n, and
(2) A is Gorenstein, that is, Ext’(k, A) = 0 for i # n and Ext’y (k, A) = k.

Later in 2014 Reyes, Rogalski and Zhang proved in [19] that AS-regular algebras
are, in fact, twisted Calabi-Yau algebras (see also Yekutieli and Zhang [25] for some
partial results):

Theorem 3.2 ([19, Lemma 1.2]). Let A be a connected graded algebra. Then A is AS-
reqular if and only if it is skew Calabi—Yau (in the graded sense), namely, A satisfies
the following two conditions:

(1) A is homologically smooth, that is, A, viewed as an A®-module, has a bounded,
finitely generated projective resolution, and

(2) there exists an integer n and an algebra automorphism o of A such that

0, i#mn,

i ~
EXtAe(A,A®A)—{ AU, Z:n

as A¢-modules.

In the above theorem, the automorphism o is called the Nakayama automorphism
of A. The A°-module structure of Ext%.(4,A® A) is induced by the inner mod-
ule structure on A® A: a- (b®c)-d=bd® ac. The module A, is a vector space A
equipped with the A-bimodule structure a - b - ¢ = abo(c), for any a,b,c € A. We say
o is semisimple if it is diagonalizable.

In the following, we will always use the above equivalent definition of AS-regular
algebras, rather than its original definition.

3.1. Results of Kowalzig and Krahmer

Let A be an AS-regular algebra with semi-simple Nakayama automorphism o.
In [11, 12], a differential calculus with duality on (HH®(A), HHe(A; A,)) was con-
structed. Thus as a corollary, they obtained a Batalin—Vilkovisky algebra structure
on HH®(A).

First, let us observe that, compared to the differential calculus structure given in
§2, there is no Connes operator on CHe(A; A, ). They considered a subcomplex of
CH,(A4; A,), whose homology is HHe(A; A,) and on which the Connes operator is
well-defined. Let us briefly recall their results.

Let

B: CH,(4; A,) — CHp+1(4; As)
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be given by
n

B(a07a17 LR an) = Z(il)nz(lvam s 7an7a070(a1)a LR J(ai—l))
=0

and
T: CHp(A4; A;) = CHp(A4; Ay)
be given by
T(ag,...,an) = (c(ag),.-.,o(ay)).
Lemma 3.3 ([12, (2.19)]). Let B and T be as above, then there exists
BB+Bb=Id-T
on the complex CHq(A; Ay).

Since o is semisimple, there is a decomposition of CHe(A; A, ) as follows. Let A be
the set of eigenvalues of o acting on A and A, be the eigenvalue space corresponding
to A € A. Denote

CHy(4:4,) = P A\, @04y, A\ €A

i i .=
j=1 )‘1]' =X

The restriction of b makes CH)(A;A,) to be a subcomplex of CH4(A4;A,) and
we denote its homology by HH, (A; A,). A key observation is that, the restriction
of B on the subcomplex CH{(A; A,) is exactly the Connes cyclic operator. Hence
(CHL(A; A,),b,B) is a mixed complex.

As an immediate corollary of Lemma 3.3, we have

HH,(A; A,) = HHL(A; A,). (2)

Via this isomorphism, we obtain the Connes operator B on HH,(4; A,).
Similarly, there is a decomposition of the Hochschild cochain complex CH®(A; A).
Let

CHJ, (A4 4) == {f € CH"(A A)|f (A, @ - @ Ay,) © Ay }-
The restriction of coboundary § makes CH},(A; A) to be a subcomplex of CH®(4; A)
and we denote its cohomology by HHJ (A; A). In a similar fashion, they proved in

[11] that the cohomology is concentrated in the subcomplex corresponding to the
eigenvalue 1, namely

HH®(A; A) = HHI(A; A). (3)

It is direct to check that the Gerstenhaber cup product, the bracket and the cap
action restrict to the following maps: for A\, u € A,

U: CHE(A;A) ® CHY(A; A) — CHYHI(A; A),
{——}: CHY(4;A) @ CHY(A; A) — CHE7'(4; A),
N: CH)(A; A,) ® CHY(A; A) — CH)Y (A; Ao).

Considering the case of eigenvalues A = y = 1, we have the following theorem.



KOSZUL DUALITY AND THE HOCHSCHILD COHOMOLOGY 189

Theorem 3.4 ([11, Theorem 1], [12, Theorem 1.5]). Let Uy, Ny and {—,—}1 be the
restrictions of the cup product, the cap product and the Gerstenhaber bracket to the
homology and cohomology spaces associated with the eigenvalue N = 1. Then together
with the Connes operator B, they give on

(HHI(Av A)v Ut, {_7 _}17 HHi(/L Ao)a B, m1)
a differential calculus structure.
The following is due to Van den Bergh [23, Proposition 2| (see also Brown—Zhang
[4] for some further discussions):

Theorem 3.5. Let A be an AS-regular algebra of finite global dimension n. Then we
have the following isomorphism

HH,,_o(A; A,) = HH®(A; A). (4)
Thus combining (2)—(4) we obtain the following:

Theorem 3.6 ([12, Theorem 4.25]). Let A be an AS-regular algebra with semisimple
Nakayama automorphism o. Then

(HH.(Aa A)7 U, {73 7}7 HHO(A’ Aﬂ')7 B7 m)
forms a differential calculus with duality.
Finally, the above theorem and Lemma 2.8 imply:

Theorem 3.7 ([12], Theorem 1.5). If A is an AS-regular algebra with semisim-
ple Nakayama automorphism, then the Hochschild cohomology HH®(A; A) of A is
a Batalin—Vilkovisky algebra.

4. Frobenius algebras

In this section, we rephrase the construction of the Batalin—Vilkovisky algebra
on the Hochschild cohomology of a Frobenius algebra with semisimple Nakayama
automorphism, obtained by Lambre, Zhou and Zimmermann in [14].

Definition 4.1. A finite dimensional graded associative k-algebra A' is called Frobe-
nius of degree n if there exists a nondegenerate bilinear pairing

(——): A'® A" — k[n] (5)
such that (ab, c) = (a,be), for all a,b,c € A'.

Since the pairing is non-degenerate, there exists an automorphism o € Aut(A')

such that (ab,c) = (—1)lel0el+1tD (5 (¢)a, b). Such o is also called the Nakayama auto-
morphism of A'. The non-degeneracy of the pairing given by (5) is equivalent to
saying that

w:A!HAciy[n]v a'_><7aa>

is an isomorphism of A'-bimodules.
Let Al = Homy,(A', k) be the linear dual space of A', which is a graded coalgebra.
The Nakayama automorphism o induces an automorphism ¢* on Ai. Here o* is the
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adjoint of o. We have a left co-module structure on Al:

Aila) = Za*(a') ®a",
(a)

for all a € Al. (The coproduct on Al is viewed as a right co-module structure of Al
and is denoted by A;(a) =3, o’ ®a”.) To distinguish, let us denote this new co-
bimodule structure on Al by ,«Al.

In §2.3 we obtain a differential calculus structure on (HH®(A'; A'), HH,(A"; A1)).
In the following we will explore this structure in more detail, when A' is a Frobenius
algebra.

4.1. Hochschild homology of coalgebras
Suppose C'is a coassociative (possibly graded) coalgebra with coproduct A: C' —
C ® C given by
A(c) = Zc’ @d =dxd.
(e)
Let A%:=1d, Al := A and let A" := (A®id® - ®id) o A"~ by recursion. From
the coassociativity of A, we have A" = (id® -+ @ A® -+ ®id) o A" L,

Definition 4.2. Suppose C is a coassociative (possibly graded) coalgebra and M is
a co-bimodule over C. The Hochschild chain complex of C' with coefficients in M,
denoted by CHe(C; M), is the complex

0-M-=COM—-C2?M - -C*"Q@M — -,
with the boundary b given by

0*(at, ... an,m) = Z(—l)|a1|+"'+‘a’3—1|+i_1+|a;|(al, cooabal o an,m)

70 Yo
[
+ Z(il)‘al‘+m+|an|+n+‘d|((a17 <oy Qny, C/a m,)
(m)

+(_1)€(C//7 A1y ...y Qn, m”))a
where
A(m) :Zc’®m’+2m"®c” eCeoMaoM®C,
(m) (m)

e= ("l = D)(Jar| + -+ + |an| +n + |m”]) and (aq, ..., an,m) € C®" @ M. The asso-
ciated homology is called the Hochschild homology of C' with coefficients in M, and
is denoted by HH4(C'; M).

Theorem 4.3 ([14, Proposition 3.3]). Let A" be a Frobenius algebra of degree n with
the Nakayama automorphism o. Then there is an isomorphism

PD: HH*(A'; A') = HH,,_,(Al; ,-Al).
We give a proof in the Koszul case.

Proof. Given a Frobenius algebra A' with the Nakayama automorphism o, we have
¥ A' =2 Al [n] as A'-bimodules. The ¢ is given by 1(a) = (—,a). Therefore we have

Hom(BA', A') = Hom(BA', A} [n]) = Q(A") @ Al [n] = QA1) @ 4-Al[n].
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The isomorphisms above are all compatible with boundary maps, and hence we obtain

PD: HH*(A'; A") = HH,_,(Al; ,.A}). O

4.2. Frobenius algebra with semisimple Nakayama automorphism
In this subsection, we go over the Batalin—Vilkovisky structure on the Hochschild
cohomology of a Frobenius algebra with semisimple Nakayama automorphism.
Let us consider the Hochschild chain complex CH,q (Al; ,+AT) of Al with coefficients
in ,-Al. First, we define the map
B: CH, (4l; ,:Al) — CH,,_1(4}; ,.Al),
given by

(a1, ..., an,a0) — Z(—l)i("_i)e(ao)(aiﬂ7 ceyan, 0 (ar), ..., 0 (ai—1), a;),

where €(ag) is the image of the counit map e¢: Al — k, and
T: CH, (A4l; ,-A") — CH, (Al; ,.Al)
given by
(ala ceey Qp, aO) = (0*(0’1)’ tey U*(an),d*(ao)).
Then we have the following
Lemma 4.4 ([14, Proposition 2.1], [12, (2.19)]). On the space CHq4(Al; ,-Al), there
exists the identity
boB+Bob=1Id—-T.

Second, similar to the AS-regular case, there is a decomposition on the chain
complex of a Frobenius coalgebra Af.

Since o is semisimple, there is a decomposition of CH,(Al; ,+Al) as follows. Let

A Dbe the set of eigenvalues of o* and Al be the eigenvalue space corresponding to
A€ A Let

CHy(A; A = P A\ @AY A €A
© I A=A
The restriction of d makes CH2 (Al; ,+Al) to be a subcomplex of CHq (Af; ,+Al) and we
denote its homology by HH;\(Ai; o+A"). And the restriction map of B on the subcom-
plex CHL(Al; ;A1) is exactly the Connes cyclic operator. Hence (CHL(Al; 5-Ai), b, B)
is a mixed complex.
Lemma 4.4 implies that

HH, (AT ,.Al) = HH! (AT ,.Al).
There is also a decomposition of the Hochschild cochain complex CH®(A'; A'). Let
oAl ng gl 4! 7! 7! !
CH (A A) :={f e CH"(AS A)[f(A,, @ @A, )CT At

The restriction of coboundary b makes CH:L(A!; A") into a subcomplex of CH®(4'; A")
and we denote its homology by HH;(A!; AY). Similarly to (3) we have

HH®(A'; A') = HH}(A'; AY).
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It is direct to check that the Gerstenhaber cup product, the bracket and the cap
product restrict to the following maps: for A, u € A,

u:  CH}(A;4") @ CHY(AG A — CHEY(AL AY,
{--}: CH(A54)®CHYL(A5A) — CHE (AL AY,
N:  CH)(Al; ,A) @ CHL(AGA') — CH (Al 5.Al).
Considering the case of eigenvalues A = . = 1, we have the following theorem.

Theorem 4.5 ([14, Theorem 2.3]). Let Uy, N1 and {—,—}1 be the restrictions of
the cup product, the cap product and the Gerstenhaber bracket to the homology and
cohomology spaces associated with the eigenvalue A = 1. Then the Connes operator B
gives on

(HH;(A'7 A!)7 U17 {_7 _}17 HH}(A‘7 O'*Ai)a B7 ﬁ1)
a differential calculus structure.

Together with Theorem 4.3, we obtain the following.

Theorem 4.6 ([14, Theorem 2.3 and Proposition 3.4]). Suppose A" is a Frobenius
algebra of dimension d with semisimple Nakayama automorphism. Then

(HH*(A'; A'), U, {—, -}, HH, (4}; ,-A),B,N)
forms a differential calculus with duality.
Combining the above theorem with Lemma 2.8, we obtain:

Theorem 4.7 ([14, Theorem 4.1]). If A' is a Frobenius algebra with semisimple
Nakayama automorphism, then the Hochschild cohomology HH®(A'; A') of A is a
Batalin—Vilkovisky algebra.

5. Koszul duality of AS-regular algebras

In this section, we study Koszul AS-regular algebras, and then relate the two
differential calculus structures in previous two sections by means of Koszul duality.
We begin with Koszul algebras, which was introduced by Priddy in [17].

Assume V' is a k-vector space generated by a basis {x;}"_; of degree 1. The free
algebra generated by V' is denoted by T(V). Let R C V ® V be a subspace, and let (R)
be the two-sided ideal generated by R in T(V'). The quotient algebra A = T(V)/(R)
is called a quadratic algebra.

Definition 5.1. Given a quadratic algebra A = T(V)/(R), the linear dual of V is
denoted by V* := Homy,(V, k) and let Rt := {f € V* @ V*, f(r) = 0,Vr € R}. Then
At :=T(V*)/(R*Y) is called the quadratic dual of A.

Let Al := Homy(A', k). Then
n

A= () (V)@ (s°R)@ (sV)*,
i+j+2=n

which is a coalgebra. Its coproduct is the restriction of the coproduct A on the co-free
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coalgebra T¢(sV') given by

n

A(ala . 'aan) = Z(il)i(ah . 'aai) ® (ai-‘rla . 'aan)'

i=0
Here the summand for ¢ = 0 has the form 1 ® (aq, ..., a,) and the summand for i = n
has the form (ai,...,a,) ® 1.
The Koszul complex associated to A is the complex
05 ARAL B AQA | .. 5 A AL 5 Ak —0, (6)

with the differential b given by
bla® f) = Zami ® fxf,

where {27}, is the dual basis of V in V*. It is direct to check b* = 0.

Definition 5.2. A quadratic algebra A is called Koszul if the complex (6) is exact.
In this case, A' is called the Koszul dual algebra of A, and Ai is called the Koszul
dual coalgebra of A.

One of the advantages of Koszul algebras is that A has a much smaller free reso-
lution, which is described as follows. Recall that the cobar construction Q(Af) of Al
is the free tensor differential graded algebra generated by s~ ' Al with the differential
d given by

docan(s™tar, ..., s ay)
n
= Z(—l)ei (s7tay,...,s ta;—1,s tal,s7ta! s taiie, ..., s ay)
i=1
for any a; € Al, i =1,...,n, where ¢; = |ai| + - + |a;_1| +i — 1+ |al].

Consider the composition of the following maps

Rn
(Aner 2 yen g,

where p: Al — A} =V is the projection map and V™ — A,, is the natural surjective
map. The composition map ¢ is denoted by

q: QAN — A.
For any a € Ai, k=1,...,n, let
qg(ary...,an) =@y -+ ap,
where a; is the image of the projection p.
Proposition 5.3 (Cf. [16, Theorem 3.4.4]). Let A be a Koszul algebra. Then
q: Q(AT) —» A
s a quasi-isomorphism.

Similarly, recall that Al is a subset of V™. Let ¢': Al, — A®™ be the restriction
map of the natural inclusion V™ — A®™ which extends to be a differential graded
(DG) coalgebra map G: Al — B(A). Then ¢ is also a quasi-isomorphism.
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5.1. Homology of Koszul algebras with algebraic automorphisms

Suppose A is a Koszul algebra of global dimension n. Let ¢ be an algebra auto-
morphism of A preserving the grading. Since A; =V, we have (V) = V. Extending
o to be an algebra map on T(V), we thus have o(R) = R. This also means o, by
restriction on Al, is an automorphism of vector spaces.

Lemma 5.4. o is a coalgebra automorphism of Al.

Proof. We need to prove
(c®0)oA=Aoo.

Recall that Al = (0, .0, V& @ R®V® and A is induced by the coproduct on
the free tensor coalgebra T(V').
It is direct to check that o is a coalgebra map. O

Consider the following complex
05 A, AL B A, @A | > 5 A, @A 5 A0,
with the differential b given by
bla® f) =ao(z;) @ 7 f + (-1)"wia @ faj,

for any a® f € A, ® Al. It is easy to check b?> = 0. We denote this complex by
Ke(Ay) = (As @ AlLD).

Proposition 5.5. There is a quasi-isomorphism
q: Ke(Ay) — (CHo(A4; Ay), D).

Proof. Consider the complex K, (A4) =&p,, A® Al, ® A with the differential V' =
by + by, where b} and b, are given by

by (rofes) = ZT%‘ @ fri®s, brirofes)= Z(fl)mr Rz f @ 148,
for any r @ f ® s € K;p(A). One can check that (b)) = (bj)? = b} b} + bRb;, = 0.
Hence b? = 0. The Koszul property of A implies that K/ (A) is a resolution of A as
an A-bimodule.

Now we have two A-bimodule free resolutions of A, A ® Al ® A as above and
the two-sided bar resolution B(A) (recall that it is A ® B(A) ® A with extra twisted
differential). Recall that Al is a subset of V¥™. Let ¢': A® Ai® A - A®B(A)® A
be the extension of ¢, which then commutes with the differentials on both sides. Then
¢’ is a quasi-isomorphism (see [21, Proposition 3.3]).

It is clear that A, ®4c K, (A) = (Ke(Ay),b), and A, @4 B(A) = (CH4(4; A,), b).
Let g =Id ® ¢’. Then ¢ is a desired quasi-isomorphism. ]

5.2. Two quasi-isomorphisms
Suppose A is a Koszul AS-regular algebra. The following result is well known.

Theorem 5.6 (Smith [18, Proposition 5.10]). Let A be a Koszul algebra. Then A is
AS-regular if and only if A' is Frobenius.
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Now suppose A admits semisimple Nakayama automorphism o. By [22] (The-
orem 9.2), the adjoint o* of ¢ is the Nakayama automorphism of A'. Since o is
semisimple, ¢* is also semisimple. Recall from previous subsection that o also gives
semisimple Nakayama automorphism of Ai. The purpose of this subsection is to prove
the following isomorphism

HH,(A; A,) = HH*(A"; ,A)

commutes with B on the left and B* on the right.

Recall that the cobar construction Q(Al) is a DG free algebra. We may extend the
coalgebra automorphism o: Al — Af to be a DG algebra automorphism of Q(Al).
Consider the complex CHq(Q(Al); Q(AD),) (sometimes also denoted by Q(Al), ®
BQ(A7)). Assume o is semisimple, then we set Al :={a € Ai|o(a) = pa}. Let us

denote
A, =P P A, @4,

n>0 117 =gt
and
CHL(QUA); QA),) =D @ QA @ QA),, @ @ QA)),,, .
n201I7_gpi=p

The restriction of d makes CHq (2(AT); (A1), ), into a complex. Denote its homology
group by HHY (Q(AT), Q(Al),). Again by Kowlzig and Krahmer [12, Proposition 2.7,
Lemma 7.1] we have the following:

Lemma 5.7. On the complex
CH, (Q(A7); (A7),
we have the identity
doB+Bod=1d-T.

The above lemma implies
HH, (Q(A1); Q(A)5) = HH, (Q(AD); Q(A1),),
and the subcomplex CHL(Q(A1); Q(A1),) is a mixed complex.

Lemma 5.8. Let A be a Koszul algebra with an semi-simple automorphism o, and
Al be its Koszul dual coalgebra. Then we have a commutative diagram of quasi-
isomorphisms of complexes up to homotopy

CH,(A; Ay) <—— CHy(Q(A1); Q(Al),) <—— CHJ(Al; ,A)

l v
CH,(A; A,) Ay ® Al < CH, (A; LAI).

1 @2

Proof. The map p; is defined by

p1: ((vl~~~vn),a1,...,am)r—> ((171~~~17n),dl,...,dm),

1

here a; has the form a; := (u; ---u;"") with af € Al, s =1,...,m;. And @, is the image
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of p: Q(A1) — A, that is, p(u} -~ ul") = u} ---u™ € Ay,. The map ps is given by

p2: ((vi-vn) u) = (v vn), (u+ Au) -+ A™(w) +--+)),
for v; € Al, i =0,...,n. At the bottom of the diagram, the map ¢; is given by

(bl: (a7 (Ul Um)) = (a7’()1,...7’0m),
for a € A and v; € V. And the map ¢5 is given by
D2 (V1,0 U, u) = (U1 Up, u),

for v; € Ai, i =0,...,n. In the vertical direction, 7 is injection and p is projection.
They are quasi-isomorphisms up to homotopy. All these maps are all morphisms of
complexes.

By a spectral sequence argument, all these morphisms are quasi-isomorphic. For
example, let us consider p;. There exist filtrations on these two complexes given by

Fi(CHy (QA); Q(A),)) = P{(a0, a1, .. ., a;)|ax € QA),0 < k < j},
J<i
and
Fi(CHy(4; A,)) = E{(bo. b1, .., by)lbe € A,0 <k < j}.
J<i
The boundary maps are compatible with the filtrations respectively. Then the com-

parison theorem for spectral sequences guarantees the quasi-isomorphism. Similarly
we can prove other maps are quasi-isomorphisms. ]

Lemma 5.9. Let A be a Koszul algebra with an semi-simple automorphism o and Al
be its Koszul dual coalgebra. Then we have the following quasi-isomorphisms of mized
complezes

| CHL(Q(A1); (A1),

P q2

— T
CH.(4; A,) CH, (Al; ,AT),

where qo s a homotopy inverse of ps.

Proof. Since Q(Al) ~ A is a quasi-isomorphism of differential graded algebras, the
map p; given in the previous lemma is a quasi-isomorphism of mixed complexes
[15, Proposition 2.5.15]. We next construct the quasi-isomorphism g2 of the mixed
complexes, which is the homotopy inverse of po.

From now on, let us denote any homogeneous element in the bar construction
BQ(AY) of Q(AD) by (aq,...,a,) with a; € Q(AT), and any homogeneous element in
the cobar construction Q(A!) of Al by (uq---uy) or (v1---vy,). The morphism gs is
defined by

CH, (Q(A1); (A)5) — CHy(AT; A1),

((ul"'un)’l) = ((ul"'un)?l)v (7)
((ur - un), (01-- - om)) = Z(*l)“((viﬂ e Umty o (v1) - o(vie1),vi), o (8)
((ug---up)yar,...,ap) =0, 7r>2 9)

where €; = (|vig1] 4+ -+ + |vm| = m+0)(Jur| + - + |up| =0+ Jor| + - + v — 7).
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It is clear ¢ is a morphism of complexes, that is, it commutes with the Hochschild
differential. Now we show ¢o commutes with B. In fact,
(1) For Hochschild chains on the left hand side of (7), we have:

n

Boga((ug - up), 1) =B((uy - -uy),1) = Z(fl)ﬁi (Wig1 - upo(uy) - o(ui—1),u;)

i=1

and

420 B((ur -+ un), 1) = @a(1, (1)) = D (~1) (i -+ o () -0 (i), ).
=1

This means g3 o B = B o g5 in this case.
(2) For Hochschild chains on the left hand side of (8), we have:

m

Boga((uy-up), (v1-0m)) = B(Z(—l)“’v”l C U e Upo (V1) o (Vi—1), 0;)

=0
and
g2 0 B((ur -+ un), (v1-+-vm)) = g2(1, M) = 0,

for some M € Q(A1)®2. This means gz o B = B o ¢o in this case.

(3) For Hochschild chains on the left hand side of (9), g2 o B = B o ¢, is automatic,
since both sides are always zero.

In summary, the above calculation implies that ¢o is a morphism of mixed com-
plexes. Next, we show that po and ¢ are homotopy inverse to each other.

First, since

g2 0o pa((u1 -+~ un),v) = q2((ur -+ un), (v + AV) + ) = (ur - up), ),

we get go 0 po = id on Q(Al), ® Al

Second, we show

p2oqy ~id: Q(A), ® BQ(A) = Q(AT), @ BQ(AD).
The homotopy map, denoted by h, is given as follows: First, let
ho(a) =0, fora € Q(AD),

and for n > 1,

hn(ao,a1,...,an,v) =0,
and
hn(ag, ay, ..., an-1,a,v) = (=1)*"hy,(vag, ar, ..., an-1,an)
+(=1)""hpyi(ag, a1, . .« yan, ')+ (=1 (ag, a1, . . . ,an,v),
where a; € Q(A!) for i =0,...,n and v € Al. Here we use the Sweedler notation

A(v) = X () va) ® v(2) := v’ ®v". The signs are given by
pn = ([0l = D)(Jaol + -+ + [an| + 1), Vn = laol + -+~ +lan] +n+ V],
€n = lagl + -+ + |an—1] +n — 1,

where |a;| = |a}| + - + |ai*| —is, 7 =0,...,n for any a; = (a}---a’*) with o/ € Al
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j=1,...,is. Nowlet h =3, h; and we claim that
hod+doh=id—psoq. (10)

Assuming this identity, we obtain ¢s is a quasi-isomorphism of chain complexes, and
thus a quasi-isomorphism of mixed complexes. This finishes our proof. O

Proof of (10). For any element (ag,...,am,v1 - vy,) € Q(Al), @ BQ(A!), where a;
and (vy -« vp,) € Q(AD), and v; € Al for i =1,...,n, we have

k
h(ag, ..., an, vy - E E F(Vig1 -+ Um @0,y -+« G, U1 -+ Vi1, A% (15)),
1=2 k=0

where
i = fim + -+ flig1 + lao] + - an| F 4 o+ F v i+ 1
k= Dl 44 k= Do+ o)
and
ps = (Jvs| = D)(Jao| + - + |an] + 0+ o1 + -+ + [vm] = |vg| = m + 1),

for s=i+1,...,m, and where we write A*(v) = v @ --- @ v*+1), We have the
following three cases to check hod+ d o h = id — ps o ¢o:
(1) For Hochschild chains on the left hand side of (7), it is direct to see

(h0d+d0h)(a0, ) (id_p20q2)(a071):0'
(2) For Hochschild chains on the left hand side of (8), we have

do h(CL, wv) = Z(*l)end(av w, An(”))?

n=0

with e, = |af + |w] + 14 (n = DoD[ + - 4 (n = k)[p®] + - + o=V, where a =
(ug - upm) and |a| = |ug| + - - + |um| —m, is equal to

Z(—l)e" (- (=Dl (ao(w), A" (v)) = (=1)leF L (g wo® @) p™)

n=0
_Z |ﬂ|+|w|+|v(1>\+ +|v<a)|+s+1(a,’w7’0(1)7...,U(S)U(s+1)7...,v(n))
(n) _ ... (n—1) _
+(_ Yo =AClal O oD ) () (D) )y
(et

+Z )R R (g ] ), w, AT (0)

+(_ )| |+|w,l+1(a,w’w”,A"(u))

+Z p)lalFwbHo® Rt oD it o g gy ()@ @ =)
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The second summand

hod(a,wv) = i(—l)‘“"+"'+|“i*1|_i+|“;‘h((u1 Coeuu Uy ), W)
ii—flL(OL, (—1)‘a‘+‘“’/‘+1w’w”v + (—1)|“‘+|“"+|”l‘+1wv’v”)
has the following terms (we omit the sign)
(A(a),w,v £ A(v) 4+ ) £ (va, A(w) £ -+ ) £ (a, A(w),v £ A(v) £--+)
+(v"a,w, 0" £ AW) £-1) £ (a, w0 £AQT) £,
Recalling the bar and cobar construction and the corresponding differentials, we
obtain that hod+ dod is equal to
(id — pa o q2)(a,wv) = (a, wv) £+ pa(ac(w),v) £ pa(va, w)
= (a,wv) £ (ac(w),v £ A(v) £---) £ (va,w £ A(w) £ ---).
The above identities imply that
doh+hod=1id— pyoqs.
For elements (a,u; -+ ty,) € Q(A), ® BQ(AT) with m > 3, it is easy to obtain the
identity
doh+hod=1id—pyoqs

by similar computations as above.
(3) For Hochschild chains on the left hand side of (9)

(@0, -y Al UL+ Uy, V1 - - V) € Q(AD), @ BQ(AT),

where a;, (ui---up) and (vi---v,) € Q(A1), and u;,v; € Al for i=1,...,m,j =
1,...,n, we have d o h(ag, ..., Gk, U1 -+ U, v1 - - - Uy) equals

(Vig1 - A(V)) -+ VMG, A1y ooy Ay UL -+ U, U1 - - V1, A (1))

F(Vig1 VM A(A0), A1y - ey Ay U+ Uy, V1 - V-1, A (0;))

jZ(Uz‘+1 C Um0, A1y - - - aA(aj)a sy A, UL U, U 0 "Ui—laAS(Ui))

(Vg1 VM@0, A1, - Ak, U A(U)) - U, U1 V-1, A% (1))

F(Vig1 -+ VUm0, Q1y - oo Ay UL - Uy, U1 - - A(0)), 0i-1, A% (v;))

F(Vig1 V@0, A1y« oy Aoy UL~ * Uy, V] - - -vi,l,vgl), . ,vfj),vgj)”, . 71)1(5“))
(Vg1 Vmaeo(a1), a2,y oy Gy UL+ Uy, V1 -+ Vi—1, A (0;))

:|:(UZ‘+1 o UmMA0, A1y e e e BG4y e ey Ay ULt U, VL 00 - Vi—1, AS(’UZ))

F(Vig1 Um0, A1y« - oy Q1 QUL *  * Uy, V1 -+ Vi1, A% (0;))

F(Vig1 V@0, A1y« oy Qpey U - - Uy U1 -+ - V1, A (0;))

:l:(vi-l-l U UmA0, A1y e ey Ay UL 0 U, UL 7 vi—lvgl)yvig)a s avz(s-i_l))

F(Vig1 VUm0, A1y e vy Ay U~ Uy, VY~ - -vi,l,vgl), .. ,vfj)vfjﬂ), .. ,v§8+1))
:t(vgs+1)vi+1 U0, ALy e ey By UL+ Uy, VY - * vi_l,vfl), e vgs)),
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and the second summand h o d(ag,a,...,aE, U1 - Up, V1 -+ - Vy,) equals
(Vig1 "+ Umapo(ay), g, ..., A, UL =+ U, V1 - - V—1, A%(1;))
F(Vig1 - VUm0, Qs ey QA1 -y Ay UL - Uy, U1 - - V-1, A% (0;))
F(Vig1 * Vm@0, A1y v vy Qe 1GEUL * Uy, U1+ - Vi1, A (0;))
F(Vig1 V@0, A1y e ey Gy U+ -+ Uy U1+ - Vi—1, A% (0;))
F(Uig1 + Uy U1« =V QOy A1y e vy Ay U -~ U1, A (1))
F(Uig1 U U1+ V@0, Ay e e vy Gy Uy -+ Ui—1, A% (15))
(Vi1 VM A(a0), @1y - ey gy UL Uy, U1 - V-1, AT (1;))
H(vig1 - Vmao, a1, .. A(AG), e Ak, UL U, VT Vi1, A (1))
F(Vig1 - V0, A1y - Ak, Up - AU ) - U, U1 - U1, A% ()
(Vi1 - A(V)) - U@, A1y -y Qs U -+ U, V1 -+ Vi1, A (0;))
(0] Vi1 VA0, A1y e ARy UL Uy, VT V1, A (V]))
F (Vi1 - Vi @0y Q1+ v vy Gy U+ * * Uy, V1 - - - Vi1 VL, ASTH(W]))
(Vi1 - VUm0, A1y ooy Ay UL~ Uy, U1 - A(V5) - 0521, As_l(vi)),

where A(a;) = 32" (a} ---ai 7 a ag ai Tt - - al) if a; has the form a; = (a} - --a]")

with af € Ai, j=0,...,n;. From the coassociativity of the coproduct A on Al, we
see that the sum of the above two expressions

(doh+hod)(ag,ar,... a5 U1+ Uy, 01 Vp) = (G0, A1y .oy Gy UL ** * Upy, V1 -+ V).
Since ga(ag, a1, ..., ag, U1+ Up,v1 -+ - vy) = 0 for k > 1, we have the identity
doh+hod=1id— psoqs.

In summary, we have proved the desired identity. ]

Theorem 5.10. Let A be a Koszul AS-reqular algebra with semisimple Nakayama
automorphism o. Then we have isomorphisms

HH, (A; A,) = H,(Ko(A,)) = HH, (A6 LA

and these isomorphisms respect the Connes operator on both sides.

Proof. Combining the above two lemmas and the following fact
(Ay ® AlLb) 2 (A® LAlb) ~ (QA) ® LAl §Y),

where we use the A-bimodule structure of A, in A, ® Al and the Ai-cobimodule
structure of Al in A® ,Al, we get the proof. O

Now consider the following complex
K(AA) ={0 2 A0 A= - - AA,_ | ®A—-AA @A~ .},
with coboundary § given by
da® fb) =a@alf@xb+ (—1)"ax; ® fa] @D.
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Theorem 5.11. Let A be a Koszul algebra. Then there are natural isomorphisms
HH®(A) = H*(K*(A® A')) = HH*(A")

of graded commutative algebras. The products on both sides are the Gerstenhaber cup
products.

Proof. See Buchweitz [2], or Beilinson-Ginzburg—Soergel [3], or Keller [10]. O
5.3. Proof of the main theorem
We are now ready to prove the main theorem of this paper.

Proof of Theorem 1.1. By Theorems 3.5 and 4.3 we have the following commutative
diagram

HH®(A4; A) HH,, _+(A;A,)
S~ \
H*(K*(A® AY) Hyoa(Ka(A® ,A1)
_— —
HH®(A'; AY) HH,,_ o (Al; LA,

which gives the following commutative diagram
HH®*(A; A) ——— HH,,_(4; 4,)

J ’

HH®(A'; A —— HH,,_(Al; ,A1).

Theorem 5.11 says that the left vertical map is an isomorphism of graded algebras,
and Theorem 5.10 says that the right vertical map respects the Connes operators.
Thus by Lemma 2.8 we see that two Batalin—Vilkovisky algebras are isomorphic. [
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