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Macdonald polynomials in superspace as
eigenfunctions of commuting operators*
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A generalization of the Macdonald polynomials depending upon
both commuting and anticommuting variables has been introduced
recently. The construction relies on certain orthogonality and tri-
angularity relations. Although many superpolynomials were con-
structed as solutions of a highly over-determined system, the ex-
istence issue was left open. This is resolved here: we demonstrate
that the underlying construction has a (unique) solution. The proof
uses, as a starting point, the definition of the Macdonald superpoly-
nomials in terms of the Macdonald non-symmetric polynomials via
a non-standard (anti)symmetrization and a suitable dressing by an-
ticommuting monomials. This relationship naturally suggests the
form of two families of commuting operators that have the defined
superpolynomials as their common eigenfunctions. These eigen-
functions are then shown to be triangular and orthogonal. Up to
a normalization, these two conditions uniquely characterize these
superpolynomials. Moreover, the Macdonald superpolynomials are
found to be orthogonal with respect to a second (constant-term-
type) scalar product, and its norm is evaluated. The latter is shown
to match (up to a g-power) the conjectured norm with respect to
the original scalar product. Finally, we recall the super-version of
the Macdonald positivity conjecture and present two new conjec-
tures which both provide a remarkable relationship between the
new (q,t)-Kostka coefficients and the usual ones.
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1. Introduction

1.1. Macdonald superpolynomials and related positivity
conjectures

A candidate for the superspace extension of the Macdonald polynomials —
Macdonald superpolynomials for short — has been obtained in [7]. Such an
extension involves the anticommuting variables 0y,6s,... (with 67 = 0), as
well as the usual commuting variables x1, xo,... The superspace approach
turns out to be a very restrictive framework: each variable z; is consid-
ered to be paired with an anticommuting variable 6;, so that symmetric su-
perpolynomials are required to be invariant under the interchange of pairs
(w4, 60:) <> (x5,05) [9].

The construction in [7] is presented as a conjecture (a point developed
shortly). But the first exploration of the resulting superpolynomials revealed
a very rich structure. As expected, this two-parameter (g,t) family of su-
perpolynomials contains, in the appropriate limit (¢ = ¢, t — 1), the Jack
superpolynomials [10]. But, what was totally unexpected a priori, is that
it contains two versions of the Hall-Littlewood superpolynomials (for ¢ = 0
and ¢ — 00). Moreover, from each version of the latter, we can define a
natural extension of the Schur polynomials (for ¢ = 0 and ¢ — oo respec-
tively). Both types of Schurs have a positive integral decomposition into
the monomial superpolynomials (a property that is not verified for the Jack
superpolynomials at & = 1). But what is more remarkable is that, using the
q = t = 0 Schurs, we could conjecture a generalization of the Macdonald
positivity conjecture (reviewed below).

The present article, although completely independent, is a continuation
of our previous work [7]. It addresses the following issues: the existence of the
Macdonald superpolynomials, their relation with the non-symmetric Mac-
donald polynomials, and their characterization as an eigenvalue problem. As
an aside, new conjectures for the Kostka coefficients are presented.

1.2. The main result: An existence proof

The conjectural construction of [7] is proved here to be a valid characteriza-
tion of the Macdonald polynomials in superspace. To clarify this point, we
first recall the definition of the ordinary Macdonald polynomials [24].

The Macdonald polynomials Py = Py(x;q,t), in the variables x =
x1,T9,..., are characterized by the two conditions:

(1) 1) Py = my + lower terms,
2) (PAlPuqt=0 if A#p
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The triangular decomposition refers to the usual dominance order on parti-
tions (see (11) below) and the m)’s are the monomial symmetric functions.
The orthogonality relation is defined in the power-sum basis py = py, - - - D, ,

with pr =3 5, 27, as
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n (i) being the number of parts in A equal to ¢. Since the dominance ordering
is partial (for degrees > 6), the orthogonality constraint leads to an overde-
termined system at each degree > 6. It is therefore necessary to show that
there exists such a family of polynomials. This is generally done through an
eigenvalue-problem characterization.

The brute-force approach followed in [7] was to look for a suitable de-
formation of the scalar product (2) that allows for nontrivial solutions to
these systems. In this way, a candidate scalar product was identified and a
large number of Macdonald superpolynomials were constructed. The correct-
ness of the construction was corroborated by various conjectural properties
that provide natural extensions to superspace of classical results on Mac-
donald polynomials. However, establishing the existence of the Macdonald
superpolynomials remained an open problem, the corresponding eigenvalue
problem being still missing.

The existence issue is resolved here: it is demonstrated that the super-
space extension of the criteria (1) has a solution. This is our main result
(the notation that follows is explained in full detail in Section 2).

Theorem 1. Given a superpartition A = (A% A®) of fermionic degree m,
there is a unique symmetric superpolynomial Py = Pp(z,0;q,t), with x =
(x1,29,...) and 6 = (01,02, ...), such that:

(3) 1) Py = mp + lower terms,
2) (PalPo)gs =0 if A#Q,

where my s a monomial superpolynomial and where lower terms refer to
the dominance ordering on superpartitions (see (10)). The scalar product is
defined by

m

(4) (palpa)ar = (=1)(5) za(q, t)ono,
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where

(5) algyt) = oa WIH Lot

1 — N

1.3. A key relationship: The connection with Macdonald
non-symmetric polynomials

The existence proof proceeds indirectly, via an alternative definition of the
Macdonald superpolynomials, this one relying on a suitable (anti)symmetri-
zation of the non-symmetric Macdonald polynomials. Such a construction
is akin to that of the Jack superpolynomials in terms of the non-symmetric
polynomials worked out in [10, Sect. 9]. However, the present construction
turns out to be trickier than in the Jack case. Indeed, Macdonald polyno-
mials with prescribed symmetry — a priori, expected building blocks — are
obtained by ¢-(anti)symmetrization of some subset of variables, where the
role of symmetric group is played by the Hecke algebra [1, 3]. However, anti-
commuting variable cannot be ¢-antisymmetrized, and the construction has
to incorporate both the usual antisymmetrization and the ¢t-symmetrization,
the two operations being applied to distinct set of variables. This is made
explicit in eq. (33).

This definition of the Macdonald superpolynomials in terms of non-
symmetric Macdonald polynomials is a crucial step toward the character-
ization of the former in terms of an eigenvalue problem. Recall that these
non-symmetric polynomials are eigenfunctions of the Cherednik operators
[8]. The mere symmetrization procedure that defines the Macdonald super-
polynomials indicates how to dress symmetric combinations of the Chered-
nik operators in order to generate operators whose eigenfunctions are the
Macdonald superpolynomials. Because we have two sets of variables (com-
muting and anticommuting), we need two families of commuting operators
to obtain a non-degenerate eigenvalue characterization (see e.g. [10] for the
Jack case). We thereby construct two generating functions of commuting
operators. These are the natural extension of the Sekiguchi operators char-
acterizing the Jack superpolynomials and introduced in [14, Sect. 3]. To fully
characterize the eigenvalue problem, it is sufficient to consider the simplest
representative of each family.

The proof of the existence of the superpolynomials defined by the two
conditions in Theorem 1 proceeds along standard arguments. But a crucial
and difficult result that needs to be established is the self-adjoint property



Macdonald polynomials in superspace 499

of the two eigenoperators. The outline of this proof was provided to us by
Alain Lascoux [22].

The relationship between Macdonald superpolynomials and the non-
symmetric polynomials has a further direct consequence: it implies a second
orthogonality relation, where in this case, the scalar product is a constant-
term expression. We show that when the number of variables tends to in-
finity, the norm calculated from the constant-term scalar product is equal
(up to a g-power) to the norm, conjectured in [7], with respect to the scalar
product defined in Theorem 1.

1.4. Organization of the article

The outline of the article is the following. In Section 2, we recall some basic
definitions related to superpolynomials and superpartitions. Section 3 is also
devoted to a review of known results, here pertaining to non-symmetric Mac-
donald polynomials. The definition of the Macdonald superpolynomials in
terms of non-symmetric Macdonald polynomials is presented in Section 4.1.
In Section 4.2, we introduce two generating functions for commuting opera-
tors and show that they have the Macdonald superpolynomials as their com-
mon eigenfunctions. This eigenfunction characterization allows us to demon-
strate in Section 4.3 that the Macdonald superpolynomials have a triangular
decomposition in the monomial basis. In preparation for the orthogonality
proof, the eigenvalue problem defining the Macdonald superpolynomials is
simplified in Section 4.4, where it is shown to be sufficient to consider two
eigenoperators to get a non-degenerate characterization. The proof of the
orthogonality with respect to the scalar product (4), which solves the exis-
tence issue in Theorem 1, is worked out in Section 5. At first, the problem
is reformulated in terms of action of the two eigenoperators on the kernel.
The long proof of the self-adjoint property of the Macdonald-type operators
is worked out in Section 5.2. As a natural extension of these orthogonality
results, a non-trivial duality relation is established in Section 5.3. Given this,
all the tools for the demonstration of the evaluation and norm conjectures
of [7] are available, proof that would follow that in [13] for the Jack su-
perpolynomials. Finally, a second orthogonality relation is demonstrated in
Section 6. The corresponding norm is evaluated, and shown to be equal, up
to a power of ¢, to the conjectural norm of the Macdonald superpolynomials
with respect to the original scalar product. The combinatorial identity on
which this claim relies is demonstrated in the Appendix.

The last section (Section 7), devoted to the generalized Kostka coeffi-
cients, is somewhat off the streamline of this article but should be viewed
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in the context of the continuation of [7]. The superspace version of the
Macdonald positivity conjecture is recalled in Section 7.1. Two symmetry
properties of the generalized Kostka coefficients are presented. Although
these are rather direct extensions of the usual symmetry relations given in
[24], one of these involve a new combinatorial number that is specific to
superpartitions. This new data illustrates well the kind of novelties brought
in by the introduction of anticommuting variables and the richness of the
combinatorics of superpartitions. Tables of Kostka coefficients are appended
to this section.

Two new conjectures concerning the Kostka coefficients are given in
Section 7.2. Both results exhibit a different relationship between the (g, t)-
Kostka coefficients in the m = 1 sector with the ordinary (i.e., m = 0)
(q,t)-Kostka coefficients. In particular, Conjecture 25 expresses the usual
(g, t)-Kostka coefficients for partitions of degree n as a sum of (g, t)-Kostka
coefficients for superpartitions of degree n — 1 and m = 1. In other words,
the super-version of the Macdonald positivity conjecture provides a refine-
ment of the usual ones. Let us digress briefly and point out that this result
naturally poses the question: to which extent could we get information on
the usual (g, t)-Kostka coefficients from the perspective of the Macdonald
superpolynomials? We intend to investigate this point elsewhere from a par-
ticular angle. Such a connexion, at this stage, could rightly be called “Science
fiction and Macdonald’s superpolynomials” [5].

2. Symmetric polynomials in superspace

A polynomial in superspace, or equivalently, a superpolynomial, is a poly-
nomial in the usual N variables z1,...,zy and the N anticommuting vari-
ables 61,...,0y5 over a certain field, which will be taken throughout this
article to be Q(g,t). A superpolynomial P(z,6), with x = (z1,...,zy) and
0 = (01,...,0n), is said to be symmetric if the following is satisfied [9]:

(6) KsP(z,0) = P(x,0) for all o € Sy,
where

K, : (1:1,.. . ,J}N) = (Zo1))- - - ,xU(N))

(7) Ko =#r,K,,  with (
Ko © (91, . ,QN) — (90(1), .. ‘790(N))-

The space of symmetric superpolynomials in N variables over the field
Q(g,t) will be denoted Zy, and its inverse limit by #Z (loosely speaking,
the number of variables is considered infinite in Z).
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Before defining superpartitions, we recall some definitions related to

partitions [24]. A partition A = (A1, Ae,...) of degree |A| is a vector of
non-negative integers such that A\; > ;41 for ¢ = 1,2,... and such that
> Ai = |Al. The length £(X\) of A is the number of non-zero entries of .
Each partition A has an associated Ferrers diagram with \; lattice squares
in the i*" row, from the top to bottom. Any lattice square in the Ferrers
diagram is called a cell (or simply a square), where the cell (7,7) is in the
ith row and jth column of the diagram. The conjugate A of a partition
A is represented by the diagram obtained by reflecting A about the main
diagonal. Given a cell s = (7,7) in A, we let
(8) ax(s) =\ — J, and Ix(s) = N —i.
The quantities ay(s) and [x(s) are respectively called the arm-length and
leg-length. We say that the diagram p is contained in A, denoted p C A, if
w; < A; for all 7. Finally, A\/u is a horizontal (resp. vertical) n-strip if u C A,
|A| = || = n, and the skew diagram A\/u does not have two cells in the same
column (resp. row).

Symmetric superpolynomials are naturally indexed by superpartitions
[9]. A superpartition A of degree (n|m) and length ¢ is a pair (A®, A*) of
partitions A® and A* such that [13]:

1. A* C A9,

2. the degree of A* is n;

3. the length of A® is /;

4. the skew diagram A®/A* is both a horizontal and a vertical m-strip.!

We refer to m and n respectively as the fermionic degree and total degree
of A. Obviously, if A® = A* = ), then A = (\,\) can be interpreted as the
partition A.

We will also need another characterization of a superpartition. A su-
perpartition A is a pair of partitions (A% A®) = (A1,..., A Aps1, -+ -, Ap),
where A? is a partition with m distinct parts (one of them possibly equal to
zero), and A is an ordinary partition. The correspondence between (A®, A*)
and (A%; A®) is given explicitly as follows: given (A®, A*), the parts of A®
correspond to the parts of A* such that Ai® # A7, while the parts of A®
correspond to the parts of A* such that AZ® =AJ.

The conjugate of a superpartition A = (A®,A*) is A’ = ((A®), (A*)").
A diagrammatic representation of A is given by the Ferrers diagram of A*
with circles added in the cells corresponding to A®/A*. For instance, if

'Some authors call such a diagram an m-rook strip.
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A= (A% A%) =(3,1,0;2,1), we have A® = (4,2,2,1,1) and A* = (3,2,1,1),
so that

] | O

[ O
(9) A% A" == A _O A O

k]

] L] O O

where the last diagram illustrates the conjugation operation that corre-
sponds, as usual, to replacing rows by columns.
The extension of the dominance ordering to superpartitions is [13]:

(10) Q<A iff deg(A) =deg(2), Q*<A* and Q® <A®.

Note that comparing two superpartitions amounts to comparing two pairs
of ordinary partitions, (Q*, A*) and (Q®, A®), with respect to the usual
dominance ordering;:

(11) p<Xx i |p[ =N and  pr A+ Fp <A+ N Vi

Two simple bases of the space of symmetric polynomials in superspace
(with commuting indeterminates x1, ...,z x and anticommuting indertermi-
nates 61, ...,0y) will be particularly relevant to our work:

1. the extension of the monomial symmetric functions, ma = ma(x,0),

defined by
!/
(12) mp = Z Ko (01'--9mxi\1~-'x2\2> ,
O'GSN
where the sum is over the permutations of {1,..., N} that produce

distinct terms;
2. the generalization of the power-sum symmetric functions, py = pa(z, 0),

defined by
(13) PA = DAy DADPApes = PAgs
where
N N
(14) Dk = Zﬁzxf and  p, = me,
i=1 i=1

with £ >0 and r > 1.
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3. The non-symmetric Macdonald polynomials

The ordinary Macdonald polynomials can be defined by the conditions (1)
and (2) in (1). But they could alternatively be defined directly in terms of the
so-called non-symmetric Macdonald polynomials by a suitable symmetriza-
tion process [25, 8] (see also [26, 27]). As will be shown in the following
section, this can also be done for their superspace extension. But since this
result uses a fair amount of notations and definitions, it is convenient to
summarize these here.

The non-symmetric Macdonald polynomials are defined in terms of an
eigenvalue problem formulated in terms of the Cherednik operators [8]. They
are constructed from the operators T; defined as

t PR .
(15) Ti:t+%(lfml—1), i=1,...,N—1,
(A (A
and
qgtry — 11
16 To=t K —1
(16) 0 +qu—:c1( ILNTITN ),

where we recall that K;; exchanges the variables x; and z;. Note that for
t =1, T reduces to K; ;1. The T;’s satisfy the affine Hecke algebra relations
(0<i<N-1):

(T; =t)(T; +1) =0
LT T = Ti1 TiTi
(17) T, =T/T,, i—j#+l mod N

where the indices are taken modulo N. To define the Cherednik operators,
we also need to introduce the ¢-shift operators

(18) T . qx“. .,
xj—x; if j # 1,

and the operator w defined as:
(19) w=Ky_n--Ki271.

We note that w1; =T;_qw fori =2,...,N — 1.
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We are now in position to define the Cherednick operators:
(20) Y =t VYT Ty T T,
where Tj_1 (also denoted T} below) is

(21) Tt =t =147,

which follows from the quadratic relation (17) of the Hecke algebra. These
operators satisfy the following relations [8, 18]:

T,Y; = YinT; + (t — 1)Y;
T, Yis1 = YiT, — (t — 1)Y;
(22) TY; = YT, if j#i,i+1.

It can be easily deduced from these relations that
(23) (Vi +Yi )T = T3(Y; + Yiga) and (YY) T; = T;(YiYiq1).

But more importantly, the Y;’s commute among each others, [Y;,Y;] = 0, and
can therefore be simultaneously diagonalized. Their eigenfunctions are the
(monic) non-symmetric Macdonald polynomials (labeled by compositions).
To be more precise, the non-symmetric Macdonald polynomial E, is the
unique polynomial with rational coefficients in ¢ and ¢ that is triangularly
related to the monomials (in the Bruhat ordering on compositions)

(24) E,=2x"+ Z by’
v<n

and that satisfies, for all i =1,..., N,
(25) }/;,En = ﬁiEn7 where 17]1 = qn'it_%(i)

with I,(i) = #{k < ilnx > m;} + #{k > ilnr > n;}. The Bruhat order on
compositions is defined as follows:

(26) v=n iff vT<n® or vT=9" and w,<w,,

where 1" is the partition associated to 1 and wy, is the unique permutation
of minimal length such that n = w,n™ (w, permutes the entries of n*). In
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the Bruhat order on the symmetric group, w,<w, iff w, can be obtained as
a proper subword of w,,.

The following two properties of the non-symmetric Macdonald polyno-
mials will be needed below. The first one expresses the stability of the poly-
nomials £, with respect to the number of variables (see e.g. [27, eq. (3.2)]):

_ Eﬁ—($1>---»x1\/—1) it ny =0,
(27) En(xl,...,$N—170)_ {0 if nn # 0.

where n— = (91,...,nv-1). The second one gives the action of the operators
T; on E, (see e.g. [3, eq. (8)] and [2]):

(15 ) By + tBo if 75 < i1,
(28) TiE, = § tEy if 0 = nit1,

- 1—t5:.,) (1=t 181,y :
(155}}) Ey : (711(61-,77)2 )Esm if 7 > nit1,

where 0; ) = 7;/Ti+1 and s;17 = (N1, -+, Mi—1, Wik 1, Mi» itk 2, - - - > 1IN )-
Finally, we introduce the t-symmetrization and ¢t-antisymmetrization op-
erators of variables x1,...,zy [25]:

(29) Uy=> T, and Ug=>» (-1,
€SN o€SN
where
(30) T, =T;, - T;, if o=s,--5,-
Note that for any polynomial f in the variables x1,...,xn, we have

KiinUt f =Ugf,but K; iUy f # —Uy f since [27, eq.(2.26)]

~ Ab
(31) Uy f=t" )T Ay 1,
N
where
(32) AN = Z (—1)Z(U)KU, A?V = H (tl‘i — .%'j), AN = A}V
€SN 1<i<j<N

Note that Ay is the usual antisymmetrization operator. Below, we will des-
ignate by S, and Sy,. the group of permutations of the variables 1, ...,z
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and Zp,11,..., Ty respectively. For instance, U,. and U,}. are defined as in
(29) but with Sy replaced by Sy, and Sy, respectively. Similarly, we will fre-
quently use the notation Al which is defined as in (32) but with N replaced
by m.

4. Macdonald superpolynomials
4.1. Definition of the Macdonald superpolynomials

We are now in position to define the Macdonald superpolynomials in terms
of the non-symmetric Macdonald polynomials. We will prove later that the
Macdonald superpolynomials defined in the next definition do in fact provide
a solution to the existence problem in Theorem 1.

Definition 2. The Macdonald superpolynomials Py = Pp(x,6;q,t) are de-
fined as

(—1)(%)

) + En
(33) P = o o ) > Kb Om AUt Exx,
0ESN/(SmXSme)
where
(34) fae(®) = T [lna- ()]s

Jj=0

with ny.(j) being the number of occurrences of j in A* and A stands for
the concatenation of A* and A® read in reverse order:

(35) A= Ay AL AN, - Ag).

In (33), we extended the usual concept of inversion on a permutation
to a partition: inv(A®) is the number of inversions in A%, the latter number
being equal to

(36) inv(\) =#{n >1i>j| N <A},

where n is the number of entries in A (including 0’s). For instance, we have
inv(22100) = 8. In (34), we also used the following standard notation:

(k]! = [1]e[2]¢ - - - [K]e with [m]y = (1—t™)/(1 —1).
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We first show that the stability of £, with respect to the number of
variables can be lifted to that of Py.

Proposition 3. Suppose that N > m. Then the Macdonald superpolynomi-
als Py are stable with respect the number of variables, that is,

PA(xlv'"7$N717O)917"'79N7170)

(37) _JPr (x1,...,2Nn—1,61,...,0nv—1) if Ay =0,
=10 it Ay 0,

where A_ = (Al, ‘e ,Am;Am+1, ‘e ,AN_l).

Proof. From the definition of P, it is immediate that it suffices to show that

DUt Eye if AN =0
38 Ut Epr ={ ea Tm AL ’
(38) [UneEnn],, {0 if Ay %0,
where m¢ refers to the reduced set of variables xyp,41,...,2xy—1 and
(39) AR = (AR =Ny AL AN 1, M)

We stress that although A_ is a superpartition, A% is a composition. The
constant ca () is the normalization constant in (33):

(—1)(%)

(40) cea(t) = T ()

Now U,}. can be factorized as follows:
(41)  Ufe=Ute A +Tn-1+TnaTn-2+ - +TN-1- Tins1),
so that

(42) = U;i |:(1 + TN 1+ TN aIN—o+ - +TN_1"" ‘Tm+1)EAR:|

CENZO'

Now, if A® has exactly k = np:(0) zero entries, it is easy to see from (27)
and (28) that



508 Oliver Blondeau-Fournier et al.

tN=m=E\n if i<k

4 [T,~~-Tm z‘ER} = - =7

(43) Nt A P {0 if ¢ > k.
Hence

tN=m=F[E Ut Exr if k>0

44 t Ezr = mZ A ’

(44) [UneBar] 4y 2 {0 if k=0,

If k > 0, we have that inv(A® ) = inv(A®)—N-+m-+k. Therefore, tN~"=F[k], =
ca_/ca and the proposition follows. O

4.2. Two families of commuting (eigen)operators

We now introduce two families of operators generalizing those introduced
for the Jack superpolynomials [14, Sect. 3] and defined as

N

N At
@) - % ( = [+ m>
) i=1

m=0 €SN /(Sm X Sme Am

and
(46)
D®(u;q,1)
N m N
A, At
= Z Z Ko (A'ﬁn (1 + uqYs) H (1 +uY¢)A—m7r17_,_7m> .
m=00€Sn/(SmXSme) =1 i=m+1

The operator 71, is the projection operator defined as
(47) H 0:09, H o, 0;
j=m+1

In this equation, Oy, denotes the standard derivative with respect to the
Grassmann variable 6;, which is a linear operator such that, for all polyno-
mials f = f(z,0) and 7,5 € {1,..., N},

(48) Op, (xjf) = x;0p, (f) 9o (0;f) = 6ij [ —0; 00, (f),
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and

(49) 09,00, (f) = —0p,00, (f) = 05.(f)=0.

It is easy to see that

(50) m,...mbi, -

1

0 01"‘9m if{il,...,ik}:{l,...,m},
o if {i1, ... a5} £ {1,...,m}.

If we let D} (resp. D¥) be the coefficient of u™ in D*(u;q,t) (resp.
D®(u;q,t)), the operators D*(u;q,t) and D®(u;q,t) can be seen as the
generating series of the operators D} and D® respectively. These operators,
when restricted to act on Zy, can be considered as the generalization to
superspace of the Macdonald operators.

As will be shown below, the superpolynomials Pp are eigenfunctions of
both D*(u;q,t) and D®(u;q,t). A rationale for the rather intricate structure
of the operators is the following: in order for Py, as given by (33), to be an
eigenfunction of an operator built out of [J(1 + uY;), the factor Af /A,
needs to be inserted to the right to transform A,, into U~ via (31), so
that U~ can be commuted through the factors [[(1 + uY;). Finally, the
term A,,/A! is added to the left to retransform U~ into A, We now
state the eigenfunction characterization and plunge into the details of the
proof.

Proposition 4. We have
(51) D*(u;q,t) Pa = en-(u;q,t)Pa and  D®(u;q,t) Py = epe(us g, t) Pa,

where €x(u; q,t) is given, for any partition X, by

N

(52) ex(uyq,t) = H(l +ught'h).

Proof. First observe that

Kywbi- 0, if l=m and w € S, X Sy,
(53) 1 ...llcwel"'em = .
T 0 otherwise.
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‘We thus have

(54)
D*(u;q,t) Py
A, & N
= ea(t) > Koxt [Ja+ uYy) L7201 O AU B
€SN /(S X Sme) m =1 m
A N
= c(t) > A;” [T+ uY)or - 0mUy Uk Enr.
0ESN/(SmXSme ) moi=1

Relations (23) imply that the product Hfil(l + uY;) can be moved beyond
the factors U:

(55)
D* (U, q, t) PA
A N
=) Y Kt TR0 0,0, UL [T+ u¥i) Bar
GESN /(S X Sime) m i=1
N
= cp(t) > Koby - O AUt T[(1 + uYi) Ens.
GESN/(Sm X Sme) i=1

To prove the first statement, it thus suffices to prove that
N
(56) (H(l + uYZ)> Ezr = ep-(u;q,t) Epr.
i=1
Similarly, to prove the second statement, we have to prove that
m N
(57) <H(1 +ugyy) [ 1+ uYi)) Exr = epo (u;q,t) Epn.
i=1 i=m+1

~ Letn= AT and suppose that 7; = r. It is easy to see that the quantity
I,(i) in the eigenvalue 7; = ¢"t ") of V; (see (25)) is such that

1,(i) = #{rows of A* of size larger than '}
(58) + #{rows of AT of size r above row i}.
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Therefore, letting

Ji = #{rows of A* of size larger than r}
(59) + #{rows of A of size r above row i} + 1

we have {j1,...,jn} ={1,..., N}, A% =r and we recover (56) in the form

N N
(60) <H(1 + UE)) FEzr = H (1+ qu;ltl_ji)EAR.

i=1 Gi=1

Continuing with the same notation for the second case (57), we have
that if ¢ belongs to {1,...,m} then n;, = r is the highest row of size r in
n, and thus by (59) Aj is also the highest row of size r in A*. Hence, the
eigenvalue in this case is

(61) qY;Epar = qA;i+1t1_ji’EAR.

But since i € {1,...,m}, A7 € A® and therefore AZ +1 = A;’?. Now, if ¢
does not belong to {1,...,m}, then we have Al = Aj@f and then

m N N
(62) (H(l + uqY;) H (1+ UYJ) Epr = H (1+ Uqutl_jq')EAR.

i=1 i=m+1 ji=1

4.3. The triangular decomposition of the Macdonald
superpolynomials

At this point, we have established that the Pp’s are eigenfunctions of the
operators D*(u; ¢, t) and D®(u; q,t). We now show that this characterization
of the Macdonald superpolynomials entails a triangular decomposition into
monomials. The chosen normalization in (33) will make this decomposition
unitriangular.

It is well known that if 7 appears in the monomial expansion of Y;z",
then v < n [25, Eq. (4.13)]. This statement however is not sufficient for
our purposes. We now give a slightly more precise characterization of the
triangular action of the Cherednik operators Y; on monomials. For this, we
need to define some operations on compositions. Suppose ¢ < j. Let

(63) si,j(---ania---anja'--):(-"777]'7--"772'7---)-
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Let also 3; ; be the following restriction of s; ;:

(64) §i,j<-~-777i7---;77j;---):(-~-777j7--~777i7---) only if ni > Nj-

Finally, for ¢ =1,...,|n; —n;j| — 1, let

([) A . . (...,m—f,...,nj—l-g,...) ifm>77j,
(65) 827](""771"“777]7”.)_{(..,77i+f,...,77j—£,...) ifT]Z‘<77j.

(0

Note that we will often use s;, 5;, and s;

respectively.

. R @)
instead of s; ;41, 5,41 and Siit+1

Lemma 5. Suppose that 7 occurs in the monomial expansion of Y;x". Then

(66) Y=g1--9:(n)

where g, either stands for 5; ;. or 355;2 We stress that if gi = 3;,j, then
Wiy, > Wiy, where w = gk+1 - gr(n)

Proof. One easily shows that

[ —7ig1]|—1
(67) Tia" = aya” + byz*" + (1 = t)sgn(n; — mis1) Y 2,
=1

where sgn(z) is the sign of x and

t—1, n; <nit1, t, < it
0, Mi = Mit1s 1, mi > nigr.

Thus, the monomials that appear in Tjz" are of the form 2%, :Esy)("), for
¢=1,...,|m —nit1| — 1 and, possibly an extra x". The latter extra term z"
appears only if 1; < m,41. We stress that if 7; = n;41, the operator s; also
acts as the identity on n. However, even in the latter case, we prefer to write
s;n explicitly in order to avoid any confusion with the identity operator that
produces the very first term on the rhs of (67).

The action of the inverse operator T; = t~!T; + (t~! — 1) immediately
follows from (67). Once more, the monomials that appear in T;z" are of the
form 25, x‘#)(n), for ¢ =1,...,|m —ni+1] — 1 and, possibly an extra z".
However, the latter extra term x" appears this time only if n; > n;41.
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Hence, from the definition of Y;, the terms 7 appearing in Y;x" are such
that

(69) v="fi-fvoasnoa-esfie- fisa(n),

where f; and f] correspond either to sj, sge) or the identity (whenever al-
lowed).

Let 5 be such that fj does not act as sj, and suppose that j is the
rightmost amongst such terms. We have that (note that j < )

Y= fi fNo18n—1- - s1f1
(70) w18y sic1(Sio1 854185 f58541 0 si-1(n)).
Observe that f;--- fy_1sy_1--" slfl_---fj,lsj ---8;_1 corresponds to the

operator that appears in (69) with fy = s for k = j,...,i — 1. If f] is
the identity, we have

Si—1"" '5j+18jfj8j+1 - 8-1(n)
(71) = Si1--8j41858541 - si-1(n) = s5.4(n)-
Note that by supposition, n; > n; since f] acted as the identity. If fj = sy),
we have
Si—1- " 5j+18jfj8j+1 - 8i-1(n)

l
(72) = sio1 0 sipasysy sien e sici(n) = 555 (1),

O

gy

for some ¢’ (the ¢ is such that s;;s:/ = s%)). Repeating the same process,
we can get rid of all fi such that f; does not act as s;. More explicitly, we

have shown that

(73) y=fi fNo1Sn—1 o sifie fimi(p),

where all the fj act as s;, and where p is the composition obtained from 7
by the action of some sfi and §;; with j <.

Now suppose that f; acts as the identity and suppose that j is the
rightmost such terms. In this case, (supposing that all f; act as s;) (73)
becomes (note that ¢ < j this time)

y=fi - fi—1fjsj+1- - SN_1SN-1--- 5151 si—1(p)

(74) = fi-- fi—1fjs5 - si(p).
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Hence,

(75) v=fi fi=1885 - 8i(SiSig1 - 8j—1fj55Sj—1 - Sit18:(1))-
If f; is the identity, we have
(8iSi41 - - 8j—1[j5j8j—1 " Six15i(1))
(76) = (8iSi+1 - 8j-188j-1 "~ Siv18i(1)) = sij (1)
By supposition, p; > p; since f; acted as the identity, so s;;(u) = 5 ;(1).

If f; = sgz), then for some ¢/,

{4
’y = flfjflsjsj “‘Si(3i5i+1 .o 'ijlsg' )Sjsjfl SZ+1S’L(1U’))

E/
(77) =),
Applying these operations again and again we obtain that

(78) y=fi- - fnoisn—1-sifioc fimi(gie o g0 (0),

where the g’s are such as specified in the statement of the lemma, and
where all the fi’s and fi’s act as sg. But replacing fr = fi = si in the
previous equation, we obtain that

(79) y=g1-g-(n),

which completes the proof of the lemma. O

Proposition 6. We have

(80) D*(u; q,t) ma = epx(u; ¢, t) ma + Z VAQ O
Q<A

and, similarly,

(81) D®(u;q,t) mp = epe (u;q,t) ma + Z TAQ MQ.
Q<A

Proof. Let m be a fixed integer. Define n® to be equal to (n + 1™)", and
define i* to be equal to n*. We say that a row i of n® is fermionic if n® # n}
and bosonic otherwise.
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We will first show that if 27 appears in Y;z", then v* < n* and v® < n®.
It is immediate from the definition of the Bruhat order on compositions and
the fact that Y; acts triangularly on monomials that v* < n*. We have
left to show that v® < n®. From Lemma 5, we only need to show that
if v = gr(n), for gi such as specified in the statement of the lemma, then
v® < n®. Suppose that g = s; ;. From Lemma 5, we have 7; > 7;. The only
non-trivial case is when ¢ < m and j > m. In that case, it is easy to see that
~® will be obtained from n® by interchanging a fermionic element and a
bosonic one, with the fermionic one being the largest. This is easily seen to
imply that v® < n®. Now suppose that g, = 51('?- Again the only non-trivial
case is when ¢ < m and j > m. In that case, given that ¢ < (1, — n;), v®
is obtained from n® by modifying a fermionic element and a bosonic one in
such a way that none of the two modified rows is larger than the largest of
the original ones. It is then immediate that again v® < n®.

Suppose now that A is a superpartition in the fermionic sector m (we

a S

will consider that A is also the composition (A{,...,A%,A7,...)), so that
the monomial mp can be written as

1 w(A
(82) ma = o > Ko |01 OmAy Y 2™
0ESN/(SmXSme) WESm,,
Then,
D*(u;q,t) ma
Ay Al
< Y Kegr A+ u¥) 300 0ndn Y 2™
TESN /(Sm X Sme) m =1 m wWES e
A N
— 3 K t(%) A [+ uvi)r 6.0, LA
€SN/ (Sm X Sme) moi=1 WES e
N
(83) o > Ko bOmAnm [T+ uyp)a ™).
gESN wWES e 1=1

Letting 7 = w(A) we have that n* = A* and n® = A®. From our prior anal-
ysis, we thus have that all the terms 27 that appear in Hi]\;(l + uY;)zw @)
are such that v* < A* and ¥v® < A®. The triangularity of the action of
D*(u;q,t) is then immediate. The triangularity of the action of D®(u;q,t)
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is proven in the same manner. Finally, proceeding as in the proof of Propo-
sition 4, it can be checked that

N
H(l + uY;) z® = ep-(u;q, t)  + lower terms
i=1

and similarly, that

m N
H(l + uqY;) H (14 uY;) 2™ = epe (u;q,t) 2™ 4 lower terms.
i=1 i=m+1
This completes the proof of the proposition. O

Proposition 7. The Macdonald superpolynomials are unitriangularly re-
lated to the monomials. In other words,

(84) Py=mp+ Y caalg,t) mo,
Q<A

where we observe that caq(q,t) does not depend on N from Proposition 3.

Proof. The triangularity is almost immediate from Propositions 4 and 6.
Suppose that there exists a term mgq such that 2 £ A in Py and suppose
that £ is maximal among those superpartitions. Then by Proposition 6 the
coefficient of mq in D*(u;q,t)Pyn and D®(u;q,t)Py is respectively equal
to caneq-(u;q,t) and caneqe (u;q,t). Since we cannot have eq-(u;q,t) =
ea-(u;q,t) and eqe (u;q,t) = epe(u; ¢, t) at the same time (ep-(u;q,t) and
epe (u; ¢, t) uniquely determine A), we have the contradiction that Py is not
an eigenfuntion of D*(u;q,t) and D®(u; q,t) with eigenvalues - (u; ¢, t) and
epe (u; g, t) respectively.

We now have to prove that the coeflicient of my in Py is equal to 1. To
prove this, we follow [27, Lemma 5.5]. We start with the expression (33) for
Py, written compactly as

(85) Py =cp > Koy - O AUt Exr,
0ESN/(SmXSme)

where the constant cj given in (33) (or in (40)). It suffices to concentrate
on the coefficient of the term in 2. From (24), we see that it can only arise
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from the dominant term

(86)
Py =cp Z Ko (91 el A Z Ty $AR> + lower terms,
TESN /(S X Spme) WESme
where it should be observed that T}, acts on x%ﬁlxgﬂ; e N . Let
(87) n=(A1,...,Am, AN, A1),
and write
(88) A = (=1) A 4,0,

where inv(A%*) = m(m — 1)/2. We thus have

Py = (—1)(7‘;)01\ Z Ko <91 O Am Z Twmﬁ> +lower terms.
)

€SN/ (SmXSme WES e

It is easy to show (from the explicit action of T;) that [27, Lemma 2.3]

(89) Ty = dyy Z d, =¥

v=<w(n)

where d,, € Q(t). In the following, we denote by [2*]F(x) the coefficient of
2 in the expression F(z). The coefficient of the term z* in U;}. 27 is given

by

(90) 2 Y Typalt= S,

WES e WES e |lw(n)=A

where ¢(w) is the length of the permutation w. Suppose that all the parts
of A® are distinct. Then there is only one permutation w that can give
w((A*)F) = A® and its length is given by /(w) = inv(A®). Now, when there
are repeated parts in A®, inv(A®) is the length of the permutation of min-
imal length such that w((A*)®) = A®. However, we must also consider the
contributions resulting from permuting these repeated parts. So, in general
we can write

As

(91) MY Tan =T e

wESmc 1=0 w(i)esm(“
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where m(i) = np:(i). Using >, g, t'@) = [k];!, we then obtain

Af
(92) 2 Y Tpat =) T na- (0)):!
=0

U)ESnlC
Now, since U} .2 is symmetric in the variables &, 41, ..., 2y and A, Ul 2
is antisymmetric in the variables xi,...,x,,, the monomial mp is recon-

structed with these actions and multiplication by 6y - - - 0,,. Hence, we have

Af
(93)  [ma] > Ko (61 OmAnUshea) = 2O TTna- (0)]1!,
€SN/ (Sm X Sme) i=0

which immediately gives

A
(ma] Pa = (—1)(3) ex 67O T na- (0)]!
=0
(94) — (1)) ep ™A frc () = 1. O

Corollary 8. The Pp’s form a basis of the space Zn of symmetric polyno-
mials in superspace.

Recall that D (resp. D?) is the coefficient of u™ in D*(u;q,t) (resp.
D®(u; q,t)).

Corollary 9. The 2N operators D}, and D£® forn, 0t =1,...,N are mutu-
ally commuting when their action is restricted to Z\ .

4.4. A simplified eigenfunction characterization

We end this section with a characterization of the Pj’s as common eigen-
funtions of two commuting operators. In the notation of Corollary 9, we
have

al A Al
(95) Di= Z Z Ko (A—Z Y1+ +Yy) A—mm,...,m) ;

m=0 €SN /(SmXSme) m

N
A
D?:Z Z ]CU<—Azn(qY1+-..—|—QYm
m=0 O'ESN/(SmXSmC) m

At
(96 Yo V) R ).
m
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From the linear term in w in (52), we see that the eigenvalue of the above
operators on Py are

(97)  DIPr = EE&O)PA, where o € {x,®}, and 55\1) = Zq)‘itlfi.

Given these two operators, it is natural to consider the following differences:

1 *
O = 1—_q(D1 - DY)

N

A Al
(98) = E Z Ko (A_:n (Yl +- 4 Ym) A—mﬂ-l,...,m> )
m=00€Sn/(SmXSme) m m

1 *
Oy = q_—l(qDl — DY)
N
Anm At
99 =) > K, (A_in (Y1 + - + Vi) A_mm’“"m> :

m=0 €Sy /(S X Spme)

From (97), we get

N
1 ® . .

100 O1Py = —— § AT Mt p
(100) LEA —1 L—1(q q~) A
and

1 N ®
101 OyPy = —— ML A Py
(101) ) [;—1( )

Observe that the two eigenvalues are in one-to-one correspondence with A.
We also define

(102) O

N t
>, > K (% (Y14 +Yn) %m,...,m> :

m=0 €Sy /(SmXSme) m
where Y; is the inverse of Y;:

(103) Y, =tV Ty - T,
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with TJ = Tfl and @ = w1, We have

_ 1 ® oo
104 O Py = AT AL Py
(104) 1EA 1/q—1 Z(q q ") A

i=1

Finally, we define Fy y = Oy and Eyn = Oy — Zf\il t1=% It is easy to
see that

(105) EynPy=( > ¢ ™| Py and
it AP A£A?

EanPa=| > (@ -1t | P
it A=Az

Thus, the eigenvalues of Fy y and Ea y do not depend on N. This property

explains the substraction of Zf\; 1 t1=% in the definition of Ey n: it ensures
that the eigenvalue does not depend upon the zeros in A®. This, and the fact
that P, is stable with respect to the number of variables, allows us to define

(106) E1 = lim El,N and E2 = lim E2’N.
— —

We have the following characterization of Pj.

Proposition 10. The polynomial Py is the unique polynomial in % such
that

1. Py, =mp + EQ<A'UAQ mao
2. ExPy=( Y ¢ ™t"HPy and ExPy=( Y (¢ —1)t')Py.
AP#A; AP=A;

Proof. From Proposition 7 and (105), the superpolynomial P, satisfies the
two properties. Since 1 and Es have together distinct eigenvalues, the two
properties characterize Py . ]

5. Orthogonality and existence
5.1. Kernel and orthogonality

Let z = (1,29,...) and y = (y1, Y2, ... ) be two sets of commuting variables,
and let § = (01,62,...) and ¢ = (¢1,¢2,...) be two sets of anticommuting
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variables. We define the following reproducing kernel [7]:

(tziyj;q) ( 0ig; )
107 K0y, 0) = |1y M T e,
(107) (z,0;y,9) 1;[ @) \ 1 q iz,
where
(108) (a:0)0c = [ [(1 = ad).
k=0

Observe that

. K. 0: — KO(y 14— 77
(109) (z,0;y,0) (; y)E[( T —qlmiy)’
where

(triyjiq)
110 Kowy) =[5
(110) @0 =1 Gy,

is the usual Macdonald reproducing kernel [24, eq. VI.2.4]. Tt is straightfor-
ward to show that

1) K(@6:9.0) = (D) aa(a.t) pale.0) pay. 9).
A
where z5(q,t) was defined in (4). Recall from Theorem 1 that the factor

(—1)@) za(g,t) is the norm of the scalar product of the power sums, i.e.,

(112) (palpa)ar = (—=1)(2) z(q, t)dno-

The following propositions are standard and can be proven using meth-
ods similar to those found in Macdonald’s book [24].

Proposition 11. For each n,m, let {up} and {va} be bases of Z™™, where
A is the subspace of # of degree (nlm). Then the following conditions
are equivalent:

1. (ualva)qt = daq for all A, Q;
2. K(x7 0; Y, ¢) = ZA UA(I', (9)’[)[\(:[/, ¢)

Proposition 12. Let E : # — % be a Q(q,t)-linear operator. Then the
following conditions are equivalent:
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1. (Ef | g)ar = (f|EgNqt for all f,g € Z;
2. E@OK(x,0;y,¢) = EW9) K (x,0;y, ), where E®P) (resp. EW®) ) acts
on the variables x and 6 (resp. y and ¢).

The rest of this section will be devoted to the proof of the following
proposition, whose corollary implies Theorem 1.

Theorem 13. We have that

B VK (@,0:y,0) = BV K(,0:y,9).

(113) .
BV K (0,0, 6) = By K (2,09, 6).

Corollary 14. The Macdonald superpolynomial Py s such that

1. Py = mp + lower terms;
2 (PalPa)gs =0 if AZ£S.

Proof. The triangularity was proven in Proposition 7. By Proposition 12
and Theorem 13 we have

(E1PA | Pa)gt = (Pa| E1Pa)gr and  (EaPr| Pa)gt = (Pal E2Pa)gyt-

Given that the two operators have together distinct eigenvalues, this imme-
diately gives

(114) (Pn| Pa)gt =0 if AF#Q. O
5.2. Self-adjointness of F; and E-

The proof of Theorem 13 is quite involved. It relies fundamentally on Propo-
sition 16, whose proof was kindly outlined to us by Alain Lascoux [22]. The-
orem 13 follows from the following proposition since O = Eqin and O
differs from Es y by a constant.

Proposition 15. Let Ky(x,0;y,¢) be the restriction of K(x,0;y,¢) to N
variables. We have
@gxﬁ)KN(x’ 07 Y, gﬁ) = @:(ly’qS)KN(wv 07 Y, (b)v

(115) .
Og ’H)KN(xa 0; Y, (;5) = O§y7¢)KN(x’ 0; Y, gb)’

where the superscripts indicate the vartables on which the operators act.
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The first step in the proof of Proposition 15 will amount to reformulate
the conditions (115) in a more tractable form (this is Proposition 16 below).

Firstly, it is not difficult to see that the coefficient of 01 --- 0,,¢1 - - o,
in Kn(z,0;y,¢) is equal to (up to a sign and a power of q)

(116) v Omr ] Ko 053,0) o< == P 0 S

where we recall that [01 -+ 0,01 - @] f stands for the coefficient of the
monomial 01 - 0,41 - ¢, in f. This is seen as follows: up to a sign, the
coefficient of 61 - -+ 0,01 - - Py In H” [1 +60;0;(1 — :ciyj)_l] is

1)) 1 .
2 1 T2 (1 = 2iy0) Z Z K

oESH

(117) = (~1)TEn fc”5+ s (Y)A(®Y),
n

where 7 is a composition with distinct parts (otherwise the result is zero by
antisymmetry), 5" is the partition corresponding to 7 and sign(n) is the sign
of the permutation that changes n to n*. The second equality is obtained
by interchanging the two summations and using the expression of the Schur
polynomial s, as a ratio of two determinants (cf. [24, eq. (3.1)]). By splitting
the sum over 7 into a sum over n* and a summation over permutations of
nt, and then by letting A = n™ — 6™, we can rewrite (117) as

1)) 1
2 D

e - xlyo(z))

. " s s Am(w)Am(y)
(118) = A )Am(y); A(@)sa(y) = Mhesjom (1 — i)

Note that [24, eq. (4.3)] was used for getting the last expression on the
right-hand side. By substituting z; — z;/¢ and multiplying the result by
K& (z;y), we recover (116).

More generally, the coefficient of 0y - - - O, - - - ¢4, (With j1 < -+ < jm)
in Ky(z,0;y, ) is

61 Oy, -+ ;. ] Kn(z,0;y,0)
0 .
1) R
Sy P e rrn
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Given this result, the coefficient of 6;, - - - 6;, ¢, - - - @5, in @%x’O)KN(w, 05y, )

is proportional to

(120)
z = An(2) = ( 7$K0x;yA$nxAmy
K%i[(}ﬂl[(ﬁi}(ﬁﬂj ~ ( >(Y1( )+',,+YT£L)) ~(y) _( )_1 ( )
Ea() H1gi,j§m(1 q ' ziy;)

Similarly, the coefficient of 8;, ---0;  ¢;, --- ¢;,, in @gy’(ﬁ)KN(x, 6;y, ¢) is pro-
portional to (with the same proportionality factor as above)

(121)

=y KX (25 9) A (2) AL (y)

(z) (=) (v) (v)
Kl,il o 'Km,imKl,jl e I(m,jm A;&ﬂ(y)

(}7(9)+. . .+Y(y)) - '

! " H1§i,jgm(1 —4q 1xiyj)
The first relation in (115) is equivalent to the equality of both coefficients.
Canceling the permutation operators in the equality between (120) and (121)
yields

An(2) o) | oy Kx (@ y)AL @) An(y)
R @t O e )
0 T m(x t
(122) - 228? (" -+ 5 l{[(i\;(z j’<yn)z(A1 —( q)_AlZfngyJ%

Proceeding similarly for O,, and using commutativity of the type Yi(@ fly) =

f (y)Yi(m), we obtain the two relations appearing in the following proposition,

whose proof thus implies Proposition 15.

Proposition 16. We have

KR (w;9) AL (2) AL (y)
[h<ij<m( —a aiy;)
KR (a5 y) AL, (2) AL (y)
[Li<ij<m(l —a  @iy;)
KR (w3 9) AL (2) AL (y)
ngi,jgm(l —q tziy;))
KR (w;9) AL (2) AL (y)
[Li<ij<m(l —a t@iy;)

R+ YD)

(123) =Y 4. 1YW

(Yl 4+ Y)

(124) W 4+

for allm =0,..., N, where Yi(x) and Yi(y) act respectively on the x and y
variables.
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The proof of the proposition relies crucially on Lemma 17, which is
formulated in terms of divided differences [21, Sec. 7.1]

1
12 g = —————— (1 — Kjiy1).
(12) % = ey (L K

The divided differences obey the braid relations [21, Sec. 7.3],
(126) 61'_:,_1(92‘81'4_1 = 87;81'4_182', 828] = 8]82 if ‘Z —j’ > 1,

and the nilpotent condition 812 = 0[21, eq. 7.1.5]. As is the case for the T}’s,
if s4, - -+ 54, is a reduced decomposition of w then 9,, stands for 9;, - - - 0;,.

The following lemma was stated by Alain Lascoux [22]. We provide our
own proof of it.

Lemma 17. Let 0, be the divided difference associated to the longest per-
mutations of Sy, [21, Sect. 7.6]. Then the following identity holds:

(%) A (2) _ ) [Tijcm( —tziy;)
(127) (=) A C— oW (Hiﬂ-gmﬂ(l—ziyj) 7

where the superscript indicates that the divided differences act on the y vari-
ables.

Proof. We first observe that [[, ., j<m(1 — 2;y;), being fully symmetric in

the y;’s, vanishes when acted on by 85}2 Therefore, multiplying both sides
of the identity (127) by [];<; ;<,,,(1 —ziy;), we can then use Leibniz identity
[21, eq. (7.1.10)] to commute the product with the divided differences. We
then note that the product can be factorized as follows:

(128) II G-zy)= J[ Q-zy) [] -z

1<ij<m i+j<m+1 itj>mtl
5,J<m

Hence, the identity (127) is equivalent to

<—t>—<?>A;<z>—a&%3< IT -tz ] (1_%))

i+j3<m i+j>m-+1
1,j<m

(129) = Y Q(=,y).
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It is well known [21, Sect. 7.6] that
(130) ) (Wi yi) =0

unless all the ay’s are distinct. Observe that after expanding the products
on the rhs of (129), the appearing monomials y7* - - - y% will all be such that
ai,...,a, < m — 1. Indeed, the power of y; equals the number of distinct
factors z; that can appear in the coefficient of y;-” and the maximal value of
this number is, with j fixed,

(131) #lili+j<m}+#{ili+j>m+1}=m—1.

The only option to have distinct ag’s is thus for (ay,...,as) to be a re-
arrangement of (m — 1,m — 2,...,1,0). Therefore, the rhs of (129) is a
polynomial in y1,..., 4y, of degree 0, that is, the result does not depend on
the variables y. We now show that it is {-antisymmetric in the z variables,
i.e., that

(132) THOWQ(z,y) = 0L Q(2, y)

for all k. We have that wy, = ws,,_j for some permutation w € S,,,. Hence,
it suffices to prove that

(133) TH0W  Q(z,y) = =0 Q(z,v).

It is easy to see that Q(z,y) is symmetric in both ¥, —k, Ym—k+1 and zg, 2k+1
except for the factors (1 — tzgym—x)(1 — 2Zk+1Ym—k+1)- A direct calculation
yields

(134) O (1 = tzgym—i) (1 — 2k 1¥m—rs1) = —(tzk — 25s1),

from which (133) follows immediately since T (tzx — zk41) = —(t2k — 2k+1)-
Finally, the rhs of (129) is a polynomial in z of total degree m(m — 1)/2.
Since the only such t-antisymmetric polynomial is AL, (z), (129) holds up to a
constant. The coefficients of 2" 120" 2. .. 2,1 on the lhs of (129) is clearly
(—t)(?). On the rhs of (129), the coefficient of 2" 120" 2... 2, 1 is O,
acting on a certain polynomial p(y) in y. In p(y), the only monomial whose
exponent is a permutation of (m — 1,m —2,...,1,0) is yf‘*ly;"*Q C e Ym—1-
Given that its coefficient is (—t)(gl), the result follows. O

We now turn to the proof of Proposition 16.
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Proof. We will assume throughout the proof that N > m. The case N =m
can be easily obtained as a simplified version the case N > m. Note that
in the following arguments we will never worry about constants depending
on ¢q and t (which are irrelevant to the symmetry). For instance, we write

Un (m)Afn(az) oc Al (z), meaning that the two expressions only differ by a
constant. (Recall that U, = Zaesm(—t)_e(")Ta.)
We first prove equation (123). This amounts to show that

KR (z;y) AL (2) AL (y)
H1§z’,j§m(1 — g 'wy;)

(185)  Fley)= 07+ V)

is symmetric in x and y, that is, F(z,y) = F(y,z). Since Al () o
Un (m)Afn(:L') and because Uy, and Al (y) commute with the ﬁ(z)’s, we
have

AL (@) KR (23 y)
H1§z’,j§m(1 —q 'wy;)

(136)  F(z,y) o AL (y)U;, @V 4 - 4+ ¥,0)

Recall the expression for the inverse Cherednik operator in (103) and that
for Tj in (21). Since Tl.(w)Afn(x) = —t7 Al (z) and U, ($)Ti(x) = U™
whenever i < m we have that, up to an irrelevant t-power, U, (w)}é(x)Afn(m)
can be replaced in (136) by Uy, (I)w(z)T](le . -Téf)Afn(:c). Hence

AL (@) KR (23 y)
H1§i,jgm(1 - qflﬂﬂiyj)'

(137)  F(z,y) o AL, ()T DT 7o)

Using (see [21, Sect. 7.6]) ngj = [A(2)] A, and (31), we have
(138) U, @ oc AL (2)05),

which gives

x)—(x)p\T (x Afm(l‘)KO (x,y)
Fla,y) o AL () AL (2)05e T - T Ep=rams
1<ij<m Y

Using the identity (127) with x; = ¢z;, we obtain

F(x,y) o< AL, (y) AL (z)
[Lijem(l —ta  aiy)) K0

(139) x QW 9We@ T .. T _ (z3).
Nt HiJererl(l_q 'ziy;) N

Wm
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To prove the symmetry of F(z,y), it thus suffices to prove the symmetry of

(140) G(z,y) = o@TE, .. TE

m

( [Liijem —ta  2iy;)

[Litj<m (I — q~'zy;)

>Kz°v(x;y)~

The only part of the term in parenthesis that depends on the variables
Ty ooy is (1 — g taepmyr)~L. We have

N-1 _
(141) T](\f) . .T(w); — 4~ N+m [L2, (1 —tq taiyr)
Z (1= q ') Hi\im(l — gz

which implies that

Hz‘+jgm+1(1 — g tzy;)

N— _
N _
Hi:m+1(1 —(q 15131’2/1)

Gz, y) o & ( i jem (1 —ta  miy)) >

) KRy (w;).

We then straightforwardly compute

5@ KO (22 0) = KO (2 Hf-vl(l—tq‘lxlyi)]
(143) KN( 7y) KN( ay) [val(l—qlxlyi) )

@@ H (1—tq 'oy;) = H (1 —tq 'iy))

i+j<m i+j<m
m—1
— (1 - tq_lxmyl)
(144) X (1 — tq 133m+1—jyj) 1 R
jli[2 [T (1 —tg~tany;)
o Q=g lmy) = [ (0—q 'ziyy)
t+j<m+1 i+j<m+1
= 1 (1— g zmi1mn)
(145) x (1=q" @mi2—;¥;) - 7
j1:[2 TS (1 = g teyy)
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and
5@ Hi]i;nl(l —tqg  zin)
vazmﬂ(l - q_lxz‘yl)
(146) _ Hi]\;m+1(1 - tq_ll?iyl) 1
1Y, ol — g tayn) | (L= q %21m)

All of the terms in the rhs of these expressions are symmetric in z,y ex-
cept those in square brackets. Multiplying the terms in square brackets, the
symmetry of G(z,y) then depends on the symmetry of

<H£V1(1 - tq_1$1yi)> ( (1 —tq temy1) )
L, (=g tay) ) \TI75 (1~ ta~tary))
(147) X (H;’;l(l _ qlxlyj)> (Hi\;m+1(1 - tq1x¢y1)> .

(1—=q ' zmi1yn) Hij\im+2(1 —q tay)

But the previous expression is equal to

(148) < [, (1 — tg ' a1y,) ) ( 1,1 = tg ziy) > ’

N _ N _
Hz‘:m+1(1 —qlzyy;) Hz’:m+1(1 —q tziy)

which is obviously symmetric in z,y. This proves the symmetry of G(z,y)
and therefore equality (123) holds.

We now prove eq. (124), proceeding as in the proof of (123). This
amounts to proving that

KR (z;9) AL (2) AL (y)
H1gi,j§m(1 —q tziy;))

(149)  H(z,y) = (V) +--+ V)

satisfies H(x,y) = H(y,x). We have

H(z,y) o< A7, (y)
AL () KRy (3 y)
H1§i,jgm(1 - q_lﬂfz’yj)'

(150) x Up @UFDw® 4 1 vy

Since U;;C(x)Tl.(m) = tU;L.(w) whenever ¢ > m + 1 (and similarly for Ti(w) on
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any function symmetric in x;, z;4+1), we have

H(z,y) o< A7, (y)
- Kz y)

151 x U- @yt @y,@ 1@ p) .
15y ! ngi,jgm(l - qfll“iyj)

Using (138), we have thus
H(z,y) oc Ay, (y) A, ()

t 0.
(152) x QDU D W@ 7@ . @) An(@) Ky (wy)
" [li<ijem(l — a tziy))

Using the identity (127) with z; = gz;, we obtain
(153)

H(z,y) o< AL, (y)A), (2)

-1
I1é+jérn(1 — tq  wiy;) KO

% O 9@ I @@ . 7@) 1y).
! ILitj<mi (1 — ¢ tziy;) w(@v)

Wm ~ Wm

To prove the symmetry of H(z,y), it thus suffices to prove the symmetry of
(154)

[Tijem(— tq~ ' ziy;)
Hi+j§m+1(1 - q71$iyj)

L(z,y) = U H0@TH 1@ ( ) K (x5y).

The only part of the product that depends on the variables z,,, Zmy41 1S
(1 —q tzpy1) L We have

_ 1 -1 1 — g1

" Q=g emy) =g tzmpy) (1—q¢ temuy)

Adding the previous expression to the product in the rhs of (154), the only
factor that is not symmetric in @, 1, T, is (1—q 12, _192) ! We have this
time

1 tt (1 —tqg ' p1y2)

L—gq'emay2) (=g lemy) 1 —q lepm_1y)

(156) T, (
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Continuing in this manner, we get

=1, ...
Tl(x)...ﬂ(rf) ( Hi+j§m(1 — g™ ziy5) )

[t j<mser (1 — ¢ taiy;)

(157) —m < Hi+j§m(1 - tq_lxiyj) ) (H;ll(l — tqlxm+1_iyi)>

Hi+j§m+1(1 - qfll“iyj) H;L(l — ¢ Zmgo_iyi)
which implies that

iy jcmer (1= ta™ 2iyy)
Hi+j§m+2(1 —q 'ziy))

L(z,y) o Uh P @ ( ) (1= ¢ a1yme1) K (23 9).

The following actions of w(®) are straightforward:

(158) W KR (w3 y) = KR (a3 y) s (1 = 2v91)
Hz 1 1_thyz
(159) w® T Q—tg'wiyy) = [ 1 —tq iy Hl—thvyy :
i+j<m+1 i+j<m | J=1
m+1 i
(160) w® H (1—q tay;) = H (1—q tziy)) (1 —2ny)) |,
i+j<m+2 i+j<m+1 | =1 ]
and
(161) WO (1 =g @1ymir) = [(1 = 2nYms)] -

The product of the terms in square brackets of these expressions gives
T, (1= any) | | T~ tovy)
T, (1 = tanys) | | T (1= 2ny;)
N
Hi:erl(l - xNyz‘)

] [(1 - xNym—H)}

(162) = .
1,1 (1 — tony)
Hence
(163)
[Ljem —ta  miy;) +(2) 1Y, (1 — 2ny)
L(x,y) x TR Ky (z;9)Upe ~ .
[Tivjcmi1 (I —a tziy)) [[iin (1= tenys)
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All the terms in this expression are symmetric in x, y, except possibly

" )

N
Iz (1 —teny:)

But the symmetry of this last expression follows from the well known sym-
metry of the m = 0 case (the usual Macdonald case). Therefore L(z,y) is
symmetric and (124) holds. O

5.3. Duality

We end this section by generalizing to superspace the standard duality prop-
erty that relates the Macdonald symmetric functions Py(q,t) and Py (t,q)
[24, Section VI.5]. Our method relies on the orthogonality and triangularity
of both the Macdonald superpolynomials Py (q,t) and the Jack superpoly-

nomials P/(\a), respectively established in Corollary 14 above and Theorem 1

of [12]. We also exploit the duality between the Jack superpolynomials P/(\a)
and P/(\ail) given in Theorem 27 of [12]. Note that in what follows, only the
special case a = 1 is relevant.

The algebra Z of symmetric functions in superspace is naturally equipped
with two homomorphisms, the first of which being

r~

q1—=q N
" 1—pr Wy, tPr = (_1) Pr-

1 = (—1
(165) wtpr = (—1) 1_¢

This is an extension to superspace of the standard homomorphism defined in
[24, Section VI.2]. Second, we introduce the following homomorphism that
affects only the fermionic power-sums:

(166) Wgpr =pr  Wgbr = q Py
Combining the two homomorphisms, we get

(167) Qqt = @g0wgs,
which is such that

HAY) 4 g
(168) Qq,t PA = WAQ|A | H 1 tAf PA,
=1
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where
(169) wy = (=1)AI=AA%),

When ¢ =t =1, Qg+ reduces to the homomorphism w of [11], whose action
can be summarized as follows:

(170) WPA = WA PA-

Equations (168) and (170) immediately imply that, for all f,g € Z (and by
linearity, it suffices to verify the case where f = pp and g = pq),

(171) ( Qg flahas = (wflg),

where the scalar product ((|)) on the right-hand side is defined as ((|))4, in
(4), but with ¢ = ¢ = 1. Note that both €, ; and w are in fact automorphisms
of Z. Their respective inverse are:

(172) Q;tl = Qg 0 Wgr)—1 and wl=w.
In each homogeneous component Z™™ of Z, we also have

(173) Q= ("¢ ") Q1 41

gt —

Now let sp be the Schur superpolynomial associated to the Jack super-

polynomial P/(\a) [12], which means sp := P/(\l). We stress that sp is not equal
to the Schur function sp defined later in the article as the ¢,t — 0 limit of
Pa(q,t) (cf. eq. (223)). Then according to Theorem 1 of [12],

(174) <<SA|SQ>> = le(SA,Q.

Moreover, from [12, Theorem 27] applied to o« = 1 (and recall that A’ is
the conjugate of A),

(175) wspy = sy = b/_\lsA/

The expression for the normalization constant le is known, being equal to
(—=1) (P2, where || P{")||2 is given by Eq. (18) of [13]. When specialized
to a = 1, this normalization factor reads

oy 1T ane + las + 1
176 bp =(—1 (2) - -
(176 T
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Since upon conjugation, the role of the arm-length and leg-length (defined
in (8)) are exchanged, it satisfies

(177) b, =b,’,
so that we can write
(178) S}k\ :==baspa and <<SA ’ Sg» = (5A7Q.

Theorem 18. Let Qn = ba(q,t)Pa(g,t), where bp(q,t) = (Pa(q,t)]
PA(q,t)>>;tl. Then, the following duality holds:

(179) QuiPr(g,t) = (@t M Qa1 g7h).

Proof. We proceed essentially as in [24, Section VI.5]. Note that in what
follows, we assume that all polynomials are homogeneous and belong to
Z™™, which is finite dimensional.

Thanks to the orthogonality of the Macdonald superpolynomials estab-
lished in Corollary 14 and the inversion formula (173), the stated duality
property is equivalent to

(180) (Qq Pa(th a7 | Palg: ) gr = da0.
By virtue of (171) and w™! = w, the last equation turns out to be equal to
(181) (wPa(t' a7 [ Pala, 1)) = da0-

Now, let A(q,t) be the transition matrix between the Py(q,t)’s and the sq’s,
that is

Q
Let also J be the involutive matrix with elements Jyq = dps . Then (181)
is equivalent to the following matrix equation:
(183) JA( g )T Aty =1,

where we stress that A(g,t)’ is the transpose of the matrix A(q,t). This is
the equation we will prove. Before attacking this problem directly, we need
to derive a number of auxiliary results, to which we now turn.
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Let p, s, and s* be the column vectors with the A-element equal to pj,
sa, and s} respectively. Let b, ¢, and ((g, t) be diagonal matrices whose non-
zero elements are respectively given by by (defined in (176)), (o = (pa | pa))
and (a(q,t) = (pa | pa))q.t, so that

1—ghi
1 -t

0(A*)
(180) = (D)&z and g, t) = (1) gt T
=1

We also define X as the matrix with entries Xpq = ((pa|sg)). Then by
making use of the orthogonality with respect to {(|)) of both the sz’s and
the pp’s, one readily obtains

(185) p=Xs, s* = X'¢"p.

Together with s* = bs, these imply

(186) X' =bX"I¢.

Moreover, let U(q,t) and be the matrix with elements

(187) Una = (salsq)q.-

The use of the previous two equations then leads to

(188) XU(q, )X = ¢'¢(g,1),

whose inverse version reads

(189) XU(g, )X = (g, )¢

From the explicit expressions of ((g,t) and ¢ in (184), we see that
(190) Cla. )¢ = (" )¢t

Because X is independent of ¢ and ¢, the relation (189) implies that
(191) U(g, )™ = (t"g MUt q7").

Furthermore, we have, using (175), the adjoint character of w and w? = 1,
we have

(192)  (JU(g;))aa = ((sa [sqdgr = (wsh [wsa)gr = (sh [sa)qr
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so that (translating the first and third equality above)
(193) JU(q,t)J =U(g,t) =bU(g, t)b~".
One last identity concerning U(q,t) is needed:

(194) A, )™ U(q, )" Alg,t) = b(q, ),

where b(g,t)~! is the diagonal matrix with entries (Pa(q,t)|Pa(q,t))q.-
The relation (194) follows directly from the orthogonality of the Macdonald
superpolynomials and the definition of A(q,t).

We are now in position to prove (183). From the triangular expansions
of Pa(q,t) and sp (which are both of the form my + lower terms), we
know that the matrix A(q,t) is strictly upper unitriangular. We recall (see
for instance [24, 1.(6.2)]) that a matrix M is strictly upper (uni)triangular
if and only if JMJ is strictly lower (uni)triangular. Hence, the matrix

(195) B=JAt ', g HJA(g,t)

is strictly lower unitriangular. Therefore, in order to prove that B is the
identity (which will prove (183)), it only remains to prove that B is also
upper triangular. The use of the second equality of (194) and (193), under
the form U(q,t)b=J = b~ 1JU(q,t), allows us to write

(196) b(q,t) ' Bt = A(q,t)b L JU (¢, ) At~ , ¢ 7L

Now, by isolating U from (194) and inverting the result by using (191), we
get

(197)  b(g, )" B~ = (tT"¢")Ag, ) b Ib T AT ¢ bt g ).

However, by exploiting (177) and the definition of J, one readily shows that
b 'Jb~! = J. Thus,

(198) b(g,t) "B = (t7"¢") Alg, ) JA( g7 bt g ),
The comparison with (195) yields
(199) blg, ) B = (") B ot q )

Since both b(t~!,¢~1) and Jb(t~!, ¢~ !)J are diagonal matrices, and since
B is strictly lower unitriangular, the last equation implies that B! is also
upper triangular. Consequently, B is the identity matrix, which completes
the proof of (183). O
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6. Another scalar product

The value of the norm ((Pp|Pp))q,+ of the Macdonald polynomials in super-
space was conjectured in [7]. This conjecture is reproduced below. We will
now define another scalar product with respect to which the Macdonald
polynomials in superspace are also orthogonal. This other scalar product is
not bilinear anymore (it is sesquilinear). Nevertheless, we will show that,
remarkably, the norm of the Macdonald polynomials in superspace with re-
spect to that other scalar product is (up to a power of ¢) identical to the
conjectural expression for ((Pa|Px))q.-

6.1. The conjectured norm of the Macdonald superpolynomials

We first present the conjectural expression for (Px|Pa))q: given in [7]. It
involves the quantities (recall that arm- and leg-lengths were defined in (8))

(2000 n) = [ (1 — g @Fehe@) pf = T 1 - gme@ia @),
s€B(A) s€B(A)

where B(A) denotes the set of squares in the diagram of A that do not appear
at the same time in a row containing a circle and in a column containing
a circle (this excludes for instance the squares (1,1), (1,2) and (3,1) of A
whose diagram is found in (9)).

Conjecture 19. The norm of Py defined in Theorem 1 is

(201) (PAIPA) gt = (—1><’?>q“'%-
hA

6.2. The constant-term scalar product of the non-symmetric
Macdonald polynomials

Let C.T.(f) denote the constant term of the Laurent series of f in the vari-

ables 1, ..., zy. Define the following scalar product on Q(q,t)[x1,...,xN]:
(202) (f:9)Nqe = CT.{f(z;q.t) gla” ¢, 7)Y Wz q,1)},

where

(203) W= ] (i/25; @)oo (925/7i; @)

Lcicjen i/ 255 @)oo (at; /i ¢)oo
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Note that this scalar product is sesquilinear, that is, for ¢ = ¢(q,t) € Q(q,t),
we have

(204) <Cfvg>N,q,t :C<f;g>N,q,t and <fac.9>N,q,t :é<f7g>N7q,t7
where ¢ = ¢(1/q,1/t).

Proposition 20. [24, 25] The non-symmetric Macdonald polynomials
E,(x;q,t) form an orthogonal set with respect to (-,-) N q,¢-

The norm is explicitly given by the expression (cf. [27, Prop. 3.4] and
8, 3])

(205) (Ey, Eg)Nat _ dy ey
<171>N,q,t d77 647’

where for a composition 7,

d'Y = H[l - qa(s)+1 tl(s)+1]7 d{y - H[l _ qa(s)—H tl(s)],
sey sEv
(206) e,y — H[l _ qa’(5)+1 tN—l’(s)], e{y — H[l _ qa/(5)+1 tN—l—l’(S)]’
sEy sy
b,y = H[l — qa/(S) tN—l/(s)L h'y _ H[l _ qa(s) tl(5)+1]7
sEy sEy

(we added two expressions to be needed shortly, b, and h,). The arm- and
leg-(co)lengths in these expressions are given, for s = (i, j), by

a(s):%’*j’
a'(s)=j—1,
V) = Bk = L1 > )

(207)

6.3. Another orthogonality relation for the Macdonald
superpolynomials

Let f € Zn be a symmetric superpolynomial of fermionic degree m. We
define

(208) fo=10
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where we recall that, as in Section 4, [f; - - - 0,,,] f stands for the coefficient of
010 in f. Note that f* € Q(q,t)[z1,...,xN]since [0} - - - Oy, f is antisym-
metric in the variables x1, ..., z,, and thus divisible by A,,(z). If f does not
have a specific fermionic degree, it can be decomposed as f = fo+ f1+: - -+ fr,
where f,, is the part of f of fermionic degree m. We then let

(209) PR

Definition 21. Let f and g be superpolynomials in Zy. We define the
following sesquilinear scalar product on Z:

(210) Sy 9V g = Zﬁ%gzmq,ﬁ.

m

The following proposition states that the Macdonald superpolynomials
are also orthogonal with respect to this new scalar product. Moreover, it
relates the norm of Py in the two scalar products.

Proposition 22. We have

(211) (Pr, Po)fi e =0 if A#Q
Furthermore,
(Pr, P\ AN
(212) h T]\W - _1)( )_i\ q |A | <<PA’PA>>Q»75’
N—o0 < Y >N7Q7t hA

where m is the fermionic degree of A, and where L means that the equality
18 only conjectural.

Proof. By definition <PA,PQ>%7Q¢ = 0 if A and Q have different fermionic
degrees. We can thus suppose that A and 2 have fermionic degree m. The
proof now follows the argument of [3] up to eq. (220). Using expression (217),
we get

(213)

(Pa, PQ>% q,

t D) (o
= )™ S WUk Ban, (—t) T, T, Boa) gy
0€ES,, 0'ES e
en(t) ca(t™) b )
- m t Z Z T o/~ 1 UmUm°EAR’ EQR>N7q7t7

OES 0'ESme
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where we used the fact that T ;_11 is the adjoint of T;, with respect to (-, ) N g,t-
Note that T, and T,» commute because they act on disjoint sets of variables.
We then use

(214) TEUT =t*UT and TFU =-U"

in order to write

(215) (Pr, Pa)% g0 = [N —mli-1! co(t7) (S(ae a0y, Bar) gt
where we used ) g t!) = [r];!, and where

(216) Siasae)y = AU Une Eq(aeym (A<)R),

is a Macdonald polynomial with mixed symmetry (also considered in [3] but
only in the case where A = 6™ = (m —1,...,0)). The analogue of [1, Corr.
1], which is obtained as shown there using the generalization of lemma 2.5
of [27], reads

d/ d ’ R R
_t(o") LR ) Ho' (AR),o(pf))
(217) S(}\7 ) = E (—t) CY) E(U/()\R)’O-( RY).
Y rr g ey v () '

By the orthogonality of the non-symmetric Macdonald polynomials, the rhs
of (215) is non-vanishing only when A = Q , and o and ¢’ are equal to the
identity in (217). Hence

[N - m]tﬂ! tinv(AS)
fas(th)
dianr ) dian e am)

X
Biamym (aymdias.(ae)m)

(Pr, Po)% 41 = Oac (-1)()

(218) (Epr, EAr) N gt

which implies that (Pa, Pa)%,, = 0 if A # Q.
Furthermore, according to the identities given in [27, eqs (5.16) and
(5.15)],

[N — m]s-! Jnv(AT) _ [N —m]e! _ basdae)r
fAS (t_l) fAS (t) hAs€(As)R,

so that, using the expression (205) for the norm of Ejr, we obtain

(219)

<PA7 PA>%,q,t

!
(1) bardiaoyn danymae) Eanynaoym)
<17 1>N7Q7t

hAse(As)R d(Aa7(As)R) 6/((AG)R,(AS)R)

(220) — (1)
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In order to relate this expression to the conjectural expression for
(PA|PA))q,t, we need to consider the limit N — oo of (220) and recall that
[t| < 1, so that all the factors e, ¢ and b reduce to 1. The proposition will
follow after establishing that

m

d/ d s\R T

. Aa)R As)A(A5) my R

= (—1)(2) lim il( )7A) — = (_1)(2)_1\_
N—o0 (A=, (As)R)PAS hA

Py, P\
(221)  lim (Pa Ph)N gy
N—oo <171>N,q,t

The last equality is quite long to prove. The details are thus relegated to
the appendix. O

7. Macdonald superpolynomials and generalized
(g, t)-Kostka coefficients

In this section, we review the super-extension of the Macdonald positivity
conjecture, exhibit symmetries of the generalized (g,t)-Kostka coefficients
and present two new conjectures related to these coefficients.

7.1. Generalized (g, t)-Kostka coefficients

The generalized (g, t)-Kostka coefficients are defined from the integral form
of the Macdonald superpolynomials:

(222) Jr = hi Py

(where hk is defined in (200)). It was conjectured in [7] that the coefficients
in the monomial expansion of Jy are polynomials in ¢ and ¢ with integer
coefficients.

We next introduce the Schur superpolynomials [7]

(223) 3A(£79) = PA($70;070)1
and their deformation
(224) Sa(z,0;t) = ¢(sa(z,0)),

where ¢ stands for the endomorphism of Q(q,t)[p1, p2,p3, .. ;Po,P1, D2, - - - |
defined by its action on the power-sums as

(225) e(pn) =1 =t")pn  and  @©(Pn) = Pn.
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Remark 23. As was commented in [7], the existence of the limiting case
sa(z,0) = Pa(x,0;0,0) does not follow from the existence of a solution
from Theorem 1 since the scalar product is degenerate when g =t = 0. A
better approach is to consider the limit ¢ =t — 0 in Definition 33. This is
presented in Appendix A. Specifically, we prove the existence of the Schur
superpolynomials by using the fact that in the limit ¢ = ¢ — 0, a non-
symmetric Macdonald polynomial tends to a Key polynomial (or Demazure
character) [16, 23].

We now recall the following striking version of the Macdonald positivity
conjecture, formulated in [7].

Conjecture 24. The coefficients Kqa(q,t) in the expansion of the integral
form of the Macdonald superpolynomials

(226) Ia(x,0;q,t) = > Kaalg,t) Salx, 0;t)
Q

are polynomials in q and t with nonnegative integer coefficients.

The following symmetries have been observed:
(227) Kana(a,t) = Ko (t,q),
(cf. [24, eq. VI (8.15)]) and
(228) Kaa(g,1) = ¢" "™ Ko (g7 ¢71).
In the previous equation we used
(229) A(A) =n(SA) —d(A)  with  n(d) =) (i— 1A

where SA is the skew diagram SA = A®/6("tD with 6™ the staircase
partition (m — 1,m —2,...,1,0), and where d(A) is defined as follows: fill
each square s € BA (defined immediately after (200)) by the number cor-
responding to the number of squares above s which are both in a fermionic
row and a fermionic column (i.e., both ending with a circle); d(A) is then
the sum of these entries. For example,

@,
O

d((2,1,0;1,1,1)) =6 :

oNNN
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1 10 0 0/0|
d((2,1,0;2,1)) = 4: O d((2,1,0;3)) =0: OJ

® O

(In a sense, d(A) is dual to the quantity (s introduced in [7] to describe
the specialization of Py.) The quantity d(A) vanishes for m < 1, so that
that expression [24, eq. VI (8.14)] is recovered when m = 0. Examples of
(q,t)-Kostka coefficients are given in Tables 1 to 7. We stress that in these
tables, the prime stands for the matrix transpose, so that the matrix element
found in row A and column  gives the coefficient K\ ;, = Kqa of Sq in
the modified Macdonald superpolynomial Jy. Note also that in the tables

Table 1: K(q,t)" for degree (1]1)

(2) | (0:2) | (1) | (0;1,1)
(2;) 1 q q 7
(0;2) t 1 qt q
1;1) | ¢ qt 1 q
0;1,1) | # t t? 1
Table 3: K(q,t)" for degree (2/2)
(2,0;) | (1,0;1)
(2,0;) q
(1,0;1) 1

Table 4: K(q,t)" for degree (3|1)

(3;) | (6;3) (2;1) (1;2) (0;2,1) | (1;1,1) | (0;1,1,1)

(3;) 1 ¢ a+¢ | P+ | I+ ¢ q¢°
(0;3) t 1 [ g+ | g+t | g+ ¢t ¢
(2;1) t ¢t l4+qt | g+4¢°t | ¢ +¢°t q ¢
(1;2) 12 qt t+qt> | 1+¢* | q+¢°t qt 7
(0;2,1) 3 t 2+qt> | t+qt? 1+qt qt? q
(1,1 t? gt | 41> | t+qt® | gt +qf? 1 q
0;1,1,1) | ¢° 3 tr+t5 | 2+t t+t? 13 1
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Table 5: K(q,t)" for degree (3|2)

(3,0;) (2,1;) (2,0;1) (1,0;2) (1,051, 1)

(3,0;) 1 q ¢+ ¢ ¢

(2,1;) qt 1 q+q°t >t 7

(2,0;1) t t 1+qt q q

(1,0;2) 12 qt3 t+ qt? 1 qt
(1,0;1,1) 3 t? t+t2 t 1
Table 6: K(q,t)" for degree (4]1)

(4)] (0;4) (3;1) (1;3) (0;3,1) (2;2)
(4;) 1] ¢ | ¢g++¢ | $+P+d | @P+E+d | @+4°
(0; 4) t 1 | gt+Pt+d%t] g+ +¢°t a+@P+¢ | P+t
(3;1) t] @Pt] 1+g+¢t| C+Ft+dt] C+d*t+7t | g+¢%t
(1;3) 2 gt | t+q?+P| 1+ @Ft+P ] g+ Pt + 3t | gt + @3
(0;3,1) B3]t [ +qt3+ P t+qt + Pt 14+ qt + g%t | qt? + ¢*3
(2;2) 2 P2 t4qt +qt? | gt + Pt + P2 Pt + Pt + Pt 1+ @3t
(0;2,2) ] 2| B +gt3+ gt t+ gt + gt t+qt+qt? | 2+t
(2;1,1) B P t+2+q | gt + PP+ PP P+ PP+ P t+qt?
(1;2,1) ] g | B+ +qtt | t+q2+ | gt qt? + P3| 2+ gt
0;2,1,1) | t°] & | *+2+qt% | 2+ +qt* t+ 12+ qt3 th 4 qt®
(1;13) o] gt | B+t2+0 | B4+qtt+qt® | g2 +qt* +qt°| 2 +t2
(0;1%) O] 5 1 T+ 8449 th 5 + 17 3+t 4+ 1 5+ 8
(0;2,2) (2;1,1) (1;2,1) (0;2,1,1) [ (1;1%)[(0;1%)

(4;) C+¢ | P+ +E | AHCHT | T+ ¢ 4P
(0;4) C+d | Pt+rdt+ et Pttt P+t +° | Bt O
(3;1) Pt g+ P+¢ | PP+t P+ P
(1;3) C+Et| qd+Ct+ 3 g+ Ct+ P @+t Pt ]
0:3,1) | ¢+t [a? + PP+ P g+ P2+ 3t q+ P +¢5t | P21 &P
(2;2) C+d't?] q+g+®t | g+ @Pt+P |+ Pt @] ¢
(0;2,2) | 1+ | qt? +q®> + P3| qt +qt*> + P3| q+qt+ %t | P3| ¢
(2L, [*t+P 1+qg+q® | g+t +3 [P+Pt+37 q | &P
(1;2,1) [ qt +q%2| t+qt? +qt | 1+q? +35 ] g+ Pt + %] qt 7
(0;2,1,1) t+qt? | 3+qt* +qt° | C+q> +qt* | 1+qt+qt? | ¢° q
(113 [ g2 +qt*] t+2+8 t+t2+qt3 | qgt+aqt? +qt?] 1 q
(0;1%) 2 4+t o+ 10+ 17 3+ 1° + 10 t4+ 24+ 83 tt 1

presented in [7], the transpose symbol (prime) is missing; these correspond

to Tables 1-5.

An example illustrating the first symmetry property (227) is (cf. Table 7)

(230)

Ko01,1)(202)(¢:t) =q+qt + q°t = K300) 2,02)(, 9),



Table 7: K(q,t)" for degree (4/2)

(4,05) (3,1;) (3,0:1) (1,0;3) | (2,052) | (2,151) (2,0;1,1)
(4,0;) 1 ¢+ i+ +q ¢ ¢ +4 ¢ P +q 44
(3,1;) qt 1+¢%t q+ Pt + ¢t q*t @+ ¢t q @+ ¢+ gt
(3,0;1) ¢ t+ qt 1+qt+ ¢t I q+ q*t qt q+q+ ¢t
(1,0;3) 12 qt?> + 23 |t +qt? + ¢t 1 qt + ¢*t? ¢t qt + ¢?t + 32
(2,0;2) 12 t+qt? t+ qt + qt? qt 1+ ¢*t? qt q+qt+ ¢*t
(2,1;1) qt3 t+qt? qt + qt®> + ¢*t3 et qt + ¢*t? 1 q+ ¢t + ¢*t?
(2,0;1,1) 3 2+t t+ 1%+ qt? qt t + qt? 12 1+ gt + qt?
(1,0;2,1) t 3+ qt° 213+ qt? t t2 + qt? qt? t+ qt? + qt?
(1,0;1%) t6 tr 10 Bt t3 2 4+t t3 t+12 413

ooedsiadns ur sjeraoud[od PrRUOPIRIN

517"
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since (2,0;1,1)" = (3,0;1) and (2, 0;2) is self-conjugate. An example of the
relation (228) is

(231)  K20,1,1)(1,02,1)(q:t) =t + qt® + qt® = qt5K(3,0;1) (1,0;2,1)(@1_1, th).

The factor 5 can be checked as follows (the diagram of A is filled with
numbers that add up to d(A) while the skew diagram SA, obtained from

A® by dropping the squares marked by a x, is filled by numbers that add
up to n(SA)):

-
A=(1,0;2,1): TJ SA:

O

Similarly, for ¢ factor, we have

[eo|ro] x| x

.. the power of tis6—1=5

V=@ 0 L0 gy, [x[x]0]0]

0 SEE

.. the power of gis 1 —0=1

7.2. Two new conjectures for the Kostka coefficients

We conclude this section with the formulation of two remarkable conjectures
that relate the generalized coefficients Kqa(q,t) of fermionic degree m =1
to the usual (g, t)-Kostka coefficients.

Conjecture 25. Let A be a superpartition of fermionic degree m = 1, and
let Jp be the integral form of the Macdonald superpolynomial. Let also 1 be
the linear application that maps Sq to Sqe. Then

(232) P(Ja) = Jae.

This conjecture implies that the usual (g, t)-Kostka coefficient K, (q,?)
of two partitions u, A can be calculated from their lower-degree super-relatives
as

(233) Kun(g.t)= Y Kaalgt),
Q[Q8=p
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where A is any superpartition that can be obtained from A\ by replacing a
square by a circle and the sum is over all 2’s that can be obtained from p by
replacing a square by a circle. Moreover, the expression for the sum on the
right-hand side is independent of the choice of A. We thus relate a Kostka
coefficient of degree (n]|0) to a sum of degree (n—1|1) Kostka coefficients.
In other words, the (n—1|1) Kostka coefficients provide a refinement of the
usual (q,t)-Kostka coefficients.

For instance, consider A = u = (3,1). There are two ways of replacing a
square by a circle:

- 0. 0 W« g

Choosing A = (2;1), we have [7]

J2) = tS(3;) + q2t5(0;3) + (1 +qt)Se2;1) + q(1 + qt)S(1;2)
(235) +@*(1+qt)S21) + @Sa:1,1) + ¢ S1,1,1)s

so that, using (233),

(236) Ko @) + Kos) 1) = (1+qt) + ¢°t = K31y 3,1)-
The same result follows by taking A = (0;3):

Ji0;3) = t5(3;) + S(0:3) + at(1+ @) S2,1) + (1 + qt)S(1.9)
(237) +q(1+q)S(0:2,1) + q3t5(1;1,1) + q35(0;1,1,1),

which implies that

(238) K1) 0:3) + K(0:3) (0;3) = (qt + ) +1= K(31)3,1)-

To formulate the second conjecture, we need to introduce the notion
of a concatenable superpartition, defined as one for which A%, > Aj. Such
a superpartition can be transformed into a partition A by removing the
semi-coma: A = (A%, A®). For instance, (5,3;2,1,1) is concatenable and the
corresponding partition is A = (5,3,2,1,1).

Conjecture 26. Let A be a concatenable superpartition of fermionic degree
m = 1, and let A be its corresponding partition. Let also ¢ be the linear
application that maps Sq to S, if Q is concatenable (and p its corresponding
partition) and to zero otherwise. Then

(239) O(Ja) = JIx
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If A and © are two m = 1 concatenable superpartitions whose corre-
sponding partitions are A and g, this implies that:

(240) Kpg = Ky,

For instance, considering ¢(J(2,1)) given in (235), one recovers the expression
of J(271)2

(241) J(271) = qS(l,Ll) + (qt + 1)5(271) + tS(g).
Appendix A. Schur polynomials in superspace

In this section, we prove that the limits of the Macdonald polynomials
Pp(z;q,t), as ¢ =t — 0 and ¢ =t — oo, are well defined; they provide two
new families of Schur polynomials in superspace, namely sy (z) and 55 (z),
whose existence was only conjectured in [7]. The proof almost immediately
follows from (33) (see lemma 27 below), which expresses a Macdonald super-
polynomial in terms of non-symmetric Macdonald polynomials E,(z;q,t),
and from Ton’s work [16, 17], which shows that a non-symmetric Macdonald
polynomial (for an affine root system) can be interpreted, when ¢t — 0, co, as
the character of a certain Demazure module, and more particularly, proves
the regularity of E,(x;q,t) as ¢ =t — 0,00.

It is worth noting that the characters of the Demazure modules were
also studied from an algebro-combinatorial point of view by Fu and Lascoux
[15]. They showed that the character formulas can be written in terms of
key polynomials K, (z) and Rn(x) (see [15, Section 4] for a precise defini-
tion). Combining the results of [17] and [15] on the irreducible root system
of type A, one readily obtains the explicit relation between the limiting
non-symmetric Macdonald polynomials (of type A) and the key polynomi-
als:

~

(242) E,(x;0,0) = Ky (z), E,(x;00,00) = Ky, p(wn),
where n = (m1,72,...,m,) i a composition, wnn = (Mn, Mn—1,--.,71) and
(wnx) = (T, ..., 21).

Lemma 27. The Macdonald superpolynomials P(z,0;q,t) can also be writ-
ten in terms of the non-symmetric Macdonald polynomials as

(243) Py = ¢\ (t) > Ko (01 OmAn Ut E(aayr p4))
O'ESN/(Sm,XSmc)
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where

(244) h(t) =

Proof. This expression differs from (33) in that we consider here the compo-
sition obtained from the concatenation of ((A%)f, A%) instead of its (fully)
reversed version. To fix the normalization coefficient, we follow exactly the
proof of Proposition 7 except that equation (90) is now replaced by

(245) A ) Tt = > W),

wES7Y‘Lc wESmc "LU(A):A

We need to consider all those permutations that leaves A® fixed, which

gives
(246)
As ‘ As
> mat =TI Y0 ) =IOl = fae(v).
WESme i=0 \w®eS, . i=0

We thus have, as expected,

m
2

(247) [ma) Pa = (01 fa- () = 1. O
Proposition 28. The Schur superpolynomials,
(248) sa(z,0) := Pa(x,60;0,0), and 35p(x,0)= Pa(x,0;00,00),

are well-defined symmetric polynomials in superspace. Furthermore, the Schur
superpolynomials can be expressed in terms of the key polynomials (see (250)
and (252) below).

Proof. We first set ¢ = ¢ in (243) and take the limit ¢ — 0. Given that
E,(;0,0) is well-defined, we only need to evaluate ¢, (t) and Uy}. as t — 0.
Giving that [0];! = 1 and limy_,¢ [n]; = limy—¢ 11—Ttt =1, we have fx:(0) = 1.
Moreover,

(249) lim Tj = — L

Kij1—1) =7
t50 x; _ﬂfi—i-l( R ) =T
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Consequently,

lim Pp(x, 6;t,t)
t—0

= %gr(l) Ck(t) Z Kobi---00Am Z Tw (t)E((Aa)RJ\s)(x; t,t)
O’GSN/(SmXSmC) wESmc

= (—1)(T§> Z IC(,Gl tee HmAmﬁmC_/E\((Aa)R’As)(x; 0, 0)
€SN/ (SmXSme)

where Il = > wes,.. Tw- Thus, according to (242),
(250)
Pa(2,6:0,0) = (—1)) N Kol O A Tlne K ey pe) (2).
€SN/ (SmXSme)

This shows that the Schur superpolynomial s (x, ) is well-defined.

For the second family of Schur superpolynomials su(x,#), let us first
write the t-symmetrizer U™ as follows (see [27, eq. (2.25)]):

Ui f@) = 5 —Ame (] (i~ 1) (@)
m<i1<j
n(n—1)/2
= A (T G )5 @)),
me m<i<j

where n = N — m. Then, we rewrite fp:(t) as

A A
() = [ [lnas ()]st = T ¢ @0 O=D2 [ (0] !
=1 i=1

— 22 e (9)(nas (i)fl)/2fAs (1/t).
For u = (p1, po, ..., un), with un > 0, we define

(251) inv() = N(N = 1)/2 = 3 (i) (nu (i) = 1)/2

In words, given all possible pairs of parts of u, if we subtract all the pairs
formed between repeated parts, we get the inversion number. By combining
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these formulas with (33) and (40), we get
Tim Pa(r;1,1)

= lim ¢, (1) > Koy Om AUt Exn(2;,1)
€SN/ (SmXSme)
. (—1)(3)gnn=1)/2
= lim - - .
o0 tn(nfl)/Qfmv(As)fAS (1/t)t1nv(A°)

. 1 1
% tliglo Z Koy - - QmAmA—chmc H (Z:L‘Z — zj)Ezr(x;t,t)
0ESN/(SmXSme) m<i<j

which leads to

lim Py(z;t,t) = (—1)(%) S Koty HmAmALAmC(_l)(Z)

t—o00 c
€SN/ (SmXSme) m

2 1 Tppo T P EAR (75 00, 00).
Finally, using (242) and o) = (n—1,...,1,0,...), we obtain
(252)  Pp(z;00,00) =

(_1)(7;)%?(;) Z ]Ccrel T emAm Al . 14’mC (wx)6<7L) K(AS,A“) (W$),
TESN /(S X Sume) "

which shows that sa(z,0) is well-defined. O

We recall that the Macdonald superpolynomials are stable with re-
spect to the number N of indeterminates. The same stability holds for
sn = sa(x,0) and sy = Sp(x,0), since they are limits of the Macdonald
superpolynomials. This allows us to consider sy and 55 as elements of the
algebra Z of symmetric functions in superspace (see Section 5). The next
corollary shows that within this context, there is a natural duality between
spand sp.

Corollary 29. Let ((|)) and w respectively denote the scalar product (| ))q.+
with ¢ =t =1, and the homomorphism defined in (170). Moreover, let

(253) sho= wsp.
Then,

(254) {(sh | sa) = drq.
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Equivalently,
255) T -y —0i0) 7 = D (1)) i (2,0) sa(y, 9)-
i A

Proof. The first result is obtained by taking the limit ¢,¢ — 0 in (181). The
second result follows from (254) and [11, Lemma 37]. O

Appendix B. Proof of a combinatorial identity

The equivalence, as N goes to oo, between the two norms in (221) relies on
the equality

4
(256) f 200 0 ey
N—oo d(Aa7AsR) h}i

The limit needs to appear on the right-hand side since there is a residual
dependence upon N in the ratio dj.r/d(y. r-ry (the reversed partition AsE
contains N — m — £(A®) zeros).

We first introduce, as in [19], a convenient decomposition of the leg-
lengths of a composition ~:

(257) I(s) = 1T (s) + IH(s)
with
Ms)=#{k=1,....i—1|j <9 +1 <7},

(258) . .
M) =#{k=i+1,...,N[j < <7}

In order to better visualize expressions ['(s) and I*(s), we put (as in [20]) a
symbol at the end of each row of 7, here trading the French hexagon for a
triangle, e.g.,

|> >

(259) ~=(0,0,1,3,3) — AN

A
A

For s = (4,7), IT(s) is given by the number of triangles above row i in
columns j' for j < j' < v; (e.g., {T((4,1)) = 3 in the above example),
while I+(s) is given by the number of triangles below row 4 in columns j for
jH1<5 <y 41 (eg., *((4,1)) = 1 in the above example).
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Lemma 30. Identity (256) is equivalent to

!
(260) d(AaRyAs) [ dpsr ] _ h_}?
has [dgensmy | by

where

-1

dAsR . dAsR dAsR(S)
(261) [7]0 AT H e ) ,

d(Aa,AsR) d(Aa7AsR) (i,l)EAs d(Aa,AsR)(S

that is, the products corresponding the the cells in the first columns of A®
were removed from dpsr/d(ye pory.

Proof. We first isolate the part of dy.r/d . s-») that depends upon N:

(262) lim — | _daen lim _dpen(s)
N—oo d(Aa7AsR) d(Aa’AsR) 0 N—oo (i.1)eAs d(Aa}ASR)(S)
It thus suffices to prove that
d sR
(263) A dAi()() =1
(i,1)ens ~AoAT)

The last equality is rather clear: it is a ratio of terms of the form 1 —
q®@ 1)+ for which the leg-length I(s) tends to infinity as N goes to
infinity (the number of triangles above (i,1) € A® goes to infinity). Take for
instance the case A = (2,1;2,1) and introduce M zeros represented by AM:

|A

AM

(264) (2,1,0M,1,2): AM | (0™ 1,2) A

A

|A

The ratio on the left-hand side becomes

dpen(s) o (L=gtH (1 —gt"*?)

2 I _daenls)
(265)  Jim . EAS donenomy(5)  M-2ao (T — gt F1)(1 — 2i379)

=1.0
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Proposition 31. Identity (260) holds.

Proof. First, observe that the identity (256) is satisfied identically (for all
N actually) when A% = () and A® = p, since

(266)
d d,r hnt o h,d
Lhs. (256) = lim 2+~ =d and rhs. (256) = 2 H =L L _ g
N—o00 duR K h’t h# "

The result is thus true in the case A® = (). We thus suppose by induction
that (260) holds for some A = (A% A®) and the aim is to prove that (260)
is still valid if we add a fermionic row b > A{ to obtain A = (A% A®), where
Ao = (b,AT,AS,...). Defining

F(A)
267 AF(A) = —~%
it thus suffices to demonstrate that
(268) A lh.s. (260) = Ar.h.s. (260).

Given that A® = A®, the factors dj.r and hy: are not affected by the trans-
formation A — A. Hence

dipan p)

{d(Aa’ASR)} 0

Finally, (268) will follow from the two relations

(269) Alhs. (260) = A

(270) (1): Adyn, =AR)  and  (2): A [d(AajAsR)]O — AR

where AT is defined as AT except that the product runs over all squares of
A:

(271) Ej\ _ H(l - qu*(s)+1tlA®(s)) and E}L\ _ H(l - qu® (s)th (s)Jrl)‘
SEA seA

Observe that,

BT hT

(272) S=—2

hA h’A

and thus, as claimed, we only have to prove the two relations (270).
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There are two types of contributions to A: those corresponding to the
modifications to the leg-lengths of the squares of A® in rows of length larger
than b, denoted by A1, and those corresponding to the squares of the added
fermionic row, denoted by As. They will be treated separately.

Consider first the variation A and the relation (1). In this case, d, — d%
where v = (A, A5) = and 7 = (A% b, A®) = ((A")", A®). The leg-lengths
of the squares in columns 1 < j < b+ 1 and rows ~; > b is increased by 1
by adding the new fermionic row. We have thus:

1— qaﬂ,(s)+1tl7(s)+1
/
(273) Ay d’Y H 1— qav(s)—i-ltlw(s)
s=(i.j)€
vi>b
1<j<b+1

where we indicated explicitly with respect to which diagram the arm- and
leg-lengths are calculated. Consider now the corresponding variation of h'.
Since the expression of h' involves Iy, the addition of the fermionic row of
size b increases by 1 the leg-length of the squares in column 1 < j <b+1
of rows A > b:

1— g (s)+1l, e (s)+1

(274) ARl = ]
s=(i,j)eA"

As>b
1<5<b+1

1 — gan (&)1l e (s)

In order to compare expressions (273) and (274), we need to clarify the
meaning of the entries in each product. Note that in the first product, the
rows ; > b are such that v; = A3 for some i’. The product is thus over the
same number of squares in the two cases. Now, in reordering the rows of
to get A* (an operation that does not affect the arm-lengths), we readily see
that a, = aa- in (273). Next, to compare the leg-lengths, we note that for
s = (i,7), the leg-length I(s) = I%(s) + {1(s) in (273) is such that

(275) =#{k>i[j <A})
and
(276) U =#{k<ilj <m+1<mw)=#{k|j <AL +1}

The sum I + l# thus corrresponds exactly to the definition of [ye in (274).
This demonstrates the equivalence of relations (273) and (274).
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Consider next relation (2), focusing again on the contribution A;. Let
us first obtain the variation resulting from d,, — dj, where n = (A%, A3F)
and 77 = (b, A%, AS%). The analysis of Aqd, is similar to the one above for
A1d'7, except that we need to keep in mind that the contribution of the first
column is not considered anymore. We find

1— qan(s)—i—ltln(s)—l—Q
(277) acldly= 11 - ammpe
s=(i,j)€n
n;>b
2<5<b+1

Let us now turn to the corrresponding variation in h*. The expression for
ht involves aye which is the same as ap- for a bosonic row. Also, since the
leg-length entering in A' is I5-, which does not count the possible circle at
the end of the column, the addition of the fermionic row of length b increases
by 1 the leg-lengths of the squares in columns 1 < j < b (and not b+ 1) of
the rows A > b:

__ap~ (s)tl,\* (s)+2
1 1—gq
(278) A h 11 e O
s=(4,j)€A®
AFSb
1<5<b

Before we can do a direct comparison between (277) and (278), we have to
perform the substitution j — j+1 in (277). Since a, (4,5 + 1) +1 = a, (3, j),
this gives

1— qa"l (imj)tlﬂ (8)+2

(279) Ay ldlo= ]

s=(i,j+1)€n
7:>b
1<5<b

1— qan(i’j)tln(s)+1 ’

Letting n; = A, we see that the powers of ¢ are identical in both expres-
sions. Moreover, since the block A® still lies in the upper position of the
composition, we can write the leg-length [, (i, j 4+ 1), using eq. (258), as
(280)

LG, j+1) = #{k|j S A +#{k >0 |§ <AL < A} +#{k < | Ay = A7},

which corresponds, up to a reordering of the parts of A® of the same size
as A7, precisely to the expression of [y in (278). We have thus verified the
equivalence of (277) and (278).
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Consider now the variation As, namely, the contribution of the squares
of the added fermionic row of size b. As before, we let v = (A%F A%),
7 = (A*R b, A®) and A = (A% A®) with A = (b, A?, A%, ...). If the added
fermionic row of size b corresponds to 4; (resp. Ay) in 7 (resp. A), the veri-
fication of relation (1) amounts to compare
(281)
Agd,= [] M—¢" 70D and Ayh) = ] [1 - ¢/ theI)],

1<5<b 1<5<b

The powers of ¢ are manifestly the same in the two contributions. The
expression for the leg-length on the lLh.s. is

where
(283)  U1(i,j) = #{k|j < Af+1} and 1H(i,5) = #{k|j < A} <0b}.

This form of 15(4, j) is clearly the same as the expression of I3 (i, 7) on the
r.h.s, which demonstrates the equivalence of the two variations in (281).

It only remains to establish the correctness of relation (2) under A,.
Recall that n = (A%, A*F) and 7 = (b, A%, A°E). If the added fermionic row
of size b corresponds to A; in A, the verification of relation (2) amounts to
compare

(284) Asdy= J] 11— g7+
1<5<b

and

(285) Ay bt = [ [L— gt Gy,
1<5<b

where we used the fact that aze(4,7) = aj.(i,j) + 1 given that row i of A
is fermionic. Again the powers of ¢ match. We have

(286) li(1,5) = 1%(1,5) = #{k|j < Af <bor j < Aj <b},

which corresponds to [3. (4, j) on the r.h.s. This completes the demonstration
of the two relations (270) and thus of Proposition 31. O
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Let us consider an example: A = (0;4,1) and A= (2,0;4,1). We have
thus added a fermionic row of length 2. We ignore the zeros of A® given
that they contribute only to the first column which is removed. The triangle
at the end of the added row is written in parenthesis and the circle of the
added row is marked by a x:

(287)
A LT
A
A
|

5 =1(0,2,4,1) :

A

[ &

|
A=(2,0;4,1): ©)

O

We have thus, for the product of the two variations A; and Ao,
(288)

d' AN B 2 Bl
(0241) (1 q't )(1 4q t)(l q t) % (1 _ q2t2)(1 _ q) — (2,0:4.1)

Ty (=B = @)= W
1
d 1— 3t3 1— 2t2 h )
(2,0,1,4) _ ( q - 2)( q - ) % (1 o th)(l o q) _ (j,0,4,1) ]
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