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The combinatorics of the HMZ operators applied to
Schur functions
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Haglund, Morse, and Zabrocki [12] introduced a family of symmet-
ric function operators {B,,}m>1 and {C,,}m>1 which are closely
related to operators of Jing [18]. Hanglund, Morse, and Zabrocki
used these operators to refine the shuffle conjecture of Haglund,
Haiman, Loehr, Remmel and Ulyanov [9] which gives a combina-
torial interpretation of the coefficient of the monomial symmetric
function in the Frobenius image of the character generating func-
tion of the ring of diagonal harmonics. In this paper, we give combi-
natorial interpretations of the coefficients that arise in Schur func-
tion expansion of B,,s,[X] and C,,s5[X] where s)[X] is the Schur
function associated to the partition A. We then use such combinato-
rial interpretations to give a new recursion for the Kostka-Foulkes
polynomials K ,(q).
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1. Introduction

In [12], Haglund, Morse and Zabrocki introduced two new operators on
symmetric functions which we call HMZ operators. In plethystic notation,
these operators when applied to any symmetric function P[X] are defined by

(1.1) B, P[X] = P [X + e(l%q)] Q-e2X]|  and
(1.2) CpPIX] = <—%>m_l P [X ! Zl/q] Q2 X]

where X = x1 + 29+ -+, QzX] = [[, 7=, and Q[—ezX] = [[,(1 + z;).

1 1—zxz;’
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Haglund, Morse and Zabrocki conjectured that these operators play an
important role in the study of the combinatorics of the ring R,, of coinvari-
ants for the diagonal action of the symmetric group S, on C" @ C". In other
words, let

(1.3) R, = Clx,y]/1,

where C[x,y] = C[z1,y1,...,Zn,yn] is the ring of polynomial functions on
C"@C"™, the symmetric group acts “diagonally” (i.e., permuting the x and y
variables simultaneously), and the ideal I = ((x,y)NC[x,y]*") is generated
by all Sp-invariant polynomials without a constant term. The S, action
respects the double grading

(1.4) Ry = P (Bn)rs

given by the x and y degrees.

A formula for the character of R,, as a doubly graded S,, module was
conjectured in [6] and proved in [17]. The formula expresses the character
in terms of Macdonald polynomials as follows. Let F' denote the Frobenius
characteristic: the linear map from S,, characters to symmetric functions that
sends the irreducible character x* to the Schur function s)[X]. Encoding the
graded character of R, by means of its Frobenius series

(1.5) Fr.(X;q,t) = ¢"t°F char(Ry),.s,

8

its value is given by the following theorem.

Theorem 1.1. [17] Let V be the linear operator defined in terms of the
modified Macdonald symmetric functions H,(X;q,t) by

(1.6) VH, =t"Wg I f

where p is a partition of n, ' is its conjugate and n(p) =, (1 —1)p;. Then
we have

(1.7) Fr,(X;q,t) = Ve, [X],

where e,[X] is the nth elementary symmetric function.
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Thanks to earlier results of Garsia and Haiman [6], Theorem 1.1 has
combinatorially interesting consequences. Notably, the dimension of R, is
given by

(1.8) dim¢ R, = (n 4 1)("71),

and that of its subspace Rf, of S,-antisymmetric elements is given by

1 2n
1.9 dimc RS =C,, = —— ,
(1.9) Hie Sy n—i—l(n)

the n-th Catalan number. These and other results elaborated in [6, 14, 17]
suggest that it should be possible to understand Ve, [X] in more combina-
torial terms. A first step in this direction was taken by Garsia and Haglund
[4, 5], who gave an explicit combinatorial formula for the Hall inner product

(1.10) Cn(q,t) = (Ven,en),

which by Theorem 1.1 and equation (1.9) is a ¢,t-analog of the Catalan
number C,(1,1) = C,. Building on the Garsia-Haglund formula, Haglund
and Loehr [11] conjectured a combinatorial formula for the Hilbert series
of R,,. By Theorem 1.1, this Hilbert series is given by

Hn(q,t) = (Vep,el) E q"t° dim(R

By [6], it was known that #,(1,t) is a generating function enumerating
parking functions according t* (/) where area(f) is the number of cells
that lie between the underlying Dyck path of the parking function f and the
diagonal. The Haglund-Loehr conjecture interprets #,(g,t) as a bivariate
generating function enumerating parking functions by area together with
another statistic dinv which counts certain kinds of inversions (see [11]).

Later Haglund, Haiman, Loehr, Remmel and Uylanov [9] conjectured
that if hy[X] is the homogeneous symmetric function and e, [X] is the ele-
mentary symmetric function indexed by partitions A and y, then

(Ven [ X], ha[X]e,[X]) = Z garealf) gdino(f)
fEPFx

where PF) , is certain set of parking functions that depend on A and pu.
Their conjecture, which is now referred to as the shuffle conjecture, gener-
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alized the Garsia-Haglund formula for C,(q,t), the Haglund-Loehr conjec-
ture for H,(q,t), and a conjecture in [3] expressing (Ve,, hge,—q) in terms
of Schréder paths which was proved by Haglund in [10].

The operator V described in Theorem 1.1 was introduced by F. Berg-
eron, Garsia, Haiman and Tesler [2]. When V is applied to various bases
of symmetric functions, it encodes a lot of information about ¢, t-analogues
of combinatorial objects such as lattice paths and parking functions. See
[20, Table 1] where Loehr and Warrington provide a summary of such re-
sults. This paper is motivated by some recent progress in this area. First,
Loehr and Warrington [20] gave a conjectured combinatorial interpretation
for the coefficients that arise in the Schur function expansion of Vs)[X] in
terms of ¢, t-counting certain collections of nested Dyck paths depending
on A. N. Bergeron, Descouens and Zabrocki [1] studied the combinatorics
of V applied to the k-Schur functions s(lli) [X; ¢] which is equal to the modi-
fied Hall-Littlewood polynomials when p = (kL%J ,n mod k). Based on their
conjecture on the coefficient of s1[X] in ngli) [X; ¢], Haglund, Morse and
Zabrocki [12] generalized the problem and conjectured the combinatorics of
V applied to Hall-Littlewood symmetric functions indexed by compositions.
In particular, Haglund, Morse and Zabrocki [12] refined the shuffle conjecture
of [9]. That is, they conjectured that for any composition p = (p1,...,pk)
of n, VCp, ---Cp, (1) can be interpreted as > rcpr tarealf) gdinv(f) where
PFp is the set of parking functions which hit the diagonal at exactly points
L1+p,14+pi+p2,....1+p1+--+pr_1,n and VB, ---B,, (1) can be
interpreted as Zfepfﬁ tarea(f) gdinv(f)+doffo(f) where PFpis the set of park-
ing functions which hit the diagonal at least at the points 1,14 p1,1+p1 +
p2,..., 1 +p1+---+pr_1,n, and dof f,(f) is a specially defined g-statistic
(see [12] for a detailed description).

The main goal of this paper is to give a combinatorial interpretation to
the coefficients b, ) and ¢, ) 4 that arise in the expansions

Basx[X] =) bapysy[X] and  Casa[X] =) canqsy[X].
v Y

It then follows that

VBasalX] =) bap,Vsy[X] and VCesp[X] =Y canyVsy[X].
Y Y

Thus using our results and the conjectures of Loehr and Warrington [20]
on Vsy, we can produce combinatorial interpretations of VB,s)[X] and
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Figure 1: A rim hook (left) and a broken rim hook (right).

VC,sA[X]. However, due to space considerations, we shall not study such
combinatorial interpretations in this paper, but instead focus on the combi-
natorial interpretations of the coefficients b ) 4 and ¢,z -

To give an example of our results, we first need to establish some nota-
tion. We identify a partition A = (A\; > --- > \i) with the Ferrers diagram
of A (in French notation), i.e., the set of left justified rows of cells such that
the i-th row has \; cells, reading from bottom to top. For partitions A, u,
we write p C A whenever p is contained within A. In this case, we define the
skew diagram X\/p to be the set theoretic difference A — u. A skew diagram
forms a horizontal m-strip (vertical m-strip) if |A\/u| = m and no cell of A/
lies immediately north (east) of another cell in \/pu.

A skew diagram \/p is a rim hook of A if A/ does not contain any 2 x 2
subdiagram and any two consecutive cells of A\/u share an edge. A broken
rim hook (BRH) of A is a skew diagram A/p which is a union of rim hooks
of A. Figure 1 shows an example of a rim hook and a broken rim hook.

We shall show that b, ) » = 0 unless « arises from A by first removing a
broken rim hook H from A and then adding a vertical strip V in such a way
that

1. all the cells of V lie below all the cells of H,

2. if H consists of rim hooks (hy,...,hx) reading from top to bottom,
then Ay must start in column 1 and for all ¢ = 1,...,k — 1, if the
lowest cell of h; lies in column s;, then the highest cell of h; 11 must
lie in column s; 4+ 1, and

3. V| =a+|H|.

In all the figures that follow, we shall always think of the cells of H
as being red and we shall indicate a red cell by placing an r in that cell.
Similarly, we shall always think of the cells of V" as colored blue and indicate
a blue cell by placing a b in that cell. Now suppose that  results from A by
removing a broken rim hook H of red cells and then adding a vertical strip V/
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Figure 2: Connecting rim hooks.

of blue cells where H and V' do not necessarily satisfy (1), (2), and (3). Then
we know that cells in A — « must be colored red and the cells in v — A must
be colored blue. However, A and v do not necessarily determine H and V.
That is, we shall need to consider what we call connecting rim hooks which
consists of a rim hook of cells that starts at a colored cell or a blank cell
and then consists a nonempty set of uncolored cells along the boundary of
the Ferrers diagram up to the next cell which is either colored or is the last
cell in the bottom row. For example, in Figure 2, we have pictured the four
connecting rim hooks determined by A = (10%,9,82 736,52, 43,33,22 1)
and v = (10%,93,73,63,42,20). It is possible that some of the cells of any
connecting rim hook could have been first removed since they were part of H
and then added back because they were part of V.

We shall see later that these connecting rim hooks play a crucial role in
the computation of b, ) , which has a rather simple combinatorial descrip-
tion. That is, suppose that 7 satisfies (1), (2), and (3). Let u be the row of
the lowest cell ¢ of H and v be the row which contains the first cell which
lies below ¢ and strictly to the right of c. We let R denote the set of red cells
that do not lie in any connecting rim hooks. Then we shall prove that

(1.11) bapry = (4“7 = D" VI(=1)* ' T wa(d)
deR
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Figure 3: An example of bg ) -
where
-1 if ¢ has a red cell immediately to its right
(1.12) wp(c) =< q if ¢ has a red cell immediately below it

q — 1 if otherwise.
In the special case where H is empty, then
(1.13) bary = gt =IV1,

For example, in Figure 3, we have pictured such a + that could arise in
the expansion of Basy[X] where A = (93,82,7,63,52,43 33 22 1). We have
put r’s in the cells of H, b’s in the cells of V, and we have put dots in
the cells of the connecting rim hooks that start with a red cell. In this case
H = (hy, ho, hg) consists of 3 rim hooks, u = 14 and v = 11. Note that
|H| =6 and |V| =8 = 2+ |H|. There are three red cells which are not part
of connecting rim hooks and we have put wg(c) next to each of such cell c.
Thus in this case,

ba,)\,'y — (q14—ll _ l)qll—S(_1)3—lq2 — q5(q3 _ 1)
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Our results imply that in a number of special cases, it is quite easy to
compute the expansion

Basx[X] =) banysy[X].
v

For example, if a > £(\), then it is not possible to construct a 7 where we
first remove a non-empty broken rim hook H that meets conditions (1), (2),
and (3) so that

Basa[X] = > ¢"7s [X].

~y:v/A is a vertical strip

The combinatorial interpretation of ¢, ) is a bit more complicated, but
has a similar flavor. That is, we shall show that ¢, = 0 unless v arises
from A by first removing a broken rim hook H from A and then adding a
horizontal strip S such that

1. all the cells of S lie above all the cells of H,

2. if H consists of rim hooks (hq, ..., hx) reading from bottom to top,
then hq must start in row 1 and for all : = 1,...,k — 1, if the top cell
of h; lies in row r;, then the bottom cell of h; 11 must lie in row r; + 1,
and

3. |S|=a+ |H|.

Suppose that v satisfies (1), (2) and (3) and w is the column of the highest
red cell that was removed from A, and v is the column of the first corner cell
to the left of the highest red cell of A. Let R denote the set of red cells that
were removed from A which are not contained in any connecting rim hooks,
and p is the number of rim hooks that make the broken rim hook A/~. Then
we shall prove that

(@) = (et T wels)
Carny(q) = (—1 — we (s
o ¢ HI=2(g —1) 11
where
1/q if s has a red cell to its right
we(s) = —1  if s has a red cell below it, and
1-¢

7 if s is the lowest cell of a rim hook.

In the special case where H is empty, then we simply have that

Capn (@) = (1) (1/a)"
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The outline of this paper is as follows. In Section 2, we shall give the basic
background on symmetric functions and plethystic notation that is needed
for this paper. In Section 3, we shall summarize what is known about the
HMZ operators B, and C,. In Section 4, we shall prove our combinatorial
interpretation for the coefficients b, ). In Section 5, we shall prove our
combinatorial interpretation for the coefficients ¢, ) . The techniques that
we use to prove our results in sections 4 and 5 are based on ideas due to
Zabrocki [30] who analyzed the action of the Hall-Littlewood vertex operator
on Schur functions and Remmel [25] who analyzed Macdonald’s D; oper-
ator on Schur functions. Morris used different methods to compute closely
related coefficients in [24]. Finally, in Section 6, we shall show how our results
can be used to prove a new recursion for the g-Kostka-Foulkes polynomials
K .(q). Our recursion allows us to give an alternative method for comput-
ing K ,(q) which is different from the combinatorial definition of Ky ,(q)
given by Lascoux and Schiitzenberger [19] in terms of the charge statistic.

2. Basic definitions and notations
2.1. Basic objects

A sequence o = (a1, (9, ..., ) of positive integers is a composition of n if
la| = a1 + ag + -+ + @, = n. We use the notation a = n to denote that
a is a composition of n. We let I(«) denote r which is the number of parts
of a. A composition of weakly decreasing parts is called a partition, i.e.,
A= ()\1,...,)\1()\)) with Ay > X >0 > >\l(/\) and |>\| = )\1—{—'-'—{—)\[()\) =n.
We use the notation A F n to denote that A is a partition of n.

For compositions (including partitions), we define

()
n(e) =Y (i—1)a.

i=1
For a partition \, a filling of X is a function o : A\ — [n] assigning integer
entries to the cells of A. A semi-standard Young tableau is a filling which is
weakly increasing along each row of A and strictly increasing up each column.
A semi-standard Young tableau is standard if it is a bijection from A to
[n] ={1,2,...,n}. For a partition A of n and a composition v of n, we define

SSYT(\) = {semi-standard Young tableau T': A\ — N},
SSYT(A,v) = {SSYT T : A\ — N with entries 1"*,2"2 ...},
SYT(A) = {SSYT T : A = [n]} = SSYT(),17).
),

For T € SSYT(\,v), we say T is a SSYT of shape A and weight v.
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2.2. Symmetric functions

We shall mainly follow the notations of [23] for symmetric functions. We
let A™ denote the set of all homogeneous functions of degree n over Q and
A=ANoAo

Let A I n be a partition of n. The elementary symmetric functions ey are
defined by setting ey =[], ex, where eg = 1 and e,, = Zl<i1<~~~<in Xy T,
for n > 1. The complete homogeneous symmetric functions hA are defined by
setting hy = [[, hy, where hg = 1 and h,, = ZKZ <..<i, Tiyoag, forn > 1
The power sum symmetric functions p) are deﬁned by Settlng px = [, pa,
where po = 1 and p, = > _; o7 for n > 1. The skew Schur function sy, can
be defined algebraically by

Sx/u = detlh i (u45))1<ii<n-

We also note that the skew Schur functions sy, are defined by the following
property that for any f € A,
(fsu,8n) = ([, 3)\/1/>

where ( , ) is the usual scalar product on A such that (sy,s,) = x(A = ).
We let w is an involution on symmetric functions such that w(p)[X]) =
(~ )M [X], w(en[X]) = hn[X] and w(sy[X]) = sx[X].

Next we shall briefly review plethystic notation. Let E = E(t1,to,...)
be a formal Laurent series with rational coefficients in t1,ts,.... We define
the plethystic substitution pi[E] by replacing each ¢; in E by t¥, i.e.,

X))

pr[E] = E(tl,tQ, ce).

For any partition A = (A1,...,Ax) of n, we let p\[E] = Hle o B IE
F = F(ty,t2,...) is another formal Laurent series with rational coefficients
in t1,to,..., then

(a) pplE + F| = pr[E] + pi[F],
(b) pr[—FE) = —pr[E] = (=1)"(wpz)[E], and
(c) pr[EF] = pi|Elpx[F).

Then for any arbitrary symmetric function f, we define f[E] as ), cxp[E]

if f=2\cpa
Note that if X =x1 + 29+ - - -,

X] = me = pr(z1,22,...).

i>1
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It then easily follows that for any f € A,

fIX] = f(zy,22,...).

For this reason, we consider this operation as a kind of substitution. In
plethystic expression, X stands for x; + x2 + - -+ so that f[X] is the same
as f(X) = f(z1,22,...). See [22] for a fuller account.

Let f be a symmetric function which is homogeneous of degree d. Then
we have

FIEX) = #1[X] and  f[—X] = (~1)%wf[X].

There is a special symbol € which will represent a negative one but behaves
differently than a negative symbol. That is, we define

fleX] = (=)7f[X] and fl-eX] = w(f[X]).

For any formal Laurent series £ = E(t1,t2,...) with rational coefficients

in tl,tg, ceey define
[E]

QLE]::eihzlﬂ%—

Then for X =xz1+ 224+ --- and Y = y1 + y2 + - -+, we have the following
identities

Q[X] _Hl—m = h,[X], and
i ton>0

O-X] =J(1 —2) =D (-1)"en[X]
7 n>0

Next we note the following well known theorem from the theory of A-rings.
For proofs, see [28, 22].

Theorem 2.1. For X =x1+axo+ - andY =y, +ys + -+,

suaX +Y] = Z 8u/51X1s5/A1Y],
ACSCp

sua[=X] = ()X, 0 X,

suaX —Y] = Z 8,751 X](— 1)1 A 55 0 [Y].
ACICu
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We will consider the modified Macdonald polynomials A u[ X5 q,t] which
are related to the integral form Macdonald polynomials J,[X; ¢, t] [23] by

~ X
H,[X;q,t] =t"W ], [1_—1#;(1, 1#} :

We also note that

q”(“)I:I X;0,1/q] = ZKM )sa[X

where K, (q) is the Kostka-Foulkes polynomial. Lascoux and Schiitzenberger

[19] found that
K)\u(Q) = Z th(T)
TESSYT(\,p)

where p1 = (1 > pg > -+ > pyp)) and ch(T) is the charge statistic. As
in [23, II1.6], we can define the charge statistic as follows. First we consider
words w = aj ...ay,, where the a;’s are positive integers. We say that w is
a standard word if it is a rearrangement of 1,2,...,n. We say that w is of
type w if w has py 1s, uo 2s, etc.

(1) Given a standard word, we attach an index to letters in w as follows.
First 1 has index 0. Then if r has index 4, r + 1 has index 7 if r + 1 lies
to the right of r in w and r 41 has index 741 if r 41 lies to the left of
r in w. In this case, the charge of w, ch(w), is defined to be the sum
of the indices of the letters in w. For example, if w = 2 1 4 3, then
using the subscripts to indicate the index associated with each letter
we would have w = 21 1y 49 3; so that ch(w) = 4.

(2) Now if the type of w is u = (u1 > pe > ---), then one extracts a
sequence of standard words w®, w® ... as follows. For w®), we read
the word from left to right and choose the first 1 that occurs in w, then
the first 2 to the right of the 1 that is chosen and so on. If at any stage,
there is no s+ 1 to the right of chosen s, we go back to the beginning of
the word and choose the first s+1, then the first s42 to the right of that
s+1 is chosen and so on. We then let w!) consist of the letters chosen in
the procedure in the same order that they occur in w. This procedure
will select a standard word of length f, where p/ = () > > --+)is
the conjugate of ;. Then we erase the letters of w(!) from w and repeat
the procedure on the remaining letters to obtain a standard subword
w? of length 4, and so on. For example, if w =322 1413 1, then
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Figure 4: The word of a T' € SSYT((4,2,2),(3,2,2,1)).

underlining the letters chosen in the first round of the procedure, we
would get w=32214131. Thus w® =214 3 and the remaining
letters would be 3 2 1 1. It is then easy to check that w(? =3 21 and
w® = 1. We then define the charge of w by ch(w) = 3, ch(w®). For
example, if w =32214 113, then ch(wM) = 4, ch(w®) = 3, and
ch(w®) =0 so that ch(w) =4 +3+0=7.

(3) Finally if T € SSYT (A, u), we construct the word of T' by reading the
rows of T" from right to left and reading the rows from bottom to top.
We then define the charge of T' by ch(T') = ch(w(T")). Thus for exam-
ple, if T' is semi-standard Young tableaux of shape A\ = (4,2,2) and
type p = (3,2,2,1) pictured in Figure 4, then w(7T)=3111224 3.
Then one can check that w® =124 3, w® =312, and w® =1 so
that

ch(T) = ch(w(T)) = ch(wM) + ch(w®) + ch(w®) =14+1+0=2.

3. The symmetric operators B,,, and C,,

Jing [18] defined symmetric function operators H,, for m > 1 by setting

(3.1) H,,P[X] = P [X ! - q] Q2 X]

zm

for any symmetric function P[X]. These operators have the property that
(3.2) Hy, Hy, - 'Huzm (1) = q"(“)ﬁu[X; 0,1/ql,

for pu a partition.
Haglund, Morse and Zabrocki [12] defined the following symmetric op-
erators closely related to Jing’s H,, operators defined in (3.1):

(3.3) B, P[X]= P [X + eM] Q[—ezX] and

z

zm



414 Jeffrey B. Remmel and Meesue Yoo

(3.4) C,PlX] = (-é)m_l P [X - 1_71”} Q=X

zm

They also considered the symmetric functions defined by
Bo[X;q] = B, Ba, - 'Bazm)(l)

and
Ca[X, Q] = (Cal(caz e Cal(a) (1)?

for any composition o = (a, . .. ,al(a)). These operators are related to the
Jing’s operators H,,, by

B,, =wH,,w and C,, = (—1/q)m*1H%fl/q
and so
(3.5) Cp = (=1/q)™ 1B/ 1y,
Thus, by (3.2), for a partition u, we have the relations

(3.6) B,[X;q] = q”(“)wﬁM[X; 0,1/q] and
(3.7) CulXiq) = ¢ "W (=1/q)" ="M H,[X;0,q].

Note that (3.3) and (3.4) imply that

(3.8) Bu[X;ql =w Y Kxu(@)sa[X] = Kxu(q)sx[X]
A A
and
(39)  CulX;q) = (=)W (1/q) 710000 N " Ry (q) s [X]
A

where K, (q) = qn(u)K/\u(l/Q) = ZTeSSYT(A,M) g™ for coch(T) = n(u)—
ch(T).

To manipulate the symmetric functions B,[X; ¢] and C,[X; ¢|, Haglund,
Morse and Zabrocki proved the following commutativity relations of B and
C operators.

Theorem 3.1. [12] For a,b € Z, we have

(3.10) BB, + Bo—1Bpr1 = ¢(BaBp + Bpr1Ba—1),
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(3.11) q(CpCq + Co—1Cpyq) = C,Cp + Cp1Cy—1.
Fora+b>0,
(312) IB%a(Cb = q(CbBa.

In [6], Garsia and Haglund proved that their ¢, t-analogue of the Catalan
number, C,(q,t), is a polynomial with positive integer coefficients by using
the following identity

Cn(q, t) - ven [X] ‘Sln .

They defined the special symmetric function element E, [X;¢| by the fol-
lowing identity

1-2] (29 .
€En |:X1 q] = ; (q;q)kEn,k[chﬂa

and they proved that the coefficient of e, [X] in V(E,, x[X;q]) ¢, t-enumerates
the Dyck paths which touch the diagonal k£ times.

Haglund, Morse and Zabrocki [12] conjectured combinatorial formulas
for the monomial expansions of V(B,[X;¢q]) and V(C,[X;q]) which give
the coefficient of e,[X] in V(B4 [X;¢q]) and V(Cy[X;¢]). According to their
conjectured formulas, we have

(enlX], V(Ewp[Xial)) = DY (el X], V(CalX5q)))-
afEnl(a)=k
They also showed that this identity holds in more generality by expanding
E, 1[X;q] in terms of C,[X], namely,
BoilX;q= ) CalX;ql

afFEnl(a)=k

This identity is from the following simple expression for e,[X] in terms of

Co[X].
Proposition 3.2. [12]
enlX] = 3 CulX;q).
alEn

There is a slight generalization of Proposition 3.2.
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Proposition 3.3. [12] For 0 < k <mn,

St-kan [ X] = (=" ) CulX;ql.

al=n
ay>n—k

The main goal of this paper is to find combinatorial interpretations for
the coefficients that arise in the Schur function expansion of B,,s)[X] and
Cmsa[X]. We shall also give simple recursions for the expansion of B,,e)[X]
in terms of the elementary symmetric functions and C,,h)[X] in terms of
the homogeneous symmetric functions. These recursions can be used to give
alternative proofs of many identities involving the operations B,, and C,,
described above.

4. Computing B,,s»[X]
By the definition of B,,,

BmSA/V[X]

= Sx/v |:X+€@:| Q[—ezX]

zm

= 3 sl [ B st )

vErCA SN o
Z1\ Ml
- Z su/v[X] (7) SA/u[l—Q]Zz”en[X]
vCpCA n>0 o
_1\ P/al
o ()
vCpCA
< | D0 ssl=0 Mg ulal | Y 2 enlX]
HEBCA 50 .
(42) = Z S#/V[X] Z (—1)‘)\/B|3A/IB[1]85//“/[Q] €m+‘)\/u|[X]_

vCpCA HCBCA

(*)
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We consider a combinatorial interpretation of () in (4.2) which is

DMyl —al= Y (~1)MAsy 5(1)sg0 (4]
pCBCA

Note that s)/[1] = 0 unless \/3 is a horizontal strip and if /3 is a hori-
zontal strip, then sy /3[1] = 1. Similarly, sg /,,[q] = 0 unless 3/u is a vertical
strip and if it is a vertical strip, then sg /,,[q] = ¢P/#l. Thus we see that
s,/ occurs in the expansion of By,s)/,[X] only if 11/v arises from A by first
removing a horizontal strip to obtain /v and then removing a vertical strip
to obtain p/v which implies that A\/p is a broken rim hook (BRH). In such a
situation, the cells of A/ have a weight of —1 which we indicate by placing
a —1 in such cells. Similarly, the cells of 5/u have a weight of ¢ which we
indicate by placing a ¢ in such cells. It follows that we must weight the cells
in A/p by taking the product of the entries of \/u where

(i) if s is a cell which has a cell in A/ to its right, then we place a —1 in
it,
(ii) if s is a cell which has a cell in A\/u below it, then we place a ¢ in it,
and
(iii) if s is the lowest cell in one of the rim hooks of A/u so that it does not
have a cell in A/p directly to its right or directly below it, then we can
place either a g or —1 in s.

It follows that

(4’3) BmSA/V[X] = Z wB()‘/M)Su/V[X]emH/\/M[X]v

vCuCA,
A/p is a BRH of A

where

)‘/:u H wp /\/u

SEN 1
and for each cell s € \/p,
-1 if s has a cell of \/pu to its right

(44) wp/u(s)=144q if s has a cell of A/u below it, and
g—1 if sis the lowest cell of a rim hook in A/pu.
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4.1. B, applied to elementary symmetric basis ey
Our first application of (4.3) is to derive a simple recursion for B,, applied

to an elementary symmetric function ey = ey ey, -+ - ey,,,- That is, we have
the recursion

(4.5) B (esen) = esBm(ex) + (¢ — 1) qufles—jﬁmﬂ‘(@k)
=1

for any A\ Fn and s > 1. That is, since e,, = s1», we can think of
€N\ = S1A1 8122 * - S1in),

as a skew Schur function corresponding to [, s1»:. It follows from (4.3) that

LX) Ai i
q]
16 Bulen) = [ (e + (- DD Trensy | | D ens”
i=1 j=1 n>0 m
Hence
Bm(esek)
S i—1
q]
— €s + (q — 1) Z 763_]‘
j=1
LN A qj_l
n

X e/\i+(q71)z7e>\i_j Zenz

i=1 j=1 n>0 m

1\ A qj_l

= €5 e, +(Q* ].)Zz—je)\Z_J Zenzn
i=1 j=1 n>0 m
s (N Ai qul
+(q—1) Z ¢ es; H ex, +(g—1) Z PR
j=1 i=1 j=1
X Zenz"
n=>0 zm+i

S

= eBulen) + (= 1)) ¢ les iBuyj(en).
j=1
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One can use (4.5) to give a simple inductive proof of the fact in Theo-
rem 3.1 that

(4.7) ByBo + Ba—1Bp1 = ¢(BoBp + By 1Ba—1)

by showing that both sides of (4.7) gives the same result when they are
applied to any ey.
Note by (4.5), we have that

1 1\t
B (i) = B () + - 0Y (5) e B e

(4.8 = B () - (- )Y (;) By,

j=1
Applying the operator (—1/¢)™ w to both sides of (4.8) and using (3.5),
we obtain that

s

(4'9) Cm(hsh)\) = hscm(h)\) + (1 - Q) Z(_Djhs—j(cm-i-j(h)\)-
j=1

One can use recursion (4.9) to give a simple inductive proof of the fact
in Theorem 3.1 that

(4.10) q(CbCa + Ca_1Cb+1) = CoCp + Cp11Cy—1.

That is, one can easily show by induction on the number of parts of A that
both sides of (4.10) give the same answer when applied to hy.

4.2. B, applied to Schur functions

Next, we consider the Schur expansion of B,,, applied to the Schur function
S)\[X]v

(4.11) Busx(X] = Y wa(Vm)sulX]em X,

1T,
A/p is a BRH of A

where

(M 1) = H WpR /\/u

SEN 1
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and for each cell s € A\/pu, the weight wp y/,(s) is as defined in (4.4). In
(4.11), one can apply the Pieri rule to see that

s#[X]emH)\/m[X] = Z S'Y[X]'

nCy,y/pis a
vertical strip of size m+|X\/p|

Thus

Bmsi[X] = > w(A/ ) suX]emix/u [X]
HCA N/ is a BRH of A

(4.12) - > wp(\ sy [X).

wCAN/p is a BRH of A
wC,v/p is a vertical strip of size m+4|X\/ul

Each v that appears on the right hand side of (4.12) can be constructed
by first removing a broken rim hook A/u from A and then adding back a
vertical strip v/p of size |\/p| +m.

We shall think of the cells of the broken rim hook A\/u as being colored
red so we will put an r in the cells corresponding to A/ and we shall think
of the cells of the vertical strip v/ as being colored blue so we will put a b in
the cells corresponding to /u. Then in the right hand side of (4.12), notice
that the red and blue cells completely determine A and -y, but there could
be many p’s that could give rise to the same A and . That is, the cells in
the rim hooks connecting colored cells could be that some of these cells were
originally removed from A to form p and then added back to form . Figure 5
shows various possibilities of ;1 when A = (32%,23) and v = (42,22, 1). Thus
the final weight associated with s, in (4.12) should be the sum of wg(\/pu)
over all possible p’s. We shall make the convention that the top colored cell,
if there is any, is part of the connecting rim hook while the bottom colored
cell, if it exists, is not part of the connecting rim hook. Nevertheless, the final
weight associated with the connecting rim hook does depend on the colored
square at the bottom. Thus when we talk about connecting rim hooks, it
will be convenient to refer to the connecting rim hook by the top cell and

r r r
rbh rbh
rbh
b b b
b b b

Figure 5: Possible u’s for A = (32,23) and v = (42,22, 1).
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the cell next to the bottom cell if it exists. Thus a r-b connecting rim hook
is a connecting rim hook that starts with a red cell and has its final cell
connected to a blue cell, a blank-b connecting is a connecting rim hook that
starts with a blank cell and has its final cell connected to a blue cell, etc.
This given, if we let the connecting rim hooks of AU~y be Hy,..., Hg, and
the red cells which are not part of any connecting rim hooks be r,..., s,
then the total weight associated with s,[X] would be

k s
(4.13) (H WB(Hi)> (H wB,AM(”)) )
i=1 i=1

where Wg(H;) is the sum of all the possible weights that can occur in H; as
p varies in (4.12). For instance, in the case the connecting rim hook H for
Figure 5,

We(H)=(q-1)+q(g—1)+¢*(¢—1)=¢*—1.

In the following subsections, we shall calculate explicit formulas for the
weights of all possible connecting rim hook shapes.

4.3. Computing weights of connecting rim hooks

We start by computing the weights of simple connecting rim hooks, namely
when they are just a column or just a row.

Let rV (L), bV (L) and V(L) denote the connecting rim hooks of a column
of L squares with a red cell on the top, a blue cell on the top, and a blank
cell on the top, respectively. Then we have the following lemma.

Lemma 4.1. For L > 1,

(4.14) Wg(rV(L)) = ¢**t -1,
(4.15) WiV (L)) =q¢~, and
(4.16) Wr(V(L)) = q".

Proof. We calculate Wy (rV (L)) first. If there are k cells colored rb (in other
words, if they are removed from A first and added back to form ) below
the red cell on the top, then the weight would be qk(q —1). Note that k can
be any value from 0 to L. By adding the weights over all possible k values,
we get

L

Wa(rV(L) => q*(q—1)

k=0
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If a b cell is on the top and there are k rb cells below it, then the weight is
¢* (¢ —1) if k > 1 and the weight is 1 if ¥ = 0. Hence

L
We(bV(L) =1+ ¢"(g-1)
k=1
L
g~ —1
=1 -1
+(q—1) 1
The same computation shows that Wg(V (L)) = ¢~. O

We let Hr(L), Hb(L) and H(L) denote the connecting rim hooks of one
row with L squares with a red cell, a blue cell, or nothing attached to its
right, respectively. Then we have the following lemma.

Lemma 4.2. For L > 1,

(4.17) Wpg(Hr(L)) =0,
(4.18) Wg(HbH(L)) =1, and
(4.19) Wg(H(L)) =q
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c [t]
M

Figure 8: A hook shape connecting rim hook, sVHt(L,M).

Proof. We start by calculating Wg(Hr(L)). Since the blue cells must form
a vertical strip there are only two possible cases for Hr(L). That is, either

we do nothing or we color the cell immediately to the left of the red cell in
rb. Thus,

Wg(Hr(L)) = (¢—1)+ (=1)(¢ —1) =0.
If blue cell is the last cell of the row, there can be no rb cells so its weight
is 1.
If there is no colored cell at the right end of the row, then we can remove
and add only one rb cell at the right end, and this would give

Wp(H(L) =1+ (¢—1)=q. O

Before we handle the case of general connecting rim hooks, we first need
to compute the weights of connecting rim hooks of a hook shape.

Proposition 4.3. Let sVHt(L, M) denote a hook shape connecting rim
hook connecting cells colored in s and t as in Figure 8. If M > 1, then

Wa(sV(L), ift="b,
Wg(sVHt(L,M)) =< ¢Wg(sV (L)), ift= blank,
0, ift=r.
If M =0, then
Wg(sV (L)), ift=b or blank,
Wp(sVHt(L,M)) = ¢ —1, ifs=rt=r

0, if s = blank or b,t =r,

where Wp(sV (L)) is as defined in Lemma 4.1.

Proof. Let ¢ denote the left most corner cell in the bottom row. If M > 1 and
t = b, then ¢ cannot be colored in rb (i.e., removed and added back) since the
blue cells form a vertical strip. Thus the weight of the hook sVHO(L, M)
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would be consistent with the weight of a vertical strip sV (L) as in Lem-
ma 4.1. The same reasoning can be applied to the case when M = 0 and
t=>0.If t =r and M > 1, then again the cell ¢ cannot be colored rb and
there are only two possibilities for the horizontal part;

[l Il and [c[_IOl7].

For the above two horizontal strips, the sum of possible weights are 0 by
Lemma 4.2. Since the cell ¢ is uncolored, it separates the vertical strip sV (L)
and the horizontal strip Hr(M). Hence,

We(sVHE(L, M)) = Wg(sV (L)) Wg(Hr(M))

which is 0 since Wg(Hr(M)) = 0. Similarly, if M > 1 and ¢ is blank, then

there are only two possibilities for the horizontal part;
and [Tl
So, Wg(H(M)) =14 (¢—1) =q and

Wg(sVHt(L,M)) = Wg(sV(L))Wg(H(M)),

where Wg(sV(L)) as described in Lemma 4.1.

Next we consider the case when M = 0 and t = r. If s = r, and there
are k cells colored rb below the top r cell where 0 < k < L, then the weight
of rV Ht(L,0) would be ¢*(q — 1). However, in this case, we also have the
possibility of coloring all the cells in L plus cell ¢ with rb, and then the
weight of the hook rV Hr(L,0) would be —g*t. Hence,

L
Wp(rVHr(L,0) =Y ¢"(qg—1) —¢"*"
k=0
— 1

If s = b or blank, then in the case when there are no rb-colored cells in the
vertical part, the weight of sV H(L,0)r is 1. Hence,

L
Wa(sVHr(L,0) =1+ ¢" (q—1)—¢"
k=1
—0.

If M =0 and ¢ is blank, then since the hook sV H(L, M) is just a vertical
strip sV (L), it has the same weight as Wg(sV'(L)). O
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Table 1: Weights of connecting rim hooks

[r]_ _
I L L D L
Wp(rV(L)) = ¢"*' =1 | Wp(V (L)) =q¢" Wp(V(L)) = ¢"
M M M
Wp(Hr(M)) =0 We(HbHM)) =1 W (H(M)) =4
8] _[s] [s]
I M>1 I M>1 I M>1
......... B S B
M M M
Wg(sV Hb(L,M)) Wg(sVH(L, M))
We(sVHr(L,M)) =0 | = Wg(sV(L)) = qWs(sV (L
Wg(sV Hb(L,0)) WB(bVHr(] 0))
We(rVHr(L,0) =—1 | =Wg(sV(L) | =Wgs(VHr(L,0))

Remark 4.4. Table 1 is the summary of the weights of simple shape con-
necting rim hooks described in Lemmas 4.1, 4.2 and Proposition 4.3.

Finally, we consider a general connecting rim hook G which consists of
a hook shape V Ht(Lg, My) where we have attached series of hook shapes
VH(L;, M;) fori=1,...,k—1, and finally attached sV H (L, M}), a hook
shape, as pictured in Figure 9. Here we assume that k£ > 1.

Note that for any statement A, we let x(A) = 1if A is true and y(A) =0
if A is false.

Proposition 4.5. For a rim hook G in Figure 9,

k—1
Wg(G) = Wg(sV (L)) Wg(V Ht(Lg, My)) H Wg(V(Li))
=1
(4.20) = X(t # )= W (sV (L) )g =0 B

where Wg(sV (Ly)) and Wg(V(L;)) are as defined in Lemma 4.1 and
Wg(VHt(Ly, My)) is as defined in Proposition /.3.
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Figure 9: A general connecting rim hook G.

Proof. Since the set of rb-colored cells must form a vertical strip, the set of
configurations over we must sum the weights is completely determined by
how many rb cells lie in each of the vertical strips L; for ¢ = 1,...k plus
how many 7b cells lie in the lowest hook V Ht(Lg, Mp). It easily follows that

k—1

(4.21) Wp(G) = Wa(sV (Ly))Wg(V Ht(Lo, Mo)) [ [ Wa(V(L:)).
i1

Now it follows from Lemma 4.1 that Wg(V(L;)) = ¢~ fori=1,...k—1so
that Hfz_ll Ws(V(L;)) = ¢==1 L. 1t follows from Proposition 4.3 that

(i) Wg(VHt(Lg, Mp)) =0if t =r,

(i) Wg(VHt(Lg, Mp)) = g* if t = b, and
(iii) Wg(V Ht(Lo, My)) = qq*° if t = blank.
Thus

k=1 _L;

Wp(G) = x(t # r)g =" Wp(sV (Ly))g>= ¢ -

We now pause to collect some observations about weights of the connect-
ing rim hooks based on Lemmas 4.1 and 4.2 and Propositions 4.3 and 4.5.
The first thing to notice is that the weights of all s-r connecting rim hooks
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where s € {blank, r, b} are zero except for connecting rim hooks of the form
rV Hr(L,0) which have weights —1. This has a number of consequences for
the computation of B,,(s\[X]) according to formula (4.12). For any given
7 such that s,[X] appears on the right hand side of (4.12) with a nonzero
coefficient, we know that cells of A\/y must be colored red and the cells of
/A must be colored blue. Now we claim that we cannot have a blue cell
in /X appear above a red cell in \/v since otherwise we would have a b-r
connecting rim hook for . In such a case, the weight of that b-r connect-
ing rim hook would be zero and hence, by (4.13), the coefficient of s,[X]
in B,,(sA[X]) would be zero. Thus the only s,[X] that have nonzero coeffi-
cients in the expansion of B,,(sx[X]) must arise by first removing a broken
rim hook H from A and then adding back a vertical strip V' of size |H| +m
below H to form ~. Now if H consists of rim hooks (h1, ..., hy) reading from
top to bottom, then for ¢ = 1,...,p — 1, we claim that it must also be the
case that the connecting rim hooks between the bottom cell of h; and the
top cell h;y1 must be of the form rV Hr(L;,0) for some L;. That is, it also
follows from Propositions 4.3 and 4.5 that the only r-r connecting rim hook
that have nonzero weight are connecting rim hooks of the form rV Hr(L;,0)
which have weight —1. Thus for s,[X] that have nonzero coeflicient in the
expansion of B,,(sx[X]), it must be the case that if the bottom cell of h;
lies in column s;, then the top cell of h;;; must lie in column s; + 1 for
1 = 1,...,p — 1. In addition, hy must start in column 1 since otherwise
we would have a blank-r connecting rim hook and the weight of all such
connecting rim hooks are zero. Thus we have the following theorem.

Theorem 4.6.

BmSA[X] = Z bm,A,W(Q)S’Y[X]a
yH(n+m)

where by, x ~(q) = 0 unless

(1) ~v arises by adding a vertical strips of size m on the outside of A or

(2) ~v arises from X by first removing a nonempty broken rim hook H = X/
of A from X which starts in the first column to get a partition p and
then adding a vertical strip V' of size m + |\/p| on the outside of u to
obtain v so that all the cells of H lie strictly above all the cells of V.
Moreover, if H consists rim hooks (hi, ..., hy), reading from top to
bottom, then fori=1,...,p—1, if the bottom cell of h; lies in column
S;, then the top cell of hiy1 must lie in column s; + 1.

Next consider the shapes 7 that satisfy either condition (1) or (2) of
Theorem 4.6. If «y satisfies condition (1), then the only connecting rim hooks
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of v will be either blank-b connecting rim hooks, b-b connecting rim hooks,
or b-blank connecting rim hooks. For any connecting rim hook ¢, the let
ht(c) denote the height of c. It follows from Lemmas 4.1 and 4.2 and Propo-
sitions 4.3 and 4.5 that

(a) the weight of a blank-b connecting rim hook is equal to ghte—1,
(b) the the weight of a b-b connecting rim hook is equal to ¢"*(©)=2,
(¢) the weight of a b-blank connecting rim hook is equal to ¢(¢)~1,

and

Blue squares that are not part of connecting rim hooks have weight 1. Thus
it follows from (a), (b), and (c) that if  arises from A by adding a vertical
strip of size m on the outside of A, then b, » , = gt-—m,

Next suppose that v meets condition (2) of Theorem 4.6. First consider
the broken rim hook H = A/v = (hi,...,h,). For i = 1,...,p — 1, the
connecting rim hook which connects the bottom cell of h; to the top cell of
hi1 is of the form rV Hr(L;,0) for some L; so that we know that the weight
of each of these rim hooks is —1 by Proposition 4.3. Thus these connecting
rim hooks contribute a factor of (—1)P~! to by, » . Since we are assuming
that m > 0 so that there will be blue squares in ~, it follows that the lowest
red cell of h, is part of a r-b a connecting rim hook, say C. Thus C is
either of the form rVHb(L, M) or it is of the form of rim hook pictured in
Figure 9 where s = r and ¢t = b. Let u be the row of red cell in C, v be the
highest row which contains a cell in a column to the right of the red cell
in C', and z be the row of the blue cell at the end of C'. If C' is of the form
rVHb(L, M), then v = z and L = u — v — 1. In that case, it follows from
Proposition 4.3 that the weight contributed by C'is ¢**1 —1 = ¢* "V —1.If C
is of the form of rim hook pictured in Figure 9 where s = r and t = b, then
Ly = u—v—1 and the weight of C' is (¢"*~! —Fl)(]Zf:_O1 Li = (qu=v—1)¢""*.In
either case, we can argue as we did for the shapes that satisfy condition (1) of
Theorem 4.6 that the weight contributed by the b-b and b-blank connecting
rim hooks that lie on or below row z is ¢*~|VI. It follows that in both cases,
the factor contributed by all the connecting rim hooks that lie on or below
row u is (¢“~Y — 1)¢"~IVl. Thus if v satisfies condition (2) of Theorem 4.6,
then the factor of the total weight contributed by the connecting rim hooks
is (—=1)P~1(¢*~¥ —1)¢*~IVl. Combining these observations with Theorem 4.6
yields the following theorem.

Theorem 4.7. Suppose that A = (A1,..., ) is a partition of n and m > 0.
Then

(4.22) BmsalX] = D bmaysy[X],
V- (n+m)
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where

(a) by~ = 0 unless 7y satisfies either condition (1) or condition (2) of
Theorem 4.6.

(b) by = q" =" if v satisfies condition (1) of Theorem 4.6, and

(c) if v satisfies condition (2) of Theorem 4.6 and u 1is the height of the
lowest red cell that was removed from X\, v is the height of the highest
row which contains a cell in v which is to right of the lowest red cell
removed from A\, R is the set of red cells in that were removed from A
that are not in any connecting rim hook, and p is the number of rim
hooks that make up the broken rim hook \/~v, then

by = (=P (g = 1) W [T ws(e)
cER

where

q if s has a red cell below it, and

-1 if s has a red cell to its right
wp(s) =
q—1 if s is the lowest cell of a rim hook.

Note that if m > £(\) —1, then we can not be in case (c) of Theorem 4.7.
That is, the fact that the broken rim H = A/ must contain a cell in the
first column means that H must contain the entire top row of A\. Thus if
A= (A1 >+ > ), then we could not add a vertical strip of size m+ |H| >
k — 1+ A\ below the lowest cell in H. Thus we have the following corollary.

Corollary 4.8. Suppose that ¢(\) = k. Then for allm >k — 1,

(4.23) B (sx[X]) = > s X
/% 5 o sortial st

Ezample 4.9. Suppose that we want to compute Bo(s)[X]) where A =
(3,2,12). Then in the first two rows of Figure 10, we have listed the 8 shapes
that arise by adding a vertical strip of size 2 on the outside of A. By The-
orem 4.7, by ) 5 = qZW)_2 for each of these shapes so we have written by )
below each of these shape. There is only one shape ~ that falls in case (c)
of Theorem 4.7 which is pictured at the end for row 2 in Figure 10. In this,
bax~ = ¢q— 1. Thus

Ba(s(3,2,12)[X])

= q43(3,2,14) + q33(3,22,12) + q33(32,13) + Q33(4,2,13) + q23(3,23)
+ q28(32,2,1) + q25(4,22,1) + q25(4,3,12) +(g—1)su32)-
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o] . . .
1D L] Lb] Lb] -
| ] N N b
b b b
b b
| | (5] |
q* ¢ ¢ ¢ ' ¢
[ ] [r]
b b
b b
[b] b] b]
' ¢ (¢—1)

Figure 10: Shapes which occur in the expansion of Ba(s(32.1,1))-

Ezxzample 4.10. For n < m,

By Theorem 4.7, B,, adds a vertical strip of size m to the vertical strip of
size n in all possible ways. According to Theorem 4.7,

0]
Hm-r
n |5}

Bm(Bn(l)) = Z wB S(grimtn-—2r) = Z qn7T8(27‘17n+n727‘)‘
r=0

L

Similarly, By,+1(Bn—1(1)) = Z’:;& q" 1" s(gr1min-2r). Thus,

BmBn(l) — qBni1Bn 1 (1)

n n—1

_ n—r § : n—r _
= q S(2r1m+n—21~) — q 8(2r1m+n—2r) = 8(27‘1m,+n—27‘).
r=0 r=0

Another way to compute B,,B,,(1) is by recursion (4.5). That is, since
B, (1) = e, = s1m, then
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n .
BpnBn(1) = Bn(en) = enem + (g — 1) Z qj_len*ijJrj(l)
j=1

n
= enem + (q — 1) Z qulen_jemﬂ'.
j=1

If we use the Pieri rule to calculate e,_jen4; = sin-iS1m+s, then it is not
difficult to see that we get the same Schur function expansion but this
is a much less efficient way to compute the Schur function expansion of
B,.B,(1).

5. Computing C,sx[X]

There are two ways to approach the problem of computing C,s,[X]. One

is to use the fact that C,, = (—l/q)mflegfl/qw. Thus we can start with
sx[X], then compute B,,sy and replace ¢ by 1/¢, then apply the w trans-
formation to the answer and finally multiply by (—1/¢)™~!. This approach
will not quite give the answer given in the introduction. The reason is that
our notion of connecting rim hook which may include a top colored but not
the bottom colored cell will change when we go the transpose shape X’ since
the top colored cell will become the bottom colored cell which is not con-
sidered as a part of a connecting rim hook. Hence the result would have the
discrepancy of the weights of those cells. The second approach, which is the
one that we will follow in this section, is to show that arguments which are
similar to those in the previous section will allow to explicitly compute the
coefficients ¢, ), in terms of weight of connecting rim hooks as defined in
the previous section.

5.1. C,, applied to a skew Schur function

We start by applying C,, to a skew Schur function s, /, [X].

(5.1)

1-1/q
z

(=)™ 'Crmsrw[X] = sy {X - } Q2 X]

zm

[1/(1_1] Q[=X]

Zm

= > suwlXlsyu

vCpuCA
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1\
- Z Su/v[X] <_> Sx/ull — 4l Zz”hn[X]

VQNQA qz n2>0 zm
1 [N/l B/
= Y sl () | a0
vCuCA 4 pCBCA
<[> 2" hn[X]
n>0 am
1 [X/ ] 8/l
S (—) sunl XS sl 055 0] | B X
vCpen | N pCBCA
1\ 16/ud
=Y x| Y () sy () 855 (1] | B (X
) pcper N

-~

(%)

To evaluate (**), note that sz,,[1] = 0 unless A/ is a horizontal strip and
if A\/B is a horizontal strip, then sy,g[1] = 1. Similarly, sz /,/[1] = 0 unless
B/ is a vertical strip and if it is a vertical strip, then sg /,,[1] = 1. Now
suppose that p arises from A\ by first removing a horizontal strip to obtain
B and then removing a vertical strip to obtain . Thus A/p is a BRH. Then
we can interpret the associated weights (1/q)*#! and (—1)I8/#l as placing
—1 in each cell of the vertical strip 8/u and 1/q in each cell of the horizontal
strip A/B. It follows that when A\/p is a BRH of A\, we must weight the cells
in A\/u as follows:

(i) if s is a cell of A/ which has a cell in A/ to its right, then s must
have a 1/q in it,
(ii) if s is a cell of A/ which has a cell in A\/p below it, then s must have
a —1in it, and
(iii) if s is the lowest cell in one of the rim hooks of \/u so that it neither
has a cell of \/u to its right nor below it, then s can have either —1
or 1/q in it.

Hence we get

1 m—1
(5.2) cmsA[X]z(——) S w8 X g g [X]

q nCX,
A/p is a BRH of A
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where

)‘/M H wC)\/u

SEN 1
and for each cell s € \/p,

1/q if s has a cell of \/u to its right
(5.3)  wep/u(s) =4 —1 if s has a cell of A/p below it, and
? l_q

=~ if sis the lowest cell of a rim hook in A/p.

5.2. C,, applied to Schur functions

Next we shall follow the same steps that we used to evaluate B,,s)[X] to
evaluate C,,s)[X]. First note that in (5.1), by the Pieri rule,

SN[X]hmH)\/ul[X] = Z SW[X]'
nCy,y/pis a
horizontal strip of size m+|A/p|

ConsalX] = <_l>m_ ST weO sl X o X]

nwCA M/ is a BRH of A

(5.4) = <—1>m1 > we (A p)sy[X],

wCA AN/ is a BRH of A
wCH,v/p is a horizontal strip of size m+|X/ |

where

c\/u) = H wen /(8

SEN 1

and for each cell s € A/, we y/u(s) is as defined in (5.3).

As before, we shall consider the cells in the broken rim hook A\/u as
being colored red so we put r in the removed cells in A, and the cells in the
horizontal strip of size |\/u| + m as being colored blue so we put b in the
added cells in 7. Then in the right hand side of (5.4), the red and blue cells
completely determine A and ~, but there could be many w’s that could give
rise to the same A\ and . That is, for the cells in the rim hooks connecting
colored cells, it could be that some of these cells were originally removed
from A to form p and then added back to form ~. Thus like in the case of
(4.12), we must evaluate the weights of the connecting rim hooks that arise
by considering all possible contributions to the connecting rim hooks as p
varies.
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5.3. Weights of connecting rim hooks

We use the same notations rV (L), bV (L), V (L), see Figure 6, and Hr(L),
Hb(L), H(L), see Figure 7, for the vertical and horizontal strips of length L.
Our first two lemmas are straightforward calculations so we omit the details.

Lemma 5.1. For L > 1,

We(rv(L)) =0,
We(bV (L)) =1, and
We(V(L) =1/q.

Lemma 5.2. For L > 1,

qL+1 -1

gt (q—1)
We(Hb(L) =1/¢*, and
Wo(H(L)) = 1/q".

Wo(Hr(L)) =

Proposition 5.3. Let sVHt(L, M) denote a hook shape connecting rim
hook connecting cells colored s and t as in Figure 8. If L > 1,

We(sVHE(L, M)) = We(sV (L)) x We(HE(M))

0, ifs=m,
= We(Hi(M)),  if s=b,
%WC(Ht(M)% if s = blank.

If L =0, then

-1, ifs=mrt=r,
We(sVHE(L,M)) =<0, if s=mrt=>5, ort= blank,
We(Ht(M)), if s =b or blank,

where Wo(Ht(M)) is as defined in Lemma 5.2.

Proof. If L > 1, then since the blue cells must form a horizontal strip, the
south-left corner cell ¢ cannot be colored rb. Hence, the weight of the hook
sVHt(L, M) is the product of the weight of the vertical part of length L and
the weight of the horizontal part of length M. So we get We(sVHt(L, M))
by combining Lemmas 5.1 and 5.2.

Now, let L = 0. If s = r and ¢t = r, then there could be k cells colored
rb for any 0 < k < M + 1. Now if 0 < k < M, the cell s contributes a factor
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of %_q and if £k = M + 1, then cell s contributes a factor —1. Thus

We(rVHr(L,M)) = % (i <%>k> e (%)Mﬂ

k=0
S S
qM-i-l qM+1
— 1.

If s = r and t = b, then the only difference is that for 1 < k < M + 1, the
rightmost rb cell contributes a factor 1%(1 instead of %. Thus

We(rV Hb(L, M)) %Jr (%)224:(5)““_1) <%>M(%)

() (v g1 )
q M M

The same calculation can be applied to the case when s = r and t is blank.

If s is either blue or blank, then the cell ¢ cannot be colored rb. Then
the weight of the hooks bV Ht(L, M) and VHt(L, M) is just the weight of
the horizontal strip Ht(M ). Hence, we get the result by Lemma 5.2. O

Remark 5.4. Table 2 is the summary of the weights of simple shape con-
necting rim hooks described in Lemmas 5.1, 5.2 and Proposition 5.3.

Finally, we consider a general connecting rim hook H which consists of
a hook shape sV H (Lo, My) where we have attached series of hook shapes
VH(L;,M;) for i = 1,...,k — 1 and finally attached a hook V Ht(Ly, My)
as pictured in Figure 11. Here we assume that k£ > 1.

Proposition 5.5. For a rim hook H as in Figure 11,

k—1
(55  Wol(H) = We(sVH(Lo, Mo))We(Ht(My)) [] We(H (M)
=1

1 ) X (s=blank)

(59) =Xx(s#7) (5 W (Ht(My)) (3) o

where Weo(sV H (Lo, My)), Wo(Ht(My)) and Weo(H(M;)), fori = 1,...,
k — 1, are as defined in Lemma 5.2 and Proposition 5.5.
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Table 2: Weights of connecting rim hooks
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L

I
o

Wo V(L)) =1

We (bV Ht(L,M))

We(rVHE(L,M)) =0 = We(Ht(M)) = Weo(Hi(M))
(o] r []
I \ L ______ Jt\ L o] L[ J

M M M M

We(rVHr(0,M)) = —1

W (bV HE(0,M))
— Wo (Ht(M))

We (rV Hb(0,M))
=We(rVH(0,M)) =0

Proof. Since the set of rb cells must form a horizontal strip, the set of con-
figurations over we must sum the weights is completely determined by how
many 7b cells lie in each of the horizontal strips M; for i = 1,..., k plus how
many horizontal cells lie in the top hook sV H(Lg, My). Hence we easily get

k—1

We(H) = We(sV H (Lo, Mo))We(HE(My)) [ [ Wo(H(M).

i=1

It follows from Lemma 5.2 that W (H (M;)) = 1/¢™i fori =1,...,k—1 so
Hf:_ll We(H(M;)) = (1/¢)>= M: From Proposition 5.3,

(1) We(sVH (Lo, M) =01if s =1,

(ii) We(sVH (Lo, Mo)) = q%o

Thus, we get

if s =5, and

(iii) We(sVH(Lo, Mp)) = qM% if s = blank.
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[5]

Lol | M,

Figure 11: Any rim hook H.

Based on Lemmas 5.1, 5.2 and Propositions 5.3, 5.5, we can make a
similar observation as we did with B,, operator. Note that the weights of
all 7 — s connecting rim hooks where s € {blank,r, b} are zero except for
connecting rim hooks of the form rV Hr(0, M) which have weight —1. From
Propositions 5.3 and 5.5, we can see that we cannot have a red cell in A/~
above a blue cell in /X since it would make the coefficient of s,[X] in
the expansion (5.4) zero. Thus we only have s,[X]’s in the expansion of
Cin(sx[X]) which arise by first removing a broken rim hook H from A and
then adding a horizontal strip S of size | H|+m above H to form «y. Now let’s
say that H = \/v consists of rim hooks (hq,...,hy) reading from bottom
to top. Then for i = 1,...,p — 1, we claim that it must be the case that the
connecting rim hooks between the top cell of h; and the bottom cell of h; 41
must be of the form rV Hr(0, M;) for some M; by Propositions 5.3 and 5.5.
Thus for s,[X] that have nonzero coefficient in the expansion of C,,(s)[X]),
it must be the case that if the top cell of h; lies in row r;, then the bottom
cell of h;jy1 must lie in row r; + 1 for ¢ = 1,...,p — 1. Moreover, h; must
start in row 1 since otherwise we would have a r-blank connecting rim hook
which has a zero weight. Thus we derive the following theorem.

Theorem 5.6.

Cnsa[X] = Z cmay (@) 54[X],
- (n+m)

where ¢y ~(q) = 0 unless

(1) v arises by adding a horizontal strip of size m on the outside of A, or
(2) v arises from A by first removing a nonempty broken rim hook H = \/u
of A from \ which starts in the first row to get a partition p and then
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adding a horizontal strip S of size m + |\/u| on the outside of p to
obtain ~y so that all the cells of H lie strictly below all the cells of S.
Moreover, if H consists of rim hooks (hi, ..., hy), reading from bottom
to top, then fori=1,...,p—1, if the top cell of h; lies in row r;, then
the bottom cell of h;11 must lie in row r; + 1.

Now we consider the shapes of 7 that satisfy either condition (1) or (2)
of Theorem 5.6. If ~ satisfies condition (1), then the only connecting rim
hooks of v would be either blank-b connecting rim hooks, b-b connecting rim
hooks, or b-blank connecting rim hooks. For those connecting rim hooks,
the horizontal cells which are not colored b would contribute 1/¢, based on
Lemmas 5.1, 5.2 and Propositions 5.3, 5.5. Thus, we can see that if v arises
from A by adding a horizontal strip of size m on the outside of A, then
emany = (=1/)™ M (1/g) ™ = (1) (1 /g)n

Next suppose that 7 satisfies condition (2) of Theorem 5.6. We first
consider the broken rim hook H = A\/y = (h1,...,hp). Fori=1,...,p—1,
the connecting rim hook which connects the top cell of h; to the bottom cell
of hit1 is of the form rV Hr(0, M;) and we know that the weight of each of
these rim hooks is —1 by Proposition 5.5. Thus these connecting rim hooks
contribute a factor of (—1)P~! to ¢, » 4. By the condition (2) in Theorem 5.6,
all the r cells lie strictly below the b cells, hence there would be only one
connecting rim hook, say C, which is either of the form bV Hr(L, M) or of
the form of rim hook pictured in Figure 11 with s = b and ¢t = r. Let u be
the column of red cell at the end of C', z be the column of the blue cell in C,
and v be the column of the lowest corner cell of C' which would be the cell ¢
in Figure 8 or Figure 11. If C' is of the form bV Hr(L, M), then v = z and
M =u — z — 1. In this case, by Proposition 5.3, the weight of C is

qu—v -1
¢“ g —1)

If C' is of the form of rim hook pictured in Figure 11 with s = b and t = r,
then M = u — v — 1 and Proposition 5.5 gives that the weight of C is

Wo(Hr(M)) =

k1, 1\"7% ¢+ v-1

We(Hr(M))(1/q)=—0 Mi = <_>

c(Hr(Mg))(1/q) q (g —1)
qu—v -1

qu—z—l(q _ 1) :
In both cases, the connecting rim hooks above C' are of the form b-b, b-blank

or blank-b. For those, as we did above for the shapes that satisfy condi-
tion (1), we can derive that the weight contribution would be (1/q)*~ 1.
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Thus in both cases, the factor contributed by all the connecting rim hooks
that lie before the column w is W(\];}—:f;,l)- Hence, if v satisfies condition (2)
of Theorem 5.6, then the factor of the total weight contributed by the con-

necting rim hooks would be

(_1)17—1&'
¢ 151 (g = 1)

Combining these observations with Theorem 5.6 yields the following theo-
rem.

Theorem 5.7. Suppose that X = (A1,..., ), A1 > -+ > g, 1S a partition
of n and m > 0. Then

(5.7) CosalX] = > eman(@)s,X],
yH(n+m)

where

(a) cmr~(q) = 0 unless v satisfies either condition (1) or condition (2) of
Theorem 5.6,

(b) cma~(q) = (=1)™"1(1/q)~ ! if v satisfies condition (1) of Theo-
rem 5.6, and

(c) if v satisfies condition (2) of Theorem 5.6 and u is the column of the
highest red cell that was removed from X, v is the column of the first
corner cell to the left of the highest red cell of X\, R is the set of red
cells that were removed from \ which are not in any connecting rim
hooks, and p is the number of rim hooks that make the broken rim hook

A/, then
1\ - ¢ — 1
Cm,)x,’Y(q) -\ (_ ) qu_m_l)\/,yl_l(q _ 1) ng(S)

q
I/\/WI 2 H wo (s
sER

_ (_1)m+P

where

1/q  if s has a red cell to its right
we(s) =< =1 if s has a red cell below it, and
=1 if s is the lowest cell of a rim hook.
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Note that if m > A; — 1, then we cannot be the case (c) of Theorem 5.7.
Thus we get the following corollary.

Corollary 5.8. Suppose that \y = k. Then for allm >k — 1,

CalsalX)= Y (1)%_137[;(].

ACy q
/X is a horizontal strip

Ezxample 5.9. For b>a, n=a+b,

According to Theorem 5.7, to get the Schur expansion of Cy(s,), we add
a horizontal strip of size b to the horizontal strip of size a. Then it would
produce v = (a + b — r,r) shapes, for 0 < r < a, and by Theorem 5.7
and Proposition 5.5, the coefficients of s, would be (—1/¢)" 2(1/q)*".
Thus,

(5.8) C,Ca(1) = (-%)H 2_% <é)a_rs(n_r,r).

Note that we can carry out the same computation using (4.9). That is,
Cq(1) = (—%)“‘%a so that

(5.9)
()
- <_é>a_1 haCy(1) + (1 — q)jza;(—l)jha—j(cbﬂ(l)
= <_é>a_1 (-3)17_1 hahp + (1 _qi(—w <_$>b+j_lha—jhb+j

J=1

One can then use the Pieri rule for the product of homogeneous symmet-
ric functions to show that the right hand side of (5.9) reduces to (5.8)
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but this is clearly a much less efficient way to calculate C,Cy(1) in this
case.
Note that

1 n—2 a—1 1 a—1—r
(Cb+1ca—1(1) = <_a> <6> S(n—ryr):
=0

By applying B,, and C,, operators iteratively to 1, we get a sum of two
Schur functions with hook shapes.

Ezample 5.10.

S(n41,1m-1)

1 n—1

If we change the order of applying operators,

Cr(B(1)) = Cp(s1m)

-y
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b
X [We | m) L S(namy + We TL S(n+1,1m-1)
J bl [b] J [0 [B]

— n —

() o)
q (n,1m) q (n+1,1m-1) | -

Thus we get
B,,C,(1) = ¢C,B,,(1).

We can use the combinatorial interpretation of Schur expansion of C,,(s))
in Theorem 5.7 to give a combinatorial proof of Propositions 3.2 and 3.3.

Proposition 5.11.

enlX] = Y CalXid)
aEn

Proof. We prove it by induction. If n = 1, Za|:1 CulX;q) = C1][X;q] =
hi[X] = e1[X]. If n > 1, then

Z Ca[X§ Q] = Z Coq (Caz U Cal(a)(l))

al=n alEn
n—1
=Y Cur [ D CslXsq]
r=0 BEr
n—1 n—1
= Cr—r(e;[X]) = chfr(slT[XD
r=0 r=0

Il
/|\
|
~_

i
—
»
3
+
T 3
— —
/I\
Q| =
~
3
|
3
|
—
N
K| =
&
3
|
3
+
—
=
3
|
+
&
3
|
=3
-
-
-

The second last line is by Theorem 5.7. O

Proposition 5.12. For 0 <k <n,

Stk [X] = (=" F1 > CalX;q).

al=n
ay>n—Fk
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Proof. When n =1, k=0, s1[X] = C1[X; q].

Y CalXiq]

aln

ay>n—k

k
- ch—r Z Ooa[X;Q]

af=r

r=0
k
= Z Cp—r(s1-[X]) (by Proposition 5.11)
r=0

1 n—1 k 1 n—r—1 1
= <_5> Sp + (_a> <§3(n—r+1,1rl) + s(n—r,lr))
=2)
q

(—q)" ! Z CalX;q] = $(n_k,1%)-
al=n D

6. A new recursion for the g-Kostka polynomials

Recall that by (3.8),
BulX;q) = "W, [X:0,1/q) =03 Kau(@)sa[X] = 3 Kau(@)sw[X]
A A

where K.(9) = X ressyrou ¢“™T). Note that since

Bu[X;q] = By,By, - ‘Bmm(l)’

we can use our combinatorial interpretation of Schur expansion of B,,(s))
in Theorem 4.7 to give a completely different way to compute Ky, (q). This
is illustrated in our next example.

Ezample 6.1. For u = (2,1,1), one can compute using the charge statistic
that

B(2,1,1)[X;6]] = Z Z th(T) 3,\[X]

A4 \TESSYT(N )
= 3511 [X] + (q + ¢*)s211[X] + gs2a[X] + s31[X].
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0]
/ \
1
[]2] @

! 0] 13k

] ]

L [0] L]

b
[ 15] l

S S

L[]

Figure 12: By 1 1)[X; ¢] diagram.

On the other hand, we can construct B, 1 1) [X; ¢] by adding a vertical strip
of size u3 = 1 to 1, and then adding vertical strips of size uo = 1 and
p1 = 2 to the results, iteratively. We can see the procedure in the dia-
gram given in Figure 12. The weights on the branches are determined by
the weights of connecting rim hooks which are specified in Theorem 4.7,
and the coefficient ¢“"™) of s A[X] can be calculated by multiplying all the
weights on the branches connecting the diagram of A starting from the
root.

This alternative way to compute the K, (q) also implies a new recursion
for g-Kostka polynomials. That is, if A is a partition of n and -y is a partition
of n+m, then we shall write \ ~~ ~ if y satisfies the condition of Theorem 4.6,
i.e. if either

(1) ~y arises by adding a vertical strips of size m on the outside of A or

(2) v arises from A by first removing a nonempty broken rim hook H = A/
of A\ from A which starts in the first column to get a partition p and
then adding a vertical strip V' of size m + |\/p| on the outside of u to
obtain v so that all the cells of H lie strictly above all the cells of V.
Moreover, if H consists rim hooks (hi,...,h,), reading from top to
bottom, then for : = 1,...,p—1, if the bottom cell of h; lies in column
s;, then the top cell of h;11 must lie in column s; + 1.

Thus we can write Theorem 4.7 as

(6.1) BmsalX] = bmaysy[X].
A~y

Let = (1 > -++ > py(,)) be a partition of n and let u= = (p2, 3, . . -,
Ha(u))-
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Then the definition of B,[X;q] implies that

Bu[X;q) =B, By, - By, (1)
= B#l(BM_ [X7Q])

so that

B#[X; Q] = Z K/\,M(Q)SX [X]
AFn

=By, (Bu-[X;4q]) = By, Z Ky = (@) sy [X]

n-(n—p1)

= Z Koy - (@)By, (s [X])
nH(n—p1)

= Z Ky u-(q) z bps v Sy X]
nH(n—p1) n'~y

= Z sx [ X] Z buy gy M- (4)-
Y nF(/n*;tll)

Thus we have the recursion
(6'2) KA,,u(‘]) = Z b,ul,n’,)\/Kmu‘ (Q)
=g

For example, suppose A = (4,2) and u = (2,1%). Then to apply our
recursion we must find the 7’s of size 4 such that 1’ ~» (22,12). It is easy to
see that there are three such n's, namely, (2,2), (2,1?), and (1*). We have
pictured these three shape at the left in Figure 13. In each case, X' arises
from 7’ by adding a vertical strip of size 2 to 1’ so that by, = ¢‘*)72 = ¢2.
Thus in this case, recursion (6.2) gives that

Ku2),219@) = @ K@2),04(0) + *Ki1),00(0) + Ky, 10 (a)-

Next suppose that we want to compute K(2,2),(14)(Q)' Then we have to find
the n's of size 3 such that such that 1’ ~» (2,2). In this case, there are two
such 7's, namely, (13) and (2,1). These are pictured on the right in Figure 13
along with the coloring of the squares which show how 7’ ~ (2,2). In this
case, Theorem 4.7 gives that by (13) (22) = (¢ — 1) and by (1 9) (2,2) = ¢- Thus

K2),00(q) = (¢ — D) K(3),13)(0) + K 2,1),(1%)(9)-
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i 2. ‘
L_[b: |

o N

2 Ch 18] 18]
13 b:
! b]

Figure 13: Examples of the K} ,,(¢) recursion.

0

H/ a:q
(qz ED/ XH . H H H
A O

Figure 14: Charge tree to calculate ZTESSYT()\’,M) ") for p=(2,1,1,1,1)
and \' = (2,2,1,1).

Note that since our recursion continually involves the conjugate shapes
of the terms K ,,(¢) that we want to compute, we can construct a tree that
represents the iteration of the our recursion to compute K) ,(¢). For ex-
ample, to compute K(472),(2714)(q), we would construct the tree pictured in
Figure 14 where the weights on the branches are the weights of the corre-
sponding by, « g- It then follows that K4 9) (2,14)(¢) is the sum of the product
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i[5 3[5 3[4 25 2[4 23
11203 [1[12[4 [OQ[12[5 [d1E4 [11sE 110406
321154 42115 521143 431152 531142 541132
3221105342 4221105231 5321104231 4231105220 5231104120 5342103120
10 10 10 1() 10 10
¢ q° q’ ¢ q* q¢°

Figure 15: Computing K4 2),(2,14)(q) using the charge statistic.

of the weights along all the branches of this tree so that

Kuo e @ =@+ ++ "+ +d +
:q4+q5+2q6+q7+q8

To confirm the correctness of our calculation, we have pictured in Fig-
ure 15, the computation of K49y (2,14)(q) as ZTESSYT((274),(1472)) ¢°™T) using
the definition of charge due to Lascoux and Schiizenburger [19]. In this case,
amount of effort need to compute K(42)(2,14)(q) is about the same. One
drawback of using recursion (6.2) is that it involves cancellation. Neverthe-
less, it is not difficult to find cases it requires less work to compute K} ,,(q)
by building the recursion tree as we did in Figure 14 than computing K ,,(¢)
by summing the charge of of all column strict tableaux of shape A\ and type p
and there are other cases where there is considerably less work in comput-
ing K, (¢) using the charge statistic as opposed to computing the recursion
tree.
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