Eigendecompositions and fast
eigensolvers for Maxwell equations

by So-Hsiang Chou” and Wen-Wei Lin'

Maxwell Equations and Constitutive
Relations

In this article we report some recent advances
[7, 11] and their extensions in the computation of the
band structures of photonic crystals, engineered pe-
riodic structures made of two or more materials. Our
approach is to deduce explicit eigendecompositions
for the discrete single and double curl operators as-
sociated with the eigenvalue problems resulting from
the discretization of the Maxwell eigenvalue problem.
These decompositions can be efficiently computed
due to our specific and judicious design of the bases
for the range and null spaces for which Fast Fourier
Transform (FFT) can be used to accelerate the compu-
tation. Furthermore, as a result we can derive the null
space free method to avoid the commonly annoying
large null space issue when it comes to applying itera-
tive eigenvalue solvers. The reduction of the problem
size is often substantial. We will discuss a few sign-
posts that made our approach possible and promis-
ing to tackle more complicated problems related to
metamaterials.

To begin let us consider Maxwell equations in the
most widely used form:

V-D=p,
V.B=0,

(1) 9
VXE=-9,

VxH=J+%
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which mathematically summarizes the Gauss law,
Gauss law for magnetism, Faraday’s law of induction
and Maxwell-Ampere’s law. Here E denotes the elec-
tric field; # the magnetic field; D the electric displace-
ment; B magnetic induction; p the electric charge den-
sity, and J the current density. The four basic equa-
tions must be supplied with constitutive relations re-
lating the field variables in their working environ-
ment. For example, in vacuum state the constitutive
relation is

D = ¢gE,

(2)
B =uH,

where g and uy represent the vacuum permittivity
and vacuum permeability, respectively. This classi-
cal form of Maxwell’s equations has been studied and
used extensively. However, more complicated consti-
tutive relations are required in studying and devel-
oping modern materials. We need to consider generic
relations that allow permittivity € and permeability p
to be functions of frequency, electric and magnetic
fields and space variables x, i.e.,

D=¢(w,x,E,H)E,

(3)
B=yu(w,x,E,H)H.

For example, constitutive relations in photonic crys-
tals problems [21, 22] and in plasma phenomenon
problems [13] fall into the above category. Further-
more, if the permeability and permittivity of medium
are both negative, it was theoretically predicted in the
sixties [20] that the phenomena of negative refrac-
tion and backward waves would occur. Nowadays [25]
such phenomena can be observed in man-made bian-
isotropic complex materials. Their constitutive rela-
tions are characterized by the magnetoelectric as well
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as ¢ (permittivity tensor) and u (permeability tensor):

D=¢eE+EH,

@ B=uH+(E,

where & and ¢ are the coupling constants. Exploring
Maxwell’s equations under the above constitutive re-
lations mathematically and numerically is one of the
important endeavors in the research of metamateri-
als [16, 18, 19].

Continuous Maxwell Eigenvalue
Problem

One of the major issues in studying the propaga-
tion of electromagnetic waves in a periodic structure
is the determination of the band structure. In the con-
text of photonic crystals, there may exist [23] a fre-
quency range where no electromagnetic eigenmode
exists. Such a range is termed a band gap, just as in
solid state physics [12]. In such band gaps, the elec-
tromagnetic wave will be reflected, trapped and trans-
ported in the material. Mathematically, to find the gap
we need to solve an eigenvalue problem associated
with Maxwell equations subject to the associated con-
stitutive relations. It is quite obvious that due to the
complexity of the lattice structure of the material, the
tensorial material parameters in the constitutive rela-
tion, and so on, numerical modeling turns out to be
an indispensable and crucial tool in the investigation.

Before discussing the numerics, let us introduce
some necessary assumptions or conditions to arrive
at the eigenvalue problem for finding the band struc-
ture.

1. Time-Harmonic Assumption Generally, we as-
sume that the source of the electromagnetic wave is
harmonic in time:

E(x,t)=¢ '"E(x) and H(x,t)=e ""H(x)

where o represents the frequency and : = +/—1. By
this assumption, we can transform Maxwell equations
from the time domain to the frequency domain. By
convention, we denote the space field by the same
symbol for the temporal-spatial field.

2. Bloch’s Condition [3] If the electromagnetic wave
travels in a periodic or a lattice structure with trans-
lation vectors a;,l = 1,2,3, then we will assume that
the electric and magnetic fields E(x),H(x) satisfy the
quasi-periodic condition

(5) E(x+a)) =™ E(x) and H(x+a;) =™ ¥ H(x),

where the Bloch wave vector « lies in the first Brillouin
zone. In the study of photonic crystals, three typical
lattices in the cubic system are: the simple cubic (SC)

lattice, the body-centered cubic (BCC) lattice, and the
face-centered cubic (FCC) lattice. They have different
first Brillouin zones and the common angle between
any two translation vectors of the lattice is 90° for
SC, 120° for BCC and 60° for FCC. For simplicity of
presentation we will only discuss the SC lattice case
and provide references for other cases.

3. Boundary Conditions Sometimes, when an infinite
medium is simulated in band structure calculations,
perfect magnetic or perfect electric conductor bound-
ary conditions (PMC or PEC) need to be imposed. An-
other commonly used boundary condition is the Per-
fect Matching Layer (PML) condition [2, 5, 9] when an
infinite domain is reduced to a finite one.

Using the constitutive relations (4), time-
harmonic assumption, and the source free condition
J=01in (1), we can derive the following equation in
matrix (operator) form

Vx 0 E] ¢ u E
o [N la]el S SR
Since w is to be found as well, this equation repre-
sents a generalized eigenvalue problem (GEP) in op-

erator form. This is the starting point for all the band
structure problems discussed below.

Discrete Maxwell Eigenvalue Problem

Since it is hardly possible to solve the contin-
uous GEP (6), we must develop a discrete model
by proper discretization schemes that can preserve
main properties such as the divergence conditions,
i.e., Gauss law and Gauss law for magnetism in the
continuous model. Below we discuss two main dis-
cretization techniques: Yee’s staggered finite differ-
ence scheme and the finite element method using
edge elements.

Eigendecomposition of Discrete Operators from
Yee’s Finite Difference Method

We use Yee’s scheme [24] to discretize Eq. (6)
on the cube of side length @, where « is the lattice
constant. Let us find first the discrete versions of
the single curl operators V x E and V x H. Denoting
E =[E|,E2,E5|", H = [H,Hy,H;]", and noting that

ayEg —8ZE2 = (V X E)[7
(7) 8ZE1 — 8XE3 = (V X E)z7
o E> —ayEl =(VXE)s,

and

8},H3 —0d,H, =(VxH)y,
(8) 8ZH1 — o H; = (V X H)z,
o Hy 78);1‘11 = (V XH)3,
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we discretize Eqgs. (7) and (8) at the centers of cell
faces and edges, respectively. More specifically, let &,
d,, and & be the grid lengths along the x, y, and z direc-
tions respectively, and let », ny, and n3; be the num-
bers of (computational) grid points in the x, y, and z di-
rections, respectively, i.e., nj =a/d,n = a/d;,n3 = a/8..
The number of grid points is n = nynyns.

The approximate function values due to finite dif-
ferences are represented by the grid points indexed
by i, j, and k and the “half grid points” indexed by
i=i+1 j=j+1 and k=k+ 1. An arbitrary point
(rox,s6,,16;) in the computational domain is denoted
by x(r,s,r), where r,s,7 € R:

9) x(r,s,t) = (r0y,50y,t5;).

Fori=0,...,ny—1, j=0,....np—1,and k=0,...,n3 -1,
we use

o Ei(i,j,k), E2(i,],k), and E3(i, j,k) to denote approx-
imate values of functions E;, E,, and E; in vector
form, at the edge midpoints x(i, j, k), x(i, j, k), and
x(i, j, k), respectively.

o Hi(i,},k), Hy(i,j,k), and Hs(i,] k) denote approxi-
mate values of functions H,, H,, and H; in vec-
tor form at the central face points x(i, /, k), x(, j, k),
and x(i, j, k), respectively.

Finally, by using the vectorization function of a ma-
trix F e Cmxmaxms;

vec(F(1:my,1:my,1))
vec(F(1:my,1:my,2))

Now the centered difference approximations of
o.E> at x(i, j,k) and d,E3 at x(i, j,k) are

(11)
E2(1+17.;7k)_E2(17f,k) E3(l+17]7]2)_E3(lv.]7]%)
5 and 5 ,

respectively, fori=0,1,...,n,—1, j=0,1,...,n,— 1, and
k=0,1,...,n3 — 1. Applying the periodic condition (5)
along the lattice translation vector a; = a(1,0,0)", we
have

EZ(nlaf:k) = elznk'a]EZ(Oajvk) and
E3 (l’l] 7j’]2) = el27Tk'a1E3 (Oa _].,IAC),

for j=0,1,...,no—1and k=0,1,...,n3 — 1. Thus, using
the notation e, defined in (10), the matrix representa-
tions of the discretizations in (11) are Cje, and Cje3,
respectively. Here,

Cl = In2><n3 ®K] € (Cnxn

and

. c (Cnlxnl.
o -1

elzﬂk~al —1

Similar derivation can be done to the remaining two
directions.

With the above motivation, we can now describe
the expected form for the discrete GEP as:

c 0 e | Bg D e
a2 [ o [n]=e 5 S

vec(F) = ,
vec(F(1:my,1:mp,m3)) where D, and D, are diagonal matrices, B, and B; are
sparse matrices. (These matrices are the discretized
we define versions of their continuous counterparts in (6).) In
e par.ticular, Cis the discrete matrix of curl operator,
(10) e=le] e e] €C” which can be defined by
h=[h] h] h]] ec™ 0 -¢ O
(13) C=| ¢ 0 - |eCms
with e, = vec(E;) and h, = vec(Hy), for £=1,2,3, and the ¢ G 0
3n-by-3n diagonal matrix
with
-
B = diag [{VGC(BI)T’Vec(Bz)T’VeC(B3)T} } ecmn (14a) C;=86;" (Iny @ In, @ Ka ) ) € T,
(14b) Cy =8, (Iny @ Kayn, @1, ) € T,
Let us just look at how to derive the matrix rep- (140) Cs = 871 (Kayms @y &) € C°7
resentation of the discretization for (7) by finite dif- 37 % Nasny Slm Sim ’
ferences at the central face points x(i, j, k), x(i, j, k), and in which
x(i, j, k), respectively. Since we are concentrating on SC
lattices, the description will be easy. For other lattices -1 |
the procedure is more involved but in any case, the (15) Ko = comm.
key point is to explore the periodic properties asso- ’ -1 1
ciated with the lattice translation vectors. e2mka —1
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It is of course clear now that

(i) The matrices Cy, C;, and C; are the discretizations
of the operators d,, d, and J, at the central face
points, respectively.

(i) ¢}, C; and Cj are the discretizations of the opera-
tors —d,, —d, and —d;, at the central edge points,
respectively.

(iii) The matrices C*C and &L ® (G*G), G =
[c] ¢ ¢]]', are the discretizations of
the operators V x Vx and —V? at the central face
points, respectively.

How do we effectively solve (12) using its eigenstruc-
ture is the focal point for the remaining part of this
paper. We will first find eigendecomposition of the
left hand side matrix. The fact that the singular value
decomposition (SVD) of C can be obtained by Fast
Fourier Transform (FFT) is the most important fea-
ture of our approach in solving problem (12). It is
well known that the eigendecompositions of C*C and
CC* are closely related to the SVD of C. The eigende-
composition of C*C with the face-centered cubic (FCC)
lattice translation vectors has been developed in [11].
We will use the techniques of [11] to derive the eigen-
decompositions of C*C and cC* for the simple cubic
(SC) lattice with Cy, £ =1,2,3 in (13). The idea is to first
ask if these C, can be diagonalized simultaneously.
Recall from the earlier remark that these matrices
are discrete versions of partial differentiation and so
commutativity of multiplication among them should
be expected, especially in the (symmetric) simple cu-
bic case. We spell out the simultaneous diagonaliza-
tion below. Recall that the exponentials are the eigen-
functions of partial operators and the Bloch’s condi-
tion, the following quantities reflect these features in
the discrete case. Define
2ri  2nk-a

em,i + ea,m =—+ y
m m

(16) Dayn = diag (1,8, eln= b ),

um.i:[l eOmi .. pm=1)0y; ]T
fori=0,...,m—1and

Un = [ W0 W, m—1 ] € (mem7

(17) : 6, 6, 6, 6,
Aa,m — dlag( e m,0+t6am _ 1 e e mm—1+0am _ 1 ) .

By the definition of K, ,, in (15), it can be easily verified
that

Ka.m (Da.mUm) = (DaﬁmUm)AaA,nr
Let

1
7

Note that the matrix-vector multiplication of 7 (by a
vector) can be reduced to several one dimensional

(18) T= Day iy @ Day iy @ Day iy ) (Uny @ Uny @ Uy, ) .

cases by the following two formulas of Kronecker
product

(A9B®C)(DRE®F) = (AD)®(BE)® (CF),
(BT ®A)vec(X) = vec(AXB).

where vec is the vectorization function. We remark in
passing that if the periodic structure is a FCC lattice
the matrix-vector multiplication of T can also be re-
duced to several one dimensional cases, the details
can be found in [11]. Moreover, the complexity of
matrix-vector multiplication of 7 can be accelerated
from O(n?) to O(nlogn) in SC and FCC by FFT.

Now the eigendecomposition of Cy, £ =1,2,3 can
be stated as

Theorem 1 (Eigendecompositions of C,, ¢ = 1,2,3).
The unitary matrix T in (18) can simultaneously di-
agonalize C;, 0 = 1,2,3:

(19a) CiT =8, "T (Iyy ® I, ® Aay ) = TA,
(19b) CoT =8 'T (Iy ® Aaym, @1, ) = T,
(19¢) CT = 8T (Aaymy @1In, ® 1, ) = TAs,

where A,, ., are from (17).

Thus, the null spaces of ¢*C and CC* can be de-
rived immediately. To this end define

(20)
A

Qo= (LRT) | A /\;1/25(13®T)H07 Py=(L®T)I,
A3

where A, = AjA| + A5 A+ AjA3. Then Qg and Ry form or-
thogonal bases for the null spaces of C*C and CC*, re-
spectively. Here we need an additional assumption so
that A, is positive definite: Assume k = (kj,kz,k3) " #0
with 0 <k, ko, k3 < 1.

Next, we apply the techniques developedin[7, 11]
to form the orthogonal bases for the range spaces
of C*C and CC*. Firstly, letting A, = [BA3 — Ao, A —
alz, aAy — BA(]T, considering the full column rank
matrix 7y = [«T ",87",T"]" with nonzero « and 8, and
taking the orthogonal projection of 7; onto Q, and P,
respectively, we have

(21a) Q1= (1- Qo Ti (AjA,A,") "
(0Ay — BAI)AS — (A1 — aA3)AS
= (13 ® T) (ﬁ/\3 7/\2)/\% — ((XAZ — ﬁA])AT
(A1 — 0A3)AT — (BA3s — A2)A3
< (AsApA ) 2
= (13 & T) H17
21b) P = (I—RB) Ty (AsAA, ") = (e T) T,
Then @, and P, are orthogonal, and (C*C)Q; = 014,

and (CC*)P; = PiA,. Secondly, in order to form the re-
maining part of the orthogonal basis for the range
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spaces of C*C and CC*, we apply the discrete dual-
curl and curl operators on Tj, respectively. That is,
we premultiply 7; with C* and C, respectively, to get

(22a) 0, =C"Ty (AyA,) 2
hns— —1/2
=(BOT) | Aj—aA; | (ALA))
an; — BA
= (13 ® T) I1,,
(22b) P =CTi (AA,) P = (5o T) (-TD) .

One can easily check that (C*C)Q, = 0,A;, and
(CC*)P, = P A,. From (20)-(22), we define

(23a) 0=[01 @ Q) =@HeT)[ I I,
(23b) P=[p P R|=([HeT)[-1I, I ).

Finally, the eigendecomposition of C*C can be for-
mally stated as follows.

Theorem 2 (Eigendecompositions of C*C). Let A;,
i=1,2,3 be defined as in (19a)-(19c). Then

(24) C*C = Qdiag (A, Ay,0) O*

where the unitary Q is from (23) and A, = AjA 1 +AS Ao+
A3A;.

A similar statement holds for CC* as well with Q
replaced by P. From this statement and (24), we can
construct the left and right singular vector matrices
P and Q for C with an optimal complexity if possible.
Note that since nonzero eigenvalues of C*C have even
multiplicities that can be very large, the choices of
bases for P and Q in (23) are not unique. The special
choices of bases for P and Q in (23) are nontrivial and
essential for the practical availability of the SVD of C.

Theorem 3 (Singular value decomposition of C). Let
A, and (Q,P) be defined in (23). Assume that the vector
k = (ki,ko,k3)" is nonzero with 0 < ky,ko,k3 < 1. Then,
the matrix C has the SVD

(25) C = Pdiag (Al/2 Al/2 ) Q* =P.X,0,
where
P.= [P, P], Or=[01, 2], L, = diag (Al/z Al/z)

where P, Q;,i = 1,2 are from (23).

We now give an example to show how the eigen-
decomposition of C*C can be used to solve GEP (12).
Let us assume that the material under consideration
is non-magnetic (D, = /) and is such that B, and B; in
(12) are the zero matrix. Then problem (12) becomes
a discrete double curl GEP for the electric field e:

(26) C*Ce =m°Dge,

which has a large null space by Theorem 2. The same
theorem suggests a powerful technique to reduce (26)
to a null space free eigenvalue problem (NFEP).

A general transformation from the GEP to the
NFEP has been shown in [11]. In the present context
it is based on the following theorem.

Theorem 4 (GEP to NFEP). Let

A=C"C, B=D., and A,=diag(A;A,).

Then we have
(27)  span {BilQ,A,%} ={x | Ax=ABx, A >0}

and
(28) {A |Ax=ABx, A >0} ={A | A,y = Ay},

where
1 1
Ar=A2QIB' QA7
In fact, from Theorem 2 and notation in Theo-
rem 3, we have A = Q,A,Q*. Now

(B7'4) (B'0A%) = (B 00,0;) (B QA7)

~ (B7'0:A) A,

and consequently span{B~ 1Q,A1/ 2} is an invariant

subspace of B~'A associated with the eigenvalues of
A,. Since A, is positive definite and has rank 2», asser-
tions (27) and (28) hold.

Now applying the last theorem to (26) we arrive
at

(29) Au=w’u
where
1 1 _1
A, =A2Q:D'Q,A? and u=A,2QDce.

This technique is called null space free method
[7, 11], which is capable of reducing (26) to a prob-
lem like (29) that contains only all the nonzero invari-
ant eigen-subspaces. Due to the facts that the matrix-
vector multiplication of Q, can be accelerated by FFT,
and that the matrix A, is positive definite with small
condition numbers (two digits sometimes), problem
(29) is much easier to solve than the original problem
(26). Furthermore because the special choices of the
bases mentioned before, this method requires only
the storage of diagonal matrices and vectors, which
significantly save the computer storage space.

If the material is metal, the permittivity £ should
be considered as a function of frequency w, and one
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of the most often used model of permittivity for a
metallic material is the Drude model [10, 17] in which
o
(30) g(w) = 1_m7
where w, is the plasma frequency and y is the colli-
sion frequency or damping constant. Note that with
v small € could be “negative”. Under this assumption,
(12) can be transformed into a polynomial eigenvalue
problem for which Jacobi-Davidson method or Resid-
ual Arnoldi method is applicable. No matter what
method one adopts, there are some linear systems
that must be solved along the way. Fortunately, the
technique of FFT can be used to design good pre-
conditioners so that these linear systems can be ef-
ficiently solved. Further details are discussed in [7].
In addition, if { and & are mutually complex con-
jugate in problem (12), then the material is a spe-
cial case of complex media called Reciprocal Chiral
medium or Chiral medium. Further if De —B:D,,'B; >0
(Hermitian positive definite), then by using the null
space free method to remove the null space of (12),
problem (12) can also be simplified into the following
form

31) l[ 0 -I

- L®R)
oo |[VT e
where matrix R is the range space of (12) and can be
written as

. (De —BeD,'By)™* 0
= _1
0 Dy’
B:D-! I
X { 5111 E)" }diag(P,-,Qr).
—13n
_y-1 . . . . .
Since z[zﬂ)l 7;) } is symmetric and since R*R is posi-

tive definite, the matrix-vector multiplication of ma-
trix R still can be accelerated by FFT, so that the com-
putational cost remains low and the storage can also
be mostly reduced. Once again all these advantages
are due to the FFT and the singular value decomposi-
tion of the curl matrix C. Further details of such ap-
plications can be found in [7].

Discrete Maxwell Eigenvalue Problem by Edge
Elements

The finite element method has been used exten-
sively in engineering and science, but its use in the
fundamental research of photonic crystals is more re-
cent [25] and a critical assessment of the finite ele-
ment method for two dimensional photonic crystals
can be found in [1]. The mathematical theory of finite
element methods for Maxwell equations is subtle and
can be found in [14]. We will now directly derive a dis-

crete weak formulation from a computational view-
point, avoiding using the language of H(curl) spaces
and trace operators via duality, which is necessary
if a continuous weak formulation were to be found
first. The main point of the informal approach is to
bring out the interplay between interelement bound-
ary conditions and between outerface boundary con-
ditions and Bloch’s periodic boundary conditions.

Consider a nonmagnetic material with the consti-
tutive relation (3), so that (6) is valid over a domain Q
in R™:

(32) VxVxE=AeE,

appended with a divergence free condition. Note that
if A # 0 then the divergence free condition V-eE =0
is naturally satisfied. On the other hand if A =0, then
those E generated by potentials i.e., E = V¢ are in the
null space of the double curl operator. Whether the
space is large or trivial hinges on the boundary condi-
tion associated with the Poisson equation V-eV¢ = 0.
When Bloch’s quasi-periodic condition is enforced, a
large null space arises as a result. The null space is
trivial when on the boundary ¢ is constant or equiva-
lently the tangential component of E is zero. A good
discrete weak formulation of (32) will respect these
features as well as discontinuity in the material pa-
rameter ¢ due to the presence of different diaelectric
or matallic materials in a photonic crystal.
Let

§ = U;.l:lKr7

be a subdivision of Q into a union of simplices and
let

(F.8)k = | S0M)dx. (1o = [ Fx)3(do

be the usual L? scalar products on a region K and its
boundary JK, respectively. Using vector identities

a-(bxc)=(axb)-¢ and V-(axb)=(Vxa)-b—a-(Vxb),
we can deduce the integration-by-parts formula
(33)

(VXVXE W)k =(VXE,VXW)gk+mxVXEW)yg
=(VXE,VxW)g+(nxVXxEWr)yk,

where
Wr=mxW)xn

is the tangential projection of W to 0K and n is the unit
exterior normal on JK. Here we have assumed E and
W have the the required smoothness. Now applying
(33) with K = K, for all r and summing, we arrive at a
weak formulation

(34)

(VXE,VxW)a+Y (nxVxEWrlg )k = Ae(E,W)q,
r
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where Wr |k, is Wr from the side of K,. The second term
on the left contains contributions of surface integrals
from interior surfaces common to two K,’s and sur-
face integrals from the boundary of Q. The interior
portions can be made zero pairwise due to the op-
posiste signs of the two normals, provided that we
choose W to have continuous tangential components
across the interfaces and assume E is smooth. The
boundary portions can be handled by the imposed
boundary condition. On the one hand, if the whole
boundary is also the boundary of a unit cell of a lat-
tice then the boundary condition is a natural bound-
ary condition and Bloch’s condition should hold for w
if we adopt Galerkin method in which the test space is
the same as the trial space, the electric field space. On
the other hand, if the unit cell is just a part of the com-
putational domain Q, then part of the boundary may
contain Dirichlet condition for E x n. Of course, there
are other possible boundary conditions that may be
imposed. With this in mind, the finite element test
space is taken to be the edge elements of Nedelec
or Whitney [15, 6]. The discrete eigenvalue problem
takes the form of finding E, € NV, such that

(35) a(Ep,W) =Ae(Ep,W)a, YW €N,

where

(36) a(Ep,W)=(VXE,VxW)o+(nxVxE,Wr)q.

In terms of basis functions {W;}, we have a GEP
Ax = ABx,

where A;; = a(W;,W;) and B;; = £(W;,W;)q. If the bound-
ary term on the right of (36) is zero (e.g., PCE bound-
ary condition imposed) then both A and B are Hermi-
tian and the GEP can be directly solved by Arnorldi’s
method and some basic linear solvers. Does the SVD
approach in the previous section carry over? Edge ele-
ments on bricks (hexahedra) are equivalent to the Yee
cells as hinted by notations following (9) (cf. [5, 9]).
Extension to edge elements on tetrahedrons is under-
way. Now let us look at the case when (35) is to be
solved on Q, a unit cell of an ideal SC lattice. Thus no
degrees of freedom are to be imposed on JQ. Using
brick edge elements one can check that the boundary
term on the right of (36) is zero, since nx VxW; =0
on boundary surfaces. Hence the matrix A is Hermi-
tian. For the unknowns x, the boundary unknowns are
related by Bloch’s condition:

_ ez:::k-axi’

X4

where (+,—) can be the top-bottom, right-left, or
front-rear pair. Setting % = (xo,x;,Xp,%,) | into the inte-
rior part and boundary parts and expressing the ex-

ponential multipliction as a matrix, we turn the Her-
mitian system Ax = ABx into another Hermitian one:

P*APX = AP*BPX.

Extension of the SVD approach to this form for
brick and tetrahedral edge elements is underway.

A final remark is in order here. We can always
start with a weak formulation of the continuous
model using integration by parts and arrive at

(VXE,VxW)q+mxVxE,Wr)ya=Ae(E,W)g.

The boundary term (n x V x E,Wr)yq can be further
simplified, depending on the boundary conditions
imposed. Actually we can drop the contribution from
the pair (top, bottom), (left, right) or (front, rear) sur-
faces if on that pair the Bloch condition is imposed.
For example, if the condition is on the (R = right, L =
left) pair, then

(l’lR x V x E|R7WT|R)R = (7nL x V x eZﬂtk-aE‘beka-aWT‘L)L

= —(nL xV XE|L7WT‘L)L-

Thus
(l’l x V x E,WT)RLJL =0.

If the Bloch condition is imposed on dQ and a con-
forming approximation such as the edge element is
used, we then have a Hermitian system.

Numerical Results

In this section, we present some numerical results
of band structures for perfect vacuum state, photonic
crystal and chiral medium with simple cubic lattice
structure. Yee’s scheme is used in the discretization.
The medium is composed of cylinders and spheres. In
this case, the first Brillouin zone of the simple cubic
lattice is formed by the corners

. T _271: 1 T
G=[0 o0 0], x=="[} 0 0],
_2mr T 2Ty T
M_a[Z 20}7R_a[2 2 2]’

where « is the side length of the simple cubic lattice.
The permittivity of material is ¢ and outside of the
material is air with permittivity g. We set the matrix
size in (12) to 4 x 50°. We first show the band structure
with constitutive relations (2).

Since in this case the permittivity is g every-
where, in Figure 1 we see that there does not exist
any band gap in low frequencies, which is both intu-
itively and theoretically expected. So we pay attention
to the next case in which the material is made up of
spheres that are connected by circular cylinders.
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Figure 3. The band structure with
& =13, =050, = —0.5i.

The associated permittivity g is set to 13, and {
and & set to zero. We can see in Figure 2 that there
appears a complete band gap around o = 0.4 to 0.5.
In Figure 3, we see what happens if the material is
chosen to be a complex medium. In this figure, the
associated permittivity g; is still set to 13. In addition,
¢ and & are set to 0.5i and —0.5i, respectively.

We can observe that each eigen-curve splits into
several eigen-curves and that the band structure
seems to be wider than the band structure in Figure 2.
However, the above figures are just some preliminary
examples, we believe that there are more interesting

physical phenomena to be found by expanding and
improving the present approaches.

Conclusions

We have reported some recent advances [7, 11]
and their extensions in the computation of the band
structures of photonic crystals. Our approach is to
deduce explicit eigendecompositions for the discrete
single and double curl operators associated with the
eigenvalue problems resulting from the discretiza-
tion of the Maxwell eigenvalue problem. One major
strength of our method is that these decompositions
can be efficiently computed by FFT; resulting in novel
creation of fast eigensolvers. Another strength is that
the efficient computational realization of the null
space enables us to derive the null space free method
to avoid the commonly annoying issue of large null
space, when it comes to applying iterative eigenvalue
solvers. Furthermore, the reduction of the problem
size is often substantial. All these claims are further
supported by the numerical results.

Overall, the strengths of our approach can be at-
tributed to the success and better understanding of
the following two steps:

a. explicit constructions of eigenstructures of the
discrete single and double curl operators.

b. judicious design of bases for the associated
eigenspaces that makes application of the FFT
possible.

Our future works will concentrate on further devel-
opments and generalizations of these two steps in
underlying problems. Step ais independent of the ap-
plication of photonic crystals. So far our discrete curl
operators are all based on either Yee’s finite differ-
ence scheme or its counterpart in the edge element
finite element schemes. While these schemes have
shown to be very robust, they are only of lower or-
der accuracy. When smoother solutions are involved
it is important to investigate the issue for higher or-
der edge elements. Also since the discrete curl opera-
tors not only depend on the discretization but also on
the underlying boundary conditions, we want to gen-
eralize this step to include Dirchlet, Neumann, and
PML conditions associated with not only eigenvalue
problems but also source problems. Explicit construc-
tion and deeper understanding of the eigenstructure
for the curl-type discrete operator resulting from the
idea of complex stretching in the PML case would
constitute a major advance in the related fields. All
these issues are currently under investigation in our
project outlined in [8]. Concerning Step b, we note
that the fact that the computational domain is a pe-
riodic structure plays a central role and how to ac-
celerate computation of the matrix-vector multipli-
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cation via FFT often depends on a good understand-
ing of the tensor representations involved. Finally, we
point out that while there are other existing methods
for Maxwell equations [4] such as the (discontinuous)
Galerkin method and mixed methods, none have con-
sidered the above two steps together in their design.
Without considering them together, it seems much
harder to design fast solvers.
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