The Evolution of Mathematics in
Ancient China: From the Newly
Discovered Shu and Suan shu shu
Bamboo Texts to the Nine Chapters
on the Art of Mathematics™1

by Joseph W. Dauben?*

The history of ancient Chinese mathematics and
its applications has been greatly stimulated in
the past few decades by remarkable archaeological
discoveries of texts from the pre-Qin and later
periods that for the first time make it possible to
study in detail mathematical material from the time
at which it was written. By examining the recent
Warring States, Qin, and Han bamboo mathematical
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T This article is based on a lecture presented in September
of 2012 at the Fairbank Center for Chinese Studies at Har-
vard University, which was based on a lecture first given at
National Taiwan Tsinghua University (Hsinchu, Taiwan) in
the Spring of 2012. T am grateful to Thomas Lee of National
Chiaotung University of Taiwan where I spent the academic
year 2012 as Visiting Research Professor at Chiaota’s Insti-
tute for Humanities and Social Sciences, which provided sup-
port for much of the research reported here, and to Shuchun

texts currently being conserved and studied at
Tsinghua University and Peking University in Beijing,
the Yuelu Academy in Changsha, and the Hubei
Museum in Wuhan, it is possible to shed new light
on the history of early mathematical thought and its
applications in ancient China. Also discussed here are
developments of new techniques and justifications
given for the problems that were a significant part
of the growing mathematical corpus, and which
eventually culminated in the comprehensive Nine
Chapters on the Art of Mathematics.
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1. Recent Archaeological Excavations
1974—The Terracotta Army

In the spring of 1974 farmers digging a well to the
east of Mount Li in the suburbs of Xi’an in Shaanxi
Province discovered the remains of a terracotta fig-
ure that soon led to one of the greatest archaeologi-
cal finds of the 20™ century. The site proved to be the
mausoleum of the First Qin Emperor, Qin Shi Huang,
who died in 210 BCE. According to the Western Han
dynasty historian SIMA Qian (145-90 BCE), writing
only a century later, construction of the gravesite be-
ganin 246 BCE and involved more than 700,000 work-
ers. It is estimated that the necropolis covers more
than two-million square meters, whereas the tomb it-
self occupies only about a tenth of this, or very nearly
an area measuring 485 by 514 meters, a total of ap-
proximately 220,000 square meters which has yet to
be excavated. To date, three pits of terracotta war-
riors have been studied, roughly 20,000 spare meters
containing more than 8,000 life-sized warriors.

According to SIMA Qian, the site includes—in
addition to the army and important officials—vast
palaces, scenic towers, valuable utensils, and “won-
derful objects,” reportedly with a ceiling studded
with pearls and precious gems to represent the heav-
ens, the stars and planets, while below, on the ground,
major features of the emperor’s terrestrial realm
were depicted, including mountains and one-hundred
rivers flowing with mercury. Preliminary soundings
have indeed discovered higher than normal amounts
of mercury on the site.

Less dramatic, but no less important to historians
of science, have been a number of archaeological dis-
coveries in China over the past seventy-five years or
so that have served to expand considerably our un-
derstanding of the history of ancient Chinese mathe-
matics. Until recently, the only known sources avail-
able for study have been limited primarily to the so-
called Ten Classics of Chinese Mathematics as embod-
ied in texts like the Zhou bi suan jing, the Jiu zhang
suan shu, Hai dao suan jing, Sunzi suan jing, and a
handful of other texts. These were printed in an edi-
tion that has partly survived from the Southern Song
dynasty, based on versions of ancient works that were
gathered together by LI Chunfeng and his associates
in the Tang dynasty, when ten works, subsequently
known as the “Ten Classics,” were designated as the
basic texts students were expected to master in order
to pass imperial examinations.

1934—The Chu Silk Manuscript. State of Chu,
Warring States Period

The Chu boshu is actually a document on silk un-
earthed by two grave robbers looting a tomb proba-
bly sometime shortly before the end of World War II

and China’s War of Resistance against Japan and its
own civil war. This was near Zidanku, east of Chang-
sha in Hunan Province. The Chu manuscript was later
traced by archaeologists to a location that dated it to
around 300 BCE. In 1946 Jixiang CAI, an art collector
in China, entrusted the document to the Yale-trained
sinologist and collector, John Hadley Cox, who took
the document to the United States where it was ex-
hibited at the Metropolitan Museum of Art in New
York City. Although offered to the Museum for its
own collection, the Trustees were not sufficiently im-
pressed by the document to authorize its acquisition.
In 1965 it was purchased by the New York psychia-
trist and philanthropist/collector Arthur M. Sackler,
who presented the document to the Freer Gallery in
Washington, D.C. There the document was restored
and photographed the following year using infrared
technology, which greatly enhanced the legibility of
the characters, making the text substantially easier to
read. In 1967 an international symposium was held at
Columbia University where forty leading sinologists,
anthropologists, archaeologists, and art experts met
to study and discuss the Chu manuscript (see p. 26).
Basically, the text deals with astronomy, astrol-
ogy, motions of the heavens, changes of the sea-
sons, as well as descriptions of auspicious or inauspi-
cious days. It mentions the legendary Fuxi and Nuwa,
and includes depictions of deities associated with
the twelve months. Fuxi and Nuwa are the mythical
figures associated with the creation of mathematics
in ancient China and the overall content of the Chu
manuscript attests to the pervasive importance of
mathematics in a diverse number of different appli-
cations in ancient China. For example, the following
explains a number of different ways in which mathe-
matics figures in the Chu silk manuscript:
If [...] and the length of the lunar months become
too long or too short, then they will not fit the
proper degree and spring, summer, autumn, and
winter will [not] be [...] regular; the sun, moon,
and planets will erratically overstep their paths.
When (the months) are too long, too short, con-
trary, or chaotic, (the growth of) the grasses and
trees have no regularity. This is [called] yao, “de-
monic” (influences or omens). When heaven and
earth create calamities, the Heaven’s Cudgel (Tian-
pou) star creates (sweeping) destruction, sending
(the destruction) down through all four regions (of
the earth). Mountains collapse, springs gush forth
geysers. This is called “contravention.” If you con-
travene the years (and) the months, then upon en-
tering the seventh or eighth day of the month there
will be fog, frost, and clouds of dust, and you will

not be able to function according (to heaven’s plan)
(Li and Cook 1999: 174).

Here mathematics regulates and harmonizes the
motions and transformations of both the heavens
and earth, in ways reminiscent of what Heraclitus
says of the motion of the Sun, that must also heed
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Infrared photograph of the Chu silk manuscript (Freer Gallery, Washington, DC).

the limits set by the fates: “The sun will not over-
step his measures; if he does, the Erinyes, the hand-
maids of Justice, will find him out” (Plutarch, On exile,
604AB, quoted from Burnet 1912, Fragment 94), see
also (Kirk 1954).

1972-1974: Mawangdui. Changsha, Hunan
(186-168 BCE)

From 1972 to 1974, three tombs dating to
the early Western Han dynasty were excavated at
Mawangdui also near Changsha in Hunan Province.
The tombs have been identified as those of LI Cang,
the first Marquis of Dai and Chancellor to the Prince
of the State of Changsha; of XIN Zhui, LI Cang’s wife,
the Marquise of Dai; and of their son (conjectured),
who died at an early age.

Along with the remarkably well-preserved body
of XIN Zhui found in Tomb No. 1, an ornate series of
nested coffins was unearthed, along with boxes con-
taining more than 1,000 cultural relics covering an
area of some 6.8 square meters. Although Tomb No.
2, dated to 186 BCE, the year the Marquis LI Cang died,
had been plundered, Tomb No. 3 produced 40 paint-
ings and manuscripts on silk, bamboo and wooden
slips, including lost and previously unknown works.
The tomb itself is dated to 168 BCE, the year its oc-
cupant, a male in his 30s and presumed to be the
Marquis’ son, died. Among the subjects treated in the
materials from Tomb No. 3 are history, politics, eco-
nomics, military affairs, physical training and exer-
cises, philosophy, astronomy, geography, medicine,
and literature.

In addition to one of the earliest copies of the
Zhou yi found in Tomb No. 3, there are the famous
Mawangdui maps depicting the Kingdoms of Chang-
sha and Nanyue, as well as a work on medicine,
Wu shi er bing fang (Prescriptions for 52 Diseases),
giving recipes for drugs and treatments for 52 dis-
eases, including 254 medicines, 283 prescriptions,
and descriptions of moxibustion, acupuncture, and
even surgical procedures. For the history of astron-
omy there is an important text, Divination by Astro-
logical and Meteorological Phenomena, that includes
some 250 drawings of clouds, rainbows, stars and
comets, with captions recording their names and giv-
ing brief explanations of their divinatory significance.
Among the two-dozen or so renderings of comets,
each is pictured and described briefly, as for example
appearing at “the death of the prince,” heralding “the
coming of the plague,” or marking “a 3-year drought.”

Another work, Divination by Five Stars, includes
one part by the same title devoted to astrology,
and another part, “Diagrams of the Movements of
Five Stars,” which is a record of the motions of the
five planets recording their relative positions for the
years 246-177 BCE. Much of the data recorded here
is remarkably accurate. The documents unearthed
at Mauwangdui are especially useful to historians
of mathematics interested in the ancient system of
weights and measures and applications of such meth-
ods as the Rule of Three in carrying out the commer-
cial transactions of everyday life. For recent works
drawing on material from Mawangdui, see (Hulswé
1981), (Zou 2007a and 2007b), and (Dauben 2008:
137-139).
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1975—Qin Bamboo Slips from Shuihudi

In December of 1975 the tomb of a Qin dynasty
administrator was excavated by archaeologists work-
ing at Shuihudi in Yunmeng County, Hubei Province.
The texts recovered from Tomb No. 11 concern pri-
marily Qin laws and public documents, and cover
matters related to government, economics, culture,
law, military affairs, and the like. It turns out that
these materials can be very helpful to historians of
mathematics in understanding not only the calcula-
tions of exchange rates for various commodities, as
given for example in Chapter II of the Nine Chap-
ters on the Art of Mathematics, Su mi (Millet and
Rice/Grains), but also in determining the meaning of
certain terms for different qualities and levels of re-
finement of rice and millet, as well as anomalies in
the treatment of how exchanges are computed in dif-
ferent works, for example in the Suan shu shu and
the Nine Chapters. Again, see for example (Hulswé
1981), (Zou 2007a and 2007b), and (Dauben 2008:
137-139). Further analysis of how the comparative
study of more recently discovered works may help
shed new light on such matters follows below.

1983—Han Bamboo Slips from Zhangjiashan

In December and January of 1983-1984, archae-
ologists excavating the tomb of a Qin dynasty provin-
cial administrative bureaucrat at a Western Han Dy-
nasty site near Zhangjiashan in Jiangling County,
Hubei Province, discovered a number of books on
bamboo strips, including inter alia works on le-
gal statutes, military practice, and medicine. Among
these was a previously unknown mathematical work
on some 200 bamboo slips, the Suan shu shu, or Book

Bamboo strips of the Suan shu shu; the title of this
work appears at the top of the right-most strip above.

of Numbers and Computations. Based upon other
works found in the tomb, especially a copy of the Er
nian lii ling (Laws and Decrees of the Second Year (of
the Empress LU Hou)), archaeologists date the tomb
to ca. 186 BCE, LU Hou’s regency having lasted from
188 to 180 BCE. The Suan shu shu is the earliest yet
discovered work devoted specifically to mathematics
in ancient China from a dated excavated context. For
a detailed comparison of the Suan shu shu with the
Nine Chapters, see (Cullen 2004) and (Dauben 2008).
In Sections 3 and 4 below, several particular problems
are examined from the Book of Numbers and Compu-
tations.

2002—Liye Ancient City Qin Dynasty Bamboo
Documents

In April of 2002, with the immanent construction
of the Wanmipo Hydropower Station at Liye, Long-
shan County, Hunan Province, the Hunan Institute
of Archaeology and Cultural Relics was again called
upon to excavate a site of approximately 20,000
square meters just to the east of the Youshui river.
In addition to an ancient city wall, the site included
wells and tombs from which more than 30,000 bam-
boo strips and wooden tablets have been preserved.
Among these Ancient Well No. 1 was particularly valu-
able, and yielded documents recording political, eco-
nomic, military, cultural, and social events of the War-
ring States period through the Qin and Han dynasties.
In particular, the Qin dynasty annual calendars found
at Liye provide fairly complete records, day by day,
for the years 221-206 BCE.

Multiplication table. Excavated: April, 2002;
Qin Dynasty (221 BCE-206 BCE);
Length 22 cm width 4.5 cm.
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Of particular interest for the history of mathe-
matics is a Qin dynasty multiplication table, on a
board measuring 22 cm by 4.5 cm. This bears direct
comparison with similar multiplication tables that
comprise the opening portion of the Suan shu shu.
For details, see (Peng Hao 2000 and 2001), (Cullen
2004), and (Dauben 2008).

2007—Qin Slips Collected by the Yuelu Academy

In December of 2007 the Yuelu Academy of Hu-
nan University purchased a group of more than 1300
Qin dynasty mostly bamboo but some wooden slips
from an antiquities dealer in Hong Kong. A prelim-
inary survey of the entire collection indicates that
there are at least six different works among the bam-
boo and wooden slips in the Yuelu Academy’s collec-
tion. Of these, on the back of bamboo strip [0956] is
the character Shu (Numbers), which serves as the title
of a collection of mathematical problems comprised
of 231 complete bamboo slips, along with some par-
tial slips. A recent transcription of this work indicates
that there are 73 computational problems in all, with
60 solution methods (Xiao Can 2010). One problem in
particular from the Shu is discussed in further detail
below.

2008—Tsinghua University (Beijing) Bamboo Slips

In 2008 Tsinghua University in Beijing acquired a
collection of 2388 bamboo slips, including a number
of fragments, all ascribed to the Warring States period
and later, by radiocarbon analysis, dated more pre-
cisely to 305430 BCE. The entire lot was purchased
from an antiquities dealer in Hong Kong, and came
with what is presumed to be the box in which the
bamboo slips were originally found. The box, in both

[0956]

its style and decoration, is in keeping with this dating.
The slips were severely damaged by water and mold,
and steps were taken immediately to undertake their
conservation by a team of experts headed by Pro-
fessor Xueqin LI at Tsinghua’s Center for Excavated
Texts Research and Preservation. The Center was es-
tablished in April of 2009, shortly after the donation
was made to Tsinghua University. It is assumed that
the bamboo slips were taken from a tomb in Hubei or
Hunan Province, and subsequently found their way to
the dealer in Hong Kong from whom they were pur-
chased.

For the history of mathematics, however, the
most remarkable of the Tsinghua bamboo collection
is a set of 21 slips that provide an entire multiplica-
tion table from 1/4 times 1/4 to 9 times 9, and then
multiples of 10 from 10 to 90 (see p. 29). Other multi-
plication tables have been found separately on boards
like the one from the ancient site at Liye (Hunan) in
2002, and another on a wooden tablet 22 cm long
found at Gurendi, Zhangjiajie, Hunan Province, some-
time between 1987 and 2004. This tablet contains a
table beginning with “nine-times-nine” and continu-
ing down to the multiplication of “one-times-one.”
The Suan shu shu also includes a number of slips
devoted to multiplications, primarily of fractions as
small as 1/9 and powers of ten as large as 10’ (Feng
and Xu 2013), (Berlin 2014), and (Qiu 2014).

2. Log-in-the-Wall/Reed-in-a-Pond
Problems. Comparing the Yuelu
Academy’s Shu with the
Nine Chapters
Having surveyed the mounting archaeological ev-

idence, what light do the recently excavated materi-
als related to ancient Chinese mathematics shed on

Bamboo slips among those constituting the mathematical work entitled Shu,
preserved at the Yuelu Academy, Hunan University (Changsha, Hunan Province).
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1

2 3 4 5.

—3x,1,2,3, .., ie.
172,3,6,9,12, ...

The twenty-one bamboo slips (left) comprising the Tsinghua multiplication table. The top row reads
from left to right: %, 1, 2, 3,..., 9, 10, 20, ..., 80, 90; the left-most strip reads from top to bottom:
90, 80, ..., 20, 10, 9, ..., 3, 2, 1, %. The enlarged portion on the right shows the lower-left quadrant of the
table; the bottom row gives the multiples of 1/2; the fourth row from the bottom reading across,
left to right, gives the multiples of three, i.e. 1%, 3,6, 9, 12, ... .

the mathematical content of these documents and the
ways in which mathematics developed and changed
from pre-Qin to Eastern Han times? Of many exam-
ples that might be considered, the following prob-
lem related to the circle from the Yuelu Academy’s
Shu (Numbers), for which there is no counterpart in
the Suan shu shu, reflects significant developments
in the conceptualization of mathematics between the
Shu and the Nine Chapters. Note that an internal ref-
erence in the Shu to the reign of the Qin emperor
dates the bamboo strips themselves to approximately
212 BCE. The Yuelu Academy’s collection of bamboo
strips related to mathematics has been studied in de-
tail by scholars at Hunan University, and by Can XIAO
in particular, whose table of contents from her thesis
organizes the major content area of the Shu into the
following ten categories (Xiao Can 2010).

1. Mathematical problems of rice field production
and tax computations

2. Mathematical problems of calculating areas of
farm land

OF BIAA5E (K1) H, AR G AR, Bz, ARF—Pinfssr— R, BIA KRR () o BIE, P2 T, s, DUR

A, WA, A GO B, M El.  [0457]

3. Calculating exchanges of grains and commodi-
ties

4. Mathematical problems of proportional distribu-
tion

5. Mathematical problems of excess and deficiency

6. Mathematical problems of short widths

7. Mathematical problems of calculating volumes

8. Mathematical problems of gou-gu (right trian-
gles)

9. Methods of stationing an army

10. Standards of Measurement

Number 8 of the above categories consists of
one problem identified as “Mathematical problems
of gou-gu.” Whether this is accurately described as a
gou-gu problem or not is problematic in that noth-
ing in the statement of the problem mentions ei-
ther gou or gu, although the solution of the problem,
for reasons that will become apparent, clearly relate
this problem to the gou-gu problems that constitute
Chapter 9 of the Nine Chapters. In the Shu, the follow-
ing problem runs across two bamboo strips, [0304]
and [0457]:

[0304]

Suppose there is a circular [piece of] wood buried in the ground, whose size is unknown, but cutting to a depth of 1 cun
gives a chord of 1 chi; it is asked how great is the circumference of the [circular piece of] wood? [It] says: half the chord
is 5 cun, multiply it by itself and using the depth of 1 cun as the divisor, dividing gives the result in cun, again adding

the depth [of the cut] gives the diameter of the wood.
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This problem basically reduces to a circle, for
which the length of a chord and its sagitta are given,
and from which the question is to determine the cir-
cumference of the circle (although the answer given
is actually that for the diameter of the circle). The
method only describes the steps of computation by
which the answer is computed (where 1 chi = 10 cun):
square half the sagitta (5 cun), i.e. 25 cun?; divide by
the depth of the cut (1 cun), i.e. 25 cun; add the depth
of the cut (1 cun), i.e. 26 cun. No explanation is given
as to why these steps should be taken, and there is
no argument to establish that the result is in fact cor-
rect. But note that the problem is presented in such a
way that the method is introduced by two characters:
RUEl ji yue (it says). We shall return to the significance
of this locution in a moment. This same problem was
later illustrated by YANG Hui in his Detailed Expla-
nations of the Nine Chapters of Computational Proce-
dures (1261) (reprinted in (Guo 1993, vol. 1: 977)):

A little less than 500 years later, LIU Hui in his
commentary on the Nine Chapters treats virtually the
same problem as the log-in-the-ground problem from
the Shu. Problem 9.09 in Chapter 9 dealing with gou-
gu or right triangle problems in the Nine Chapters
reads as follows (see at the bottom of the page).

The first difference to be noted here is that in-
stead of the indefinite BIFI ji yue (it says), the Nine
Chapters version of the log problem now specifies the
procedure to be followed as KEl shu yue (the method
says). The dimensions of the two problems are exactly
the same, and the procedure specified leads to exactly
the same answer for the diameter of the circle as 26
cun, but in the case of the Nine Chapters, there is no
discrepancy between the problem asking for the cir-
cumference and the answer giving the diameter of the
circle. However, in neither the Shu nor the basic text
of the Nine Chapters is there any explanation of the

rationale upon which the solution depends. And un-
less one knows the conceptual framework on which
the problem is based, the procedure described seems
arbitrary and hardly makes any sense.

The significant, major difference when reading
this problem in Chapter 9 of the Nine Chapters is that
the Nine Chapters includes the explanatory commen-
tary by Liu Hui:

AR LASEE — RO A, M2 9%,

BRI sE ZE 22—, B KO,

[Liu Hui Comments]: This [method] uses the length
of the cut of 1 chi as the gou, and the diameter of
the timber as the xian; the depth of the cut of 1 cun
is one-half the difference between the gu and xian,
and the length of the cut should also be halved.

On first reading, this may not seem very helpful in
revealing the conceptual framework within which this
problem is cast, but at least it provides a clue as to
what the mathematician was thinking in his approach
to the problem: namely, this is a problem that deals in
right triangle relations and, in fact, with the gou a, the
xian c, and the difference between the gu b and xian,
i.e. ¢ —b. But why does LIU Hui comment that “the
depth of the cut of 1 cun is one-half the difference
between the gu and xian”?

This is all made much clearer with reference to a
more famous problem in the Nine Chapters whose so-
lution is virtually the same as that for the log-in-the-
ground/wall problem, namely Problem 9.06 devoted
to the reed-in-a-pond. Here is how the problem is for-
mulated in the Nine Chapters (see top of p. 31).

Note that here, the dimensions of the length of
the side of the pond 1 zhang, and the height of the
reed above the water is 1 chi. These are the same di-
mensions by a factor of ten as the ones that appear in
the log-in-the-ground/wall problem, where the length
of the cut is 1 chi and the depth of the cutis 1 cum;
forget the dimensions, and the numbers are exactly
the same, since 1 zhang = 10 chi; 1 chi = 10 cun.

LIU Hui also gives another clue as to what is be-
hind the solutions to both the reed-in-the-pond and
log-in-the-ground/wall problems. But to understand
why, in order to solve the problem of the reed-in-the-
pond, LIU Hui says to multiply the f) gou by itself and

A AT R B RE R, AR/ DA 2, YT, i — R [ 42 L2

EE: MR RONT

AREL PHIE B, AR UUGE — RO 6, MARA5R, PR ARk 2e 2 —F, Sl kKt e

Suppose there is a circular [piece of] wood imbedded in a wall, whose dimensions are unknown. If a saw cuts to a depth
of 1 cun, the length of the cut is 1 chi long. The question: What is the diameter [of the piece of wood]?

The answer says: The diameter of the timber is 2 chi 6 cun.

The method says: Multiply half of the length of the cut by itself, divide by the depth of 1 cun; adding the depth of 1 cun

gives the diameter of the timber.
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AT 3L, BRI PR, R — R SIEDRR, G55, [ KR, BRKEIL?

FEEIKR LR, B =R

Suppose there is a [square] pond with a side of 1 zhang, in the middle of which a reed grows, extending 1 chi above the
water. If the reed is pulled to the edge [of the pond], then it just reaches the edge. The question is: How much are both

the depth of the water and the length of the reed?

The answer says: The depth of the water is 1 zhang 2 chi.

The length of the reed is 1 zhang 3 chi.

The method says: Multiply half the side of the pond by itself.

[LIU Hui comments]: This [method] uses half the side of the pond, which gives 5 chi as the gou, the depth of the water
serves as the gu, and the length of the reed is the xian. Using the gou and xian to find the gu, therefore let the gou be
multiplied by itself and first find the area of the gnomon ((Dauben, Guo, and Xu 2013: 1055-1057); the illustration below

is from (Yang Hui 1261), reprinted in (Guo 1993, vol. 1: 975)):

then find the area of the gnomon—what gnomon?—it
is necessary to explore the most basic method ap-
plied repeatedly in ancient Chinese mathematics to
solve gou-gu type problems. This is related in turn to
a means by which the gou-gu (Pythagorean theorem)
relation itself can be proved, namely for gou a, gu b,
and xian c, a* +b* = ¢%.

The “Hypotenuse Diagram” from a copy of the
Zhou bi suan jing, Asian Studies Library,
University of British Columbia.

The Ancient Chinese Out-In Principle

The out-in principle is a fundamental method of
ancient Chinese mathematics. Consider the following
diagram: under what conditions may the two appar-

ently different areas, one vermillion X on the left, the
other blue-green Y on the right, be said to be equal?

A straightforward argument shows that the two
areas, vermillion and blue-green, are equal when
the point at which their lower-right and upper-left
corners coincide with the diagonal of the rectangle
drawn through their point of mutual intersection:

This may now be proved by a direct application of
several logical principles, stated in Euclid’s Elements
of Geometry as axioms, but not explicitly stated as
such in ancient Chinese mathematics, namely that
equals subtracted from equals are equal. In the case
of the above diagram, the diagonal divides the rect-
angle into two equal right triangles, vermillion V on
top, blue-green BG below, i.e. V = BG.

But there are also two more sets of equal right
triangles, in the lower left rectangle and upper-right
rectangle defined by the horizontal and vertical lines
parallel to the sides of the rectangle and delimiting
the original red and blue-green rectangles.
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Removing these equal triangular areas from the
equal triangular areas V = BG immediately justifies
the original proposition, i.e. thanks to the removal of
equal triangular areas from two equal triangular ar-
eas, the remainders, X and Y, must also be equal:

This same principle can now be applied to prove
the Chinese version of the Pythagorean theorem. An
argument concerning right triangles first appeared in
the ancient Chinese mathematical classic, the Zhou bi
suan jing, and this was accompanied with a lost dia-
gram later reconstructed in numerous different ver-
sions, among which is the diagram depicted above,
and upon which the following argument is based.
Note that the diagram includes a central yellow
square that is not mentioned in LIU Hui’s commen-
tary explaining the proof of the gou-gu relation. Nev-
ertheless, the diagram is still applicable as we explain
below. First, consider one of the triangles created by
drawing the diagonal of a rectangle, the shorter width
is the gou side; the square on the gou side is colored
in vermillion. Likewise, the longer side of the rectan-
gle is the gu side of the triangle, and the square on
this side is colored in blue-green.

Note that the vermillion and blue-green squares
overlap in part with the square drawn on the diago-
nal of the rectangle that also serves as the hypotenuse
of the right triangle. If the colored areas of the gou

and gu squares that overlap the square on the diag-
onal/hypotenuse are now considered “in,” then the
parts of the red and blue-green squares that lie out-
side the xian square on the hypotenuse may be con-
sidered “out,” as below:

In the spirit of the out-in principle, these areas
that are “out” may be moved to areas inside the xian
square, so that as LIU Hui often says, “the excess fills
the void.” This rearrangement now transforms the
former two squares on the gou and gu sides of the
right triangle into the one square on the xian square,
whereby LIU Hui explains the proof that a? + b* = ¢?
by subtracting equal areas from the “outside” and
adding the same areas to the “inside,” thereby consti-
tuting the area on the hypotenuse as in the right-most
figure (see top of p. 33).

Whereas the Chinese proof of the gou-gu theorem
is different in many respects from the approach taken
in Euclid’s Elements, which as proven in Euclid .47
is clearly distinctive, and also depends upon equiv-
alences of areas but not requiring their rearrange-
ment, both the Chinese and Pythagorean results share
a common origin in the practical experience of land
surveyors. In this they draw upon the same tradition
as Egyptian land surveyors who used knotted ropes
to measure tracts of land. With this in mind, it is
surely no coincidence that both the Greek tevovoa
(tenousa) for hypotenuse—meaning a string or cord
stretched between two points—is the same idea re-
flected in the Chinese word for hypotenuse, xian,
which means a lute string.

But how does all this help in understanding the
solutions to the log-in-the-ground/wall and reed-in-
the-pond problems? LIU Hui explains that both may
be solved by the gou-gu method. We begin with the ex-
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Egyptian harpedonaptai, rope stretchers, as depicted in the tomb of Menna,
Sheikh abd el Qurna, New York: Metropolitan Museum of Art, 30.4.44.

ample of the reed-in-the-pond problem, and translate
the various parts of the problem into the language of
the diagram with colored squares representing vari-
ous parts of the problem as in the figure on the right,
below:

(®) (c-b)

Here we translate the given data for the problem
in terms of the colored diagram on the right with
reference to the triangle in the diagram on the left.
The shorter width of the triangle is half the width of
the pond, i.e. the gou of 5 chi; the hypotenuse is the
length of the reed ¢ when pulled to the side of the
pond; and the gu or longer length of the triangle is the
length of the reed from its base to where it touches
the water, b. The 1 chi distance of the reed above the
water is also the difference between the total length

(®)

of the reed or hypotenuse, ¢, and the gu side of the
triangle b, i.e. (c — b).

In terms of the diagram on the right, the length
and/or width of the entire square represents the hy-
potenuse or length of the reed c, i.e. (b+ (c — b)); the
side of the yellow square is the length of the reed b
from its base to where it touches the water; and the
1 chi distance of the reed above the water is the dif-
ference (c —b).

The crux of the argument whereby the length of
the reed below water b is determined depends upon
the fact that ¢> — b? = 42, and thus the area of & is
equal to the gnomon around the yellow square, i.e.
the sum of the two vermillion rectangles and the
blue-green square. This means that half the width
of the pond, 5 chi, when squared is the area of the
gnomon, 25 chi’. The relationships can be written as
(5%) = 2(c — b)(b) + (c — b)?. Since (c — b) in this case is
1 chi, this explains why the solution of the problem
calls first for squaring half the width of the pond, i.e.
(5)2, from which the height of the reed above the wa-
ter is then squared and the result subtracted from the
25 chi?,i.e. 25— (c—b)?> =25—1=24 chi®. This amount
is now divided by twice the length of the reed above
the water, 2(c—b), i.e. 2 chi, gives the answer of 12 chi
for the length of the reed below the water, the length
b, and then b+ 1 = 13 chi gives the total length of the
reed.
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Text of the Nine Chapters.

The Method: Multiply half the side of the pond by
itself, and subtract the 1 chi [that the reed] extends
above the water multiplied by itself.

Dividing the remainder by the double [of the part
of the reed] that extends above the water, this gives
the depth of the water. Adding the amount [of the
reed] that extends above the water gives the length
of the reed (Dauben, Guo, and Xu 2013: 1055-1057).

Now it is clear why LIU Hui in his commentary on
this problem says to begin by finding the area of the
gnomon, the gnomon being the area of the gou square
in terms of the given terms of the problem, the known
half-width of the pond and the difference between the
length of the reed and the length of the reed below
water, i.e. (c — b). Thus a*> = 2(c — b)(b) + (c — b)*.

Note too that the method as given in the origi-
nal text and as interpreted by LIU Hui is completely
general, even though it is verbalized in the text in
terms of the numbers given in the problem. In both
cases the divisions and additions of 1 are called for in
the text because (c — b) happens to be 1; nevertheless
this is referred to generally, couched in terms of the
amount the reed “extends above the water multiplied
by itself,” i.e. (¢ —b)?, which LIU Hui refers to not in
terms of its numerical value in the problem, but as
“the difference [between the xian and the gu (c —b)]
is the width of the area of the gnomon” (see at the top
of the page).

This now translates directly into our understand-
ing of how ancient Chinese mathe-maticians thought
about the log-in-the-ground/wall problem. The only
difference is that we are dealing with a gou-gu tri-
angle whose sides and hypotenuse are all one-half
those of the right triangle that figured in the reed-
in-the-pond problem. But since this is the only differ-
ence—even the basic dimensions of the problems are
the same—the method proceeds exactly as in the case
of the reed-in-the-pond problem.

To find the diameter of the circle ¢, the method
begins as before by squaring the gou, which is half the
length of the cut, i.e. a/2. Interpreted in terms of the
gnomon representing (a/2)%: since (a/2)* = (a*)/4 =
2(%)(c — b)(b) + (%)(c — b)?, the next step in the

Reed-in-the-Pond

[Liu Hui comments:]

The extension [of the reed] above the water is the
difference between gu and xian. Subtract this “dif-
ference” area from the area of the gnomon, and then
divide.

[Liu Hui comments:] The difference [between the
xian and the gu] is the width of the area of the
gnomon, the depth of the water is the gu. Because
this results from taking the extension [of the reed]
above the water of 1 chi as its width, this is why the
gnomon gives the length of the reed (Dauben, Guo,
and Xu 2013: 1057).

method divides by the depth of the cut, (%2)(c—b), and
after simplifying: a? /2(c —b), which equals b+ ¥ (c —b).

v (b) 1 (c=b)

Y (c-b)

1 (b)

The final step, to find the diameter of the circle
¢, proceeds as the method instructs, by adding the
depth of the cut: [a?/2(c—b)]+ Ya(c—b) =b+Y(c—b) +
Y5(c — b) = c. Thus by adding the depth of the cut, the
diameter has been completed, and in complete gener-
ality, in terms of the gou and the difference between
the xian and gu, the given terms of the problem.

3. Extraction of Roots in the Suan shu
shu Versus the Nine Chapters

What about the mathematics in the Suan shu shu?
This work dates to ca. 186 BCE, and includes a num-
ber of problems devoted to determining the areas of
fields. Problem 53, given the area of a square field,
asks to find the length of its side—a problem requir-
ing the extraction of the square root. But the method
may come as a surprise. It uses the method of excess
and deficiency to approximate the root: if it were 15,
the area would be too small; if 16, it would be too

Log-in-the-Ground/Wall
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large; therefore, the root must lie somewhere in be-
tween.

The same problem appears in the Nine Chapters,
but with an entirely different approach to the solution
of the problem. Instead of an approximation, LIU Hui
in his computation of the square root presents a very
precise algorithm by which the square root of any
number may be extracted. The key, conceptually, is
reflected in this diagram, reconstructed by the math-
ematician Dai Zhen for the Ming encyclopedia, Yongle
dadian (1403-1408) (see at the top of the page).

Consider the number or square 55,225; the prob-
lem is to find the length of the side of the square. The
algorithm to extract the square root begins by observ-
ing that the root must lie between 200 and 300, since
200? = 40,000 < 55,225 < 300? = 90,000. The first step
is to determine the first digit a of the square root abc
such that (abc)? = 55,225. Clearly in this case the first
digit a of the root is 2. Take 200 as the first approxi-
mation of the square root, and subtract 200> = 40,000
from 55,225, leaving 15,225. In terms of the diagram,
this is equivalent to removing the large yellow area H
jia (40,000) from the larger square (55,225).

i =200 = 40,000
55,225-40,000 = 15,225

Problem 4.12
SUPPOSE THERE IS A [SQUARE] AREA OF 55,225 BU. THE QUES-
TION: WHAT IS THE [LENGTH OF THE] SIDE? THE ANSWER: 235 BU.

In the Nine Chapters, the method of finding square roots has been
highly developed into an algorithm with its own technical desig-
nation as the [ 5#7 Kai fang shu or “Method of Finding the Square
Root” (lit. “Method of Opening the Square” (Qian Baocong 1963,
vol. 1: 150). This latter method allows determination of the square
root by an iterative procedure based upon successive approxima-
tions by completing squares.

This leaves a gnomon of two vermillion rectangles
and a smaller yellow square Z yi between them, and
then two blue-green rectangles and the even smaller
yellow square I bing between them. These together
represent the gnomons surrounding the large yel-
low square, and are equal in area to 55,225 — 40,000 =
15,225.

Now, the second digit of the root is computed.

i =200 = 40,000
55,225-40,000 = 15,225

This time the side of the large yellow area al-
ready determines the lengths of the two red rect-
angles, each is 200, and the next step in the algo-
rithm is to estimate the next digit » of the square
root abc such that 2(105)(200) + (10b)? < 15,225. Since
2(40)(200) 4+ (40)%> = 17,600 > 15,225, and 2(30)(200) +
(30)% = 12,900 < 15,225 the second digit of the root is
3, and subtracting 12,900 from 15,225 leaves 2325,
the area of the remaining outer gnomon comprised
of the two blue-green rectangles and the smallest yel-
low square N bing between them.

The final step of the algorithm is to determine the
last digit ¢ of the root abc. Again, the lengths of the
two blue-green rectangles are predetermined by the
length of either of the two vermillion rectangles and
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the side of the yellow 2 yi square between them, i.e.
230. Thus the problem now is to determine the final
digit ¢ of the square root such that 2(230)c+¢* < 2325.
It turns out that if ¢ = 5, the areas of the two blue-
green rectangles will be 2(230)(5) = 2300, and ¢? = 25,
i.e. together they total 2325, which means that the
square root of 55,225 has been determined to be ex-
actly 235.

This algorithm which gives a method for finding
square roots in complete generality, to whatever de-
gree of accuracy one may wish, is an obvious advance
over the excess/deficiency method of the Suan shu
shu. From working within the framework of a best-
estimate, the Nine Chapters has literally opened the
square, and by analyzing the rationale behind the
method of finding the square root, has utilized a level
of theoretical understanding that allows the power of
the algorithm to proceed step by step to determine
the square root either exactly, or as closely as one
may wish.

4. Three Multi-Tasking Problems:
Traps for the Unwary Student

Fu tan, Lu tang and Yu shi

These three problems have a number of common
characteristics, not all of which are immediately ob-
vious as one reads their texts for the first time. But
they all follow one another consecutively in the Suan
shu shu as Problems 46, 47, and 48, and thus the fact
that they may somehow be related should come as no
surprise. The most obscurely stated of the three prob-
lems is Fu tan, and so we begin with this, allowing
the two subsequent problems to suggest how in fact
its interpretation might best be approached. There is
considerable disagreement about the correct data for
the Lu tang problem, so we shall consider that sec-
ond, followed by the Yu shi problem, which is a prob-
lem whose method sheds considerable light on how
to approach the other two problems.

[Problem 46] #x Fu tan: Transporting® Charcoal
(WW 2000: 82; Peng Hao 2001: 92; ZJS 2001: 264)

Carrying charcoal from a mountain, in 1 day it is
possible to carry 7 dou of charcoal to a wagon; the
next day, 1 dan of the gathered charcoal taken to the
wagon is transported to a government post (F guan).
Now wishing to go to the government post, carrying
charcoal from [the mountain] and transporting char-
coal the long distance to the government post, the
question is how much charcoal is delivered in [1] day?
[The answer] says: in one day 4 dou 2/[17] sheng of
charcoal [is delivered].” The method says: taking the 7
dou multiplied by 10 [days] gives 7 dan; and [it takes]

7 days as well to transport it to the post; i.e. take the
10 days and the 7 days and combine them as the di-
visor; [take 7 dan as the dividend]; dividing gives the
answer in dou.?

2 The Chinese character # fu literally means “to carry,” and
is often used in conjunction with firewood to mean “to carry
on one’s back.” Here it also appears with charcoal in the
sense of transporting the gathered charcoal to a government
post, and so in translating the title of this section of the Suan
shu shu, the more inclusive sense of fu is rendered here.

b The answer in the text is mistakenly given as 4 dou 2/11
sheng, but is corrected here as 4 dou 2/17 sheng.

¢ Although the problem fails to say so explicitly, it is clear
that the method requires that the 7 dan, or more precisely
its equivalent amount in dou, serves as the dividend for the
solution of this problem.

4 Hao PENG is the only commentator to note that it is nec-
essary to specify the dividend, and he supplies the part in
parentheses here as missing but needed to complete the
method in conformity with the preceding statement of the
problem (Peng Hao 2001: 93, note 4). Arguably, it would be
easier to indicate the dividend earlier in the sentence by in-
serting only two characters after “...gives 7 dan (J5# wei
shi = as the dividend),” but the end of the method is still
missing a character which PENG Hao also supplies, the “shi”
for the final formulaic instruction & ny:fS—:2}- shi ru fa de
vi dou (dividing gives the answer in dou).

On first reading, it is not immediately apparent
exactly what this problem may involve, and indeed,
the Tongxun group in commenting on this problem
notes that, with regard to the second sentence in par-
ticular, “the meaning of this sentence is not clear,”
(Tongxun 2000: 14, note 137 to Problem 46). What all
of the commentaries do agree upon is that the frac-
tion given as part of the answer in the original bam-
boo text is wrong and should be corrected to 2/17
sheng. Before trying to interpret this problem further,
however, it will be helpful to examine first the two fol-
lowing problems (which, as it turns out, are closely
related in terms of their method of solution).

[Problem 47] ji ¥ Lu tang: Bamboo
Ladles/Utensils?
(WW 2000: 82; Peng Hao 2001: 94; ZJS 2001: 265)

The norm says: in 1 day 60 stalks of bamboo are cut
down; in 1 day [it is possible to make] 15 lu tang, one
stalk of bamboo equals 3 lu tang. If 1 person is told to
cut down bamboo himself to make Iu tang, how many
can be made in 1 day?

[The answer] says: 13 and 3/4 lu tang.

The method says: take 60 as the divisor, and take 55
times 15 as the dividend.

4 A lu tang was some sort of cooking or serving utensil made
of bamboo, perhaps a ladle or large spoon. See (Peng Hao
2001: 94, note 1).

There is no agreement about the answer or the
method of calculation for this problem. The Tongxun
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group says that there are problems in reconciling the
method of calculation with the answer, not to men-
tion “that there is no particular explanation for any
of the numbers in this method,” (Tongxun 2000: 14,
note 141 to Problem 47). (The method as stated in the
original problem calls for the following calculation:
(55x15)/60 =13 3/4 lu tang.)

Shirong GUO offers a number of changes to the
above text, which he reads in two different ways, con-
cluding that it must be a conflation of two different
problems. In one version, he accepts the given data
but then changes the method which results in a dif-
ferent answer: (60 x 15)/65 = 13 11/13 lu tang. But
he also hypothesizes a second version of the prob-
lem, which he bases on the given answer, but which
requires a different set of original given data, such
that the method then calls for the following compu-
tation: (55 x 15)/60 = 13 3/4 lu tang. He concludes that
the version of the problem that survives in the Suan
shu shu is a conflation of these two problems, tak-
ing the data of the former but then using the method
and answer of the latter. His argument includes a re-
construction of the two problems as he believes they
must have been given prior to the mixed-up version
of the Suan shu shu (Guo Shirong 2001: 282, annota-
tion to his Problem 34, “Lu tang”).

Shuchun GUO basically agrees with Shirong
GUO'’s treatment of this problem, except that he does
not opt for the hypothetical complication of there
having been originally two different problems, but in-
stead revises the text as if the first of Shirong GUO’s
interpretations were correct. Thus he considerably re-
vises the given text, including the answer, which he
corrects to 13 11/13 Iu tang (Guo Shuchun 2001: 213,
notes 1, 2, and 3 to “Lu tang”).

Hao PENG, on the other hand, believes the text
should be corrected in a slightly different manner, on
the assumption that the method should be the same
as that for the preceding “Fu Tan” problem. Thus Hao
PENG accepts the data, but not the method as given in
the Suan shu shu, and argues that the correct compu-
tation and answer should be: (60 x 15)/(60+ 15), with
the result that exactly 12 Iu tang can be made by one
person in one day (Peng Hao 2001: 94, note 5). The
reading of the problem in (ZJS 2001: 265) is virtually
the same as Hao PENG’s, and makes the same correc-
tions to the original text, but with no interpretation of
the problem nor details of how the calculation itself
should be worked out.

The extent of the disagreement about the data
given in this problem and its correct solution is quite
surprising, because if one carefully works through
the problem, counting the parts of a day it takes to
cut down one stalk of bamboo and make three lu
tang from each stalk, the answer comes out exactly
as the problem says it should, to a total of 13 3/4

lu tang that one person working alone can make in
one day.

So why should there be any disagreement at all
about this problem? While it may be true that the ra-
tionale for the method and numbers as stated in the
problem, namely (55 x 15)/60 = 13 3/4 lu tang, is not
immediately obvious, rather than changing the data,
if everything actually works as stated in the problem,
it would be preferable to try to ascertain the reason-
ing that the mathematician who formulated this par-
ticular problem may originally have had in mind.

Before trying to determine what logic may serve
to explain the method for the “Lu tang” problem as
given in the Suan shu shu, on what grounds can we
be sure that the data are indeed correct, and that in
particular, the answer should not be 13 11/13 or sim-
ply 12?7 In fact, this problem does have a straightfor-
ward solution, but not one that is immediately appar-
ent from the stated method, nor does the method at
first seem to bear any obvious connection to the prob-
lem itself, except for the fact that it gives the correct
answer. But first, given the fact that all of the previ-
ous commentators on this problem have either ques-
tioned the data or given very different answers from
that given in the original problem, how can we be sure
that the given answer is correct? The basic reasoning
of the problem is as follows:

If in one day it is possible to cut 60 stalks of bam-
boo, it takes 1/60 of a day to cut down 1. Simi-
larly, it takes 1/15 of a day to make one Ilu tang.
Since 3 Iu tang can be made from 1 stalk of bam-
boo, it will take 13/60 of a day to cut down 1 stalk
of bamboo (1/60) and make 3 lu tang (3-(1/15)),
ie. (1/60+3/15) =13/60. In four such units of time
(52/60), it is possible to cut down 4 stalks of bam-
boo and make 12 Iu tang. This leaves 8/60 of the
day; cutting down one more stalk of bamboo takes
1/60, leaving 7/60 of a day. It takes 1/15 =4/60 of
a day to make 1 Iu tang, which brings the total of
lu tang for the day to 13, with 3/60 of the day left.
But since it takes 4/60 of a day to make a complete
lu tang, it is only possible to complete 3/4 of one,
for a total of Iu tang made in one day of 13 3/4.

Consequently, there is no reason to change the
data of the problem, and no reason to consider it as a
conflation of two distinct problems that have been
improperly merged into one problem with a set of
conditions inconsistent with the answer given. The
data and answer are perfectly consistent, although
there is still the question of the method; where does
the solution procedure for this problem as given in
the Suan shu shu come from? Before it is possible to
give a satisfactory answer to this problem, it will help
to examine the problem, method and solution for the
last of our trio of problems, all involving “shared
tasks.” This is Problem 48 of the Suan shu shu de-
voted to “Feathering Arrows.”
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[Problem 48] %% Yu shi: Feathering Arrows
(WW 2000: 82; Peng Hao 2001: 95; ZJS 2001: 265)

The norm: one person in one day makes 30 arrows or
20 feathered arrows. If one now wishes to have one
person both make arrows and feather them, in 1 day
how many can be made?

The answer: 12.

The method: combine the arrows and the feathering
as divisor; taking the arrows and the feathering, mu-
tually multiply them together as the dividend.

This is the most transparent and the easiest to
understand of these three related problems. There is
virtually no disagreement about how it should be in-
terpreted, or how its method produces the desired re-
sult. Except for explaining that *}%< yu shi (feathering
arrows) refers to the process whereby feathers are at-
tached at the end of an arrow’s shaft, which according
to the problem itself takes 1/20 of a day, the Tongxun
group only gives the working of the method, which
from the above statement of the method can be seen
to result in the following calculation: (30 x 20)/(30 +
20) = 12 (Tongxun 2000: 14, note 143 to Problem 48).
Neither Shirong GUO nor Shuchun GUO offers any
comment on this problem. Hao PENG gives a step-by-
step working out of the problem (Peng Hao 2001: 95,
note 2). Aside from a very brief note explaining what
“yu shi” means, (ZJS 2001: 265) offers no further com-
mentary on Problem 43.

The problem and its method may be understood
as follows. If it is possible to make 30 arrows in one
day, or to feather 20 arrows in one day, it will take
1/30+1/20 of a day, or 5/60 of a day to make one ar-
row and then to feather it. Accordingly, in one day;, it
is possible to make 1/(1/30+ 1/20) = (30 x20)/(30+
20) feathered arrows, or a total of 12. This is exactly
the method described in the problem, and exactly
what the answer says should be expected as the an-
Sswer.

But why does the application of this method fail
in the case of Problem 47? Hao PENG says that all
three of these problems may be solved by the same
method (Peng Hao 2001: 93, note 5 to “Fu tan”), but
this is not exactly the case. If the method were the
same, then the “Lu tang” (Bamboo Ladles) problem
should indeed follow from a similar formula, as Hao
PENG suggests: (60 x 15)/(60+ 15) = 12, but we know
this is the wrong answer. To resolve this discrepancy,
Hao PENG simply changes the answer to the problem,
and lets it go at that, but this is hardly satisfactory.
Knowing that the correct answer is in fact 13 3/4 Iu
tang, what has gone wrong in Hao PENG’s interpre-
tation of the problem? The difficulty is that Problem
47 is not strictly an either/or problem. It is not just
cutting down 60 bamboo poles in an hour, or making

15 Iu tang in an hour, but these two tasks are inter-
related.

We have already worked through the logic of the
problem to be satisfied that the data and answer are
correct. But where does the procedure of the method
come from? We know from the statement of the prob-
lem itself that the given solution prescribes the fol-
lowing calculation: (55 x 15)/60 = 13 3/4 lu tang/day.
We can see here the 60 bamboo poles that one can
cut down per day, and the 15 Iu tang that one can
make in one day, but where does the 55 come from?
What possible significance could this have in the con-
text of Problem 47? Here I am indebted to Yibao XU
for the following suggestion, which is a very clever
answer to this question. His argument is as follows:
in one day it is possible to make at most 15 lu tang,
which would in turn require 5 bamboo poles; thus it
would take 5/60 of a day to cut down the necessary
bamboo poles. If one has spent 5/60 of the day in
cutting down 5 bamboo poles, this will leave 55/60
of the day in which to make Iu tang. In an entire day,
it would take 60/60 of the day to make 15 Iu tang, but
we now have only 55/60 of the day left; and in this
time we can make (55/60)(15) = (55 x15)/60 =13 3/4
lu tang/day, exactly as Problem 47 gives in the Suan
shu shu for both the method and the answer to this
problem.

If this now makes sense of the “Lu tang” problem,
with all of the above experience at our disposal, it will
be an easy matter to return to the first of the prob-
lems we considered here, and resolve Problem 46 in
the Suan shu shu, “Fu tan” (Transporting Charcoal).
Recall that here again we have a task-sharing prob-
lem, that there are two distinct activities, and the only
question we have to resolve is whether the two tasks
involved in Problem 46 are independent of each other
as in Problem 48, Yu shi (Feathering Arrows), or de-
pendent upon each other as in Problem 47, Lu tang
(Bamboo Ladles)?

Recall that the Tongxun group, although it says
that the statement of the “Transporting Charcoal”
problem is not clear, notes that according to the
method of the problem, the number originally given
in the answer as 11 should be changed to 17, and that
from the statement of the method itself, the correct
calculation of the problem should proceed as follows:
(7 dou x 10)/(7 days + 10 days) = 4 2/17 dou/day.
But the group offers no interpretation as to how this
problem should be understood (Tongxun 2000: 14,
notes 136-139). Shurong GUO, in his commentary on
this problem, only notes that the answer is wrong
based upon the statement of the problem and the
method, and makes the same correction as does the
Tongxun group. He offers no further comment on the
problem or how it should be interpreted (Guo Shirong
2001: 282, his Problem 33). Similarly, Shuchun GUO
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makes the same correction that Shirong GUO makes,
but adds no further commentary (Guo Shuchun 2001:
213, note 1 to “Fu Tan”).

Hao PENG offers the lengthiest analysis of this
problem of any considered here, and explains that ei-
ther it is possible to carry 7 dou of charcoal from the
mountain to the waiting cart in 1 day, or it is possible
to transport 1 dan = 10 dou of charcoal to the gov-
ernment post (Peng Hao 2001: 93, note 5 to “Fu Tan”).
Following the same reasoning as applied in the case of
the “Yu shi” (Feathering Arrows) problem, this means
that it will take 1/7 of a day to carry 1 dou of charcoal
to the cart; if 10 dou can be delivered to the govern-
ment post in one day, then it takes 1/10 of a day to
deliver 1 dou (we ignore the obvious inefficiency of
all this). Thus, doing both together as in the Feather-
ing Arrows problem, it will take 1/7+1/10 of a day
both to gather charcoal and deliver it to the govern-
ment post. In one day this means it will be possible
to transport a total of 1/(1/7+ 1/10) dou of charcoal,
or (7x10)/(7+10)=70/17=42/17 dou of charcoal in
1 day, exactly as the problem prescribes.

But we may still be puzzled by the 7 days and 10
days that feature prominently in the method given for
solution of the problem. Where do these come from
for a total of 17? Hao PENG explains that the amount
of charcoal collected in one day of 7 dou is increased
by a factor of 10 “to facilitate the computation of that
which is sought” (LAKaEH8EAEHE yi giu jisuan bianjie)
(PH 2001: 93, note 5). Thus at a rate of 7 dou/day,
in 10 days 70 dou or 7 dan will be collected. Now
what follows is apparent, since we know that it takes
1 day to transport 1 dan of charcoal to the govern-
ment post, to take all 7 dan will take 7 days, for a
total (collecting and transporting) of 17 days. Now,
if each day the charcoal collected (the 70 dou) were
transmitted to the post over this 17 day period, this
would be 70 dou/17 days, i.e. (7x 10)/(7+10)=42/17
dou/day.

Thus, in the final analysis, our three multi-tasking
problems from the Suan shu shu all work out very
nicely, and with only one error that actually needs
correction, namely the 2/11 sheng in the answer of
the “Fu tan” problem, which should be corrected as
above to 2/17. And this was most probably no mathe-
matical error in either reasoning or computation, but
simply a scribal error due to a misreading on the part
of the copyist. This might easily have arisen from mis-
taking the character for 7 in Chinese for a 1, since the
only difference between the two, -t gi (7) and — yi
(1), is the single downward stroke (shuwanggou) of
the 7, which had it been faint enough in the orig-
inal, might easily have been overlooked, and the 1
mis-transcribed as a result. (A similar mistake actu-
ally happens in at least one other place in the Suan

shu shu, in Problem 27, #i[H Shui tian (Taxing Farm-
land), where the number 37 is miswritten for 31 (See
WW 2000: 80; Peng Hao 2001: 71; or ZJS 2001: 258).
For discussion of how easily the numbers 7and 10
were mistaken in written documents of this period,
see Michael Loewe’s study of texts from Mu-durbeljin,
in (Loewe 1967: 105)).

The three multi-tasking problems in the Suan shu
shu, taken together, teach valuable lessons for math-
ematicians of any age, whether in ancient China or
in the 21% century, namely that the terms of a given
problem must be fully understood and appreciated
before it is possible to find the correct method that
will give an appropriate solution. The wrong method
applied inappropriately may yield an answer, but the
correct answer depends upon a proper appreciation
of the data and the logic of the problem itself. In all of
mathematics, wherever in the world it has been prac-
ticed, this has always been what leaves the mark of
genius on mathematical invention—knowing how to
devise or apply the proper method in the case of espe-
cially tricky or ingenious problems. It may well have
been intentional that the “Lu tang” problem comes
between two problems that use a straightforward ap-
plication of the “multi-tasking” method for their solu-
tions, in hopes of catching the unwary who might sim-
ply apply the same method without realizing that the
situation in the “Lu tang” problem requires a slightly
different approach.

The bamboo text of the Suan shu shu is thus one
of the earliest examples we yet have of how adept
ancient Chinese mathematicians were at devising not
only clever problems, but equally ingenious methods
for their solution, with rich and subtle variations on
what would become classic problems in the history
of Chinese mathematics.

5. Archimedes and LIU Hui on Circles
and Spheres

One last example to be considered here of the
remarkable achievements of ancient Chinese math-
ematics is the analysis LIU Hui made of the areas
of circles and volumes of spheres, both of which
invite comparison with the similar results of the
ancient Greek mathematician Archimedes. In fact,
the Archimedes part of this comparison begins with
a mystery—the mystery of a long lost codex of
Archimedes that resurfaced briefly at the turn of the
last century, long enough for the Danish historian of
mathematics Johan Ludwig Heiberg to identify, pho-
tograph and eventually transcribe “The Method” and
several other works by Archimedes of considerable
mathematical interest.

Heiberg was from a wealthy family. The son of a
doctor, Heiberg studied classical philosophy and was
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The original Archimedes codex, copied in miniscule, in two vertical columns, as illustrated on the left; the
Euchologion would have been created by rotating the original folio page 90° to create both a verso and recto
page for the prayer book. The Archimedes text is now split horizontally, half on the left, half on the right.

professor of the subject at the University of Copen-
hagen. In 1879 he completed his dissertation, Quaes-
tiones Archimedeae, devoted to Archimedes’ life,
works, and transmission of his texts. He subsequently
published editions of Euclid’s Opera (1883-1895),
Apollonius’ Conics (1890-1893), and the complete
works of the Danish philosopher Sgren Kierkegaard.
But his life’s greatest achievement was reconstruction
of the text of Archimedes’ Ephodos (The Method), dis-
covered in Constantinople in 1906.}

Because of his thorough knowledge of Archi-
medes, Heiberg was able to decipher most of the
barely-legible palimpsest, aided by his good friend
H. G. Zeuthen, a mathematician and historian of clas-

L This long lost work has been almost completely obliter-
ated, transformed into a palimpsest from which the origi-
nal Archimedes text was scraped away and upon which a
medieval prayer book was copied, written literally on top
of the Archimedes manuscript. As for the title of the codex
that interests us here— The Method—there is a problem with
this usual translation that dates to Heiberg’s edition of the
text. Eberhard Knobloch points out that: “The underlying
Greek notion for ‘procedure’ is ‘ephodos’ that is the same
notion used by Archimedes in his famous letter to Eratos-
thenes. In both cases, ‘ephodos’ must not be translated by
‘method’. Whenever Archimedes spoke of the method we
nowadays call ‘mechanical method’ in this letter he used
the word ‘tropos’,” (Knobloch 2008: 205). As C. M. Taisbak
puts this, ephodos “does not mean ‘Method’ in the modern
sense of the word, but rather ‘Approach’. As it emerges from
Archimedes’ foreword, a title ‘Entering Mechanical Problems
by the Back Door’ would much better cover his attitude. After
all, he knew that this was heuristics, not deduction,” (Tais-
bak 1999).

My own reading of “Ephodos,” however, translates this
as “attack”—its meaning in both ancient and modern
Greek—not random attack but systematic, methodical, care-
ful attack—just the sort a mathematician like Archimedes
might wage upon a particularly difficult and challenging
problem.

sical Greek mathematics. Oddly, Heiberg wrote lit-
tle on the subject from a purely mathematical point
of view. His major interest was the transmission of
mathematical texts—their transmission and preser-
vation—as well as the remarkable contents of the
long-lost palimpsest. The details of the rediscovery of
this important work are recounted in the recent book
by Reviel Netz and William Noel, The Archimedes
Codex (Netz and Noel 2007).

J.L. Heiberg, ca. 1887 J.L. Heiberg, ca. 1906
The basic story, in very brief outline, is as follows.
A Byzantine Greek copied an earlier manuscript ver-
sion of the Ephodos onto parchment sometime in the
10" century, possibly in Constantinople where Leo
the Mathematician transcribed many ancient texts
into minuscule. On April 14, 1229, Ioannes (John)
Myronas, probably working in Jerusalem, finished
the palimpsest version of a Euchologion, or prayer
book, using the parchment from which the text
of Archimedes had been scraped away; eventually,
the prayer book was moved from Jerusalem to the
Monastery of Saint Savvas, near Jerusalem.
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In the mid-nineteenth century the prayer book
was transferred to the library of the Greek Patri-
arch in Jerusalem, the Metochion. It was at this point
that the German scholar, Constantine Tischendorf
(1815-1874), saw it on one of his travels to Greek
monastic libraries, and he mentioned it in 1846.2 He
also took one sheet as a souvenir (see below)!

In 1876 this was sold to the Cambridge Univer-
sity Library, but it was only identified much later as
an Archimedes manuscript page by Nigel Wilson, in
1971.% Even before the Archimedes palimpsest was
rediscovered, Tohru Sato used his analysis of this one
page from the Cambridge University Library to recon-
struct Propositions 14 and 18 from the Ephodos, to
which we shall return momentarily (Sato 1986: 74).

It was in Jerusalem that the Greek scholar
Papadopoulos Serameus catalogued and identi-
fied the palimpsest as being in part a work of
Archimedes—something Tischendorf had appar-
ently missed (in fact, in the latter part of the
nineteenth century Kerameus catalogued nearly 900
manuscripts in the Metochion’s collection). This is
how Heiberg originally learned of the Archimedes
palimpsest.

To make a palimpsest, one begins by unbind-
ing a bound parchment manuscript, and then cuts
the parchment in half down the middle, separating
the formerly verso (left) and recto (right) portions
of the parchment. These are then rotated ninety de-
grees, stacked with other divided pages of the original
manuscript, and folded into folios, producing right
and left pages for the new manuscript that are one-
fourth the size of the original parchment. Note that
the top of the original codex page is now on the recto
side of the new page, and the bottom half is on the
verso, and the middle part of the original text is lost
in the gutter of the new binding. Worse yet, when
the palimpsest sheets are grouped into folios, the top

2 For more on Tischendorf, see (Black and Davidson 1981).
3 (Netz and Noel 2007: 130). The page was taken from the
palimpsest between folios 2 and 3.

and bottom of the original codex page may be sepa-
rated by many pages of other pages stacked on top of
them in comprising the folio, and the recto of a later
page will run onto the verso of an earlier page of the
palimpsest. Thus reconstructing the original text in-
volves a kind of jig-saw puzzle reconfiguration.

The original parchment manuscript of the
Archimedes codex as copied into miniscule is
represented on the left; after rotating these folio
pages 90°, these were stacked with other leaves from
the original manuscript to form the folios of the
Ecologion, making a jigsaw of the original codex.

For example, over the critical Proposition 14 of
the Method, the scribe wrote a prayer for the dead.
But to read the entire proposition 14, it starts in
column 1 of folio 110 recto of the palimpsest; you
would then have to turn the codex 90 degrees to
read the Archimedes text, but towards the bottom
of the Archimedes text, it disappears into the gut-
ter of the palimpsest; the Archimedes text then reap-
pears five folios earlier, on 105 verso, but the first
few lines would again be hidden by the gutter of the
palimpsest, lines that Heiberg was unable to see. The
next continuation of the Archimedes text appears on
folio 158.

Comparable in some interesting ways to the
Archimedes palimpsest is the oldest actual work of
mathematics that currently survives from ancient
China, the Suan shu shu. Hao PENG and other Chi-
nese scholars who have studied this text simply refer
to it as a Book on Arithmetic (Peng Hao 2002). But the
problems it treats—68 in all on nearly 200 bamboo
slips—include more than arithmetic, notably geome-
try, and so the title is problematic.

On the back of what is taken to be the sixth bam-
boo strip comprising the book are three characters,
HWE Suan shu shu. Christopher Cullen, former Di-
rector of the Needham Research Institute for study
of the history of East Asian science, technology and

4 For details supplied by William Noel, see (Netz and Noel
2007: 125).
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medicine in Cambridge, England, treats &#{ suan shu
as one word meaning “computation,” and therefore
has called this a “Book on Reckoning” in his trans-
lation with commentary (Cullen 2004). But I prefer to
translate each of the characters separately as “A Book
on Numbers and Computation.” Note the bamboo slip
carries the ancient seal character for 5 suan, but in
virtually all modern editions of this work this charac-
ter is rendered by the modern form of the character,
. suan.

The Suan shu shu is the earliest yet-discovered
mathematical text to survive from Chinese antiquity
from a dated archaeological context. Like other doc-
uments preserved on silk, bamboo, and bronze, it
constitutes an artifact from the time it was written.
When archaeologists excavating the tomb of an an-
cient Chinese nobleman at a Western Han Dynasty
site near Zhangjiashan, in Jiangling county, Hubei
Province, discovered a number of books on bam-
boo strips in December and January of 1983-1984,
these included works on legal statutes, military prac-
tice, and medicine. Among these was a previously
unknown mathematical work on some 200 bamboo

strips, the Suan shu shu, or Book of Numbers and
Computations. Based upon other works found in the
tomb, especially a copy of the Statutes of the Sec-
ond Year of the Lii Reign, archaeologists have dated
the tomb to ca. 186 BCE. When found in tomb 247
at Zhangjiashan, the individual bamboo strips con-
stituting the book were found amassed together in
the tomb, layered as in the figure below. The first
challenge facing archaeologists after deciphering the
characters on the strips, sometimes faded or illegi-
ble, was to rearrange the individual strips to reconsti-
tute the original book itself. This was not unlike the
challenge facing the conservators and editors of the
Archimedes palimpsest, who also had to tackle the
initial problem of reconstituting the original mathe-
matical text of the Ephodos.

As he approached the Archimedes palimpsest,
Heiberg photographed the pages from the palimpsest
that interested him, mainly those corresponding to
the Ephodos. More than a century later, these now
serve to document how the palimpsest has deterio-
rated dramatically over the past century, due to care-
less—one might say derelict—neglect to preserve it,
allowing mold to eat away at the parchment due to
overly-damp conditions. The Euchologion was further
compromised when its Parisian owner, in an attempt
to enhance its value probably sometime in the 1940s,
paid a skilled forger to paint illuminated panels over
several pages that had no such ornamentation when
Heiberg saw it in Istanbul at the turn of the century.

What is amazing is that Heiberg was able to read
as much of the palimpsest as he did. Apart from what
he could read himself, he had only the photographs
and a magnifying glass to aid him. However, high-
resolution laser technology has made it possible to
produce higher resolution composite images of the
Archimedes palimpsest, making it possible to recover
more information than Heiberg could make out a cen-
tury earlier. Above all, the new imaging techniques
have revealed the diagrams, as close to Archimedes’
originals as we are likely to get, and as Reviel Netz

This diagram shows the relative positions of individual bamboo strips from the Suan shu shu as they were found
when discovered by archaeologists excavating the tomb in which the book was found. From (Peng Hao 2002).
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argues, the mathematics for Archimedes was literally
in the diagrams (see below).

Amazingly, it appears that Heiberg paid little at-
tention to the diagrams, which in their published ver-
sion were drawn by Zeuthen. Nevertheless, accord-
ing to Netz, ancient mathematicians thought in terms
of diagrams, not in terms of text (Netz and Noel
2008: 132). But before turning to the actual diagrams,
and Archimedean arguments concerning circles and
spheres, it will be helpful to know something about
what the Chinese knew of Archimedes.

Archimedes was known in China, thanks to Jesuit
missionaries who used mathematics and science in
hopes of persuading the educated elite of the superi-
ority of Western Christianity. A complete translation
of Archimedes’ short treatise on finding the area of
the circle was translated into Chinese as the i & &/}
Ce liang quan yi (On the Measurement of the Circle)
and printed in 1635.

How did Archimedes determine the value of pi or
the ratio of the diameter to the circumference of a cir-
cle? A preliminary survey of the diagram of a circle of
unit diameter makes it clear from the perimeter of an
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inscribed hexagon, whose perimeter is exactly 3, that
the hexagon falls far short of what must be a larger
value for the circumference of the circumscribed cir-
cle—but exactly how much larger than 3 is the ratio
of circumference to diameter? Again, even a casual
inspection of a 12-sided dodecagon inscribed in the
circle in place of the hexagon (as above) will provide
a much better approximation of the ratio of circum-
ference to diameter than 3.

Considering this problem from the point of view
of approximating the area of the circle, Euclid proves
that the area is equivalent to the area of the trian-
gle whose height is the radius and whose base is the
circumference of the circle (see diagram above left).
When Euclid in Elements XII.2 determines the area
of the circle in terms of its diameter, he inscribes
regular polygons of increasingly-many sides to show
that their areas approximate as closely as one may
wish—the area of the circle. But application of this so-
called method of “exhaustion” is really a misnomer,
since the area is never completely exhausted.

Archimedes, in Proposition 1 of “On the Measure-
ment of the Circle,” adopts one of the most powerful
arguments in the arsenal of ancient Greek mathemat-
ics—a counterfactual argument that proceeds as fol-
lows:

Let ABCD be the given circle, and K the area of
the triangle of height equal to the radius and base
equal to the circumference of the circle. Then, if the
circle is not equal to K, it must be either greater or
less. By then appealing to both inscribed and cir-
cumscribed regular polygons, Archimedes shows

that neither of these alternatives is possible, QED,
the area of the circle must equal K.

On the left is a page from the Chinese translation of Archimedes’ On the Measurement of the

Circle (1635); on the right, given a circle 1 unit in diameter, the radius will be ¥ unit, and the

perimeter of the inscribed hexagon will be 3, clearly less than the circumference of the circle.
Thus the ratio of the diameter to the circumference of the circle must be greater than 3.
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As Geoffrey Lloyd puts it, “The Greek preference
for the method of exhaustion is thus evidence both of
their demand for rigour and of their avoidance of infi-
nite processes wherever possible” (Lloyd 1996). What
needs to be added is that although the Greeks did
seek to avoid actually infinite processes, they were
nevertheless prepared and willing to consider “po-
tentially infinite” processes—which could stop after
any arbitrary level of accuracy had been reached, the
process was exhausted, or the calculator had simply
grown tired of the process.

Knowing how the Greeks treated the problem of
finding the area of the circle, how did ancient Chi-
nese mathematicians approach this same problem?
Here a diagram drawn according to procedures to
determine the area of the circle as given in the Chi-
nese mathematical classic, the Nine Chapters on the
Art of Mathematics, through a commentary of the
3"-century mathematician LIU Hui and reconstructed
by DAI Zhen, about 1773, needs no explanation:

DAI Zhen’s diagram, as reproduced in
(Needham and Wang 1959).

Again, as for Archimedes, we don’t have the orig-
inal diagram and so must rely on various reconstruc-
tion (as above, by DAI Zhen), but as Reviel Netz would
say, in this case the diagram literally speaks for itself
and conveys the essence of the mathematical thought
in question.

Note that in the Chinese diagram, however, the
vertices are not lettered, but areas are identified by
color—the Chinese characters in the various areas
specify different colors, vermillion, yellow, and blue-
green.” The text itself refers to terms relative to the
triangles, but in Chinese there is no term for triangle;

> For an example of how Chinese mathematicians color-
coded their diagrams in the course of their proofs, see the
cover illustration of Christopher Cullen’s “Learning from Liu
Hui? A Different Way to Do Mathematics,” (Cullen 2002). The

reference is only made to the colored areas, and to
their sides and in the case of right triangles, their hy-
potenuses, respectively. Nevertheless, the gist of LIU
Hui’s argument as he gives it in the Nine Chapters, re-
lies on successively finer approximations of inscribed
polygons, as is immediately clear upon inspection of
the diagram. From the sides of the polygons, LIU Hui
can compute the area of the circle with increasing de-
grees of accuracy. For example, in the case of the in-
scribed polygon of 96 sides, his ratio of circumfer-
ence to diameter of 100 is equivalent to 314 64/624.

However, and this should be stressed because it
is an important conceptual difference between Greek
and Chinese thinking on these matters, LIU Hui al-
ways speaks of the [ii of the diameter and circum-
ference, in what he calls the “precise rate,” 50 and
157. He did not think in terms of a specific num-
ber like pi but of a pair of numbers relating diameter
and circumference. Another Chinese mathematician,
LI Chunfeng, speaks of the lii of diameter to circum-
ference as 7 and 22, and ZU Chongzhi takes the %%
mi lii (meaning “more accurate rate”) to be 113 and
355.

Returning now to the Archimedes codex, the re-
ally exciting discovery thanks to the text recovered
through the applications of modern technology and
computer imaging is Archimedes’ Ephodos and his
determination of the volume of the sphere. This is
Archimedes’ most famous result, established in his
treatise “On the Sphere and Cylinder,” wherein he
shows that the volume and surface area of a sphere
are 2/3 of the volume and of the total surface area
of a circumscribed cylinder, respectively. Archimedes
considered this his greatest discovery, and the corre-
sponding diagram, which said it all, was according to
ancient accounts, engraved on his tombstone.

What is of such importance in the Ephodos is
that Archimedes describes how he went about find-
ing these results, which he outlined in a letter to Er-
atosthenes. In part, here is what Archimedes says:

If in a cube a cylinder is inscribed whose bases lie
in opposite squares and whose surface touches the
other four planes, and if in this same cube a second
cylinder is inscribed whose bases lie in two other
squares and whose surfaces touch the four other
planes, then the body enclosed by the surface of

the cylinder and comprehended within both cylin-
ders will be equal to 2/3 of the whole cube.

He adds that he discovered this theorem by a cer-
tain “mechanical method,” as he had many others of
his published works. The gist of the proof is to take
various plane cuts or sections that are in proportion

illustration in question is a hand-colored version of the 5%|
xian tu (hypotenuse diagram), from a copy of the Zhou bi
suan jing in the Asian Studies Library, University of British
Columbia.
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to one another and show that they are in “equilib-
rium” or balance; knowing the result, Archimedes was
then able to derive a geometric proof applying the
method of exhaustion to establish the known result.

But there is one theorem in the Ephodos that is
different—the geometrical derivation of Proposition
14 that so excited Reviel Netz—because a large part
of this text could not be read by Heiberg. Proposition
14 establishes the volume of the sphere by examining
the proportional relations between cuts of infinites-
imal lamina; Proposition 15 then establishes this re-
sult rigorously using the method of exhaustion.

THE METHOD 45

We may supply the missing proof as follows®.
In the accompanying figure are represented (1) the first
¢ N o’
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\

element-prism circumseribed to the portion of the cylinder,
(2) two element-prisms adjacent to the ordinate OM, of which
that on the left is circumseribed and q c
that on the right (equal to the other)

inseribed, (3) the corresponding el t
prisms forming part of the prism cut ™ el
off (CC'GEDD )y which is § of the original \

prism.

In the second figure are shown
ibed and
inscribed to the auxiliary parabola,
which rectangles correspond exactly to
the circumscribed and inscribed element-
prisms represented in the first figure
(the length of GM is the same in both
figures, and the breadths of the element- &
rectangles are the same as the heights of the element-prisms);

] t-rectangles ci
4

(*]

* 1t is right to mention that this has already been done by Th. Reinach in
his version of the treatise (* Un Traité de Géométrie inédit d’Archiméde” in
Revue générale des sciences pures et appliquées, 80 Nov. and 15 Dec. 1907) ;
but I prefer my own statement of the proof.

The diagram for Theorem 14, as given in
(Heiberg 1909).

Archimedes was dissatisfied with his Theorem
14, and there were probably at least two reasons for
this—he did not regard results based on mechanical
procedures as described in the Ephodos as mathemat-
ically rigorous; and the use of indivisibles, as they
appeared in Theorem 14, were equally suspicious as
they involved the paradoxical notion of the infinite.
Since the time of Zeno and Democritus, the paradoxes
of the infinite had weighed heavily on Greek philos-
ophy and mathematics, hence the method of exhaus-
tion and its actual “limit avoidance,” precluding any
need to appeal to an actually infinite number of cases.

Nevertheless, we know that it is impossible to de-
termine the volume of a pyramid, for example, with-

out recourse to infinitary arguments, and likewise, to
square the circle or find the volume of a sphere or the
horse-shoe (toenail as Reviel Netz calls it).5 In Propo-
sition 14, Archimedes depended on the application
of an infinitary argument—one that set up a complex
series of proportional lines which Archimedes could
then show held for any plane or cut one might choose
to make—even though there were an infinite number
of such possible cuts to be made.

LIU Hui also considered the problem of finding a
formula for the volume of the sphere, given its diam-
eter. In Chapter 4 of the Nine Chapters, the diameter
d of a sphere of volume V is given as d = {/(16/9)V.
This result was known empirically, as a comment on
this passage states: “a copper cube of diameter 1 cun
weight 16 ounces, while a copper ball of the same di-
ameter weight 9 ounces: this is the origin of the ratio
16:9.”7

LIU Hui explains this result as follows in his com-
mentary. Consider a circle inscribed in a square. The
circle is % the area of the square. Now consider the
cylinder inscribed in a cube. The ratio of the volumes
must again be 3:4 (think of any plane cut through the
cube parallel to the base; the ratio is always the same).
If we assume the sphere inscribed in the cylinder is
% the volume of the cylinder, then the volume of the
sphere is %(34)d® or 9/16 of the volume of the cube;
hence d = /(16/9)V .8

But LIU Hui knows that this is not quite right, and
tries to get a more precise result. He notes that the
formula for the volume of the sphere as 3% the volume
of the cylinder would be exact if one considered not
the sphere and cylinder, but another object with a vol-
ume less than the cylinder, which he called a 24777
mouhe fangai, two “inverted umbrellas.”®

6 See (Netz and Noel 2008). A more detailed account of the
mathematics is given in (Tchernetska 2002: 109-125).

7 LIU Hui, commentary on the Nine Chapters, in (Qian Bao-
cong 1963, vol. 1).

8 LIU Hui, in (Qian 1963, vol. 1).

9 There is no agreement among historians of Chinese math-
ematics as to exactly how this phrase should be translated.
Donald Wagner prefers Yan LI's interpretation (Li Yan 1963:
59) of the phrase mouhe fanggai, adding that “An anony-
mous referee of this article for Chinese Science suggested an
alternative interpretation: ‘a combination of a pair of cov-
ers on a common square base’, mou meaning ‘double’ and
he having its usual meaning, ‘to combine’. This still leaves
open the question of what sort of ‘covers’ these might be.
The late Prof. Kurt Vogel pointed out to me the similarity
of the geometric form under consideration here with the
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(@)

A

(b) ©

()

This in fact is the bicylinder—the same figure
contemplated by Archimedes formed by the intersec-
tion of two cylinders at right angles to each other. Un-
fortunately, LIU Hui realized that he could not solve
the problem of finding the exact volume of this fig-
ure, but two centuries later, the mathematician ZU
Gengzhi managed to do so by considering 1/8 of the
cross section of the cube containing the bicylinder
(eight of these together would constitute the entire

ancient bronze or ceramic vessel type called a fang #i. In
the phrase mouhe fanggai the character J; fang could be
a loan character for this fang #j, and the phrase could be
translated, ‘a combined pair of fang #i-covers’. Bai Shangshu
(«JLEH M (8 «Jiu zhang suanshu» zhushi (Annotated edi-
tion of Jiu zhang suanshu), Beijing: Kexue Chubanshe, 1983:
123) interprets the cover as an ‘umbrella’ (san #x). Therefore
Crossley’s translation of Li Yan and Du Shiran (Li and Du,
Chinese mathematics: A concise history, trs. John N. Crossley
and Anthony W.-C. Lun, Oxford: Clarendon Press, 1987: 74,
85) translates mouhe fanggai as ‘two square umbrellas’. J.-C.
Martzloff (Histoire des mathématiques chinoises, Paris: Mas-
son, 1988: 270) interprets gai Z as ‘vault’ (in the architec-
tural sense) rather than ‘cover’, so that the phrase could be
translated, ‘a double vault’.” See (Wagner 1978: 59-79). See
also the modified web-site version of this paper, from which
the above has been quoted: http://www.staff.hum.ku.dk/db-
wagner/Sphere/Sphere.html. Among other changes, the web
version of Wagner’s paper uses pinyin transliterations rather
than the Wade-Giles transliterations to be found in the Chi-
nese Science version of this paper.

(d)

bicylinder, but since this is a symmetric figure, it suf-
fices to consider the case shown here in figure (a).

ZU Gengzhi dissected this cube using the two
cylindrical cuts, obtaining four pieces, one of which
he called the “internal” piece (b) and three “external
pieces” (c), (d), and (e).

Now, looking at any horizontal cross section
through the cube, ZU Gengzhi examined the relation
between the one “internal” cross sectional area (b)
and the three “external” cross sectional areas (c), (d),
and (e), and discovered that the area relations be-
tween the sections remained the same wherever the
cross section might be taken, pointing out that “this
is true whatever the height.”1?

The crucial application of a “Cavallieri” principle
then appears as follows:

The stacked #t gi (blocks) form the volumes, the

shi of the areas being identical, the volumes cannot
differ from one another.!!

10 7U Gengzhi, quoted from (Wagner 1978).
11 Wagner quotes ZU Gengzhi as follows:

BN
BESERE
RIEAER
If blocks are piled up to form volumes,

And corresponding areas are equal,
Then the volumes cannot be unequal.

46 Norices oF THE ICCM

VoLUME 2, NUMBER 2



And what of the #{ gi here? Is this really an in-
finitesimal lamina, as the 18"-century commentator
LI Huang has edited the text at this point to read mi
rather than gi? And is Donald Wagner right in agree-
ing that this should indeed be read as mi rather than
gi, which would correct the text to mean an infinites-
imal laminal surface or plane cut? Despite such ques-
tions, it seems clear that this gist of the argument ZU
Gengzhi is making is a version of Cavallieri’s princi-
ple.

6. Conclusion

In conclusion, how are we to account for this ex-
traordinary example of what appears to be near si-
multaneous discovery—or should we say creation—of
the same mathematical results and techniques by
mathematicians working in disparate locations and
cultures, but with the same intents and goals in mind?
Both Archimedes and LIU Hui devoted their lives to
mathematics. LIU Hui even realized there were prob-
lems he could not solve, but hoped one day they
would be.

This now sets the stage for a comparison of the
mathematics considered here, east versus west. Geof-
frey Lloyd has suggested that one way to view the dif-
ferences that distinguish Greek and Chinese thought
is in terms of adversaries and authorities. By enti-
tling his book comparing the two cultures as Adver-
saries and Authorities, Lloyd in a nutshell character-
izes what he takes to be distinctive differences be-
tween science in ancient Greece and China. In short,

Here, instead of gi in the first line, the 18"-century commen-
tator LI Huang edited the text to read % mi, amending the
text to mean an infinitesimal laminal surface or plane cut.
As Wagner remarks, “Though this statement might be un-
derstood in any number of ways, it is clear from the context
that it is in fact a statement of Cavallieri’s Theorem,” and
this seems a reasonable conclusion as I read this passage as
well. See (Wagner 1978).

if the examples may be the same, if you will, univer-
sal, in that we are dealing with right triangles, cir-
cles, inscribed polygons, spheres—whose mathemat-
ical properties may indeed by universal, especially if
idealized in the same way, whether in Athens or Xi’an,
one of the capitals of ancient China—the contexts in
which those universals are considered indeed may
differ greatly from ancient Greece to ancient China.

Lloyd sees the Greeks as developing their ax-
iomatic approach to proof, including the paragon of
their mathematical method with respect to the infi-
nite in the method of exhaustion and the use of indi-
rect proofs—namely the reliance on reduction ad ab-
surdum methods—as growing out of the adversarial
experiences of the Greek city states, the law courts,
and democratic arguments necessary to convince po-
litical adversaries of the acceptability, the legitimacy
of a given argument. The Chinese political context
placed greater emphasis on authoritarian rule, and
hence, Lloyd argues, there resulted a different sort
of argumentation. Reliance on authority in turn im-
peded the progress of mathematics in China, or so
this argument goes, whereas argumentation served to
advance the subject in Greece.

But more to the point, I think, Chinese mathe-
maticians were certainly willing to criticize bad or
poor results. The interest in finding better and bet-
ter approximations of the value of pi, or algorithms
for extracting square and cube roots, are examples to
consider. But Chinese mathematicians had little pa-
tience for a clever argument for the sake of argument;
there are no examples of counter-factual reasoning in
China, and when confronted by reduction ad absur-
dum premises, the Chinese reaction is “why begin by
assuming something you know to be false?”!1?

12 For examples, see the interesting if controversial study
by Alfred Bloom (Bloom 1981), and the review by Benjamin
Elman (Elman 1983).
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It may be that the Chinese were more practically
minded than the Greeks, and not interested in clever
sophistry for the sake of argument, but closer to what
constitutes the difference and character of reasoning
east and west, rather than authorities versus adver-
saries, Yin versus Yang, I would emphasize the differ-
ence between consensus in China versus contrariness
in ancient Greece, a comparison more aptly reflected
in the recent comparative study of Geoffrey Lloyd and
Nathan Sivin, The Way and the Word (Dao and A 6y0g).
Science and Medicine in Early China and Greece.'3
The differences between the i& dao and Adyog logos,
consensus and argument, whether they be the result
of sociological, political, or even psychological differ-
ences between east and west, is an open question for
more detailed and serious investigation.

However, what is apparent from comparison of
the mathematics of Archimedes and LIU Hui is that
wherever the human mind may confront mathemat-
ics, and specific mathematical cases like circles or
spheres—the goal is the same—to establish results,
discover relationships, and to provide arguments
not only for thier plausibility, but for their general
validity, laws if you will, governing all circles and
all spheres, whether they be in ancient Greece or
China, or the contemporary mathematics classroom.
As Plato understood, mathematics is one of the most
remarkable and enduring achievements of the human
mind.

7. Glossary
Proper Names

CAI Jixiang %5755
DAI Zhen #=

GUO Shirong 2%
GUO Shuchun HF
HORNG Wannsheng 3t # 4
HSU Kuang-Tai 4344
LI Cang #)ity

LI Chunfeng 277 J&
LI Huang 2=#

LI Xueqin 4=

LI Yan Z={®

LIU Hui %1%

LU Hou B 5

PENG Hao #i%

QIAN Baocong ¥z
Qin Shi Huang 44 %
SIMA Qian#] &
XIAO Can 4l

XIN Zhui ¥i&

XU Yibao #: X%
YANG Hui #5##

13 (Lloyd and Sivin 2002).

ZOU Dahai 45 Kifg
ZU Chongzhi fH##2
ZU Gengzhi tHMizZ

Book Titles

Ce liang quan yi #liz4% (On the Measurement of
the Circle) (Archimedes, 1635)

Er nian Lii ling —41#4% (Statutes of the Second Year
of the Ll Reign)

Hai dao suan jing #5554 (Sea Island Mathematical
Manual)

Jiu zhang suan shu JUE 547 (Nine Chapter on the Art
of Mathematics)

«Jiu zhang suanshu» zhushi (JLEHHTY TR (Anno-
tated edition of Jiu zhang suan shu) (Bai Shang-
shu)

(IEHARY B (Jiu zhang suan shu) zhushi
(Commentaries and Explanations for the Nine
Chapters on Mathematical Procedures).

Shu # (Numbers)

Shu shu %7 (Numerals and Arts/Skills)

Suan jing shi shu 5413 (Ten Mathematical Clas-
sics)

Suan shu shu #3# (Book on Numbers and Compu-
tations)

Sunzi suan jing 4 754 (Mathematical Classic of
Sun Zi)

Tian wen qui siang za zhan K% %5k (Divination
by Astrological and Meteorological Phenomena)

Wu shi er bing fang i1+ %% Jj (Prescriptions for 52
Diseases)

Wu xing zhan TiALY5 (Divination by Five Stars)

Xiangjie Jiuzhang suanfa #f# L5553 (Detailed Ex-
planations of the Nine Chapters of Computa-
tional Procedures)

Yongle dadian k%% K # (Yongle Encyclopedia),

Zhou bi suan jing F#54% (Computational Classic of
the Zhou Gnomon)

Zhou yi J#%5; (Book of Changes, the Yi jing)

Institutional and Place Names

Bing ma yong it (Terracotta warriors)

Chu boshu # 3 (Chu silk manuscript)

Chutu wenxian yanjiu yu baohu zhongxin
SR S b (Center  for  Excavated
Texts Research and Preservation, Tsing-Hua
University, Beijing)

Liye gucheng Qindai jiandu HLHSIZACHE  (Liye
Ancient City Qin Dynasty Bamboo Documents)

Mawangdui 5 EH# (Changsha, Hunan)

Qinghua jian 7&#£f# (Tsinghua Bamboo Slips)

Shuihudi Qin jian g% (Qin Bamboo Slips from
Shuihudi, Hubei)

Tsinghua University, Beijing &K%

48 Norices oF THE ICCM

VoLUME 2, NUMBER 2



Yuelushuyuan cang Qinjian 57 & b % i (Qin Slips
Collected by the Yuelu Academy)

Zhangjiashan Han jian 5&Z 1117 f# (Han Bamboo Slips
from Zhangjiashan, Hubei)

Miscellaneous terminology

Dao i& (The Way)

Fu # (to carry)

Fu tan #J¢ (transporting charcoal)

Gai # (vault)

Gou f] (shorter leg of a right triangle)

Gu f% (longer let of a right triangle)

Guan ¥ (government post)

Jiyue HJE (it says)

Kai fang shu B4 447 (Method of Finding the Square
Root)

Lu tang &/ (bamboo ladles/utensils)

Mi % (infinitesimal laminal surface/ plane cut)

Mi lii % (more accurate rate)

Mouhe fanggai 24 77% (two “inverted umbrellas”)

Qi # (blocks)

Shu yue AKF (the method says)

Sumi 5k (millet and rice/grains)

Shi ru fa de yi dou #Huikf3—3}(dividing gives the
answer in dou)

Shui tian #{H (farmland)

Suan shu #.# (numbers and computations/reckon-
ing)

Wei shi %% (as the dividend)

Xian 5% (the hypotenuse of a right triangle)

Yi qiu jisuan bianjie DIKEFFEAESE (to facilitate the
computation of that which is sought)

Yu shi )% (feathering arrows)
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