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The combinatorics of the HMZ operators applied to
Schur functions

Jeffrey B. Remmel and Meesue Yoo

Haglund, Morse, and Zabrocki [12] introduced a family of symmet-
ric function operators {Bm}m≥1 and {Cm}m≥1 which are closely
related to operators of Jing [18]. Hanglund, Morse, and Zabrocki
used these operators to refine the shuffle conjecture of Haglund,
Haiman, Loehr, Remmel and Ulyanov [9] which gives a combina-
torial interpretation of the coefficient of the monomial symmetric
function in the Frobenius image of the character generating func-
tion of the ring of diagonal harmonics. In this paper, we give combi-
natorial interpretations of the coefficients that arise in Schur func-
tion expansion of Bmsλ[X] and Cmsλ[X] where sλ[X] is the Schur
function associated to the partition λ. We then use such combinato-
rial interpretations to give a new recursion for the Kostka-Foulkes
polynomials Kλ,μ(q).
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1. Introduction

In [12], Haglund, Morse and Zabrocki introduced two new operators on

symmetric functions which we call HMZ operators. In plethystic notation,

these operators when applied to any symmetric function P [X] are defined by

BmP [X] = P

[
X + ε

(1− q)

z

]
Ω[−εzX]

∣∣∣∣
zm

and(1.1)

CmP [X] =

(
−1

q

)m−1

P

[
X − 1− 1/q

z

]
Ω[zX]

∣∣∣∣
zm

(1.2)

where X = x1 + x2 + · · · , Ω[zX] =
∏

i
1

1−zxi
, and Ω[−εzX] =

∏
i(1 + zxi).
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Haglund, Morse and Zabrocki conjectured that these operators play an

important role in the study of the combinatorics of the ring Rn of coinvari-

ants for the diagonal action of the symmetric group Sn on Cn⊕Cn. In other

words, let

(1.3) Rn = C[x,y]/I,

where C[x,y] = C[x1, y1, . . . , xn, yn] is the ring of polynomial functions on

Cn⊕Cn, the symmetric group acts “diagonally” (i.e., permuting the x and y

variables simultaneously), and the ideal I = ((x,y)∩C[x,y]Sn) is generated

by all Sn-invariant polynomials without a constant term. The Sn action

respects the double grading

(1.4) Rn =
⊕
r,s

(Rn)r,s

given by the x and y degrees.

A formula for the character of Rn as a doubly graded Sn module was

conjectured in [6] and proved in [17]. The formula expresses the character

in terms of Macdonald polynomials as follows. Let F denote the Frobenius

characteristic: the linear map from Sn characters to symmetric functions that

sends the irreducible character χλ to the Schur function sλ[X]. Encoding the

graded character of Rn by means of its Frobenius series

(1.5) FRn
(X; q, t) =

∑
r,s

qrtsF char(Rn)r,s,

its value is given by the following theorem.

Theorem 1.1. [17] Let ∇ be the linear operator defined in terms of the

modified Macdonald symmetric functions H̃μ(X; q, t) by

(1.6) ∇H̃μ = tn(μ)qn(μ
′)H̃μ,

where μ is a partition of n, μ′ is its conjugate and n(μ) =
∑

i(i−1)μi. Then

we have

(1.7) FRn
(X; q, t) = ∇en[X],

where en[X] is the nth elementary symmetric function.
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Thanks to earlier results of Garsia and Haiman [6], Theorem 1.1 has
combinatorially interesting consequences. Notably, the dimension of Rn is
given by

(1.8) dimC Rn = (n+ 1)(n−1),

and that of its subspace Rε
n of Sn-antisymmetric elements is given by

(1.9) dimC Rε
n = Cn =

1

n+ 1

(
2n

n

)
,

the n-th Catalan number. These and other results elaborated in [6, 14, 17]
suggest that it should be possible to understand ∇en[X] in more combina-
torial terms. A first step in this direction was taken by Garsia and Haglund
[4, 5], who gave an explicit combinatorial formula for the Hall inner product

(1.10) Cn(q, t) = 〈∇en, en〉,

which by Theorem 1.1 and equation (1.9) is a q, t-analog of the Catalan
number Cn(1, 1) = Cn. Building on the Garsia-Haglund formula, Haglund
and Loehr [11] conjectured a combinatorial formula for the Hilbert series
of Rn. By Theorem 1.1, this Hilbert series is given by

Hn(q, t) = 〈∇en, e
n
1 〉 =

∑
r,s

qrts dim(Rn)r,s.

By [6], it was known that Hn(1, t) is a generating function enumerating
parking functions according tarea(f) where area(f) is the number of cells
that lie between the underlying Dyck path of the parking function f and the
diagonal. The Haglund-Loehr conjecture interprets Hn(q, t) as a bivariate
generating function enumerating parking functions by area together with
another statistic dinv which counts certain kinds of inversions (see [11]).

Later Haglund, Haiman, Loehr, Remmel and Uylanov [9] conjectured
that if hλ[X] is the homogeneous symmetric function and eμ[X] is the ele-
mentary symmetric function indexed by partitions λ and μ, then

〈∇en[X], hλ[X]eμ[X]〉 =
∑

f∈PFλ,μ

tarea(f)qdinv(f)

where PFλ,μ is certain set of parking functions that depend on λ and μ.
Their conjecture, which is now referred to as the shuffle conjecture, gener-
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alized the Garsia-Haglund formula for Cn(q, t), the Haglund-Loehr conjec-
ture for Hn(q, t), and a conjecture in [3] expressing 〈∇en, hden−d〉 in terms
of Schröder paths which was proved by Haglund in [10].

The operator ∇ described in Theorem 1.1 was introduced by F. Berg-
eron, Garsia, Haiman and Tesler [2]. When ∇ is applied to various bases
of symmetric functions, it encodes a lot of information about q, t-analogues
of combinatorial objects such as lattice paths and parking functions. See
[20, Table 1] where Loehr and Warrington provide a summary of such re-
sults. This paper is motivated by some recent progress in this area. First,
Loehr and Warrington [20] gave a conjectured combinatorial interpretation
for the coefficients that arise in the Schur function expansion of ∇sλ[X] in
terms of q, t-counting certain collections of nested Dyck paths depending
on λ. N. Bergeron, Descouens and Zabrocki [1] studied the combinatorics

of ∇ applied to the k-Schur functions s
(k)
1n [X; q] which is equal to the modi-

fied Hall-Littlewood polynomials when μ = (k�
n

k
�, n mod k). Based on their

conjecture on the coefficient of s1n [X] in ∇s
(k)
1n [X; q], Haglund, Morse and

Zabrocki [12] generalized the problem and conjectured the combinatorics of
∇ applied to Hall-Littlewood symmetric functions indexed by compositions.
In particular, Haglund, Morse and Zabrocki [12] refined the shuffle conjecture
of [9]. That is, they conjectured that for any composition p = (p1, . . . , pk)
of n, ∇Cp1

· · ·Cpk
(1) can be interpreted as

∑
f∈PFp

tarea(f)qdinv(f) where
PFp is the set of parking functions which hit the diagonal at exactly points
1, 1 + p1, 1 + p1 + p2, . . . , 1 + p1 + · · · + pk−1, n and ∇Bp1

· · ·Bpk
(1) can be

interpreted as
∑

f∈PF p̄
tarea(f)qdinv(f)+doffp(f) where PF p̄ is the set of park-

ing functions which hit the diagonal at least at the points 1, 1+ p1, 1+ p1 +
p2, . . . , 1 + p1 + · · ·+ pk−1, n, and doffp(f) is a specially defined q-statistic
(see [12] for a detailed description).

The main goal of this paper is to give a combinatorial interpretation to
the coefficients ba,λ,γ and ca,λ,γ that arise in the expansions

Basλ[X] =
∑
γ

ba,λ,γsγ [X] and Casλ[X] =
∑
γ

ca,λ,γsγ [X].

It then follows that

∇Basλ[X] =
∑
γ

ba,λ,γ∇sγ [X] and ∇Casλ[X] =
∑
γ

ca,λ,γ∇sγ [X].

Thus using our results and the conjectures of Loehr and Warrington [20]
on ∇sλ, we can produce combinatorial interpretations of ∇Basλ[X] and
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Figure 1: A rim hook (left) and a broken rim hook (right).

∇Casλ[X]. However, due to space considerations, we shall not study such
combinatorial interpretations in this paper, but instead focus on the combi-
natorial interpretations of the coefficients ba,λ,γ and ca,λ,γ .

To give an example of our results, we first need to establish some nota-
tion. We identify a partition λ = (λ1 ≥ · · · ≥ λk) with the Ferrers diagram
of λ (in French notation), i.e., the set of left justified rows of cells such that
the i-th row has λi cells, reading from bottom to top. For partitions λ, μ,
we write μ ⊆ λ whenever μ is contained within λ. In this case, we define the
skew diagram λ/μ to be the set theoretic difference λ− μ. A skew diagram
forms a horizontal m-strip (vertical m-strip) if |λ/μ| = m and no cell of λ/μ
lies immediately north (east) of another cell in λ/μ.

A skew diagram λ/μ is a rim hook of λ if λ/μ does not contain any 2×2
subdiagram and any two consecutive cells of λ/μ share an edge. A broken
rim hook (BRH) of λ is a skew diagram λ/μ which is a union of rim hooks
of λ. Figure 1 shows an example of a rim hook and a broken rim hook.

We shall show that ba,λ,γ = 0 unless γ arises from λ by first removing a
broken rim hook H from λ and then adding a vertical strip V in such a way
that

1. all the cells of V lie below all the cells of H,
2. if H consists of rim hooks (h1, . . . , hk) reading from top to bottom,

then h1 must start in column 1 and for all i = 1, . . . , k − 1, if the
lowest cell of hi lies in column si, then the highest cell of hi+1 must
lie in column si + 1, and

3. |V | = a+ |H|.
In all the figures that follow, we shall always think of the cells of H

as being red and we shall indicate a red cell by placing an r in that cell.
Similarly, we shall always think of the cells of V as colored blue and indicate
a blue cell by placing a b in that cell. Now suppose that γ results from λ by
removing a broken rim hook H of red cells and then adding a vertical strip V
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Figure 2: Connecting rim hooks.

of blue cells where H and V do not necessarily satisfy (1), (2), and (3). Then
we know that cells in λ− γ must be colored red and the cells in γ − λ must
be colored blue. However, λ and γ do not necessarily determine H and V .
That is, we shall need to consider what we call connecting rim hooks which
consists of a rim hook of cells that starts at a colored cell or a blank cell
and then consists a nonempty set of uncolored cells along the boundary of
the Ferrers diagram up to the next cell which is either colored or is the last
cell in the bottom row. For example, in Figure 2, we have pictured the four
connecting rim hooks determined by λ = (102, 9, 82, 73, 6, 52, 43, 33, 22, 1)
and γ = (102, 93, 73, 63, 42, 26). It is possible that some of the cells of any
connecting rim hook could have been first removed since they were part of H
and then added back because they were part of V .

We shall see later that these connecting rim hooks play a crucial role in
the computation of ba,λ,γ which has a rather simple combinatorial descrip-
tion. That is, suppose that γ satisfies (1), (2), and (3). Let u be the row of
the lowest cell c of H and v be the row which contains the first cell which
lies below c and strictly to the right of c. We let R denote the set of red cells
that do not lie in any connecting rim hooks. Then we shall prove that

(1.11) ba,λ,γ = (qu−v − 1)qv−|V |(−1)k−1
∏
d∈R

wB(d)
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Figure 3: An example of ba,λ,γ .

where

(1.12) wB(c) =

⎧⎪⎨
⎪⎩
−1 if c has a red cell immediately to its right

q if c has a red cell immediately below it

q − 1 if otherwise.

In the special case where H is empty, then

(1.13) ba,λ,γ = q�(γ)−|V |.

For example, in Figure 3, we have pictured such a γ that could arise in

the expansion of B2sλ[X] where λ = (93, 82, 7, 63, 52, 43, 33, 22, 1). We have

put r’s in the cells of H, b’s in the cells of V , and we have put dots in

the cells of the connecting rim hooks that start with a red cell. In this case

H = (h1, h2, h3) consists of 3 rim hooks, u = 14 and v = 11. Note that

|H| = 6 and |V | = 8 = 2+ |H|. There are three red cells which are not part

of connecting rim hooks and we have put wB(c) next to each of such cell c.

Thus in this case,

ba,λ,γ = (q14−11 − 1)q11−8(−1)3−1q2 = q5(q3 − 1).
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Our results imply that in a number of special cases, it is quite easy to
compute the expansion

Basλ[X] =
∑
γ

ba,λ,γsγ [X].

For example, if a ≥ �(λ), then it is not possible to construct a γ where we
first remove a non-empty broken rim hook H that meets conditions (1), (2),
and (3) so that

Basλ[X] =
∑

γ:γ/λ is a vertical strip

q�(γ)−asγ [X].

The combinatorial interpretation of ca,λ,γ is a bit more complicated, but
has a similar flavor. That is, we shall show that ca,λ,γ = 0 unless γ arises
from λ by first removing a broken rim hook H from λ and then adding a
horizontal strip S such that

1. all the cells of S lie above all the cells of H,
2. if H consists of rim hooks (h1, . . . , hk) reading from bottom to top,

then h1 must start in row 1 and for all i = 1, . . . , k − 1, if the top cell
of hi lies in row ri, then the bottom cell of hi+1 must lie in row ri +1,
and

3. |S| = a+ |H|.

Suppose that γ satisfies (1), (2) and (3) and u is the column of the highest
red cell that was removed from λ, and v is the column of the first corner cell
to the left of the highest red cell of λ. Let R denote the set of red cells that
were removed from λ which are not contained in any connecting rim hooks,
and p is the number of rim hooks that make the broken rim hook λ/γ. Then
we shall prove that

ca,λ,γ(q) = (−1)p+a qu−v − 1

qu−|H|−2(q − 1)

∏
s∈R

wC(s)

where

wC(s) =

⎧⎨
⎩
1/q if s has a red cell to its right
−1 if s has a red cell below it, and
1−q
q if s is the lowest cell of a rim hook.

In the special case where H is empty, then we simply have that

ca,λ,γ(q) = (−1)a−1(1/q)γ1−1.
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The outline of this paper is as follows. In Section 2, we shall give the basic
background on symmetric functions and plethystic notation that is needed
for this paper. In Section 3, we shall summarize what is known about the
HMZ operators Ba and Ca. In Section 4, we shall prove our combinatorial
interpretation for the coefficients ba,λ,γ . In Section 5, we shall prove our
combinatorial interpretation for the coefficients ca,λ,γ . The techniques that
we use to prove our results in sections 4 and 5 are based on ideas due to
Zabrocki [30] who analyzed the action of the Hall-Littlewood vertex operator
on Schur functions and Remmel [25] who analyzed Macdonald’s D1 oper-
ator on Schur functions. Morris used different methods to compute closely
related coefficients in [24]. Finally, in Section 6, we shall show how our results
can be used to prove a new recursion for the q-Kostka-Foulkes polynomials
Kλ,μ(q). Our recursion allows us to give an alternative method for comput-
ing Kλ,μ(q) which is different from the combinatorial definition of Kλ,μ(q)
given by Lascoux and Schützenberger [19] in terms of the charge statistic.

2. Basic definitions and notations

2.1. Basic objects

A sequence α = (α1, α2, . . . , αr) of positive integers is a composition of n if
|α| = α1 + α2 + · · · + αr = n. We use the notation α |= n to denote that
α is a composition of n. We let l(α) denote r which is the number of parts
of α. A composition of weakly decreasing parts is called a partition, i.e.,
λ = (λ1, . . . , λl(λ)) with λ1 ≥ λ2 ≥ · · · ≥ λl(λ) and |λ| = λ1 + · · ·+ λl(λ) = n.
We use the notation λ 	 n to denote that λ is a partition of n.

For compositions (including partitions), we define

n(α) =

l(α)∑
i=1

(i− 1)αi.

For a partition λ, a filling of λ is a function σ : λ → [n] assigning integer
entries to the cells of λ. A semi-standard Young tableau is a filling which is
weakly increasing along each row of λ and strictly increasing up each column.
A semi-standard Young tableau is standard if it is a bijection from λ to
[n] = {1, 2, . . . , n}. For a partition λ of n and a composition ν of n, we define

SSYT(λ) = {semi-standard Young tableau T : λ → N},
SSYT(λ, ν) = {SSYT T : λ → N with entries 1ν1 , 2ν2 , . . . },

SYT(λ) = {SSYT T : λ
∼→ [n]} = SSYT(λ, 1n).

For T ∈ SSYT(λ, ν), we say T is a SSYT of shape λ and weight ν.
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2.2. Symmetric functions

We shall mainly follow the notations of [23] for symmetric functions. We
let Λn denote the set of all homogeneous functions of degree n over Q and
Λ = Λ1 ⊕ Λ2 ⊕ · · · .

Let λ 	 n be a partition of n. The elementary symmetric functions eλ are
defined by setting eλ =

∏
i eλi

where e0 = 1 and en =
∑

1≤i1<···<in
xi1 · · ·xin

for n ≥ 1. The complete homogeneous symmetric functions hλ are defined by
setting hλ =

∏
i hλi

where h0 = 1 and hn =
∑

1≤i1≤···≤in
xi1 · · ·xin for n ≥ 1.

The power sum symmetric functions pλ are defined by setting pλ =
∏

i pλi

where p0 = 1 and pn =
∑

i x
n
i for n ≥ 1. The skew Schur function sλ/μ can

be defined algebraically by

sλ/μ = det[hλi+i−(μj+j)]1≤i,j≤n.

We also note that the skew Schur functions sλ/ν are defined by the following
property that for any f ∈ Λ,

〈fsν , sλ〉 = 〈f, sλ/ν〉

where 〈 , 〉 is the usual scalar product on Λ such that 〈sλ, sμ〉 = χ(λ = μ).
We let ω is an involution on symmetric functions such that ω(pλ[X]) =
(−1)|λ|−l(λ)pλ[X], ω(en[X]) = hn[X] and ω(sλ[X]) = sλ′ [X].

Next we shall briefly review plethystic notation. Let E = E(t1, t2, . . . )
be a formal Laurent series with rational coefficients in t1, t2, . . . . We define
the plethystic substitution pk[E] by replacing each ti in E by tki , i.e.,

pk[E] := E(tk1, t
k
2, . . . ).

For any partition λ = (λ1, . . . , λk) of n, we let pλ[E] =
∏k

i=1 pλi
[E]. If

F = F (t1, t2, . . . ) is another formal Laurent series with rational coefficients
in t1, t2, . . . , then

(a) pk[E + F ] = pk[E] + pk[F ],
(b) pk[−E] = −pk[E] = (−1)k(ωpk)[E], and
(c) pk[EF ] = pk[E]pk[F ].

Then for any arbitrary symmetric function f , we define f [E] as
∑

λ cλpλ[E]
if f =

∑
λ cλpλ.

Note that if X = x1 + x2 + · · · ,

pk[X] =
∑
i≥1

xki = pk(x1, x2, . . . ).
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It then easily follows that for any f ∈ Λ,

f [X] = f(x1, x2, . . . ).

For this reason, we consider this operation as a kind of substitution. In
plethystic expression, X stands for x1 + x2 + · · · so that f [X] is the same
as f(X) = f(x1, x2, . . . ). See [22] for a fuller account.

Let f be a symmetric function which is homogeneous of degree d. Then
we have

f [tX] = tdf [X] and f [−X] = (−1)dωf [X].

There is a special symbol ε which will represent a negative one but behaves
differently than a negative symbol. That is, we define

f [εX] = (−1)df [X] and f [−εX] = ω(f [X]).

For any formal Laurent series E = E(t1, t2, . . . ) with rational coefficients
in t1, t2, . . . , define

Ω[E] = e
∑

k≥1

pk[E]

k .

Then for X = x1 + x2 + · · · and Y = y1 + y2 + · · · , we have the following
identities

Ω[X + Y ] = Ω[X]Ω[Y ],

Ω[X − Y ] = Ω[X]/Ω[Y ],

Ω[X] =
∏
i

1

1− xi
=
∑
n≥0

hn[X], and

Ω[−X] =
∏
i

(1− xi) =
∑
n≥0

(−1)nen[X].

Next we note the following well known theorem from the theory of Λ-rings.
For proofs, see [28, 22].

Theorem 2.1. For X = x1 + x2 + · · · and Y = y1 + y2 + · · · ,

sμ/λ[X + Y ] =
∑

λ⊆δ⊆μ

sμ/δ[X]sδ/λ[Y ],

sμ/λ[−X] = (−1)|μ
′/λ′|sμ′/λ′ [X],

sμ/λ[X − Y ] =
∑

λ⊆δ⊆μ

sμ/δ[X](−1)|δ/λ|sδ′/λ′ [Y ].
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We will consider the modified Macdonald polynomials H̃μ[X; q, t] which
are related to the integral form Macdonald polynomials Jμ[X; q, t] [23] by

H̃μ[X; q, t] = tn(μ)Jμ

[
X

1− 1/t
; q, 1/t

]
.

We also note that

qn(μ)H̃μ[X; 0, 1/q] =
∑
λ

Kλμ(q)sλ[X]

whereKλμ(q) is theKostka-Foulkes polynomial. Lascoux and Schützenberger
[19] found that

Kλμ(q) =
∑

T∈SSYT(λ,μ)

qch(T )

where μ = (μ1 ≥ μ2 ≥ · · · ≥ μ�(μ)) and ch(T ) is the charge statistic. As
in [23, III.6], we can define the charge statistic as follows. First we consider
words w = a1 . . . an, where the ai’s are positive integers. We say that w is
a standard word if it is a rearrangement of 1, 2, . . . , n. We say that w is of
type μ if w has μ1 1s, μ2 2s, etc.

(1) Given a standard word, we attach an index to letters in w as follows.
First 1 has index 0. Then if r has index i, r+1 has index i if r+1 lies
to the right of r in w and r+1 has index i+1 if r+1 lies to the left of
r in w. In this case, the charge of w, ch(w), is defined to be the sum
of the indices of the letters in w. For example, if w = 2 1 4 3, then
using the subscripts to indicate the index associated with each letter
we would have w = 21 10 42 31 so that ch(w) = 4.

(2) Now if the type of w is μ = (μ1 ≥ μ2 ≥ · · · ), then one extracts a
sequence of standard words w(1), w(2), . . . as follows. For w(1), we read
the word from left to right and choose the first 1 that occurs in w, then
the first 2 to the right of the 1 that is chosen and so on. If at any stage,
there is no s+1 to the right of chosen s, we go back to the beginning of
the word and choose the first s+1, then the first s+2 to the right of that
s+1 is chosen and so on. We then let w(1) consist of the letters chosen in
the procedure in the same order that they occur in w. This procedure
will select a standard word of length μ′

1, where μ
′ = (μ′

1 ≥ μ′
2 ≥ · · · ) is

the conjugate of μ. Then we erase the letters of w(1) from w and repeat
the procedure on the remaining letters to obtain a standard subword
w(2) of length μ′

2 and so on. For example, if w = 3 2 2 1 4 1 3 1, then
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Figure 4: The word of a T ∈ SSY T ((4, 2, 2), (3, 2, 2, 1)).

underlining the letters chosen in the first round of the procedure, we
would get w = 3 2 2 1 4 1 3 1. Thus w(1) = 2 1 4 3 and the remaining
letters would be 3 2 1 1. It is then easy to check that w(2) = 3 2 1 and
w(3) = 1. We then define the charge of w by ch(w) =

∑
i ch(w

(i)). For
example, if w = 3 2 2 1 4 1 1 3, then ch(w(1)) = 4, ch(w(2)) = 3, and
ch(w(3)) = 0 so that ch(w) = 4 + 3 + 0 = 7.

(3) Finally if T ∈ SSY T (λ, μ), we construct the word of T by reading the
rows of T from right to left and reading the rows from bottom to top.
We then define the charge of T by ch(T ) = ch(w(T )). Thus for exam-
ple, if T is semi-standard Young tableaux of shape λ = (4, 2, 2) and
type μ = (3, 2, 2, 1) pictured in Figure 4, then w(T ) = 3 1 1 1 2 2 4 3.
Then one can check that w(1) = 1 2 4 3, w(2) = 3 1 2, and w(3) = 1 so
that

ch(T ) = ch(w(T )) = ch(w(1)) + ch(w(2)) + ch(w(3)) = 1 + 1 + 0 = 2.

3. The symmetric operators Bm and Cm

Jing [18] defined symmetric function operators Hm for m ≥ 1 by setting

(3.1) HmP [X] = P

[
X − 1− q

z

]
Ω[zX]

∣∣∣∣
zm

for any symmetric function P [X]. These operators have the property that

(3.2) Hμ1
Hμ2

· · ·Hμl(μ)
(1) = qn(μ)H̃μ[X; 0, 1/q],

for μ a partition.

Haglund, Morse and Zabrocki [12] defined the following symmetric op-
erators closely related to Jing’s Hm operators defined in (3.1):

BmP [X] = P

[
X + ε

(1− q)

z

]
Ω[−εzX]

∣∣∣∣
zm

and(3.3)
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CmP [X] =

(
−1

q

)m−1

P

[
X − 1− 1/q

z

]
Ω[zX]

∣∣∣∣
zm

.(3.4)

They also considered the symmetric functions defined by

Bα[X; q] = Bα1
Bα2

· · ·Bαl(α)
(1)

and

Cα[X; q] = Cα1
Cα2

· · ·Cαl(α)
(1),

for any composition α = (α1, . . . , αl(α)). These operators are related to the
Jing’s operators Hm by

Bm = ωHmω and Cm = (−1/q)m−1Hq→1/q
m

and so

(3.5) Cm = (−1/q)m−1ωBq→1/q
m ω.

Thus, by (3.2), for a partition μ, we have the relations

Bμ[X; q] = qn(μ)ωH̃μ[X; 0, 1/q] and(3.6)

Cμ[X; q] = q−n(μ)(−1/q)|μ|−l(μ)H̃μ[X; 0, q].(3.7)

Note that (3.3) and (3.4) imply that

(3.8) Bμ[X; q] = ω
∑
λ

Kλμ(q)sλ[X] =
∑
λ

Kλμ(q)sλ′ [X]

and

(3.9) Cμ[X; q] = (−1)|μ|−l(μ)(1/q)|μ|−l(μ)+n(μ)
∑
λ

K̃λμ(q)sλ[X]

where K̃λμ(q) = qn(μ)Kλμ(1/q) =
∑

T∈SSYT(λ,μ) q
coch(T ) for coch(T ) = n(μ)−

ch(T ).
To manipulate the symmetric functions Bα[X; q] and Cα[X; q], Haglund,

Morse and Zabrocki proved the following commutativity relations of B and
C operators.

Theorem 3.1. [12] For a, b ∈ Z, we have

BbBa + Ba−1Bb+1 = q(BaBb + Bb+1Ba−1),(3.10)
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q(CbCa + Ca−1Cb+1) = CaCb + Cb+1Ca−1.(3.11)

For a+ b > 0,

(3.12) BaCb = qCbBa.

In [6], Garsia and Haglund proved that their q, t-analogue of the Catalan
number, Cn(q, t), is a polynomial with positive integer coefficients by using
the following identity

Cn(q, t) = ∇en[X]|s1n .
They defined the special symmetric function element En,k[X; q] by the fol-
lowing identity

en

[
X

1− z

1− q

]
=

n∑
k=1

(z; q)k
(q; q)k

En,k[X; q],

and they proved that the coefficient of en[X] in∇(En,k[X; q]) q, t-enumerates
the Dyck paths which touch the diagonal k times.

Haglund, Morse and Zabrocki [12] conjectured combinatorial formulas
for the monomial expansions of ∇(Bα[X; q]) and ∇(Cα[X; q]) which give
the coefficient of en[X] in ∇(Bα[X; q]) and ∇(Cα[X; q]). According to their
conjectured formulas, we have

〈en[X],∇(En,k[X; q])〉 =
∑

α|=n,l(α)=k

〈en[X],∇(Cα[X; q])〉.

They also showed that this identity holds in more generality by expanding
En,k[X; q] in terms of Cα[X], namely,

En,k[X; q] =
∑

α|=n,l(α)=k

Cα[X; q].

This identity is from the following simple expression for en[X] in terms of
Cα[X].

Proposition 3.2. [12]

en[X] =
∑
α|=n

Cα[X; q].

There is a slight generalization of Proposition 3.2.
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Proposition 3.3. [12] For 0 ≤ k < n,

s(n−k,1k)[X] = (−q)n−k−1
∑
α|=n

α1≥n−k

Cα[X; q].

The main goal of this paper is to find combinatorial interpretations for

the coefficients that arise in the Schur function expansion of Bmsλ[X] and

Cmsλ[X]. We shall also give simple recursions for the expansion of Bmeλ[X]

in terms of the elementary symmetric functions and Cmhλ[X] in terms of

the homogeneous symmetric functions. These recursions can be used to give

alternative proofs of many identities involving the operations Bm and Cm

described above.

4. Computing Bmsλ[X]

By the definition of Bm,

Bmsλ/ν [X]

= sλ/ν

[
X + ε

(1− q)

z

]
Ω[−εzX]

∣∣∣∣
zm

=
∑

ν⊆μ⊆λ

sμ/ν [X]sλ/μ

[
ε
1− q

z

]∑
n≥0

znω(hn[X])

∣∣∣∣∣∣
zm

=
∑

ν⊆μ⊆λ

sμ/ν [X]

(
−1

z

)|λ/μ|
sλ/μ[1− q]

∑
n≥0

znen[X]

∣∣∣∣∣∣
zm

=
∑

ν⊆μ⊆λ

sμ/ν [X]

(
−1

z

)|λ/μ|
(4.1)

×

⎛
⎝ ∑

μ⊆β⊆λ

sλ/β [1](−1)|β/μ|sβ′/μ′ [q]

⎞
⎠∑

n≥0

znen[X]

∣∣∣∣∣∣
zm

=
∑

ν⊆μ⊆λ

sμ/ν [X]

⎛
⎝ ∑

μ⊆β⊆λ

(−1)|λ/β|sλ/β [1]sβ′/μ′ [q]

⎞
⎠

︸ ︷︷ ︸
(∗)

em+|λ/μ|[X].(4.2)
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We consider a combinatorial interpretation of (∗) in (4.2) which is

(−1)λ/μsλ/μ[1− q] =
∑

μ⊆β⊆λ

(−1)|λ/β|sλ/β [1]sβ′/μ′ [q].

Note that sλ/β [1] = 0 unless λ/β is a horizontal strip and if λ/β is a hori-

zontal strip, then sλ/β [1] = 1. Similarly, sβ′/μ′ [q] = 0 unless β/μ is a vertical

strip and if it is a vertical strip, then sβ′/μ′ [q] = q|β/μ|. Thus we see that

sμ/ν occurs in the expansion of Bmsλ/ν [X] only if μ/ν arises from λ by first

removing a horizontal strip to obtain β/ν and then removing a vertical strip

to obtain μ/ν which implies that λ/μ is a broken rim hook (BRH). In such a

situation, the cells of λ/β have a weight of −1 which we indicate by placing

a −1 in such cells. Similarly, the cells of β/μ have a weight of q which we

indicate by placing a q in such cells. It follows that we must weight the cells

in λ/μ by taking the product of the entries of λ/μ where

(i) if s is a cell which has a cell in λ/μ to its right, then we place a −1 in

it,

(ii) if s is a cell which has a cell in λ/μ below it, then we place a q in it,

and

(iii) if s is the lowest cell in one of the rim hooks of λ/μ so that it does not

have a cell in λ/μ directly to its right or directly below it, then we can

place either a q or −1 in s.

It follows that

Bmsλ/ν [X] =
∑

ν⊆μ⊆λ,

λ/μ is a BRH of λ

wB(λ/μ)sμ/ν [X]em+|λ/μ|[X],(4.3)

where

wB(λ/μ) =
∏

s∈λ/μ
wB,λ/μ(s)

and for each cell s ∈ λ/μ,

(4.4) wB,λ/μ(s) =

⎧⎨
⎩
−1 if s has a cell of λ/μ to its right
q if s has a cell of λ/μ below it, and
q − 1 if s is the lowest cell of a rim hook in λ/μ.
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4.1. Bm applied to elementary symmetric basis eλ

Our first application of (4.3) is to derive a simple recursion for Bm applied
to an elementary symmetric function eλ = eλ1

eλ2
· · · eλl(λ)

. That is, we have
the recursion

(4.5) Bm(eseλ) = esBm(eλ) + (q − 1)

s∑
j=1

qj−1es−jBm+j(eλ)

for any λ 	 n and s ≥ 1. That is, since en = s1n , we can think of

eλ = s1λ1s1λ2 · · · s1l(λ) ,

as a skew Schur function corresponding to
∏

i s1λi . It follows from (4.3) that

(4.6) Bm(eλ) =

l(λ)∏
i=1

⎛
⎝eλi

+ (q − 1)

λi∑
j=1

qj−1

zj
eλi−j

⎞
⎠
⎛
⎝∑

n≥0

enz
n

⎞
⎠
∣∣∣∣∣∣
zm

.

Hence

Bm(eseλ)

=

⎛
⎝es + (q − 1)

s∑
j=1

qj−1

zj
es−j

⎞
⎠

×
l(λ)∏
i=1

⎛
⎝eλi

+ (q − 1)

λi∑
j=1

qj−1

zj
eλi−j

⎞
⎠
⎛
⎝∑

n≥0

enz
n

⎞
⎠
∣∣∣∣∣∣
zm

= es

l(λ)∏
i=1

⎛
⎝eλi

+ (q − 1)

λi∑
j=1

qj−1

zj
eλi−j

⎞
⎠
⎛
⎝∑

n≥0

enz
n

⎞
⎠
∣∣∣∣∣∣
zm

+ (q − 1)

s∑
j=1

⎡
⎣qj−1es−j

l(λ)∏
i=1

⎛
⎝eλi

+ (q − 1)

λi∑
j=1

qj−1

zj
eλi−j

⎞
⎠

×

⎛
⎝∑

n≥0

enz
n

⎞
⎠
⎤
⎦
∣∣∣∣∣∣
zm+j

= esBm(eλ) + (q − 1)

s∑
j=1

qj−1es−jBm+j(eλ).
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One can use (4.5) to give a simple inductive proof of the fact in Theo-
rem 3.1 that

(4.7) BbBa + Ba−1Bb+1 = q(BaBb + Bb+1Ba−1)

by showing that both sides of (4.7) gives the same result when they are
applied to any eλ.

Note by (4.5), we have that

Bq→1/q
m (eseλ) = esB

q→1/q
m (eλ) + (

1

q
− 1)

s∑
j=1

(
1

q

)j−1

es−jB
q→1/q
m+j (eλ)

= esB
q→1/q
m (eλ) + (1− q)

s∑
j=1

(
1

q

)j

es−jB
q→1/q
m+j (eλ).(4.8)

Applying the operator (−1/q)m−1ω to both sides of (4.8) and using (3.5),
we obtain that

(4.9) Cm(hshλ) = hsCm(hλ) + (1− q)

s∑
j=1

(−1)jhs−jCm+j(hλ).

One can use recursion (4.9) to give a simple inductive proof of the fact
in Theorem 3.1 that

(4.10) q(CbCa + Ca−1Cb+1) = CaCb + Cb+1Ca−1.

That is, one can easily show by induction on the number of parts of λ that
both sides of (4.10) give the same answer when applied to hλ.

4.2. Bm applied to Schur functions

Next, we consider the Schur expansion of Bm applied to the Schur function
sλ[X],

(4.11) Bmsλ[X] =
∑
μ⊆λ,

λ/μ is a BRH of λ

wB(λ/μ)sμ[X]em+|λ/μ|[X],

where

wB(λ/μ) =
∏

s∈λ/μ
wB,λ/μ(s),
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and for each cell s ∈ λ/μ, the weight wB,λ/μ(s) is as defined in (4.4). In
(4.11), one can apply the Pieri rule to see that

sμ[X]em+|λ/μ|[X] =
∑

μ⊆γ,γ/μ is a

vertical strip of size m+|λ/μ|

sγ [X].

Thus

Bmsλ[X] =
∑

μ⊆λ,λ/μ is a BRH of λ

wB(λ/μ)sμ[X]em+|λ/μ|[X]

=
∑

μ⊆λ,λ/μ is a BRH of λ

μ⊆γ,γ/μ is a vertical strip of size m+|λ/μ|

wB(λ/μ)sγ [X].(4.12)

Each γ that appears on the right hand side of (4.12) can be constructed
by first removing a broken rim hook λ/μ from λ and then adding back a
vertical strip γ/μ of size |λ/μ|+m.

We shall think of the cells of the broken rim hook λ/μ as being colored
red so we will put an r in the cells corresponding to λ/μ and we shall think
of the cells of the vertical strip γ/μ as being colored blue so we will put a b in
the cells corresponding to γ/μ. Then in the right hand side of (4.12), notice
that the red and blue cells completely determine λ and γ, but there could
be many μ’s that could give rise to the same λ and γ. That is, the cells in
the rim hooks connecting colored cells could be that some of these cells were
originally removed from λ to form μ and then added back to form γ. Figure 5
shows various possibilities of μ when λ = (32, 23) and γ = (42, 22, 1). Thus
the final weight associated with sγ in (4.12) should be the sum of wB(λ/μ)
over all possible μ’s. We shall make the convention that the top colored cell,
if there is any, is part of the connecting rim hook while the bottom colored
cell, if it exists, is not part of the connecting rim hook. Nevertheless, the final
weight associated with the connecting rim hook does depend on the colored
square at the bottom. Thus when we talk about connecting rim hooks, it
will be convenient to refer to the connecting rim hook by the top cell and

Figure 5: Possible μ’s for λ = (32, 23) and γ = (42, 22, 1).
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the cell next to the bottom cell if it exists. Thus a r-b connecting rim hook
is a connecting rim hook that starts with a red cell and has its final cell
connected to a blue cell, a blank-b connecting is a connecting rim hook that
starts with a blank cell and has its final cell connected to a blue cell, etc.
This given, if we let the connecting rim hooks of λ ∪ γ be H1, . . . , Hk, and
the red cells which are not part of any connecting rim hooks be r1, . . . , rs,
then the total weight associated with sγ [X] would be

(4.13)

(
k∏

i=1

WB(Hi)

)(
s∏

i=1

wB,λ/γ(ri)

)
,

where WB(Hi) is the sum of all the possible weights that can occur in Hi as
μ varies in (4.12). For instance, in the case the connecting rim hook H for
Figure 5,

WB(H) = (q − 1) + q(q − 1) + q2(q − 1) = q3 − 1.

In the following subsections, we shall calculate explicit formulas for the
weights of all possible connecting rim hook shapes.

4.3. Computing weights of connecting rim hooks

We start by computing the weights of simple connecting rim hooks, namely
when they are just a column or just a row.

Let rV (L), bV (L) and V (L) denote the connecting rim hooks of a column
of L squares with a red cell on the top, a blue cell on the top, and a blank
cell on the top, respectively. Then we have the following lemma.

Lemma 4.1. For L ≥ 1,

WB(rV (L)) = qL+1 − 1,(4.14)

WB(bV (L)) = qL, and(4.15)

WB(V (L)) = qL.(4.16)

Proof. We calculate WB(rV (L)) first. If there are k cells colored rb (in other
words, if they are removed from λ first and added back to form γ) below
the red cell on the top, then the weight would be qk(q− 1). Note that k can
be any value from 0 to L. By adding the weights over all possible k values,
we get

WB(rV (L)) =

L∑
k=0

qk(q − 1)
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Figure 6: rV (L), bV (L) and V (L), from the left.

Figure 7: Hr(L), Hb(L) and H(L) from the top.

= (q − 1)
qL+1 − 1

q − 1

= qL+1 − 1.

If a b cell is on the top and there are k rb cells below it, then the weight is
qk−1(q − 1) if k ≥ 1 and the weight is 1 if k = 0. Hence

WB(bV (L)) = 1 +

L∑
k=1

qk−1(q − 1)

= 1 + (q − 1)
qL − 1

q − 1

= qL.

The same computation shows that WB(V (L)) = qL.

We let Hr(L), Hb(L) and H(L) denote the connecting rim hooks of one

row with L squares with a red cell, a blue cell, or nothing attached to its
right, respectively. Then we have the following lemma.

Lemma 4.2. For L ≥ 1,

WB(Hr(L)) = 0,(4.17)

WB(Hb(L)) = 1, and(4.18)

WB(H(L)) = q.(4.19)
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Figure 8: A hook shape connecting rim hook, sV Ht(L,M).

Proof. We start by calculating WB(Hr(L)). Since the blue cells must form
a vertical strip there are only two possible cases for Hr(L). That is, either
we do nothing or we color the cell immediately to the left of the red cell in
rb. Thus,

WB(Hr(L)) = (q − 1) + (−1)(q − 1) = 0.

If blue cell is the last cell of the row, there can be no rb cells so its weight
is 1.

If there is no colored cell at the right end of the row, then we can remove
and add only one rb cell at the right end, and this would give

WB(H(L)) = 1 + (q − 1) = q.

Before we handle the case of general connecting rim hooks, we first need
to compute the weights of connecting rim hooks of a hook shape.

Proposition 4.3. Let sV Ht(L,M) denote a hook shape connecting rim
hook connecting cells colored in s and t as in Figure 8. If M ≥ 1, then

WB(sV Ht(L,M)) =

⎧⎨
⎩
WB(sV (L)), if t = b,
qWB(sV (L)), if t = blank,
0, if t = r.

If M = 0, then

WB(sV Ht(L,M)) =

⎧⎨
⎩
WB(sV (L)), if t = b or blank,
−1, if s = r, t = r
0, if s = blank or b, t = r,

where WB(sV (L)) is as defined in Lemma 4.1.

Proof. Let c denote the left most corner cell in the bottom row. IfM ≥ 1 and
t = b, then c cannot be colored in rb (i.e., removed and added back) since the
blue cells form a vertical strip. Thus the weight of the hook sV Hb(L,M)
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would be consistent with the weight of a vertical strip sV (L) as in Lem-
ma 4.1. The same reasoning can be applied to the case when M = 0 and
t = b. If t = r and M ≥ 1, then again the cell c cannot be colored rb and
there are only two possibilities for the horizontal part;

and .

For the above two horizontal strips, the sum of possible weights are 0 by
Lemma 4.2. Since the cell c is uncolored, it separates the vertical strip sV (L)
and the horizontal strip Hr(M). Hence,

WB(sV Ht(L,M)) = WB(sV (L))WB(Hr(M))

which is 0 since WB(Hr(M)) = 0. Similarly, if M ≥ 1 and t is blank, then
there are only two possibilities for the horizontal part;

and .

So, WB(H(M)) = 1 + (q − 1) = q and

WB(sV Ht(L,M)) = WB(sV (L))WB(H(M)),

where WB(sV (L)) as described in Lemma 4.1.
Next we consider the case when M = 0 and t = r. If s = r, and there

are k cells colored rb below the top r cell where 0 ≤ k ≤ L, then the weight
of rV Ht(L, 0) would be qk(q − 1). However, in this case, we also have the
possibility of coloring all the cells in L plus cell c with rb, and then the
weight of the hook rV Hr(L, 0) would be −qL+1. Hence,

WB(rV Hr(L, 0)) =

L∑
k=0

qk(q − 1)− qL+1

= −1.

If s = b or blank, then in the case when there are no rb-colored cells in the
vertical part, the weight of sV H(L, 0)r is 1. Hence,

WB(sV Hr(L, 0)) = 1 +

L∑
k=1

qk−1(q − 1)− qL

= 0.

If M = 0 and t is blank, then since the hook sV H(L,M) is just a vertical
strip sV (L), it has the same weight as WB(sV (L)).
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Table 1: Weights of connecting rim hooks

Remark 4.4. Table 1 is the summary of the weights of simple shape con-

necting rim hooks described in Lemmas 4.1, 4.2 and Proposition 4.3.

Finally, we consider a general connecting rim hook G which consists of

a hook shape V Ht(L0,M0) where we have attached series of hook shapes

V H(Li,Mi) for i = 1, . . . , k − 1, and finally attached sV H(Lk,Mk), a hook

shape, as pictured in Figure 9. Here we assume that k ≥ 1.

Note that for any statement A, we let χ(A) = 1 if A is true and χ(A) = 0

if A is false.

Proposition 4.5. For a rim hook G in Figure 9,

WB(G) = WB(sV (Lk))WB(V Ht(L0,M0))

k−1∏
i=1

WB(V (Li))

= χ(t �= r)qχ(t=blank)WB(sV (Lk))q
∑k−1

i=0 Li(4.20)

where WB(sV (Lk)) and WB(V (Li)) are as defined in Lemma 4.1 and

WB(V Ht(L0,M0)) is as defined in Proposition 4.3.



426 Jeffrey B. Remmel and Meesue Yoo

Figure 9: A general connecting rim hook G.

Proof. Since the set of rb-colored cells must form a vertical strip, the set of
configurations over we must sum the weights is completely determined by
how many rb cells lie in each of the vertical strips Li for i = 1, . . . k plus
how many rb cells lie in the lowest hook V Ht(L0,M0). It easily follows that

(4.21) WB(G) = WB(sV (Lk))WB(V Ht(L0,M0))

k−1∏
i=1

WB(V (Li)).

Now it follows from Lemma 4.1 that WB(V (Li)) = qLi for i = 1, . . . k− 1 so

that
∏k−1

i=1 WB(V (Li)) = q
∑k−1

i=1 Li . It follows from Proposition 4.3 that

(i) WB(V Ht(L0,M0)) = 0 if t = r,
(ii) WB(V Ht(L0,M0)) = qL0 if t = b, and
(iii) WB(V Ht(L0,M0)) = qqL0 if t = blank.

Thus

WB(G) = χ(t �= r)qχ(t=blank)WB(sV (Lk))q
∑k−1

i=0 qLi
.

We now pause to collect some observations about weights of the connect-
ing rim hooks based on Lemmas 4.1 and 4.2 and Propositions 4.3 and 4.5.
The first thing to notice is that the weights of all s-r connecting rim hooks
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where s ∈ {blank, r, b} are zero except for connecting rim hooks of the form
rV Hr(L, 0) which have weights −1. This has a number of consequences for
the computation of Bm(sλ[X]) according to formula (4.12). For any given
γ such that sγ [X] appears on the right hand side of (4.12) with a nonzero
coefficient, we know that cells of λ/γ must be colored red and the cells of
γ/λ must be colored blue. Now we claim that we cannot have a blue cell
in γ/λ appear above a red cell in λ/γ since otherwise we would have a b-r
connecting rim hook for γ. In such a case, the weight of that b-r connect-
ing rim hook would be zero and hence, by (4.13), the coefficient of sγ [X]
in Bm(sλ[X]) would be zero. Thus the only sγ [X] that have nonzero coeffi-
cients in the expansion of Bm(sλ[X]) must arise by first removing a broken
rim hook H from λ and then adding back a vertical strip V of size |H|+m
below H to form γ. Now if H consists of rim hooks (h1, . . . , hp) reading from
top to bottom, then for i = 1, . . . , p − 1, we claim that it must also be the
case that the connecting rim hooks between the bottom cell of hi and the
top cell hi+1 must be of the form rV Hr(Li, 0) for some Li. That is, it also
follows from Propositions 4.3 and 4.5 that the only r-r connecting rim hook
that have nonzero weight are connecting rim hooks of the form rV Hr(Li, 0)
which have weight −1. Thus for sγ [X] that have nonzero coefficient in the
expansion of Bm(sλ[X]), it must be the case that if the bottom cell of hi
lies in column si, then the top cell of hi+1 must lie in column si + 1 for
i = 1, . . . , p − 1. In addition, h1 must start in column 1 since otherwise
we would have a blank-r connecting rim hook and the weight of all such
connecting rim hooks are zero. Thus we have the following theorem.

Theorem 4.6.

Bmsλ[X] =
∑

γ�(n+m)

bm,λ,γ(q)sγ [X],

where bm,λ,γ(q) = 0 unless

(1) γ arises by adding a vertical strips of size m on the outside of λ or
(2) γ arises from λ by first removing a nonempty broken rim hook H = λ/μ

of λ from λ which starts in the first column to get a partition μ and
then adding a vertical strip V of size m+ |λ/μ| on the outside of μ to
obtain γ so that all the cells of H lie strictly above all the cells of V .
Moreover, if H consists rim hooks (h1, . . . , hp), reading from top to
bottom, then for i = 1, . . . , p− 1, if the bottom cell of hi lies in column
si, then the top cell of hi+1 must lie in column si + 1.

Next consider the shapes γ that satisfy either condition (1) or (2) of
Theorem 4.6. If γ satisfies condition (1), then the only connecting rim hooks
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of γ will be either blank-b connecting rim hooks, b-b connecting rim hooks,
or b-blank connecting rim hooks. For any connecting rim hook c, the let
ht(c) denote the height of c. It follows from Lemmas 4.1 and 4.2 and Propo-
sitions 4.3 and 4.5 that

(a) the weight of a blank-b connecting rim hook is equal to qht(c)−1,
(b) the the weight of a b-b connecting rim hook is equal to qht(c)−2, and
(c) the weight of a b-blank connecting rim hook is equal to qht(c)−1.

Blue squares that are not part of connecting rim hooks have weight 1. Thus
it follows from (a), (b), and (c) that if γ arises from λ by adding a vertical
strip of size m on the outside of λ, then bm,λ,γ = q�(γ)−m.

Next suppose that γ meets condition (2) of Theorem 4.6. First consider
the broken rim hook H = λ/γ = (h1, . . . , hp). For i = 1, . . . , p − 1, the
connecting rim hook which connects the bottom cell of hi to the top cell of
hi+1 is of the form rV Hr(Li, 0) for some Li so that we know that the weight
of each of these rim hooks is −1 by Proposition 4.3. Thus these connecting
rim hooks contribute a factor of (−1)p−1 to bm,λ,γ . Since we are assuming
that m > 0 so that there will be blue squares in γ, it follows that the lowest
red cell of hp is part of a r-b a connecting rim hook, say C. Thus C is
either of the form rV Hb(L,M) or it is of the form of rim hook pictured in
Figure 9 where s = r and t = b. Let u be the row of red cell in C, v be the
highest row which contains a cell in a column to the right of the red cell
in C, and z be the row of the blue cell at the end of C. If C is of the form
rV Hb(L,M), then v = z and L = u − v − 1. In that case, it follows from
Proposition 4.3 that the weight contributed by C is qL+1−1 = qu−v−1. If C
is of the form of rim hook pictured in Figure 9 where s = r and t = b, then
Lk = u−v−1 and the weight of C is (qLk−1+1)q

∑k−1
i=0 Li = (qu−v−1)qv−z. In

either case, we can argue as we did for the shapes that satisfy condition (1) of
Theorem 4.6 that the weight contributed by the b-b and b-blank connecting
rim hooks that lie on or below row z is qz−|V |. It follows that in both cases,
the factor contributed by all the connecting rim hooks that lie on or below
row u is (qu−v − 1)qv−|V |. Thus if γ satisfies condition (2) of Theorem 4.6,
then the factor of the total weight contributed by the connecting rim hooks
is (−1)p−1(qu−v−1)qv−|V |. Combining these observations with Theorem 4.6
yields the following theorem.

Theorem 4.7. Suppose that λ = (λ1, . . . , λk) is a partition of n and m > 0.
Then

(4.22) Bmsλ[X] =
∑

γ�(n+m)

bm,λ,γsγ [X],
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where

(a) bm,λ,γ = 0 unless γ satisfies either condition (1) or condition (2) of
Theorem 4.6.

(b) bm,λ,γ = q�(γ)−m if γ satisfies condition (1) of Theorem 4.6, and
(c) if γ satisfies condition (2) of Theorem 4.6 and u is the height of the

lowest red cell that was removed from λ, v is the height of the highest
row which contains a cell in γ which is to right of the lowest red cell
removed from λ, R is the set of red cells in that were removed from λ
that are not in any connecting rim hook, and p is the number of rim
hooks that make up the broken rim hook λ/γ, then

bm,λ,γ = (−1)p−1(qu−v − 1)qv−m−|λ/γ|
∏
c∈R

wB(c)

where

wB(s) =

{−1 if s has a red cell to its right
q if s has a red cell below it, and
q − 1 if s is the lowest cell of a rim hook.

Note that if m ≥ �(λ)−1, then we can not be in case (c) of Theorem 4.7.
That is, the fact that the broken rim H = λ/γ must contain a cell in the
first column means that H must contain the entire top row of λ. Thus if
λ = (λ1 ≥ · · · ≥ λk), then we could not add a vertical strip of size m+ |H| ≥
k− 1 + λ1 below the lowest cell in H. Thus we have the following corollary.

Corollary 4.8. Suppose that �(λ) = k. Then for all m ≥ k − 1,

(4.23) Bm(sλ[X]) =
∑
λ⊆γ

γ/λ is a vertical strip

q�(γ)−msγ [X].

Example 4.9. Suppose that we want to compute B2(sλ[X]) where λ =
(3, 2, 12). Then in the first two rows of Figure 10, we have listed the 8 shapes
that arise by adding a vertical strip of size 2 on the outside of λ. By The-
orem 4.7, b2,λ,γ = q�(γ)−2 for each of these shapes so we have written b2,λ,γ
below each of these shape. There is only one shape γ that falls in case (c)
of Theorem 4.7 which is pictured at the end for row 2 in Figure 10. In this,
b2,λ,γ = q − 1. Thus

B2(s(3,2,12)[X])

= q4s(3,2,14) + q3s(3,22,12) + q3s(32,13) + q3s(4,2,13) + q2s(3,23)

+ q2s(32,2,1) + q2s(4,22,1) + q2s(4,3,12) + (q − 1)s(4,3,2).
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Figure 10: Shapes which occur in the expansion of B2(s(3,2,1,1)).

Example 4.10. For n ≤ m,

Bm(Bn(1)) = Bm(s1n) = Bm

⎛
⎜⎝

⎞
⎟⎠ .

By Theorem 4.7, Bm adds a vertical strip of size m to the vertical strip of

size n in all possible ways. According to Theorem 4.7,

Bm(Bn(1)) =

n∑
r=0

wB

⎛
⎜⎜⎜⎜⎜⎜⎝

⎞
⎟⎟⎟⎟⎟⎟⎠ s(2r1m+n−2r) =

n∑
r=0

qn−rs(2r1m+n−2r).

Similarly, Bm+1(Bn−1(1)) =
∑n−1

r=0 q
n−1−rs(2r1m+n−2r). Thus,

BmBn(1)− qBm+1Bn−1(1)

=

n∑
r=0

qn−rs(2r1m+n−2r) −
n−1∑
r=0

qn−rs(2r1m+n−2r) = s(2r1m+n−2r).

Another way to compute BmBn(1) is by recursion (4.5). That is, since

Bm(1) = em = s1m , then
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BmBn(1) = Bm(en) = enem + (q − 1)

n∑
j=1

qj−1en−jBm+j(1)

= enem + (q − 1)

n∑
j=1

qj−1en−jem+j .

If we use the Pieri rule to calculate en−jem+j = s1n−js1m+j , then it is not
difficult to see that we get the same Schur function expansion but this
is a much less efficient way to compute the Schur function expansion of
BmBn(1).

5. Computing Casλ[X]

There are two ways to approach the problem of computing Casλ[X]. One

is to use the fact that Cm = (−1/q)m−1ωB
q→1/q
m ω. Thus we can start with

sλ[X], then compute Bmsλ′ and replace q by 1/q, then apply the ω trans-
formation to the answer and finally multiply by (−1/q)m−1. This approach
will not quite give the answer given in the introduction. The reason is that
our notion of connecting rim hook which may include a top colored but not
the bottom colored cell will change when we go the transpose shape λ′ since
the top colored cell will become the bottom colored cell which is not con-
sidered as a part of a connecting rim hook. Hence the result would have the
discrepancy of the weights of those cells. The second approach, which is the
one that we will follow in this section, is to show that arguments which are
similar to those in the previous section will allow to explicitly compute the
coefficients cm,λ,γ in terms of weight of connecting rim hooks as defined in
the previous section.

5.1. Cm applied to a skew Schur function

We start by applying Cm to a skew Schur function sλ/ν [X].

(−q)m−1Cmsλ/ν [X] = sλ/ν

[
X − 1− 1/q

z

]
Ω[zX]

∣∣∣∣
zm

(5.1)

=
∑

ν⊆μ⊆λ

sμ/ν [X]sλ/μ

[
1/q − 1

z

]
Ω[zX]

∣∣∣∣∣∣
zm
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=
∑

ν⊆μ⊆λ

sμ/ν [X]

(
1

qz

)|λ/μ|
sλ/μ[1− q]

⎛
⎝∑

n≥0

znhn[X]

⎞
⎠
∣∣∣∣∣∣
zm

=
∑

ν⊆μ⊆λ

sμ/ν [X]

(
1

qz

)|λ/μ|
⎛
⎝ ∑

μ⊆β⊆λ

sλ/β [1](−1)|β/μ|sβ′/μ′ [q]

⎞
⎠

×

⎛
⎝∑

n≥0

znhn[X]

⎞
⎠
∣∣∣∣∣∣
zm

=
∑

ν⊆μ⊆λ

⎡
⎣(1

q

)|λ/μ|
sμ/ν [X]

⎛
⎝ ∑

μ⊆β⊆λ

sλ/β [1](−1)|β/μ|sβ′/μ′ [q]

⎞
⎠hm+|λ/μ|[X]

⎤
⎦

=
∑

ν⊆μ⊆λ

sμ/ν [X]

⎛
⎝ ∑

μ⊆β⊆λ

(
1

q

)|λ/β|
sλ/β [1](−1)|β/μ|sβ′/μ′ [1]

⎞
⎠

︸ ︷︷ ︸
(∗∗)

hm+|λ/μ|[X].

To evaluate (**), note that sβ/μ[1] = 0 unless λ/β is a horizontal strip and
if λ/β is a horizontal strip, then sλ/β [1] = 1. Similarly, sβ′/μ′ [1] = 0 unless
β/μ is a vertical strip and if it is a vertical strip, then sβ′/μ′ [1] = 1. Now
suppose that μ arises from λ by first removing a horizontal strip to obtain
β and then removing a vertical strip to obtain μ. Thus λ/μ is a BRH. Then
we can interpret the associated weights (1/q)|λ/β| and (−1)|β/μ| as placing
−1 in each cell of the vertical strip β/μ and 1/q in each cell of the horizontal
strip λ/β. It follows that when λ/μ is a BRH of λ, we must weight the cells
in λ/μ as follows:

(i) if s is a cell of λ/μ which has a cell in λ/μ to its right, then s must
have a 1/q in it,

(ii) if s is a cell of λ/μ which has a cell in λ/μ below it, then s must have
a −1 in it, and

(iii) if s is the lowest cell in one of the rim hooks of λ/μ so that it neither
has a cell of λ/μ to its right nor below it, then s can have either −1
or 1/q in it.

Hence we get

Cmsλ[X] =

(
−1

q

)m−1 ∑
μ⊆λ,

λ/μ is a BRH of λ

wC(λ/μ)sμ[X]hm+|λ/μ|[X](5.2)
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where

wC(λ/μ) =
∏

s∈λ/μ
wC,λ/μ(s),

and for each cell s ∈ λ/μ,

(5.3) wC,λ/μ(s) =

⎧⎨
⎩
1/q if s has a cell of λ/μ to its right
−1 if s has a cell of λ/μ below it, and
1−q
q if s is the lowest cell of a rim hook in λ/μ.

5.2. Cm applied to Schur functions

Next we shall follow the same steps that we used to evaluate Bmsλ[X] to
evaluate Cmsλ[X]. First note that in (5.1), by the Pieri rule,

sμ[X]hm+|λ/μ|[X] =
∑

μ⊆γ,γ/μ is a

horizontal strip of size m+|λ/μ|

sγ [X].

Hence,

Cmsλ[X] =

(
−1

q

)m−1 ∑
μ⊆λ,λ/μ is a BRH of λ

wC(λ/μ)sμ[X]hm+|λ/μ|[X]

=

(
−1

q

)m−1 ∑
μ⊆λ,λ/μ is a BRH of λ

μ⊆γ,γ/μ is a horizontal strip of size m+|λ/μ|

wC(λ/μ)sγ [X],(5.4)

where

wC(λ/μ) =
∏

s∈λ/μ
wC,λ/μ(s),

and for each cell s ∈ λ/μ, wC,λ/μ(s) is as defined in (5.3).
As before, we shall consider the cells in the broken rim hook λ/μ as

being colored red so we put r in the removed cells in λ, and the cells in the
horizontal strip of size |λ/μ| + m as being colored blue so we put b in the
added cells in γ. Then in the right hand side of (5.4), the red and blue cells
completely determine λ and γ, but there could be many μ’s that could give
rise to the same λ and γ. That is, for the cells in the rim hooks connecting
colored cells, it could be that some of these cells were originally removed
from λ to form μ and then added back to form γ. Thus like in the case of
(4.12), we must evaluate the weights of the connecting rim hooks that arise
by considering all possible contributions to the connecting rim hooks as μ
varies.
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5.3. Weights of connecting rim hooks

We use the same notations rV (L), bV (L), V (L), see Figure 6, and Hr(L),
Hb(L), H(L), see Figure 7, for the vertical and horizontal strips of length L.
Our first two lemmas are straightforward calculations so we omit the details.

Lemma 5.1. For L ≥ 1,

WC(rV (L)) = 0,

WC(bV (L)) = 1, and

WC(V (L)) = 1/q.

Lemma 5.2. For L ≥ 1,

WC(Hr(L)) =
qL+1 − 1

qL(q − 1)
,

WC(Hb(L)) = 1/qL, and

WC(H(L)) = 1/qL.

Proposition 5.3. Let sV Ht(L,M) denote a hook shape connecting rim
hook connecting cells colored s and t as in Figure 8. If L ≥ 1,

WC(sV Ht(L,M)) = WC(sV (L))×WC(Ht(M))

=

⎧⎨
⎩
0, if s = r,
WC(Ht(M)), if s = b,
1
qWC(Ht(M)), if s = blank.

If L = 0, then

WC(sV Ht(L,M)) =

⎧⎨
⎩
−1, if s = r, t = r,
0, if s = r, t = b, or t = blank,
WC(Ht(M)), if s = b or blank,

where WC(Ht(M)) is as defined in Lemma 5.2.

Proof. If L ≥ 1, then since the blue cells must form a horizontal strip, the
south-left corner cell c cannot be colored rb. Hence, the weight of the hook
sV Ht(L,M) is the product of the weight of the vertical part of length L and
the weight of the horizontal part of length M . So we get WC(sV Ht(L,M))
by combining Lemmas 5.1 and 5.2.

Now, let L = 0. If s = r and t = r, then there could be k cells colored
rb for any 0 ≤ k ≤ M +1. Now if 0 ≤ k ≤ M , the cell s contributes a factor
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of q
1−q and if k = M + 1, then cell s contributes a factor −1. Thus

WC(rV Hr(L,M)) =
1− q

q

(
M∑
k=0

(
1

q

)k
)

+ (−1)

(
1

q

)M+1

=
1

qM+1
− 1− 1

qM+1

= −1.

If s = r and t = b, then the only difference is that for 1 ≤ k ≤ M + 1, the
rightmost rb cell contributes a factor q

1−q instead of 1
q . Thus

WC(rV Hb(L,M)) =
1− q

q
+

(
1− q

q

)2 M∑
k=1

(
1

q

)k−1

+ (−1)

(
1

q

)M(1− q

q

)

=

(
1− q

q

)(
1 +

1

qM
− 1− 1

qM

)
= 0.

The same calculation can be applied to the case when s = r and t is blank.
If s is either blue or blank, then the cell c cannot be colored rb. Then

the weight of the hooks bV Ht(L,M) and V Ht(L,M) is just the weight of
the horizontal strip Ht(M). Hence, we get the result by Lemma 5.2.

Remark 5.4. Table 2 is the summary of the weights of simple shape con-
necting rim hooks described in Lemmas 5.1, 5.2 and Proposition 5.3.

Finally, we consider a general connecting rim hook H which consists of
a hook shape sV H(L0,M0) where we have attached series of hook shapes
V H(Li,Mi) for i = 1, . . . , k − 1 and finally attached a hook V Ht(Lk,Mk)
as pictured in Figure 11. Here we assume that k ≥ 1.

Proposition 5.5. For a rim hook H as in Figure 11,

WC(H) = WC(sV H(L0,M0))WC(Ht(Mk))

k−1∏
i=1

WC(H(Mi))(5.5)

= χ(s �= r)

(
1

q

)χ(s=blank)

WC(Ht(Mk))

(
1

q

)∑k−1
i=0 Mi

(5.6)

where WC(sV H(L0,M0)), WC(Ht(Mk)) and WC(H(Mi)), for i = 1, . . . ,
k − 1, are as defined in Lemma 5.2 and Proposition 5.3.
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Table 2: Weights of connecting rim hooks

Proof. Since the set of rb cells must form a horizontal strip, the set of con-
figurations over we must sum the weights is completely determined by how
many rb cells lie in each of the horizontal strips Mi for i = 1, . . . , k plus how
many horizontal cells lie in the top hook sV H(L0,M0). Hence we easily get

WC(H) = WC(sV H(L0,M0))WC(Ht(Mk))

k−1∏
i=1

WC(H(Mi)).

It follows from Lemma 5.2 that WC(H(Mi)) = 1/qMi for i = 1, . . . , k− 1 so∏k−1
i=1 WC(H(Mi)) = (1/q)

∑k−1
i=0 Mi . From Proposition 5.3,

(i) WC(sV H(L0,M0)) = 0 if s = r,
(ii) WC(sV H(L0,M0)) =

1
qM0

if s = b, and

(iii) WC(sV H(L0,M0)) =
1

qM0+1 if s = blank.

Thus, we get

WC(H) = χ(s �= r)

(
1

q

)χ(s=blank)

WC(Ht(Mk))

(
1

q

)∑k−1
i=0 Mi

.
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Figure 11: Any rim hook H.

Based on Lemmas 5.1, 5.2 and Propositions 5.3, 5.5, we can make a
similar observation as we did with Bm operator. Note that the weights of
all r − s connecting rim hooks where s ∈ {blank, r, b} are zero except for
connecting rim hooks of the form rV Hr(0,M) which have weight −1. From
Propositions 5.3 and 5.5, we can see that we cannot have a red cell in λ/γ
above a blue cell in γ/λ since it would make the coefficient of sγ [X] in
the expansion (5.4) zero. Thus we only have sγ [X]’s in the expansion of
Cm(sλ[X]) which arise by first removing a broken rim hook H from λ and
then adding a horizontal strip S of size |H|+m above H to form γ. Now let’s
say that H = λ/γ consists of rim hooks (h1, . . . , hp) reading from bottom
to top. Then for i = 1, . . . , p− 1, we claim that it must be the case that the
connecting rim hooks between the top cell of hi and the bottom cell of hi+1

must be of the form rV Hr(0,Mi) for some Mi by Propositions 5.3 and 5.5.
Thus for sγ [X] that have nonzero coefficient in the expansion of Cm(sλ[X]),
it must be the case that if the top cell of hi lies in row ri, then the bottom
cell of hi+1 must lie in row ri + 1 for i = 1, . . . , p − 1. Moreover, h1 must
start in row 1 since otherwise we would have a r-blank connecting rim hook
which has a zero weight. Thus we derive the following theorem.

Theorem 5.6.

Cmsλ[X] =
∑

γ�(n+m)

cm,λ,γ(q)sγ [X],

where cm,λ,γ(q) = 0 unless

(1) γ arises by adding a horizontal strip of size m on the outside of λ, or
(2) γ arises from λ by first removing a nonempty broken rim hook H = λ/μ

of λ from λ which starts in the first row to get a partition μ and then
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adding a horizontal strip S of size m + |λ/μ| on the outside of μ to
obtain γ so that all the cells of H lie strictly below all the cells of S.
Moreover, if H consists of rim hooks (h1, . . . , hp), reading from bottom
to top, then for i = 1, . . . , p−1, if the top cell of hi lies in row ri, then
the bottom cell of hi+1 must lie in row ri + 1.

Now we consider the shapes of γ that satisfy either condition (1) or (2)
of Theorem 5.6. If γ satisfies condition (1), then the only connecting rim
hooks of γ would be either blank-b connecting rim hooks, b-b connecting rim
hooks, or b-blank connecting rim hooks. For those connecting rim hooks,
the horizontal cells which are not colored b would contribute 1/q, based on
Lemmas 5.1, 5.2 and Propositions 5.3, 5.5. Thus, we can see that if γ arises
from λ by adding a horizontal strip of size m on the outside of λ, then
cm,λ,γ = (−1/q)m−1(1/q)γ1−m = (−1)m−1(1/q)γ1−1.

Next suppose that γ satisfies condition (2) of Theorem 5.6. We first
consider the broken rim hook H = λ/γ = (h1, . . . , hp). For i = 1, . . . , p− 1,
the connecting rim hook which connects the top cell of hi to the bottom cell
of hi+1 is of the form rV Hr(0,Mi) and we know that the weight of each of
these rim hooks is −1 by Proposition 5.5. Thus these connecting rim hooks
contribute a factor of (−1)p−1 to cm,λ,γ . By the condition (2) in Theorem 5.6,
all the r cells lie strictly below the b cells, hence there would be only one
connecting rim hook, say C, which is either of the form bV Hr(L,M) or of
the form of rim hook pictured in Figure 11 with s = b and t = r. Let u be
the column of red cell at the end of C, z be the column of the blue cell in C,
and v be the column of the lowest corner cell of C which would be the cell c
in Figure 8 or Figure 11. If C is of the form bV Hr(L,M), then v = z and
M = u− z − 1. In this case, by Proposition 5.3, the weight of C is

WC(Hr(M)) =
qu−v − 1

qu−z−1(q − 1)
.

If C is of the form of rim hook pictured in Figure 11 with s = b and t = r,
then Mk = u− v − 1 and Proposition 5.5 gives that the weight of C is

WC(Hr(Mk))(1/q)
∑k−1

i=0 Mi =

(
1

q

)v−z qu−v − 1

qu−v−1(q − 1)

=
qu−v − 1

qu−z−1(q − 1)
.

In both cases, the connecting rim hooks above C are of the form b-b, b-blank
or blank-b. For those, as we did above for the shapes that satisfy condi-
tion (1), we can derive that the weight contribution would be (1/q)z−|S|.
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Thus in both cases, the factor contributed by all the connecting rim hooks
that lie before the column u is qu−v−1

qu−|S|−1(q−1) . Hence, if γ satisfies condition (2)

of Theorem 5.6, then the factor of the total weight contributed by the con-
necting rim hooks would be

(−1)p−1 qu−v − 1

qu−|S|−1(q − 1)
.

Combining these observations with Theorem 5.6 yields the following theo-
rem.

Theorem 5.7. Suppose that λ = (λ1, . . . , λk), λ1 ≥ · · · ≥ λk, is a partition
of n and m > 0. Then

(5.7) Cmsλ[X] =
∑

γ�(n+m)

cm,λ,γ(q)sγ [X],

where

(a) cm,λ,γ(q) = 0 unless γ satisfies either condition (1) or condition (2) of
Theorem 5.6,

(b) cm,λ,γ(q) = (−1)m−1(1/q)γ1−1 if γ satisfies condition (1) of Theo-
rem 5.6, and

(c) if γ satisfies condition (2) of Theorem 5.6 and u is the column of the

highest red cell that was removed from λ, v is the column of the first
corner cell to the left of the highest red cell of λ, R is the set of red
cells that were removed from λ which are not in any connecting rim
hooks, and p is the number of rim hooks that make the broken rim hook
λ/γ, then

cm,λ,γ(q) =

(
−1

q

)m−1

(−1)p−1 qu−v − 1

qu−m−|λ/γ|−1(q − 1)

∏
s∈R

wC(s)

= (−1)m+p qu−v − 1

qu−|λ/γ|−2(q − 1)

∏
s∈R

wC(s)

where

wC(s) =

⎧⎨
⎩
1/q if s has a red cell to its right
−1 if s has a red cell below it, and
1−q
q if s is the lowest cell of a rim hook.
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Note that if m ≥ λ1− 1, then we cannot be the case (c) of Theorem 5.7.

Thus we get the following corollary.

Corollary 5.8. Suppose that λ1 = k. Then for all m ≥ k − 1,

Cm(sλ[X]) =
∑
λ⊆γ

γ/λ is a horizontal strip

(
1

q

)γ1−1

sγ [X].

Example 5.9. For b ≥ a, n = a+ b,

Cb(Ca(1)) = Cb

((
−1

q

)a−1

sa

)
=

(
−1

q

)a−1

Cb(︸ ︷︷ ︸
a

).

According to Theorem 5.7, to get the Schur expansion of Cb(sa), we add

a horizontal strip of size b to the horizontal strip of size a. Then it would

produce γ = (a + b − r, r) shapes, for 0 ≤ r ≤ a, and by Theorem 5.7

and Proposition 5.5, the coefficients of sγ would be (−1/q)n−2(1/q)a−r.

Thus,

(5.8) CbCa(1) =

(
−1

q

)n−2 a∑
r=0

(
1

q

)a−r

s(n−r,r).

Note that we can carry out the same computation using (4.9). That is,

Ca(1) = (−1
q )

a−1ha so that

Cb

((
−1

q

)a−1

ha

)(5.9)

=

(
−1

q

)a−1
⎛
⎝haCb(1) + (1− q)

a∑
j=1

(−1)jha−jCb+j(1)

⎞
⎠

=

(
−1

q

)a−1
⎛
⎝(−1

q

)b−1

hahb + (1− q)

a∑
j=1

(−1)j
(
−1

q

)b+j−1

ha−jhb+j

⎞
⎠.

One can then use the Pieri rule for the product of homogeneous symmet-

ric functions to show that the right hand side of (5.9) reduces to (5.8)
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but this is clearly a much less efficient way to calculate CbCa(1) in this

case.

Note that

Cb+1Ca−1(1) =

(
−1

q

)n−2 a−1∑
r=0

(
1

q

)a−1−r

s(n−r,r).

Hence,

qCbCa(1)− Cb+1Ca−1(1)

=

(
−1

q

)n−2
[

a∑
r=0

(
1

q

)a−1−r

s(n−r,r) −
a−1∑
r=0

(
1

q

)a−1−r

s(n−r,r)

]

=

(
−1

q

)n−2(1

q

)−1

s(b,a)

= (−1)n−2

(
1

q

)n−3

s(b,a).

By applying Bm and Cn operators iteratively to 1, we get a sum of two

Schur functions with hook shapes.

Example 5.10.

Bm(Cn(1)) = Bm

((
−1

q

)n−1

sn

)
=

(
−1

q

)n−1

Bm(sn)

=

(
−1

q

)n−1

×

⎛
⎜⎝WB

⎛
⎜⎝

⎞
⎟⎠ s(n,1m) +WB

⎛
⎜⎝

⎞
⎟⎠ s(n+1,1m−1)

⎞
⎟⎠

=

(
−1

q

)n−1 (
qs(n,1m) + s(n+1,1m−1)

)
.

If we change the order of applying operators,

Cn(Bm(1)) = Cn(s1m)

=

(
−1

q

)n−1
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×

⎛
⎜⎜⎝WC

⎛
⎝

⎞
⎠s(n,1m) +WC

⎛
⎜⎜⎝

⎞
⎟⎟⎠s(n+1,1m−1)

⎞
⎟⎟⎠

=

(
−1

q

)n−1(
s(n,1m) +

1

q
s(n+1,1m−1)

)
.

Thus we get

BmCn(1) = qCnBm(1).

We can use the combinatorial interpretation of Schur expansion of Cm(sλ)

in Theorem 5.7 to give a combinatorial proof of Propositions 3.2 and 3.3.

Proposition 5.11.

en[X] =
∑
α|=n

Cα[X; q].

Proof. We prove it by induction. If n = 1,
∑

α|=1Cα[X; q] = C1[X; q] =

h1[X] = e1[X]. If n > 1, then

∑
α|=n

Cα[X; q] =
∑
α|=n

Cα1

(
Cα2

· · ·Cαl(α)
(1)
)

=

n−1∑
r=0

Cn−r

⎛
⎝∑

β|=r

Cβ [X; q]

⎞
⎠

=

n−1∑
r=0

Cn−r(er[X]) =

n−1∑
r=0

Cn−r(s1r [X])

=

(
−1

q

)n−1

sn +

n−1∑
r=1

(
−1

q

)n−r−1(1

q
s(n−r+1,1r−1) + s(n−r,1r)

)
= s1n [X] = en[X].

The second last line is by Theorem 5.7.

Proposition 5.12. For 0 ≤ k < n,

s(n−k,1n)[X] = (−q)n−k−1
∑
α|=n

α1≥n−k

Cα[X; q].
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Proof. When n = 1, k = 0, s1[X] = C1[X; q].∑
α|=n

α1≥n−k

Cα[X; q]

=

k∑
r=0

Cn−r

⎛
⎝∑

α|=r

Cα[X; q]

⎞
⎠

=

k∑
r=0

Cn−r(s1r [X]) (by Proposition 5.11)

=

(
−1

q

)n−1

sn +

k∑
r=1

(
−1

q

)n−r−1(1

q
s(n−r+1,1r−1) + s(n−r,1r)

)

=

(
−1

q

)n−k−1

s(n−k,1k).

Hence,

(−q)n−k−1
∑
α|=n

α1≥n−k

Cα[X; q] = s(n−k,1k).

6. A new recursion for the q-Kostka polynomials

Recall that by (3.8),

Bμ[X; q] = qn(μ)ωH̃μ[X; 0, 1/q] = ω
∑
λ

Kλμ(q)sλ[X] =
∑
λ

Kλμ(q)sλ′ [X]

where Kλμ(q) =
∑

T∈SSY T (λ,μ) q
ch(T ). Note that since

Bμ[X; q] = Bμ1
Bμ2

· · ·Bμl(μ)
(1),

we can use our combinatorial interpretation of Schur expansion of Bm(sλ)
in Theorem 4.7 to give a completely different way to compute Kλμ(q). This
is illustrated in our next example.

Example 6.1. For μ = (2, 1, 1), one can compute using the charge statistic
that

B(2,1,1)[X; q] =
∑
λ�4

⎛
⎝ ∑

T∈SSY T (λ′,μ)

qch(T )

⎞
⎠ sλ[X]

= q3s14 [X] + (q + q2)s211[X] + qs22[X] + s31[X].
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Figure 12: B(2,1,1)[X; q] diagram.

On the other hand, we can construct B(2,1,1)[X; q] by adding a vertical strip

of size μ3 = 1 to 1, and then adding vertical strips of size μ2 = 1 and

μ1 = 2 to the results, iteratively. We can see the procedure in the dia-

gram given in Figure 12. The weights on the branches are determined by

the weights of connecting rim hooks which are specified in Theorem 4.7,

and the coefficient qch(T ) of sλ[X] can be calculated by multiplying all the

weights on the branches connecting the diagram of λ starting from the

root.

This alternative way to compute the Kλμ(q) also implies a new recursion

for q-Kostka polynomials. That is, if λ is a partition of n and γ is a partition

of n+m, then we shall write λ � γ if γ satisfies the condition of Theorem 4.6,

i.e. if either

(1) γ arises by adding a vertical strips of size m on the outside of λ or

(2) γ arises from λ by first removing a nonempty broken rim hookH = λ/μ

of λ from λ which starts in the first column to get a partition μ and

then adding a vertical strip V of size m+ |λ/μ| on the outside of μ to

obtain γ so that all the cells of H lie strictly above all the cells of V .

Moreover, if H consists rim hooks (h1, . . . , hp), reading from top to

bottom, then for i = 1, . . . , p−1, if the bottom cell of hi lies in column

si, then the top cell of hi+1 must lie in column si + 1.

Thus we can write Theorem 4.7 as

(6.1) Bmsλ[X] =
∑
λ�γ

bm,λ,γsγ [X].

Let μ = (μ1 ≥ · · · ≥ μl(μ)) be a partition of n and let μ− = (μ2, μ3, . . . ,

μl(μ)).
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Then the definition of Bμ[X; q] implies that

Bμ[X; q] = Bμ1
Bμ2

· · ·Bμl(μ)
(1)

= Bμ1
(Bμ− [X; q])

so that

Bμ[X; q] =
∑
λ�n

Kλ,μ(q)sλ′ [X]

= Bμ1
(Bμ− [X; q]) = Bμ1

⎛
⎝ ∑

η�(n−μ1)

Kη,μ−(q)sη′ [X]

⎞
⎠

=
∑

η�(n−μ1)

Kη,μ−(q)Bμ1
(sη′ [X])

=
∑

η�(n−μ1)

Kη,μ−(q)
∑
η′�γ

bμ1,η′,γsγ [X]

=
∑
λ′

sλ′ [X]
∑

η�(n−μ1)

η′�λ′

bμ1,η′,λKη,μ−(q).

Thus we have the recursion

(6.2) Kλ,μ(q) =
∑

η�n−μ1
η′�λ′

bμ1,η′,λ′Kη,μ−(q).

For example, suppose λ = (4, 2) and μ = (2, 14). Then to apply our
recursion we must find the η′’s of size 4 such that η′ � (22, 12). It is easy to
see that there are three such η′s, namely, (2, 2), (2, 12), and (14). We have
pictured these three shape at the left in Figure 13. In each case, λ′ arises
from η′ by adding a vertical strip of size 2 to η′ so that b2,η′,λ′ = q�(λ

′)−2 = q2.
Thus in this case, recursion (6.2) gives that

K(4,2),(2,14)(q) = q2K(2,2),(14)(q) + q2K(3,1),(14)(q) + q2K(4),(14)(q).

Next suppose that we want to compute K(2,2),(14)(q). Then we have to find
the η′s of size 3 such that such that η′ � (2, 2). In this case, there are two
such η′s, namely, (13) and (2, 1). These are pictured on the right in Figure 13
along with the coloring of the squares which show how η′ � (2, 2). In this
case, Theorem 4.7 gives that b1,(13),(2,2) = (q − 1) and b1,(1,2),(2,2) = q. Thus

K(2,2),(14)(q) = (q − 1)K(3),(13)(q) + qK(2,1),(13)(q).
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Figure 13: Examples of the Kλ,μ(q) recursion.

Figure 14: Charge tree to calculate
∑

T∈SSYT(λ′,μ) q
ch(T ) for μ = (2, 1, 1, 1, 1)

and λ′ = (2, 2, 1, 1).

Note that since our recursion continually involves the conjugate shapes

of the terms Kλ,μ(q) that we want to compute, we can construct a tree that

represents the iteration of the our recursion to compute Kλ,μ(q). For ex-

ample, to compute K(4,2),(2,14)(q), we would construct the tree pictured in

Figure 14 where the weights on the branches are the weights of the corre-

sponding bm,α,β . It then follows that K(4,2),(2,14)(q) is the sum of the product
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Figure 15: Computing K(4,2),(2,14)(q) using the charge statistic.

of the weights along all the branches of this tree so that

K(4,2),(2,14)(q) = q5(q − 1) + q4 + q5 + q5 + q6 + q7 + q8

= q4 + q5 + 2q6 + q7 + q8.

To confirm the correctness of our calculation, we have pictured in Fig-

ure 15, the computation of K(4,2),(2,14)(q) as
∑

T∈SSYT((2,4),(14,2)) q
ch(T ) using

the definition of charge due to Lascoux and Schüzenburger [19]. In this case,

amount of effort need to compute K(4,2),(2,14)(q) is about the same. One

drawback of using recursion (6.2) is that it involves cancellation. Neverthe-

less, it is not difficult to find cases it requires less work to compute Kλ,μ(q)

by building the recursion tree as we did in Figure 14 than computing Kλ,μ(q)

by summing the charge of of all column strict tableaux of shape λ and type μ

and there are other cases where there is considerably less work in comput-

ing Kλ,μ(q) using the charge statistic as opposed to computing the recursion

tree.
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Schröder generalization of Haglund’s statistic on Catalan paths. Elec-

tron. J. Combin. 10(1). Research Paper 16, 21 pp. MR1975766

http://www.ams.org/mathscinet-getitem?mr=2552653
http://www.ams.org/mathscinet-getitem?mr=1803316
http://www.ams.org/mathscinet-getitem?mr=1975766


448 Jeffrey B. Remmel and Meesue Yoo

[4] A. M. Garsia and J. Haglund (2001). A positivity result in the theory of

Macdonald polynomials. Proc. Natl. Acad. Sci. USA 98(8) 4313–4316.

MR1819133

[5] A. M. Garsia and J. Haglund (2002). A proof of the q, t-Catalan positiv-

ity conjecture. Discrete Math. 256(3) 677–717. LaCIM 2000 Conference

on Combinatorics, Computer Science and Applications (Montreal, QC).

MR1935784

[6] A. M. Garsia and M. Haiman (1996). A remarkable q, t-Catalan se-

quence and q-Lagrange inversion. J. Algebraic Combin. 5(3) 191–244.

MR1394305

[7] I. M. Gessel (1983). Multipartite P -partitions and inner products of

skew Schur functions. Combinatorics and Algebra (Boulder, Colo.,

1983), Contemp. Math., 34 Amer. Math. Soc., Providence, RI, 1984,

pp. 289–317. MR0777705

[8] J. Haglund (2003). Conjectured statistics for the q, t-Catalan numbers.

Adv. Math. 175(2) 319–334. MR1972636

[9] J. Haglund, M. Haiman, N. Loehr, J. B. Remmel, and A. Ulyanov

(2005). A combinatorial formula for the the character of the diagonal

covariants, Duke Mathematical Journal 126(2) 195–232. MR2115257

[10] J. Haglund (2004). A proof of the q, t-Schröder conjecture. Internat.
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