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1. Introduction

Let P(x) = 0 be a system of n polynomial equations

in n unknowns. Denoting P = (p1, . . . , pn), we want to

find all isolated solutions of

p1(x1, . . . ,xn) = 0,
...(1)

pn(x1, . . . ,xn) = 0

for x = (x1, . . . ,xn). This problem is very common in

many fields of science and engineering, such as for-

mula construction, geometric intersection problems,

inverse kinematics, power flow problems with PQ-

specified bases, computation of equilibrium states,

etc. Many of those applications has been well docu-

mented in [40]. Elimination theory based methods,

most notably the Buchberger algorithm [7] for con-

structing Gröbner bases, are the classical approach

to solving (1), but their reliance on symbolic manipu-

lation makes those methods seem somewhat limited

to relatively small problems.

Solving polynomial systems is an area where nu-

merical computations arise almost naturally. Given

the complexity of the problem, we must use standard

machine arithmetic to obtain efficient programs.

Moreover, by Galois theory explicit formulas for the

solutions are unlikely to exist. We are concerned with

the robustness of our methods and want to be sure

that all isolated solutions are obtained, i.e., we want

exhaustive methods. In 1977, Garcia and Zangwill
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[12] and Drexler [11] independently presented theo-

rems suggesting that homotopy continuation could

be used to find the full set of isolated solutions of (1)

numerically. During the last few decades, this method

has been successfully developed and proved to be a

reliable and efficient numerical algorithm for approx-

imating all isolated zeros of polynomial systems.

In recent years, a new research area calledNumer-

ical Algebraic Geometry has emerged. In which, de-

veloped homotopy continuation methods in finding

all the isolated zeros have been employed to identify

irreducible solution components of polynomial sys-

tems, finding their dimensions and their degrees. Sev-

eral software packages, such as: PHCpack [42], PHoM

[14], HOM4PS [9, 22, 26], Bertini [4], have been pro-

duced for those purposes. In this short survey, we

only focus on the fundamental ideas of the methods

in finding all the isolated zeros of polynomial sys-

tems.

2. Deficient Polynomial Systems

In the early stage, the homotopy continuation

method for solving (1) is to define a trivial system

Q(x) = (q1(x), . . . ,qn(x)) = 0 and then follow the curves

in the real variable t which make up the solution set

of

0 = H(x, t) = (1− t)Q(x)+ tP(x).(2)

More precisely, if Q(x) = 0 is chosen correctly, the fol-

lowing three properties hold:

Property 0 (Triviality). The solutions of Q(x) = 0 are

known.
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Property 1 (Smoothness). The solution set of H(x, t) =
0 for 0 ≤ t < 1 consists of a finite number of smooth

paths, each parametrized by t in [0,1).

Property 2 (Accessibility). Every isolated solution of

H(x,1) = P(x) = 0 can be reached by some path orig-

inating at t = 0. It follows that this path starts at a

solution of H(x,0) = Q(x) = 0.

When the three properties hold, the solution

paths can be followed from the initial points (known

because of Property 0) at t = 0 to all solutions of the

original problem P(x) = 0 at t = 1 using standard nu-

merical techniques ([2]).

Several authors have suggested choices of Q that

satisfy the three properties (cf. [10, 24, 31, 44, 45] for

a partial list). A typical suggestion is

q1(x) = a1xd1
1 −b1,

...(3)

qn(x) = anxdn
n −bn,

where d1, . . . ,dn are the degrees of p1(x), . . . , pn(x) re-

spectively and a j,b j are random complex numbers

(and therefore nonzero, with probability one). So in

one sense, the original problem we posed is solved.

All solutions of P(x) = 0 are found at the end of the

d1×·· ·×dn, called total degree, paths that make up the

solution set of H(x, t) = 0, 0 ≤ t < 1.
The book by A. Morgan [32] detailed many as-

pects of the above approach. A major part of this ar-

ticle will focus on the development afterwards that

makes this method more convenient to apply.

The reason the problem is not satisfactorily

solved by the above considerations is the existence

of extraneous paths. Although the above method pro-

duces d := d1 ×·· ·× dn paths, the system P(x) = 0 may

have fewer than d solutions. We call such a system

deficient. In this case, some of the paths produced by

the above method will be extraneous paths.

More precisely, even though Properties 0–2 imply

that each solution of P(x) = 0 will lie at the end of a

solution path, it is also consistent with these proper-

ties that some of the paths may diverge to infinity as

the parameter t approaches 1 (the smoothness prop-

erty rules this out for t → t0 < 1). In other words, it

is quite possible for Q(x) = 0 to have more solutions

than P(x) = 0. In this case, some of the paths leading

from roots of Q(x) = 0 are extraneous, and diverge to

infinity when t → 1.
Empirically, we find that most systems arising in

applications are deficient. A great majority of the sys-

tems have fewer than, and in some cases only a small

fraction of, the “expected number” of solutions. For a

typical example of this sort, let’s look at the following

Cassou-Nogues system [40]:

p1 = 15b4cd2 +6b4c3 +21b4c2d −144b2c−8b2c2e

−28b2cde−648b2d +36b2d2e+9b4d3 −120,

p2 = 30b4c3d −32cde2 −720b2cd −24b2c3e−432b2c2

+576ce−576de+16b2cd2e+16d2e2 +16c2e2 +9b4c4

+39b4c2d2 +18b4cd3 −432b2d2 +24b2d3e−16b2c2de

−240c+5184,

p3 = 216b2cd −162b2d2 −81b2c2 +1008ce−1008de

+15b2c2de−15b2c3e−80cde2 +40d2e2

+40c2e2 +5184,

p4 = 4b2cd −3b2d2 −4b2c2 +22ce−22de+261.

(4)

Since d1 = 7, d2 = 8, d3 = 6 and d4 = 4 for this sys-

tem, the system Q(x) in (3) yields d1 × d2 × d3 × d4 =

7×8×6×4 = 1344 paths for the homotopy in (2). How-

ever, the system (4) has only 16 isolated zeros. Conse-

quently, a major fraction of the paths are extraneous.

Sending out 1344 paths in search of 16 solutions is a

highly wasteful computation.

The choice of Q(x) in (3) to solve the system P(x) =
0 requires an amount of computational effort propor-

tional to d1 ×·· ·×dn and roughly, proportional to the

size of the system. We would like to derive methods

for solving deficient systems for which the compu-

tational effort is instead proportional to the actual

number of solutions.

3. Linear Homotopy

3.1 m-Homogeneous Structure

The solution paths of (2) which do not proceed to

a solution of P(x) = 0 in Cn diverge to infinity. If the

system (2) is viewed in projective space

Pn = {(x0, . . . ,xn) ∈ Cn+1\(0, . . . ,0)}/∼

where the equivalent relation “∼” is given by x ∼ y if

x= cy for some nonzero c∈C, the diverging paths sim-

ply proceed to a “point at infinity” in Pn.

For a polynomial f (x1, . . . ,xn) of degree d, denote
the associated homogeneous polynomial by

f̃ (x0,x1, . . . ,xn) = xd
0 f

(
x1

x0
, . . . ,

xn

x0

)
.

The solutions of f (x) = 0 at infinity are those zeros of

f̃ in Pn with x0 = 0 and the remaining zeros of f̃ with
x0 6= 0 are the solutions of f (x) = 0 in Cn when x0 is set

to be 1.

In [33], an interesting approach to reduce the

number of extraneous paths is developed, using the

concept of m-homogeneous structure.

The complex n-space Cn can be naturally embed-

ded in the projective space Pn. Similarly, the space
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Ck1 × ·· · × Ckm can be naturally embedded in Pk1 ×
·· · × Pkm . A point (y1, . . . ,ym) in Ck1 × ·· · × Ckm with

y j = (y( j)
1 , . . . ,y( j)

k j
), j = 1, . . . ,m corresponds to a point

(z1, . . . ,zm) in Pk1 × ·· · × Pkm with z j = (z( j)
0 , . . . ,z( j)

k j
) and

z( j)
0 = 1, j = 1, . . . ,m. The set of such points in Pk1 ×·· ·×
Pkm is usually called the affine space in this setting.

The points in Pk1 × ·· · ×Pkm with at least one z( j)
0 = 0

are called the points at infinity.

Let f be a polynomial in the n variables x1, . . . ,xn.

If we partition the variables into m groups y1 =

(x(1)1 , . . . ,x(1)k1
),y2 = (x(2)1 , . . . ,x(2)k2

), . . . ,ym = (x(m)
1 , . . . ,x(m)

km
)

with k1 + · · ·+ km = n and let di be the degree of f with
respect to yi (more precisely, to the variables in yi),

then we can define its m-homogenization as

f̃ (z1, . . . ,zm) = (z(1)0 )d1 ×·· ·× (z(m)
0 )dm f (y1/z(1)0 , . . . ,ym/z(m)

0 ).

This polynomial is homogeneous with respect to each

z j = (z( j)
0 , . . . ,z( j)

k j
), j = 1, . . . ,m. Here z( j)

i = x( j)
i , for i 6= 0.

Such a polynomial is said to be m-homogeneous, and

(d1, . . . ,dm) is called the m-homogeneous degree of f .
In general, for an m-homogeneous system

p̃1(z1, . . . ,zm) = 0,
...(5)

p̃n(z1, . . . ,zm) = 0,

in Pk1 × ·· · × Pkm with p̃ j having m-homogeneous de-

gree (d( j)
1 , . . . ,d( j)

m ), j = 1, . . . ,n, with respect to (z1, . . . ,zm),

then the m-homogeneous Bézout number d of the sys-

tem with respect to (z1, . . . ,zm) is the coefficient of

α
k1
1 ×·· ·×αkm

m in the product

(d(1)
1 α1 + · · ·+d(1)

m αm)(6)

× (d(2)
1 α1 + · · ·+d(2)

m αm) · · ·(d(n)
1 α1 + · · ·+d(n)

m αm)

[37]. The classical Bézout Theorem says the system

(5) has no more than d isolated solutions, count-

ing multiplicities, in Pk1 ×·· ·×Pkm . The main theorem

stated in [33] is,

Theorem 3.1. Let Q(x) be a system of polynomials

chosen to have the same m-homogeneous form as

P(x) with respect to certain partition of the variables

(x1, . . . ,xn). Assume Q(x) = 0 has exactly the Bézout

number of nonsingular solutions with respect to this

partition, and let

H(x, t) = (1− t)cQ(x)+ tP(x)

where t ∈ [0,1] and c ∈ C∗ = C\{0}. If c = reiθ for some

positive r ∈ R, then for all but finitely many θ , Prop-

erties 1 and 2 hold.

For Property 0, it is easy to construct linear prod-

uct forms according to the m-homogeneous struc-

ture that is easy to solve. Notice that when the

number of isolated zeros of Q(x), having the same

m-homogeneous structure of P(x) with respect to a

given partition of variables (x1, . . . ,xn), reaches the cor-

responding Bézout number, then no other solutions

of Q(x) = 0 exist at infinity.

The m-homogeneous Bézout number is appar-

ently highly sensitive to the chosen partition: differ-

ent ways of partitioning the variables produce differ-

ent Bézout numbers. By using Theorem 3.1, we usu-

ally follow the Bézout number (with respect to the

chosen partition of variables) of paths to obtain all

the isolated zeros of P(x). In order to minimize the

number of paths need to be followed and hence avoid

more extraneous paths, it’s critically important to

find a partition which gives the lowest Bézout number

possible. In [43], an organized exhaustively search-

ing algorithm for this purpose was designed. By using

this algorithm, the lowest possible Bézout number for

the system can be determined.

When exhaustively searching for the partitioning

of the variables, there are several ways to speed up

the process. For instance, as we sequentially test par-

titioning in search for minimal Bézout numbers, we

can use the smallest one found so far to cut short un-

favorable partitioning. Since the degrees are all non-

negative, the Bézout number is a sum of nonnegative

degree products. If at any time the running subto-

tal exceeds the current minimal Bézout number, the

calculation can be aborted and testing of the next

partitioning can proceed. This can save a substantial

amount of computation during an exhaustive search.

While the number of partitioning to be tested

grows rapidly with the number of variables, the ex-

haustive search can be easily parallelized by subdi-

viding the tree of partitioning and distributing these

branches to multiple processors for examination.

Thus, continuing advances in both raw computer

speed and in parallel machines will make progres-

sively larger problems feasible.

3.2 Cheater’s Homotopy

A method called the cheater’s homotopy has been

developed, see [25] (a similar procedure can be found

in [34]), to deal with the problem when the system

P(c,x) = 0 is asked to be solved for several different

values of the coefficients c = (c1, . . . ,cM).

The idea of the method is to theoretically estab-

lish Properties 1 and 2 by deforming a sufficiently

generic system and then to “cheat” on Property 0 by

using a preprocessing step. The amount of computa-

tion of preprocessing step may be large, but is amor-

tized among the several solving characteristics of the

problem.

The classical homotopy using the start system

Q(x) = 0 in (3) produces total degree d paths, be-
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ginning at d trivial starting points. This may pro-

duce a big amount of extraneous paths. The cheater’s

homotopy continuation approach begins by solving

P(c̄,x) = 0 with randomly-chosen complex coefficients

c̄ = (c̄1, . . . , c̄M); let X∗ be the set of solutions obtained.

No work is saved there, since d paths need to be fol-

lowed. However, the elements of the set X∗ are the

seeds for the remainder of the process. In the future,

for each choice of coefficients c= (c1, . . . ,cM) for which

the system P(c,x) = 0 needs to be solved, we use the

homotopy continuation method to follow a straight-

line homotopy from the system with coefficient c̄ to

the system with coefficient c. We follow the paths be-

ginning at the elements of X∗. Thus Property 0, that

of having trivial-available starting points, is satisfied.

The fact that Properties 1 and 2 are also satisfied is

the content of Theorem 3.2 below. Thus for each fixed

c, all isolated solutions of P(c,x) = 0 lie at the end of X∗

smooth homotopy paths beginning at the seeds in X∗.

After the foundational step of finding the seeds, the

complexity of all further solving of P(c,x) = 0 is pro-

portional to the number of solutions X∗, rather than

the total degree d.
Furthermore, this method requires no a priori

analysis of the system. The first preprocessing step

of finding the seeds establishes a sharp theoretical

upper bound on the number of isolated solutions as

a by-product of the computation; further solving of

the system uses the optimal number of paths to be

followed.

We earlier characterized a successful homotopy

continuation method as having three properties: triv-

iality, smoothness, and accessibility. Given an arbi-

trary system of polynomial equations, it is not too

hard (through generic perturbations) to find a family

of systems with the last two properties. The problem

is that one member of the family must be trivial to

solve, or the path-following cannot get started. The

idea of the cheater’s homotopy is simply to “cheat”

on this part of the problem, and run a preprocessing

step (the computation of the seeds X∗) which gives us

the triviality property in a roundabout way. Thus the

name, the “cheater’s homotopy”.

A statement of the theoretical result we need fol-

lows. Let

p1(c1, . . . ,cM,x1, . . . ,xn) = 0,
...(7)

pn(c1, . . . ,cM,x1, . . . ,xn) = 0,

be a system of polynomial equations in the variables

c1, . . . ,cM,x1, . . . ,xn. Write P(c,x) = (p1(c,x), . . . , pn(c,x)).
For each choice of c = (c1, . . . ,cM) in CM , this is a sys-

tem of polynomial equations in the variables x1, . . . ,xn.

Let d be the total degree of the system for a generic

choice of c.

Theorem 3.2. Let c belong toCM . There exists an open

dense full-measure subset U of Cn+M such that for

(b∗1, . . . ,b
∗
n,c

∗
1, . . . ,c

∗
M) ∈U , the following holds:

(a) The set X∗ of solutions x = (x1, . . . ,xn) of

q1(x1, . . . ,xn) = p1(c∗1, . . . ,c
∗
M,x1, . . . ,xn)+b∗1 = 0

...(8)

qn(x1, . . . ,xn) = pn(c∗1, . . . ,c
∗
M,x1, . . . ,xn)+b∗n = 0

consists of d0 isolated points, for some d0 ≤ d.
(b) The smoothness and accessibility properties

hold for the homotopy

H(x, t) = P((1− t)c∗1 + tc1, . . . ,(1− t)c∗M + tcM,x1, . . . ,xn)

(9)

+(1− t)b∗

where b∗ = (b∗1, . . . ,b
∗
n). It follows that every solu-

tion of P(c,x) = 0 is reached by a path beginning

at a point of X∗.

A proof of Theorem 3.2 can be found in [25]. The

theorem is used as part of the following procedure.

Let P(c,x) = 0 as in (7) denote the system to be solved

for various values of the coefficients c.

Cheater’s Homotopy Procedure:

(1) Choose complex number (b∗1, . . . ,b
∗
n,c

∗
1, . . . ,c

∗
M) at

random, and use the classical homotopy continu-

ationmethod to solve Q(x) = 0 in (8). Let d0 denote

the number of solutions found (This number is

bounded above by the total degree d). Let X∗ de-

note the set of d0 solutions.

(2) For each new choice of coefficients c = (c1, . . . ,cM),

follow the d0 paths defined by H(x, t) = 0 in (9),

beginning at the points in X∗, to find all solutions

of P(c,x) = 0.

4. Nonlinear Homotopy

Let the polynomial system P(c,x) = (p1(c,x), ...,
pn(c,x)) be given with

(10)

p1(c,x) = ∑
a∈S1

c1,axa,

...

pn(c,x) = ∑
a∈Sn

cn,axa,

where for each j = 1, . . . ,n, S j is a fixed subset of Nn

with cardinals k j = #S j, and c j,a ∈ C∗ for a ∈ S j. Here

C∗ = C\{0}. The coefficients c = (c j,a) can be taken as

a set of m ≡ k1 + · · ·+ kn variables.

To solve P(c,x) = 0 in (10) by nonlinear homo-

topies was originally suggested by S. T. Yau. However,

a major breakthrough for this method appeared in
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the article by Hubert and Sturmfels [20], based on

an alternative proof of Bernshteín’s Theorem from

combinatorial point of view. The method is therefore

known as the polyhedral homotopy method.

In algebraic geometry, one can show that when

S j, j = 1, . . . ,n in (10) are fixed, then there is an open

dense set U in Cn with full measure such that if the

coefficients c = (c j,a) of (10) is in U (P(c,x) is called

in general position in this situation) then the corre-

sponding P(c,x) has the same number of isolated ze-

ros, counting multiplicities, in (C∗)n [19]. Otherwise,

the number of isolated zeros of the corresponding

system in (C∗)n is bounded above by this number.

Bernshteín proved [5] this number is the mixed vol-

ume of (Q1, . . . ,Qn) where Q j = convS j, for j = 1, . . . ,n.
In this note, we shall sketch the nonlinear method in

pursuing all isolated zeros of P(c,x) in (C∗)n only. This

can easily be converted to finding isolated zeros of

P(c,x) in Cn by theorems proved in [28, 36].

Since the coefficients c = (c j,a) of a target system

P(c,x) = (p1(c,x), . . . , pn(c,x)) in (10) are given, we sim-

ply write P(x) = (p1(x), . . . , pn(x)) for this system. Let

Q(x) = (q1(x), . . . ,qn(x)) where

(11) Q(x) =


q1(x) = ∑

a∈S1

c̄1,axa,

...

qn(x) = ∑
a∈Sn

c̄n,axa,

be a system in (10) in which all the coefficients c̄ =

(c̄ j,a) are choosing at random. Since U ⊂ Cn is open

and dense with full measure, this system is in gen-

eral position with probability one. We will solve this

system first, and then consider the linear homotopy

(12) H(x, t) = (1− t)cQ(x)+ tP(x) = 0 for generic c ∈ C∗.

Recall that, by Theorem 3.2, Properties 1 and 2

(Smoothness and Accessibility) hold for this homo-

topy, and because all the isolated solutions of Q(x) = 0
are known, Property 0 also holds. Therefore, every

isolated zero of P(x) lies at the end of a homotopy

path of H(x, t) = 0, emanating from an isolated solu-

tion of Q(x) = 0.
To solve Q(x) = 0 in (11), let t be a new complex

variable and consider the polynomial system Q̂(x, t) =
(q̂1(x, t), ..., q̂n(x, t)) in the n+1 variables (x, t) given by

(13) Q̂(x, t) =


q̂1(x, t) = ∑

a∈S1

c̄1,axatw1(a),

...

q̂n(x, t) = ∑
a∈Sn

c̄n,axatwn(a),

where each w j : S j →R for j = 1, . . . ,n is a generic func-

tion in the sense that its images are generically cho-

sen numbers. The function w=(w1, . . . ,wn)may be con-

sidered as a generic lifting which lifts S j to its graph

Ŝ j = {â = (a,w j(a))|a ∈ S j}, j = 1, . . . ,n.

We now regard Q̂(x, t) = 0 as a homotopy, known

as the polyhedral homotopy, defined on (C∗)n × [0,1]
with target system Q̂(x,1) = Q(x), and the zero set

of this homotopy is made up of k, the mixed vol-

ume of (conv S1, . . . ,conv Sn), homotopy paths, say,

x(1)(t), . . . ,x(k)(t). Since the coefficients c̄ = (c̄ j,a) of Q(x)
are choosing at random, by a standard application

of generalized Sard’s Theorem [1], all those homo-

topy paths are smooth with no bifurcations. There-

fore, both Property 1 (Smoothness) and Property 2

(Accessibility) given in Section 1 hold for this homo-

topy. However, at t = 0, the solutions of Q̂(x,0) = 0
are not known, so those homotopy paths can not get

started because their starting points x(1)(0), . . . ,x(k)(0)
can not be identified. This obstacle can be resolved

by the following device.

Let α̂ = (α,1) with α = (α1, . . . ,αn) ∈ Rn satisfy the

following condition:

There exists a collection of pairs {a1,a′1} ⊂
S1, . . . ,{an,a′n} ⊂ Sn, where {a1 −a′1, . . . ,an −a′n}
is linearly independent, such that〈

â j, α̂
〉
=
〈
â′j, α̂

〉
〈â, α̂〉>

〈
â j, α̂

〉
for a ∈ S j\{a j,a′j}.

(A)

Here, 〈·, ·〉 stands for the usual inner product in the

Euclidean space. For such α̂ = (α,1), let

(14)

y1 = t−α1 x1,
...

yn = t−αn xn.

In short, we write y = t−α x where y = (y1, . . . ,yn) and

ytα = x. Notice that when t = 1, y = x. With this trans-

formation and a = (a1, . . . ,an) ∈ Nn,

(15)

xa = xa1
1 · · ·xan

n ,

= (y1tα1)a1 · · ·(yntαn)an

= ya1
1 · · ·yan

n tα1an+···+αnan

= yat〈a,α〉,

and q̂ j(x, t) of Q̂(x, t) in (13) becomes

(16)

q̂ j(ytα , t) = ∑
a∈S j

c̄ j,ayat〈a,α〉tw j(a)

= ∑
a∈S j

c̄ j,ayat〈(a,w j(a),(α,1))〉

= ∑
a∈S j

c̄ j,ayat〈â,α̂〉.

Let

β j = min
a∈S j

〈â, α̂〉, j = 1, . . . ,n,(17)

and consider the homotopy
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(18) Hα(y, t) = (hα
1 (y, t), . . . ,h

α
n (y, t)) = 0

on (C∗)n × [0,1] where for j = 1, . . . ,n

hα
j (y, t) = t−β j q̂ j(ytα , t) = ∑

a∈S j

c̄ j,ayat〈â,α̂〉−β j(19)

= ∑
a∈S j

〈â,α̂〉=β j

c̄ j,aya + ∑
a∈S j

〈â,α̂〉>β j

c̄ j,ayat〈â,α̂〉−β j .

This homotopy retains most of the properties of the

homotopy Q̂(x, t) = 0; in particular, both Properties 1

(Smoothness) and Property 2 (Accessibility) remain

valid and

(20) Hα(y,1) = Q̂(y,1) = Q(y) = Q(x),

since when t = 1, y = x. From condition (A), for each

j = 1, . . . ,n, 〈â j, α̂〉 = 〈â′j, α̂〉 = β j and 〈â, α̂〉 > β j for a ∈
S j\{a j,a′j}, hence, the start system Hα(y,0) = 0 of this

homotopy equals

(21)

Hα(y,0)=



hα
1 (y,0) = ∑

a∈S1
〈â,α̂〉=β1

c̄1,aya = c̄1,a1 ya1 + c1,a′1
ya′1 = 0,

...

hα
n (y,0) = ∑

a∈Sn
〈â,α̂〉=βn

c̄n,aya = c̄n,an yan + cn,a′n ya′n = 0.

Such system is known as the binomial system, and

its isolated solutions in (C∗)n are constructively avail-

able [8].

Proposition 4.1. The above binomial system

(22)

c̄1,a1 ya1 + c̄1,a′1
ya′1 = 0,

...

c̄n,an yan + c̄n,a′n ya′n = 0,

has

(23) kα :=

∣∣∣∣∣∣∣det

 a1 −a′1
...

an −a′n


∣∣∣∣∣∣∣

nonsingular isolated solutions in (C∗)n.

Now, by (20), following paths y(t) of the homo-

topy Hα(y, t) = 0 in (18) that emanate from kα , as in

(23), isolated zeros in (C∗)n of the binomial start sys-

tem Hα(y,0) = 0 in (21), yields kα isolated zeros of the

system Q(x) in (11) when t = 1. Moreover, different

α̂ = (α,1) ∈ Rn+1 that satisfy condition (A) will induce

different homotopies Hα(y, t) = 0 in (19) and following

corresponding paths of those different homotopies

will reach different sets of isolated zeros of Q(x). One
can show that those different sets of isolated zeros

of Q(x) are actually disjoint from each other, and they

hence provide ∑α kα isolated zeros of Q(x) in total. On

the other hand, with rather complicated scheme, one

can also show that ∑α kα is actually equal to the total

number of isolated zero of Q(x) in (C∗)n.

Remark 1. A key step in the procedure described

above for solving system Q(x) is the search for all

those vectors α̂ = (α,1) ∈ Rn+1 and their associated

collection of pairs {a1,a′1}⊂ S1, . . . ,{an,a′n}⊂ Sn that sat-

isfy condition (A). This step turns out to be the main

bottleneck in the polyhedral homotopy method. A so-

lution to this problem is the so called mixed cell enu-

meration in which mixed volume of the system be-

comes a by-product [13, 21, 30].

Remark 2. Actually, those two steps, solving Q(x) =
0 by the polyhedral homotopy in the first place and

then using the homotopy (12) to solve P(x) = 0, can be

combined in one step (see [20] for details).

5. Solutions of Positive Dimension

For polynomial system P(x) = (p1(x), . . . , pn(x)),
positive dimensional components of the solution set

of P(x) = 0 are a common occurrence. Sometimes they

are an unpleasant side show [38] that happens with a

system generated using a model for which only the

isolated nonsingular solutions are of interest; and

sometimes, the positive dimensional solution com-

ponents are of primary interest. In either case, deal-

ing with positive dimensional solution components,

is usually computationally difficult.

Solution set of P(x) = 0 in Cn is known as an alge-

braic set. An algebraic set can always be decomposed

into a finite union of irreducible components which

are algebraic sets that cannot be further decomposed

into nontrivial union of algebraic sets. Putting aside

formal definition with technical terms, by a generic

point of an irreducible component Y of the solution

set of P(x) = 0, it usually means a point of Y which

has no special properties not possessed by the whole

component Y . Numerically, it is modeled by a point in

Y with random coordinates.

By Noether’s normalization theorem combined

with Bertini’s theorem, it can be shown that if X is of

pure k-dimensional, i.e., any irreducible component of

X is k-dimensional, then a generic (n− k)-dimensional

affine subspace of Cn (which can be identified with

Cn−k) meets X at a set χ of d isolated points. Those

are generic points of X . The set χ is refereed to as a

set of witness points for X . The number d is called

the degree of X and denoted deg X . A generic (n −
k)-dimensional affine subspace L(n−k) ≈ Cn−k, called

slicing plane, can be given by

λ11x1 + · · ·+λ1nxn = λ1

...
...

...

λk1x1 + · · ·+λknxn = λk
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with all the λ ’s being random complex numbers.

Thus, the existence of isolated solutions of the sys-

tem

(24)

p1(x1, . . . ,xn) = 0

...
...

pn(x1, . . . ,xn) = 0

λ11x1 + · · ·+λ1nxn = λ1

...
...

...

λk1x1 + · · ·+λknxn = λk

warrants the existence of k-dimensional components

of the solution set of the original system P(x) =

(p1(x), . . . , pn(x)) = 0. Furthermore, the set of isolated

solutions of (24) contains at least one generic point

of each irreducible component of dimension k of X .
System (24) is overdetermined. With extra param-

eters z1, . . . ,zk, one may consider the square system

Ek(x,z1, . . . ,zk) =



p1(x)+λ11z1 + · · ·+λ1 jzk = 0

...

pn(x)+λn1z1 + · · ·+λn jzk = 0

z1 +λ11x1 + · · ·+λ1nxn = λ1

...
...

...

zk +λk1x1 + · · ·+λknxn = λk

and search for isolated solutions with z1 = z2 = · · · =
zk = 0. When X is a pure k-dimensional reduced com-

ponent of system P(x) = (p1(x), . . . , pn(x)) = 0, then the

witness points in χ are nonsingular roots of P(x) re-
stricted to L(n−k). (When X is not reduced, a slightly

richer structure is needed.) The data structure W :=
(χ,L(n−k),P(x)) is called a witness set for X , and when

X is an irreducible component, then W is recognized

as an irreducible witness set.

Using witness sets, one canmake numerical sense

out of what it means to find the solution set of a sys-

tem of polynomials P(x) = (p1(x), . . . , pn(x)) = 0. Let the
decomposition of the entire solution set V of P(x) = 0
be the nested union:

(25) V :=
j0⋃

j=0

Vj :=
j0⋃

j=0

⋃
i∈I j

Vji

where j0 is the dimension of the solution set V , the Vj

is the union of all j-dimensional components, the Vji

are the irreducible components of dimension j, and
the index sets I j are finite and possibly empty. We

wish to find a numerical irreducible decomposition

that mirrors the irreducible decomposition of (25).

This means finding a collection of witness sets Wj

for the j-dimensional componentsVj,which are them-

selves decomposed into irreducible witness setsWji for

the irreducible components Vji, namely,

(26) W :=
j0⋃

j=0

Wj :=
j0⋃

j=0

⋃
i∈I j

Wji.

Encapsulating the whole process (for details see [39])

is the foundation of the subject Numerical Algebraic

Geometry which was started in [38], and its name

coined.

6. Parallel Computing

Modern scientific computing is marked by the ad-

vent of vector and parallel computers and search for

algorithms that are to a large extend parallel in na-

ture. A great advantage of the homotopy continua-

tion algorithm for solving polynomial systems is that

it is to a large degree parallel, in the sense that each

isolated zero can be computed independently. In this

respect, it stands in contrast to the highly serial alge-

braic elimination methods, which use resultants or

Gröbner bases. On the other hand, to attain more

computing resources for solving larger polynomial

systems, the parallelization of the homotopy method

becomes inevitably essential.

The landscape of computation hardware has seen

extremely active development in recent years making

available a wide spectrum of exciting new technolo-

gies. First, developments in new processor design

and network technology have allowed supercomput-

ers and computer clusters to grow larger and faster

than ever. Second, new ideas such as cycle-scavenging

and grid computing has led to the creation of vir-

tual supercomputers out of large numbers of indi-

vidual computers around the globe. Another excit-

ing development is the advent of parallel comput-

ing on GPUs (Graphical Processing Units). While orig-

inally designed to handle 2D and 3D graphics ren-

dering only, over the years GPUs has become suffi-

ciently sophisticated to handle a much wider range

of problems. Highly parallel by design, GPUs are more

efficient than general purpose CPUs in carrying out a

range of complex algorithms. Living in such interest-

ing times is exciting and daunting. We must rise up to

the challenge, fully incorporate all these cutting-edge

parallel computing technology, and solve larger and

larger polynomial systems.

As mentioned in Remark 1 above, a key step

when the polyhedral homotopy is employed for solv-

ing system Q(x) in (11) is the search for all those vec-

tors α̂ = (α,1) ∈ Rn+1 and their associated collection

of pairs {a1,a′1} ⊂ S1, . . . ,{an,a′n} ⊂ Sn that satisfy condi-

tion (A). This step ofmixed cell enumeration is seemly
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Figure 1. Speedup ratio achieved on a 64 core system

(AMD Opteron with 512 GB memory) for the cyclic-15
[6] problem showing close to n-fold linear speedups

for up to 64 cores. The speedup is computed in

comparison with the fastest serial implementations

published: MixedVol-2.0 [21] and DEMiCs [29].

quite serial. While the “path tracking” part of the poly-

hedral homotopy continuation method is pleasantly

parallel, the mixed cell enumeration process is poten-

tially a major bottleneck in terms of parallel scalabil-

ity. Based on the idea of reformulating the problem

into a graph-theoretic search problem, a fully par-

allel mixed cell enumeration algorithm that is effi-

cient, robust, and highly scalable has been developed

in Hom4PS-3 [9].

On multi-core systems, the implementation of

the parallel mixed cell enumeration algorithm in

Hom4PS-3, based on Intel TBB, has achieved remark-

able efficiency and scalability. Nearly n-fold linear

speedups scalable up to 64 processor cores have been

observed in experiments on standard test suite prob-

lems. Figure 1 shows the speedup ratio observed on

the standard benchmark problem cyclic-15 [6].
Modern shared-memory systems with a large

number of processor cores usually adopt a Non-

Uniform Memory Access [18], or NUMA, architecture

in which each processor core can access all the avail-

able memory but potentially at different speeds de-

pending on the relative closeness between the core

and memory. Figure 2 shows the “memory-processor

topology” of a NUMA system that consists of 8 nodes.

Each node contains 4 processor cores as well as their

“local” memory which they can access at full speed.

The edges between nodes indicate the direct connect-

edness between nodes and determines the speed at

which processor cores on one node can access mem-

ory on other nodes. For instance a processor on node

1 can access the memory on node 2 at a slower rate

than it could access its local memory on node 1. The

Table 1. The memory access speedup (with errors

within ±0.05) and overall reductions in run time over

the basic algorithm observed in experiments with a

few large systems in standard test suites on a NUMA

system consisting of 8 node each having 8 quad-core

AMD Opteron processor with a total of 256 cores.

Experiments marked by ‘*’ only used 4 out of 8 nodes

(128 of the 256 cores) due to smaller size

System Mem. acc. speedup Overall reduction

cyclic-14* 1.40 4.9%
cyclic-15* 2.40 8.2%
cyclic-16* 4.50 9.5%
fivebody 17.55 33.2%
vortex-6 19.95 34.5%

same core can access memory on node 3 at a even

slower rate due to the minimum two jumps required

(through node 2 or 4). Similarly there are at least three

jumps between node 1 and node 7. Consequently,

that processor core would have the slowest memory

access to memory on node 7.

The technique developed in Hom4PS-3 substan-

tially improves the memory access time on NUMA

systems. As shown in Table 1, in experiments using

standard benchmark problems: the cyclic family [6],

the five-body central configuration problem (fivebody)
[3, 16, 23], and the 6-vortex problem [15, 17], approx-

imately 1.5× to 20× speedup in memory access time1

have been observed which resulted in 5% to 35% over-

all speedups.

While the above referenced NUMA architecture al-

lows shared-memory systems to scale to tens or even

more than 100 processor cores, their scalability is still

limited by the inherently high cost. Larger systems

that contain several hundreds or even thousands of

cores generally take the form of distributed-memory

systems in which nodes do not directly share memory

spaces but instead communicate with one another

by passing messages. The parallel algorithm can be

extended to distributed-memory systems including

computer clusters in which nodes are connected by

dedicated high speed network. In such distributed-

memory systems, a master-worker model is chosen

to extend the parallel algorithm. In this model, the

“master” runs on a single node in the system. It first

populates its own task pool. This initial task pool is

then divided into equal portions and sent to each of

the remaining nodes, called “workers”, as seeds for

exploration until its task pool becomes empty. At the

1 The memory access time is approximated by using the
“memory access latency” provided by the Intel VTune soft-
ware which closely correlates to the actual memory access
time which is generally difficult to measure. For best accu-
racy, all CPU caches were disabled when measuring memory
access latency.
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Figure 2. An example of a NUMA node structure.

end each worker would have a collection of mutually

exclusive mixed cells. These are then passed back to

the master to form a final set of mixed cells.

The Message Passing Interface, or MPI, is a speci-

fication that allows nodes to communicate with each

other in a cluster. Though not sanctioned by any ma-

jor standards body, MPI has became a de facto stan-

dard for scientific computation on computer clusters.

In Hom4PS-3 [9], this protocol is used for the com-

munication between the master and workers. The im-

plementation exhibits a great scalability on clusters

having between 32 and 200 nodes. It is expected that

the speedup ratio cannot get close to those achieved

on a multi-core system (as shown in Figure 1) due to

the inherently higher cost in communication. How-

ever it is possible to scale to many more processors

cores than on multi-core or NUMA system. For exam-

ple, the speedup ratios achieved usingmultiple nodes

in a cluster for the fivebody (five body central configu-
ration) problem [3, 16, 23] is shown in Figure 3.

As one tries to solve larger and more challeng-

ing systems of polynomial equations, the computa-

tional power needed may very well exceed that of

a single computer or cluster. The distributed com-

puting technology (the cloud computing) has allowed

a very loosely coupled set of computers connected

to each other via slower and less reliable networks,

such as the Internet, to collaborate with each other

and act as a single supercomputer. Adopting a dis-

tributed model, the computation will not be affected

by the sudden failure of a single node, and nodes

can join or leave the computation process at almost

any point of time. An experimental version of the

mixed cell enumeration algorithm was implemented

in Hom4PS-3 using a client/server model based on

TCP/IP protocol [41]. This implementation consists

of a client side program and a server side program.

One server is running at any time, and it is respon-

sible for dividing problems into groups of tasks and

Figure 3. Speedup ratios achieved by the

distributed-memory variation of the parallel

algorithm for mixed cell enumeration over the fastest

serial implementations MixedVol-2.0 [21] and DEMiCs
[29]. Measurements are done in a cluster containing

up to 192 processor cores.

sends the groups to clients via the network upon re-

quest. Multiple client programs can run simultane-

ously. A client can run on any computer that is con-

nected to the Internet. Each client will continuously

request tasks from the server via the network un-

til the server can no longer reply with new tasks.

For each task received, the client performs and then

sends the result back to the server. This approach has

been used on the VortexAC6 [15, 17] problem which

is notorious for its sheer size (30 equations of 30 vari-

ables with a total degree of 230). While the computa-

tion would take a single CPU core several months to

1 year based on our estimate, with around 300 indi-

vidual nodes provided by Amazon EC2 with a total

of 1200 CPU cores, the computation can be finished

in just a few hours! A great potential exists for other
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parallel computing techniques. We remain very op-

timistic that this amazing advantage can be carried

over to more general problems with new knowledge

on those new techniques.
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