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The spectrum of random k-lifts of large graphs
(with possibly large k)*

ROBERTO IMBUZEIRO OLIVEIRAT

We study random k-lifts of large, but otherwise arbitrary graphs
G. We prove that, with high probability, all eigenvalues of the
adjacency matrix of the lift that are not eigenvalues of G are of
the order of /Ag In(kn), where Ag is the maximum degree of G.
Similarly, and also with high probability, the “new” eigenvalues of
the normalized Laplacian of G(*) are all in an interval of length
O(y/In(nk)/dg) around 1, where d¢ is the minimum degree of G.

We also prove that, from the point of view of spectra, there is
very little difference between a random ki ko ... k,-lift of a graph
and a random ki-lift of a random k»-lift of ... of a random k,-lift
of the same graph.

The main proof tool is a concentration inequality for sums of
independent random matrices which is of independent interest.

AMS 2000 SUBJECT CLASSIFICATIONS: Primary 05C80; secondary 05C80.
KEYWORDS AND PHRASES: Random lifts of graphs, graph spectrum.

1. Introduction

Let G be a graph with vertex set V' and edge set E. A k-lift of G is a graph
G*) with vertex set V x [k] and edge set:

E(k) = vaEEMvw

where each M,,, is a matching of the sets {v} x [k] and {w} X [k]. In more
intuitive terms: each vertex of G is replaced by k copies of itself and each
edge vw € F is replaced by a matching of the copies of v and w.

There have been many recent results about random k-lifts of graphs
where G is fixed and k — +o00. Here “random” means that the matchings
M are chosen independently and each of them is uniformly distributed.

*Dedicated to Joel Spencer on his 60th birthday.
fSupported by a Pronex grant and a Bolsa de Produtividade em Pesquisa from
CNPq, Brazil.
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A lot is now known about properties of G*) such as connectivity [2, 3],
chromatic number [4], spectral distribution [10, 17] and the existence of
perfect matchings [16].

A disjoint line of work has considered 2-lifts of arbitrary (possibly large)
graphs G. The goal in this case was to provide an explicit construction of
some 2-lift with good spectral properties, so that arbitrarily large expanders
can be efficiently constructed via successive 2-lifts [5].

In this paper we study a scenario that is quite natural but mostly new:
random k-lifts of large graphs G. We obtain non-trivial results only when the
minimum degree of G is > In(|V'|k), but G and k are otherwise arbitrary. For
concrete examples, one may think of random n-lifts of graphs on n vertices
and minimal degree In'*“n; or of 2V™-lifts of (n/2)-regular graphs on n
vertices. The only other work on random lifts of large graphs that we are
aware of is the preprint by Lubetsky et al. [18], which covers regular n-vertex
graphs with n < k?/3 (more on this paper below); other cases (including
constant k) seem to be unexploited.

Our focus will be on the spectra of the adjacency matriz and the nor-
malized Laplacian, or simply the Laplacian (as opposed to the combinatorial
Laplacian, cf. Remark 2.1), of the random lift. In this paper we will treat
the spectra of these matrices as objects of intrinsic interest, but one should
note that they can be used to estimate many parameters of graphs, including
the diameter, distances between distinct subsets, discrepancy-like properties,
path congestion, cuts, chromatic number and the mixing time for random
walk; see e.g. [13, 14, 8].

We need some preliminaries in order to state our theorem. Let A and A®*)
be the adjacency matrix of the graph G and of its k-lift G(*) (resp.). We will
see in Section 3.1 that the spectrum of A®) always contains the spectrum
of A in the sense of multisets: any eigenvalue of A with multiplicity m is an
eigenvalue of A%) with multiplicity > m. The same holds for the spectra of
the normalized Laplacians £*) and £ of G*) and G (respectively).

Let new(A®)) be the difference between the spectrum of A®*) and the
spectrum of A and define new(£*)) similarly. Note that new(A®) is also a
multiset: if A has multiplicity m; in the spectrum of A and multiplicity mo
in the spectrum of A®) it occurs my — my times in new(A®)).

Our main result concerns the new eigenvalues of weakly random k-lifts,
a generalization of the standard random k-lifts discussed above; see Defini-
tion 3.1 for details.

Theorem 1.1. Let G = (V, E) be a graph onn = |V| vertices with minimum
(resp. mazimum) degree oG (resp. Ag). Let A and L denote the adjacency
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matriz and normalized Laplacian of G and let A% and L£*) denote the
corresponding matrices for a weakly random k-lift of G (cf. Definition 3.1).
Then for all n € (0,1),

IP’( sup n| < 2\/2Acln(2nk/n)> >1-n

nEnew (A*))

and

Benew (LK) el

IP’( sup ’1—,3’§2 M)Zl—

This is interesting even in the case k& = 2. It is known [5] that any
d-regular graph has a two-lift whose new eigenvalues are all bounded by
O(VdlInd). However, a typical random 2-lift of G,, might have at least one
new eigenvalue equal to d. One example (also from [5]) consists of n/(d+1)
disjoint (d+1)-cliques; the new eigenvalue d comes from there being a clique
whose lift consists of two disconnected cliques.! Notice that the probability
of there being such a clique is 1 — 0 (1) even when d = [¢v/Inn] for some
small constant ¢ > 0. On the other hand, Theorem 1.1 shows that there
exists some C' > 0 such that for any € > 0, if d > C'Inn/e?, then the largest
new eigenvalue is < ed with probability > 1 — 1/n?.

Before we proceed, we note some limitations of our theorem. The largest
eigenvalue of A% is always between d¢ and A¢ and the eigenvalues of £*)
are always between 0 and 2 [13]. Hence our result for the adjacency matrix
is trivial if Ag < 8In(2nk/n) and the bound for the Laplacian is trivial
when dg < 81n(2nk/n). Moreover, the results of Lubetsky et al. [18] greatly
improve upon Theorem 1.1 for d-regular Ramanujan graphs in the range
k > n®/2: in that case, the new eigenvalues are all O(v/dInd).

One corollary of Theorem 1.1 is the following result.

Corollary 1.1. In the setting of Theorem 1.1, let k = [[;_; with k1,... ks €
N\{0, 1} and consider two different random graphs (see Definition 3.1 for
the precise properties of a standard random k-lift):

o GW) s a standard random k-lift of G: that is to say, each random
matching My, appearing in the construction of G%) is uniformly
distributed over all matchings of {(v,4)};_, and {(w,j)}le, and the
matchings are independent.

o G = G, where Gy = G and, for each 1 < i < s, conditionally on
{Go,G1,...,Gi_1}, G; is a standard random k;-lift of G;_1.

Tt is possible to find connected examples with similar behavior.



288 Roberto Imbuzeiro Oliveira

Let A(’“)~ and L(k)~ denote the adjacency matriz and Laplacian of G%) and
define AR and L% similarly. Then (with an appropriate labeling of the
vertices of the two graphs):

P (14® - A9 < 4\/2Ac(ink/n) 2 1 -7

and

P (Hﬁ(k) —L®| <4 w) >1-
G

This is interesting because the distributions of G*) and G**) can be very
different. For instance, let k; = ko = --- = ks = 2. If s is constant and the
number of vertices is large enough, all 2°! possible permutations will be seen
in the matchings of {v} x [k] with {w} x [k] for vw € E. On the other hand,
only 2° possible permutations will be seen in G®*),

Theorem 1.1 will be deduced from a concentration result for sums of
independent random matrices. In what follows (Cf'féfm is the space of d x
d Hermitian matrices with complex entries, the expectations of matrices
are defined entrywise and || - || is the operator norm (see Section 2.2 and

Section 2.4 for these and related definitions).

Theorem 1.2 (Proven in Section 5). Let X,...,X,, be independent ran-
dom matrices, defined on a common probability space (Q, F,P), with values
in C¥4 . Suppose that o2 > 0 is such that:

Herm -

m
Z X?|| < o? almost surely.

=1

Then for all t > 0,

'

Given this bound, Theorem 1.1 follows quite easily, while other proof
techniques for bounding spectra of random matrices (such as the trace
method [12, 10, 11, 17] and the discrepancy-based ideas of Feige and Ofek
[9]) can be quite technical. Theorem 1.2 will be deduced in Section 5 from a
technical Lemma in [20], which was used to give a new proof of a concentra-
tion bound by Rudelson. A slightly sharper variant of Theorem 1.2 could be
deduced from a form of Freedman’s inequality for matrix martingales that

m

> (Xi —E[Xi])

i=1

> t) < 2de w7,
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was recently proved by the author and applied to general random graph
models with independent edges [19]. More recently, Tropp [22] has proved
stronger inequalities in the same spirit. One can show that Theorem 1.2 and
the related results just discussed have much smaller “variance” terms than
related results in [1, 7]; see [22], Section 3.1 in [20] and Remark 3.1 in [19]
for details.

The remainder of the paper is organized as follows. After the preliminary
Section 2, we collect some basic facts about k-lifts in Section 3. We prove
the Theorem and its Corollary in Section 4. Section 5 contains the proof of
Theorem 1.2. The last section presents some extensions and open questions.

2. Preliminaries
2.1. Basic notation

For a natural number m € N\{0}, [m] is the set of all integers 1 < i < m.

We will frequently speak of multisets S. Given a ground set S (which will
usually be R), a multiset S is defined by a function mg : S — N. Informally,
we will think of S as a set where each x € A appears mg(x) times and we
will refer to this quantity as the multiplicity of x. We say that = belongs to
S (ze€S)if mg(z) > 0.

For two multisets S1,S2 over the same ground set & and with cor-
responding functions mg,, ms,, we say that S; C Sy if for all x € S
mg, () < mg,(z). The difference S2\S is the multiset where each z € S
has multiplicity max{mg, () — mg, (x),0}.

2.2. Linear algebra

For given d,., d. € N\{0}, R%*% (resp. C%*) is the space of d, x d. matrices
with entries in R (resp. C).

For A € Réxde At ¢ R*dr ig the transpose of A; similarly, for B €
Cdrxde  B* ¢ Cdexdr i the conjugate transpose of B. We identify R? and C?
with R?! and C?*! (resp.), so that the standard inner product of x,y € R?
is zfy.

Cf‘féfm is the space of d x d Hermitian matrices, which are the A €
with A* = A. Similarly, Rg;ﬁ is the space of all d x d real matrices that are
symmetric in the sense that A = Af.

For a vector v € R? or C%, ||v|| is its Euclidean norm. The operator norm

of A € RI*d ig:

Cdxd

[Al=  max [lAv].
vERA, [|v]|=1

Finally, the canonical basis vectors for R? is denoted by e1, es, ..., eq.
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2.2.1. The spectral theorem We recall the standard spectral theorem:
for any A € Rcsl;rfl there exists a set S C R and orthogonal projections
{P,}acs with orthogonal ranges such that:

Y aPy=Aand Y P,=1I,

a€esS a€eS

where I; is the d x d identity matrix. The numbers o € S are called the
eigenvalues of A and the vectors v in the range of P, are eigenvectors cor-
responding to a given a. The spectrum of A, denoted by spec(A), is the
multiset where each a € S appears with multiplicity equal to the rank of
P,.

One useful consequence of the spectral decomposition is that

J4ll = max |al.
a€spec(A)

2.2.2. Tensor products It will be convenient to represent the matrices
of lifts via tensor products. The tensor product of R® and R%, denoted by
R% @ R%, is the set of all formal linear combinations of vectors of the form
€, ®e;, with 1 <14, <d, for b = 1,2. [We will abuse notation and assume
that e; € R NR% for i < min{dy,ds}.]
Similarly, if v, = 2?5:1 vpj,€j, (b =1,2), the tensor product of v; ® vy
is defined by the “distributive rule”:
d1 d2
VI®UE Y D v102,5,e) © e,

j1:1 ]2:1

There exists a unique inner product on R® @ R%, denoted by (-, --), such
that for all vi,w; € R4 and vo, wy € R%,

(01 ® v2, w1 ® wa) = (v]w) (vhwy).

Moreover, the tensor product of A; € R4*% and Ay € R%*% is the
unique linear operator A; ® Ay from R% @ R®% to itself that satisfies:

V1 <y <dj, V1 <ig < dy, (A1 ® A2)(e;, ®e;,) = (A1e1) ® (Azes).
This definition implies that:

(2.1) Vu,v € RM @ R%, (u, (A @ Ax)v) = (Al @ A)u, v).
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ie. AI ® A; is the adjoint of A1 ® As. In particular, for all Ay € Rcsl;fndl and
Ay € Rg;;‘b, A1 ® As is self-adjoint in the sense that:

Vu,v € R @ R%, (u, (A1 ® A2)v) = ((A1 ®@ A2)u,v).

Notice that R® @ R% is isomorphic to R%%  in the sense that any
bijection 9 : [di] X [d2] — [d1d2] can be “lifted” to an invertible, inner-
product-preserving linear map:

¥ :RY @R — RO

defined by the rule ¥(e; ® e;) = ey; ;), (i,7) € [d1] x [d2]. Under this map,
self-adjoint maps over R® @ R?% correspond to symmetric matrices over
R%% and vice versa. Therefore, one may also state a spectral theorem over
R% © R%; we omit the details.

2.3. Concepts from graph theory

For our purposes a graph G = (V, E) consists of a finite set V of vertices and
a set I of edges, which are subsets of size 2 of V. Unless otherwise noted, we
will assume that V' = [n] for some integer n > 2, where [n] = {1,2,...,n}.
We will write edges as unordered pairs vw or {v, w} and make no distinction
between vw and wv. The degree dg(v) of a vertex v is the number of w €
V\{v} such that vw € E.

Assume for simplicity that V' = [n], or more generally, that the elements
of V' are labeled vq,...,v,. The adjacency matriz of G is the n X n matrix
Ae ngxg with zeros on the diagonal and such that, for all 1 < i < j < n,
the (¢, j)-th entry of A is 1 if v;u; € E and 0 otherwise. When V' = [n], this
reads:

(2.2) A= Z (eie;r- + eje;r).
ijeE

The Laplacian L of G is the matrix:
L=1I,-DY?2AD™'?

where D is the n x n diagonal matrix whose (i,7)-th entry is dg(v;) if
dg(v;) # 0 (if dg(vi) = 0 we may define the corresponding entry arbitrarily).
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If all degrees are non-zero, one can write this as follows:

(eie} + ejeZT)

2.3 L=1I,— S
&) fuze;ﬂ v da(vi)de(v;)

Remark 2.1. The normalized Laplacian will be simply called the Laplacian
in this paper. Many readers will be familiar with the related definition of the
so-called combinatorial Laplacian L = D — A, but the normalized Laplacian
turns out to be better behaved. See [13] for details.

2.4. Probability with matrices

We will be dealing with random matrices (and random linear operators)
throughout the paper. Following common practice, we will always assume
that we have a probability space (2, F,P) in the background where all ran-
dom variables are defined.

Call a map X : Q — (C%élflm a random d x d Hermitian matrix (or a
C&xd _valued random variable) if for each 1 < i, 5 < n, the function X (i, 5) :
Q — C%™? corresponding to the (i, j)-th entry of X is F-measurable, or
equivalently, if for each Borel subset S € CH | X~1(S) € F. We say that
X is integrable if all the entries of X are integrable. If X is integrable, one
defines E [X] entrywise: the (7, j)th entry of E [X] is E [X (¢, 7)]. We will also
use analogous definitions for X : Q — Rg;ﬁ. We will essentially ignore all
measurability and integrability issues in the remainder of the paper, as these
can be dealt with in a rather straightforward manner.

One can easily check that if X is a random integrable d x d Hermitian
matrix and A € C&? is deterministic, E[AX] = AE [X].

Herm

3. Lifts of graphs

Our goal here is to review the construction of lifts of graphs outlined in the
introduction and to prove some elementary facts that will be useful later on.
Other perspectives on these objects can be found in [2].

Recall that a matching of two finite, disjoint, non-empty sets A, B is a
set of pairs:

M= {{a;,b;} i=1,...,m}

where (a1, ...,an) is a permutation of the elements of A and (b1, ...,by,) is
a permutation of the elements of B. Notice that the existence of a matching
M as above implies that |A| = |B| = m.
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Now let G be a graph with vertex set V = [n] and edge set E. Given
k € N\{0,1}, a k-lift G*) of G is determined by a choice of matchings:

{Mi]’ : Zj S E},

where for each ij € E, M;; is a matching of {i} x [k] and {5} x [k]. G is
the graph with vertex set [n] x [k] and edge set E®) = Uj;cpM;;.
We will also need the following definition.

Definition 3.1. Let G = (V, E) be a graph. A weakly random k-lift of G
is a k-lift G of G as above where the matchings M;; are independently
chosen and satisfy:

Vij e B,V r) e [k]? : P({(i,0),(j,r)} € Myy) = %

If, in addition, each M;; is uniformly distributed over all matchings of {i} x
(k] and {5} x [k], G®) is a standard random k-lift of G.

3.1. Graph matrices and tensor products
It is convenient to represent the matrices corresponding to G(*) in the tensor
space R” @ R¥. That is to say, we will write down a linear operator A®*) over

R™ ® R* such that for all (i,£), (j,r) € [n] x [k],

. . . k)'
) K)(a. — 1 if {(Zae)a(]ar)} GE( )
(e: @ e, AT (e; ®er)) { 0 otherwise.
This is satisfied by:

Ak — (eie]) ® (ecel) + (ejel) @ (ere]).
{(i,0),(j,r)YeE®

Another way of writing A%*) will be more useful later on. Defining:

(3.1) Viig) = > eel, (ij € E),
(2,7‘)6[1{]2 : {(ivg)v(jrr)}EMij

we have:

(3.2) AR = 3" ejel @ Vi) + ejel @ V.

ijel
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We emphasize that the definition of V(; ;) is not symmetric with respect to
i,j: in fact, a simple computation shows that V(;; = V(Jg 5= V(l_;)
The Laplacian £%) of G*) can be similarly written as a linear operator

over R" @ R¥. The key point to notice is that all copies of i € [n] in G¥)
have the same degree, i.e.:

Ve € K], daw (4, 6)) = dg(9).

A simple calculation (omitted) shows that:

t i
(3.3) W =Lon-Y eie; @V j) +eje; @ Vi
ijeE dg(i)da(y)

3.2. Old and new eigenvalues

We now draw a connection between the spectrum and eigenvalues of A and
AWK Al arguments here also appeared on previous papers on graph lifts
(e.g. [5, 10]).

Proposition 3.1. The spectrum of the adjacency matriz A of G is contained
in the spectrum of A®) (counting multiplicities). Moreover, if

new(A®) = spec(A®)\spec(A)
is the difference of the two spectra as multisets,

| = |IA® — A TL|

17€ne (A(k)

where I, is the k X k matriz with all entries equal to 1/k.

Essentially the same argument shows a related result for the Laplacian
LF) of G*) (proof omitted).

Proposition 3.2. The spectrum of the Laplacian L of G is contained in the
spectrum of L£*) (counting multiplicities). Moreover, if

new (L") = spec(L"))\spec(L)
is the difference of the two spectra as multisets,

max 1=y = £ = (I, & I — (I - £) @ TIy)|
nEnew (LK)

where Ty, is the k x k matriz with all entries equal to 1/k.
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Proof of Proposition 3.1. Let 1, € R* be the vector with all coordinates
equal to 1. Notice that V(Z-J)Ik = Ilx1l; = 1; for all 7,7 with 75 € E.
Therefore, for all vectors v € R,

AP (v @ 1) = (Av) @ 1}, = (A ® II},) 1.

In particular, if v is an eigenvector of A with eigenvalue A\, v ® 1 is an
eigenvector of both A®) and A ® II;,, with the same eigenvalue A for both
matrices. It follows that each eigenvalue A of A with multiplicity m is an
eigenvalue of A®) with multiplicity > m, which is the first assertion in the
Proposition.

Any new eigenvalue 7 € new(A®*)) must correspond an eigenvector w €
R" @R that is orthogonal to v® 1, for all eigenvectors v of A corresponding
to “old” eigenvalues. Since the eigenvectors of A span R", any w as above
must be orthogonal to the subspace:

H={v®1 :veR"} CR"@RF

In particular,

max || = max [[A®w).
nenew (A*)) weH+

To finish, we must show that the RHS equals |A®) — A @ II.||. We have
already seen that the operators A®) and A @ II, have H as an invariant
subspace and that their restrictions to that subspace are equal. This implies
that H' must also be invariant and moreover:

Now notice that:
Ht =span{z @y : z € R", y e R¥, y L 1;}.
Moreover, for all x ® y as above,
(A1) (z®y) = (Az) © (IIxy) = 0

since II; is the projection onto the line spanned by 1;. By linearity, this
implies that (A ® [g)w = 0 for all w € H*, which results in the desired
equality:

1AW — A@ | = 1AW w].

max
weH™ : |jw||=1
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4. Main proofs

Propositions 3.1 and 3.2 show that in order to prove Theorem 1.1, one must
bound the difference between certain matrices. We attack this problem from
the perspective of concentration of measure. As it turns out, A ® Il is the
expected value of A®) and I,, ® Iy — (I,, — £) ® I}, is the expected value of
L% The concentration inequality in Theorem 1.2 will ensure that A®*) and
L% are likely to be close to their respective expected values. Once this is
achieved, Theorem 1.1 and its Corollary will easily follow.

4.1. Proof of the main theorem

In this section we prove Theorem 1.1.

Proof of Theorem 1.1. We start with the result for the adjacency matrix.
Proposition 3.1 implies that it is necessary and sufficient to prove that:

(41)  [Goal P <||A(k) ~ AT < 2,/2A¢ ln(2nk:/17)) >1-0.

‘We will restate this as a concentration bound for the sum of random matri-
ces. Recall from Section 3.1 that:

A(k) = Z ZZ] where Z” = ejel. & ‘/(Z,j) + EiE; ® ‘/(]:74)
ijeE

We will later apply Theorem 1.2 to }_;;cp Z;j. For this we will need the
following claim.

Claim 4.1. The Z;j are self-adjoint and independent.

Proof of Claim 4.1. The first assertion comes from (2.1) and the fact that
V(];J) = V) (cf. Section 3.1). To prove the second assertion, notice that
each Z;; is determined by the random matching Mj;;. Since the matchings
are independent according to Definition 3.1, the Z;; are also independent.
(Incidentally, this is the key point where the independent of the matchings
is used.) O

The next claim relates the Theorem 1.2 to (4.1).
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Proof of Claim 4.2. We first compute E [Z;;] for a fixed ij € E. It is not
hard to show that this is:

E(Z;] = ejel @ E [V(z‘,j)} +eel OF {V(jn:)} :

The (¢,7)-th entry of V; ;) is an indicator random variable that is equal
to 1 iff (i,¢) and (j,r) are connected in the matching. By the definition of
a weakly random k-lift (cf. Definition 3.1), this happens with probability
1/k, therefore each entry of V/; ;) has expected value 1/k. This implies that
E[V{; )] is precisely the matrix II; in the Theorem. Similarly, E[V{; ;)] = Iy
We deduce that:

(4.2) E[Zij] = (eje] + ejel) @ TI.

We deduce:

ZE i) (Ze]e + e;e )@Hk AR I,.

ijel ijeR

The two claims show that

(4.3) AW —A@ T, = Y (Zi; — E[Z]),
ijeE

where the RHS is a centered sum of independent, self-adjoint random linear
operators. One may recall from Section 2.2.2 that self-adjoint linear oper-
ators over R” @ R¥ correspond to symmetric matrices over R™: therefore,
we can apply Theorem 1.2 with d = nk to the sum once we compute the
variance parameter o2.

We start by computing ij for a fixed ij € E. One can check that:
2 _ ol T
Zi; = eie; © (Vi Viay) + €55 © (Vi) Visa)-

Now recall from Section 3.1 that V; ;) = V-1 and deduce that:

Zz?j = (eieg + eje;-) ® Ij.

Summing up those terms, we arrive at:

Z ezeJr + eJ

ijEE

> 7 -

ij€E

QI =

ng I] ® 1.
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Given a symmetric matrix B, the eigenvalues of B ® I, are precisely the
eigenvalues of B. It follows that:

> 7 -

ijEE

Z dg(7) eiej» .
i=1

But the matrix on the RHS is diagonal with non-negative entries, hence its
largest eigenvalue is the largest entry on the diagonal, which is max; dg (i) =
Ag. We deduce that one may take 02 = Ag and d = nk (as already seen)
in Theorem 1.2 to deduce:

P (A% — A@ T > t) < 2nke .

Taking t = 21/2A¢ In(2nk/n) makes the RHS smaller than 7. This proves
(4.1), which (as seen above) is equivalent to the desired assertion via Propo-
sition 3.1.

The proof for the Laplacian is quite similar and we will present it in less
detail. Define R = (I,, ® I, — (I — L) @ II,). We use Proposition 3.2 in order
to restate the desired inequality as:

(4.4) [Goal] P (||£<k> ~R|| <2 W) >1-1,
G

Using equations (2.3) and (3.3), we see that:

R—r®k — 3 ejel @ (V) — ) + eie} ® (Vija) — 1)
ijeE dg(i)da(7)

Zij B Zij
(4.5) :%( SO E[ dg(z’)dc(j)D

with the same Z;; from the first part (we used here the formula for E [Z;]
appearing in the proof of Claim 4.2).
In analogy with Claim 4.1, we note that the random matrices

{Zii/\/de(D)dc(f) Vijer

are independent and self-adjoint. Thus we may apply Theorem 1.2 with
d = nk to the sum in (4.5) once we find o2. For this we follow the calculations
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in the first part of the proof to deduce:
2 t el
Zij €;e; + e;e j
] = — ¢ ®I
]EG:E ( dg(z)dg(])> {;E de(9)da())
i 1
_ t
= — | eie; p @ I}.
{zzl (J%E da(i)da(j )) }

The largest eigenvalue of this matrix is simply the largest eigenvalue of the
first term of the tensor product in the RHS, which is:

ma ! ma Z
X T N1 N < X )
i€l ; 5ep da(@da(s) — 5G i€l ; Sier dG %

1

Therefore, we may take o2 = 551 in Theorem 1.2 and deduce:

P(I1£® — (I @ I~ (I - £) @ Tg)|| > t) < 2nke” e

Taking:
21n(2nk/n)
= 5
makes the RHS < 7 and finishes the proof of (4.4), which is equivalent to
the second assertion in the Theorem (cf. Proposition 3.2). O

4.2. Proof of the corollary

Proof of Corollary 1.1. We only present the proof for the adjacency matrix
result; the argument for the Laplacian is exactly the same.
The adjacency matrix A®*) of the graph G¥) satisfies:

(46) P (||A<k> ~AeT®| <2,/2A¢ 1n(4nk/77)) >1-

This is precisely what we showed in the course of the proof of Theorem 1.1,
cf. (4.1). It also follows from combining the Theorem with Proposition 3.1.

We claim that the same bound holds for A%) | after a suitable relabeling
of the vertices. The vertex set of the graph G*) is [n] x K where

N3

= [k1] x [ka] x -+ x [ks].
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A simple induction argument shows that G®) is also a lift of G, in the sense
that its edge set E(*) is a union:

B = | My,

ijeE

where M,; is a matching of {i} x K and {j} x K.

It is easy to see that these matchings are independent, because they
correspond to successive matchings of the lifted images of distinct edges of G.
Moreover, two vertices (i, 41, ...,0s) € {i}xK and (j,71,...,75) € jx{j}xK
are matched in ./\;lij if (i,¢1) is matched to (j,r1) in Gy and (i,71,72) is
matched to (j,71,72) in Gy and ... (i,01,...,{s) is matched to (j,71,...,7s)
in Gs. The recipe for constructing G implies that the probability of this
event is:

1 1

]P({(Z,fl,,fs),(],’l”l,,Ts)}G/\;lU) :m E

Thus if we label the elements of K with the numbers 1,2, ..., k, we see that
G®*) satisfies the assumptions of the Theorem. It follows that, just as in the

case of G,
P (HA(k) ~ AeT®|| <2,/2A¢ 1n(4nl<:/17)) 211
Putting this together with (4.6) finishes the proof. O

5. Proof of the concentration inequality for matrices

In this section we prove Theorem 1.2. Our proof is based on results from [20]
and we refer to that paper for further details on the basic results needed,
such as the spectral mapping property.
Given U € C%ﬁfm, we let Apax(U) denote the largest eigenvalue of U.
Notice that:
> t)

Z(E [Xi] — Xi)] > t) .

i<n

11| = max{Amax(U), Amax(=U)},

hence:

P (H > (X —E[X)] > t) <P ()‘max [Z(Xi - E[Xi])

i<n i<n

(5.1) +P (Amax




Spectrum of random k-lifts of large graphs 301

We will prove that the first term in the RHS is < d e~ /47"; the second term
can be similarly controlled if we replace X; with —X;.
To control the first term in the RHS of (5.1), we begin with the usual
Bernstein trick, valid for any s > 0:
> t)

(5.2) <e *'E [exp (5)\max {Z(X, -E[X;])

P (Amax [Z(Xi ~E[X)])

i<n

i<n

I

CE4  hecause of the variational

Notice that Apax defines a convex map over Cyy,

characterization

Amax(U) = |m‘a}1<v*Uv.

A standard symmetrization argument (see e.g. Lemma 6.3 in Chapter 6 of
[15]) implies:

(5.3) E [eSA‘““X (s (X“E[Xi”)} <E [eQSAW [Zicne Xi]]

where the {¢;}7; are iid unbiased over {—1,+1} and independent from
{X; };?:1. The spectral mapping property of matrix exponentials implies that
we may move Apax to outside the exponential.

E [exp (s)\max [Z € Xi] ) Amax [exp (s Z € XZ-) ” .

Since a matrix exponential has non-negative eigenvalues and “trace = sum
of eigenvalues”, this gives:

exp (s/\maX [Z € Xi] )] <E [Tr [es Diica € X” ,
i<n

where Tr denotes trace. We now employ the following key inequality from [20]:

=E

(5.4) E

Lemma 5.1 (Lemma 2 in [20]). If {e;}!'_; are as above, then for all s € R,
d € N\{0} and all deterministic Ay, ..., A, € C¥2 .

Herm -

B[ [ 2 o4]] < T —] .
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In our setting, we may condition on 2X; = A4;, 1 < ¢ < n, and then
integrate the ¢; to deduce:

E [ﬂ {eszmﬂ X” <E[Tr [ 2 X

Now the assumption that || -7 ; X?|| < o a.s. implies that the d eigenvalues
of the exponential in the RHS lie between 1 and e¢2*°". In particular, the
trace in the RHS is < d €% almost surely. It follows from (5.4) that:

E [exp (s)\max [Z € Xi] )] < de?s’o’
i<n

Combining this with (5.3) and (5.2) gives:

Vs >0,P ()‘max [Z(Xl —E [Xz])] > t) < de—st+20252

<n
and the Theorem follows from the choice s = t/402.
6. Extensions and open questions

Lifts of Marked chains. The argument we showed can be applied to lifts of
weighted graphs, or equivalently, of reversible Marked chains. Let P be the
transition matrix of an irreducible Marked chain on [n] that is reversible with
respect to a probability measure 7, meaning that 7 (i) P(i,5) = 7(j)P(4,19)
for all 1 <4,7 <mn. [This implies that P has n real eigenvalues.]

Choose a matching M;; for each pair 1 <1 < j < n in the same way as
in Theorem 1.1 and consider a Marked chain P*) on [n] x [k] with transition
probabilities given by:

PO (1), (j,0)) = { PG.9) (). (.0} € M
One can show (proof omitted) that the spectrum of P*) contains that of P
and that all new eigenvalues of P*) satisfy:

P < max |n| < 164/cp ln(nk/n)> >1-n,
n€new(P*))
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where
o m(j)P(j,1)* i)?
cp = max
i€[n] = 7T(
To prove this, one only needs to consider the symmetric matrix ) with
entries equal to

(which has the same spectrum as P) and the corresponding matrix Q%)
for the lifted chain P*), which is reversible with respect to the probability
distribution:

786, 0) = x(i)/k ((i,0) € [n] x [k]).

Notice that the parameter cp always satisfies:

n . P ..
cp < max< (max P(r,1) Z )P D) = max_P(r,i).
i€[n] re[n] = 7(4) (i,r)€[n]?

Sharpness of the bound. We do not know if the bound in Theorem 1.1
can be improved. For instance, could it be the case that all new eigenvalues
of the adjacency matrix are O (y/Ag) with high probability, at least when
the minimum degree is © (Inn)? This would be similar to the Erdos-Rényi
random graph [9] and also related to results on random regular graphs [11, 6].
An analysis of the proof of Theorem 1.1 shows that the only obstacle to
obtaining such a bound is the d term in Theorem 1.2, but that term is
known to be necessary in general [19]. However, it might be possible to obtain
better bounds in the graph-theoretic setting, at least for “well-behaved” base
graphs G.
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