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Expansion of k-Schur functions for maximal
rectangles within the affine nilCoxeter algebra*

CHRIS BERG, NANTEL BERGERON, HUGH THOMAS AND MIKE
ZABROCKI

We give several explicit combinatorial formulas for the expansion
of k-Schur functions indexed by maximal rectangles in terms of the
standard basis of the affine nilCoxeter algebra. Using our result,
we also show a commutation relation of k-Schur functions corre-
sponding to rectangles with the generators of the affine nilCoxeter
algebra.

1. Introduction and prerequisites
k-Schur functions (sg\k), indexed by k-bounded partitions) were first intro-
duced by Lapointe, Lascoux and Morse in [10], in an attempt to better
understand Macdonald polynomials. Since that time it developed that k-
Schur functions play an important role in many other areas of mathemat-
ics (see [6, 7, 9, 8, 11, 12, 13]). As a result, one fundamental open prob-
lem in the theory of k-Schur functions is the understanding of their struc-

ture constants, the k-Littlewood Richardson coefficients c/\( ) defined by
SO0 = 3,

Recent work of Thomas Lam [5] has applied the work of Fomin and
Green [3] by viewing the ring Ay of symmetric functions spanned by the
k-Schur functions as a subalgebra of the affine nilCoxeter algebra. In par-
ticular, we recall in Section 4 that understanding k-Littlewood Richardson
coefficients c v(k) jg equivalent to understanding the explicit expansion of SE\ )
in the btandard basis of the affine nilCoxeter algebra (the basis formed by
the words in the generators).

With this in mind, this article is about expanding the k-Schur function
sg\k) in a specific case, namely when )\ is a maximal rectangle, i.e. a rectan-
gular partition with maximal hook length k. In fact, we give four different

*This work is supported in part by CRC and NSERC. It is the results of a
working session at the Algebraic Combinatorics Seminar at the Fields Institute with
the active participation of C. Benedetti, A. Bergeron-Brlek, S. Bhargava, Z. Chen,
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formulas giving four different points of view. Two of them are central to our
proof, but the other two are of interest in their own right. It is not clear
yet which point of view will generalize to other shapes and we choose to
present all four formulas as a starting point of this investigation. However,
a reader chiefly interested in getting to the proof of the main theorem could
skip Sections 2.3, 2.4, 3.2 and 3.3.

In Section 2 we state our four combinatorial definitions of elements of
the affine nilCoxeter algebra. In Section 3 we prove that all four definitions
are equivalent. In Section 4 we prove that these formulas give an explicit
expansion for a k-Schur function indexed by a maximal rectangle in the
standard basis of the affine nilCoxeter algebra. Section 5 contains a short
application of our formulas: we give a commutation relation of the k-Schur
function indexed by a maximal rectangle with the generators of the affine
nilCoxeter algebra.

1.1. k-bounded partitions, (k + 1)-cores and the affine symmetric
group

Throughout the paper, we work with k£ > 1 a fixed integer.

For a Young diagram of a partition A\, we associate to each box (i, j) (row
i, column j) of the diagram a content defined by c(; ;) = (j—7) mod (k+1).
We will let P*) denote the set of partitions A = (A1, Ao, ...) whose first part
A1 is at most k.

A p-core is a partition which has no removable rim hooks of length
p. Lapointe and Morse [12, Theorem 7] showed that the set P& bijects
with the set of (k 4 1)-cores. Following their notation, we let ¢(\) denote
the (k + 1)-core corresponding to the partition A, and p(u) denote the k-
bounded partition corresponding to the (k + 1)-core p. We will also use
Ck+1) to represent the set of all (k + 1)-cores.

The affine symmetric group W is generated by reflections s; for i €
{0,1,...,k}, subject to the relations:

s2=1 forie{0,1,...,k}
SiS5 = S554 le—j 75 +1
SiSi+18i = Si+1SiSi+1 for i € {0, 1,... ,k}
where ¢ — j and ¢ + 1 are understood to be taken modulo k£ + 1.

An element w € W has a length denoted len(w), defined to be the
minimal m for which w = s;, ---s; for some iy,...,%p.
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W has an action on C*+1 . Specifically, if X is a (k + 1)-core then s;\ is
A union all addable positions of content ¢, if A has such an addable position,
$;A i1s A minus all removable boxes of content ¢ from A if A\ has such a
removable box (a (k + 1)-core cannot have both a removable box and an
addable position of the same content), and s;\ = A otherwise.

We let Wy denote the parabolic subgroup obtained from W by removing
the generator sg. This is naturally isomorphic to the symmetric group Sk1.
WO will denote the set of minimal length coset representatives of W/Wy. W9
is naturally identified with C*+1) in the following way. To a core A € C(h+1),
we associate the unique element w € W0 for which w() = X. For a k-bounded
partition p, we let w, denote the element of WY which satisfies w,0 = ¢(u).
More details on this can be found in [2].

Fix an orthonormal basis {e1,...,exp1} of R¥L. There is a left action
of W on V := RkFl/ (Zfill €;) which occurs from viewing W as the affine
type A Weyl group (see for example [4]):

(1) sio(ar, ... ap41) = (a1,...,Qi41,Q4, -y agy1) for i #0
s (a1, ..., ap+1) = (apt1 + 1,02, ap, a1 — 1)
We let
Q1 = €1 —€2,p = €2 — €3,...,0 = € — €1 1,00 = €1 — €1.

The ¢ action comes from viewing s; as a reflection in V" across the hyperplane
through the origin perpendicular to «; for ¢ # 0, and across the hyperplane
{(a1,...,ax+1) € V 1 a1 — ag41 = 1} for sg. The collection of {a,...,ar}
are called the simple roots for the finite root system of type A. We let (,)
denote the inner product on V defined by

2 ifi=j
<Oéi,04j>: -1 ifi:j:izl
0 else

The Z-span of {€;,€g,...€x11} contained in the k-dimensional space V
are called weights.

Let At ={a €V :a; >ag > - > apy1} denote the dominant chamber.
A weight n that is in Ay will be called a dominant weight.

An element of Wy o ay is called a root. A root « is positive if (a,v) >0
for all vectors v in the dominant chamber.

Let Ay == {(a1,...,a5+1) € Va1 > a2 > -+ > agy1 > a3 — 1}. This
is called the fundamental alcove. The action of W on V is faithful on Ay
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Figure 1: With k = 2, a portion of the vector space V divided into alcoves.
We have labeled the fundamental alcove Ay and each of the other alcoves
corresponds to an element A,, for w € W.

(wo Ay # vo Ay for w # v). For w € W, we define A, := w=o Ay. The A,
are called alcoves. The union of all alcoves is V' and two alcoves overlap on
at most an affine hyperplane.

There is another way of calculating the location of A,, given a reduced
word of the element w = s;, 54, - - - 55, that we picture as an alcove walk.

To a weight n = (n1,...,mk+1), we associate a label L(n) = (Zfill ;)
mod (k + 1). Every alcove contains exactly one weight of every label, cor-
responding to the vertices of the alcove. Figure 1 shows what this picture
looks like in the case of k = 2.

The following proposition can be found as Lemma 6.1 in [16].

Proposition 1.1. Suppose A,, has vertices vy, vi,...,v; with L(v;) = j.
Then As,. is the alcove which has vertices {v; : j # i} and the vertex
obtained by reflecting v; across the affine hyperplane spanned by {vj : j # i}.

An alcove A,, is contained in Ay if and only if w € WO (see [4]). From the
correspondence between (k + 1)-cores and W, we obtain a correspondence
between (k + 1)-cores and alcoves of A.
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Figure 2: With k£ = 2, a single alcove A,, is adjacent to each of A ., As w
and Ag,y.

Given a word w = s;,8;, - - Si,, the location of A, is calculated by a
path starting at Ay followed by the alcove A, , then
As

i1 Sip) ASiT72$iT7157ﬁT7 sy Ay sy s Si e

Each of these alcoves is adjacent due to the previous proposition and the
word for w determines a path which travels from the fundamental alcove to
Ay, traversing a single hyperplane for each simple reflection in the word. See
Figure 3 for an example of this.

1.2. The affine nilCoxeter algebra and k-Schur functions

The affine nilCoxeter algebra A is the algebra generated by wu; for i €
{0,1,...,k}, subject to the relations (see for instance [5]):

u? =0 forie{0,1,...,k}
wiujg = uju; if 1 — 5 # 1
U Ui 1U; = Uj1UUG4-1 for ¢ € {0, 1, ceey k}

where ¢ — j and ¢ 4+ 1 are understood to be taken modulo &k + 1.

If s;, ..., is a reduced word for an element w € W, we let u(w) =
Wi, ... u;,, . Then U := {u(w) : w € W} is a basis of A, which we will call the
standard basis of A. For a k-bounded partition A € P*) | uy := u(wy) € U.
We let U = {u(w) : w € WY}. We note that w = xy with len(w) =
len(z) + len(y) if and only if u(w) = u(x)u(y).

The affine nilCoxeter algebra has an action on the free abelian group
with basis the k + 1-cores. Let v € C*t1) and then define u;v to be the k+1
core formed by adding all addable boxes of content i if v has at least one
such addable box, and wu;v is 0 otherwise.
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Figure 3: With & = 2, an example of a walk represented by a reduced
word w = $98081S258189. The terminal alcove corresponds to the 3-core
828081828180@ = (4, 2, 2, 1, 1).

Example 1.2. Let £+ 1 =5 and let v be the 5-core (6,4,3,1).

_ 1]

2 2 213

3[4]0 3[4]0]1 3[40

410]1]2 410]1]2 410[1]2]3
vy =011]21314]0] 4, =[0]1]2]3]4]0[1] 43y =[0[1][2[3]4]0]

Then wyv = (7,4,4,1,1),usv = (6,5,3,2) and w;v = 0 for i € {0,2,4}.

Within the affine nilCoxeter algebra, Lam [5] found elements h; for
1 <4 < k which generate a subalgebra isomorphic to the subring of symmet-
ric functions generated by the complete homogenous symmetric functions
hi,..., hg, or equivalently to a commutative polynomial ring in k variables.

Definition 1.3. An element u = u;, u;, - -~ u;,, € U is said to be cyclically

decreasing if each of i1, . . ., i,, are distinct, and whenever j = i5 and j+1 = 1;
then ¢ < s (here j + 1 is taken modulo k + 1). To a strict subset D C
{0,1,...,k}, we let up denote the unique element of U which is cyclically

decreasing and is a product of the generators u,, for m € D.
Lam then defines elements h; := 37,5 _;up € A for i € {0,1,...,k}.

Theorem 1.4 (Lam [5] Proposition 8 and Corollary 14). The h; commute
with one another (i.e. hjh; = hjh;) and h; fori € {1,2,...k} generate a
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subalgebra isomorphic to the ring gemerated by the complete homogeneous
symmetric functions h; for i € {1,2,...k}. The isomorphism identifies h;
and h;.

One can then define the k-Schur functions.

Definition 1.5. Let A € P¥). Then we define sg\k) to be the unique elements

of the subring generated by the h; which satisfy the following rule:

his(f) _ Z S/(Lk); 3((019) -1
I

where u, = yuy and y is a cyclically decreasing word of length .

Remark 1.6. This defining formula for k-Schur functions is called the k-
Pieri rule. It is an analogue of the classical Pieri rule for Schur functions,
and was first used as a definition of the k-Schur functions in the ring of
symmetric functions by Lapointe and Morse in [12].

It is conjecturally equivalent to earlier definitions of the k-Schur func-
tions found in [10] and [11]. The form of the k-Pieri rule we have stated
here in terms of the action of the nil-Coxeter algebra follows Lam [5] and
is equivalent to the k-Pieri rule of Lapointe and Morse by Proposition 27
of [5].

Remark 1.7. We note that by the definition of h; and the action of A that

hic(A) = >_, ¢(n), where the sum is indexed by the same conditions as in
Definition 1.5.

The following is the start of a running example which demonstrates the
formulas presented in this article.
Example 1.8. If the largest hook of A is sufficiently small, the k-Pieri rule
and the usual Pieri rule are the same. In particular, we have that sg\k) = 8)
whenever A = ¢(A).

Let k = 4. For example we have the 4-Schur function indexed by (2,2, 2)
has an expansion in terms of the homogeneous symmetric functions given
by the Jacobi-Trudi formula.

SE;)QQ) = h(229) — 2h(321) + h(33) + h411) — hga).

By definition,
hy = wo + w1 +ug + ug + ug,

hy = wjup + uour + uzug + ugusz + uoua + uou2 + U3 + U3
+ uiug + U2U4,
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h3 = uguiug + usugui + ugusug + uguaus + ULUGU4 + UTUYUZ + UULUL
+ upuzug + uguzu] + ugu2u,

hy = uguzusuy + ugusuzug + uiUpULUZ + UU UYU4 + UIUU Ug-

(4)

(2,2,2) We see with a bit

By substituting each of the h; in the expansion of s
of cancellation that

4
5(9,2,2) = U4UBUOULUIUQ + Ug2uquU3zUU4LUT + USU2ULUIUQUS + U ULULUIUQUL

+ UU3UULU3 U + UULU2ULUYU] + U2UT U U2ULUZ F UYUT U ULULUQ

+ upuu1 U3 ULU4 + UTUYULUTUSU2.

2. Four formulas for k-Schur functions indexed by a
maximal rectangle

The first explicit formulas for expansions of k-Schur functions in the stan-
dard basis of the affine nilCoxeter algebra come from Lam [5], where he gives

the formula stated above for h;, since h; = sgf)).

When A is a hook shape and Ay + len(\) < k, the k-Schur function
sg\k) has an explicit formula in the standard basis of the affine nilCoxeter
algebra [1].

An explicit formula in general would give an explicit solution to the k-
Littlewood Richardson problem of computing the coefficients CK:(k)

o
expansion sg\k)sﬂg) = ZV cf\’(f)sl(,k) (this was first realized by Thomas Lam

in [5], see Remark 4.4 for more details). The primary contribution of this

from the

paper is to give a combinatorial formula for a k-Schur function sg) where R
is a maximal rectangle (a rectangular partition with maximal hook length
exactly k). It is worth noting that there is only a finite amount of work to
determine all of the k-Littlewood Richardson coefficients. This is because
maximal rectangles factor out of k-Schur functions (see Theorem 4.1) and
there are only finitely many partitions (in fact, k!) which do not contain a
maximal rectangle, so one is left with the problem of understanding sf\k) s,(]“)
when A and g contain no maximal rectangle.

In fact, we give four combinatorial formulas for sg) . In this section, we
explicitly state the four formulas.

We fix two integers ¢, > 1 such that r+c¢ = k+1. Let R be the maximal

rectangle (¢, c,...,c) = (") (a rectangle with ¢ columns and r rows).
—_——

r
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2.1. Def. 1: Partitions contained in the rectangle

For a skew shape v/u, let V, /u € W Dbe the reading word in the products of
the generators s; of the contents (mod k + 1) of the rows of v/ starting in
the top row and reading from right to left.

For a maximal rectangle R = (c"), we let R := {v : v C R} and,
in particular, we are interested in the terms V(g ), for v € R. It is well

known that there are (ktl) = (kjl) such terms.

Definition 2.1. Define Xg =) o u(V(g)/m)-

Example 2.2. Let k = 4 and R = (2,2,2) = (23). There are ten parti-
tions contained in R. They are 0, (1), (2), (1,1),(2,1),(1,1,1),(2,2),(2,1,1),
(2,2,1),(2,2,2). These ten partitions are represented by the diagrams

- 0] 0] 0] 0]1
. 1] 1 1[2| [1] 12 12
2 2[3] 2] 2[3]| |2] 2[3] [2]3] [2]s3 2|3
3|a 3]a 3[a] [3]a] [3]a (4] [3]a 4] 4
afo| [a]o] [a]o 0] 0 . 0
ofs] M1 HT ; 1]

The element V(g ./, is a reading of the cells in white by placing the cells of
the partition v on top of the rectangle R and then reading the rows of the
resulting shape (R, v)/v. This defines the following words,

Vigs) = 548350845150 Vi2s,1)/(1) = $25453508451

Vi21)/(2) = 835254835084 Vi28,1,1)/(1,1) = 515254538051

Vs, 1)/(2,1) = $15352548350 Vi2s,13)/(13) = S0S152848051

Vi25)/(2,2) = 25183525453 Vi24,1,1)/(2,1,1) = S05153525450

Vi2s,1)/(2,2,1) = 505281835284 V/(26)/(23) = 518052518352
Therefore,

X(2,2,2) = U4U3UQUAUTUQ + UUAUZUOUAUT + UZU2ULUZUOUA F U ULUAUZUOUT
+ u1uUzU2U4LU3UY + UPUIU2ULUQUL + URUTU3U2ULUS
+ UpULU3ULULUY + UQUULUIULU4 + U UQU2UL UIU2.

(4)

(2,2,2) from Example 1.8.

This is equal to s
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2.2. Def. 2: Pseudo-translations in the alcove picture

Let
(2) F:{(al,...,akﬂ)EV:aiE{O,l},Zai:c}
and let
Ac=(1,1,...,1,0,0,...,0) € T.
—— ——
c k+1—c

Definition 2.3. Let n be a weight. We say y € W is a pseudo-translation
of A, in direction n if Ay, = Ay + 1.

Remark 2.4. If o = (ai,...,a,4+1) satisfies >, a;, = 0 and a; € Z then «
is an element of the root lattice. The affine Weyl group is the semi direct
product of the finite Weyl group and translations by the root lattice (see
for instance [2]). For a an element of the root lattice we use t, to denote a
translation by —« (i.e. toov = v—a for all v € V). It is also the case that t,
is a pseudo-translation of Ay in direction « since A;, =t 10 Ay = Ay + a.
However, it is not the case that ¢, acts as a pseudo-translation on all alcoves
in the same direction. In other words, t, is a pseudo-translation of A, in
direction g (i.e. Ay = Ay + B) for some weight 8 depending on w and a.
This is stated precisely in Lemma 3.3.

Remark 2.5. Throughout the paper we will determine if y is a pseudo-
translation of A, in direction 7 by taking the centroid G, of A,, (the average
of the vertices of A,) and checking whether w1ty ~two Gy, = Gy, +n. Since
1 is a weight, A, + 1 is an alcove, so it suffices to check what happens to
the centroid. Letting G be the centroid of Ay, we can see the equivalence of
the two notions because the centroid Gy, of A, is w™" oGy and the centroid
of Ay, is wly o Gy = wly lww ™ o Gy = wly w0 Gy,

The vertices of the fundamental alcove are 0 and

Ai=(1,1,...,1,0,0,...,0) forie{0,1,...,k}.

i k+1—:

The centroid of the fundamental alcove is the average of the vertices and
has coordinates

1 kook—1 1
3) G@_k—ﬂzi:m_<k+1’k+1""’k+1’0>‘
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For a weight v (in particular for v € I'), we let z, denote the pseudo-
translation of the fundamental alcove Ay in direction . Note that when
2y acts on other alcoves it also acts as a pseudo-translation, but perhaps
not in the same direction as when it acts on the fundamental alcove (see
Lemma 3.3). Note that ¢, is equal to z, for « an element of the root lattice.

Example 2.6. Let k = 2and R = (1,1). Then I" = {(1, 0, 0), (0, 1,0), (0,0,1)}.
The element z(1 ) = s250 because (s250) ! o Ag = Ay + (1,0,0). Similarly,
2(0,1,0) = Sos1 and z(g,0,1) = S152. In the figure below the arrows represent
the action of z, when they act on two alcoves Ay and A, s,. Notice that
the sum over all the pseudo-translations z, for v € I' has the same effect on
all alcoves. The element z(; o) by definition is a pseudo-translation of Ay
in the direction of (1,0, 0), but (1) is also a pseudo-translation of As,s, s,
in the direction of (0,1,0) (see Lemma 3.3).

Definition 2.7. Define Y = 3. . u(z4).

Remark 2.8. Stated in these terms, the formula Y5 and results in Section 4
can be viewed as a strengthening of Lam’s formula in Proposition 4.5 of [7].
His formula is valid for roots and translations while our results in Section 4
show that analogous statements hold for weights and pseudo-translations.

Example 2.9. Continuing Example 2.2 from above, we show here that
2(0,0,0,1,1) = S25153525483. By Remark 2.5, it is enough to show that

(828183828483)_1 oGy =Gy+ (0,0,0,1, 1).
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Therefore 528183525483 = 2(0’0707171).
Similarly,

548350545150 = 2(1,1,0,0,0), S05153525450 = 2(1,0,1,0,0)»
505152545051 = 2(0,1,1,0,0)>

5183528483580 — 2(1’070,170), 8152848350581 — Z(O,l,O,l,O)a
515052518352 = %(0,0,1,1,0)»

838284838084 = 2(1,0,0,0,1)> $25483505481 = 2(0,1,0,0,1)»

505251535284 = 2(0,0,1,0,1)-

4)

We compare this calculation with Example 1.8 and find that SEQ 99) =

X222 = Y222
2.3. Def. 3: Choosing columns
For A a subset of {0,1,2,...,k} of size ¢, and r + ¢ = k 4+ 1, we set

VA = UAUALIUAL2 "  UA4r—1

where A+d={i+d:ie A}.

We can represent this graphically by imagining a cylinder with r rows
of k + 1 cells as appears in the diagram below. The top row of this cylinder
has boxes which are labeled with {0,1,2,...,k} and each subsequent row
has the labels increased by 1 just below.
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)

NS _
1 K ol112 }
o1 2]3 4
0 1 T 5
$ 213 4
N - |
32 M r |+ 92

Figure 4: A cylinder divided into r rows of k + 1 cells.

From this cylinder we will choose ¢ columns in all possible ways. For each
choice of columns we read the rows starting with the top row. A reading of
the row will begin at one of the non-chosen columns and proceed clockwise
with the top of the cylinder as the point of reference (or from right to left
as the face of cylinder is laid flat). The entries in selected columns are part
of the word, the others are not.

Definition 2.10. Define Zp = ZAG([k+1]) VA.
Example 2.11. Fix k£ = 4 and again let R = (2,2,2). For each subset of

size 2 from {0,1,2,3,4} we fix a 3 x 5 rectangle that we imagine lies on a
cylinder.

2[3]a 3[4 1]2
3(4(0 4(0 2|3
ARE 0[1 3[a

o[z]2]3]4| [o]x]2]3 0[1

1[2]3[a]o]| [1]2]3]4 1[2

2|3]afo]1]| [2]3]4a]0 2|3

The reading words for these pictures are (respectively) given by the following
elements.

17{0,1} = U1UoU2UIU3U2 17{0,2} = U2UpU3UIU4LU2 17{0,3} = U3UpU4UIUOU2
U004} = UOUAUIUQUUY  Uf1 2} = UUIUZUULUS
U(1,3) = U3UIU4UUOU3 Dy 4) = U4UIUQULUIUZ D3} = U3U2ULUIUOUS

U(2,4) = U4UUQUIUIUAV(3 4} = ULUIUOULU] UQ
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This calculation can again be compared with Example 1.8 and we observe

that sEQ)Q 2) = = X(222) = Y2,2.2) = Z(2,2,2)-

2.4. Def. 4: Windows

The affine symmetric group W can also be thought of (see [2]) as the group
of bijections w on Z for which

L wi+k+1)=w()+k+1forallicZ;
2. Y w() = (°57).

The bijections corresponding to the generators s; are given by

j+1 ifj=14;
s()=4 j-1 ifj=i+1
j otherwise.

To describe the bijection, it is enough to understand what w does to
{1,...,k + 1}. So we identify win(w) = [w(1),w(2),...,w(k + 1)]. This
notation is analogous to one line notation in the symmetric group and is
called window notation.

For a c element subset B of {1,...,k+ 1}, we let jp denote the element
of W with window

win(jp) = [1 — r01eB + cd1¢B,2 — rd2ep + cdogn, . - -,

k+1—70441eB + Ot1)gBl-
Definition 2.12. Define Wr = ZBE([’””) u(jp)-

Example 2.13. Continuing our comparable running example with k& = 4,
r=3and c =2,

(5) =t 0o pan g e 2 250, 6.4
{3,5},{4,5}}.
The windows for these elements are given by

win(j o) =[1-3,2-3,3+2,4+2,5+2] = [-2,-1,5,6,7]
win(jg) = [1—3,24+2,3 - 3,4+2,5+ 2] = [~2,4,0,6,7]
win(jp ) =[1-3,2+2,3+2,4—4,5+2] = [-2,4,5,1,7]
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win(ji ) =[1—-3,2+2,3+2,442,5 - 3] =[-2,4,5,6,2]
win(jos) =[142,2-3,3-3,4+2,5+2] =[3,-1,0,6,7]
win(joa) =[1+2,2-3,3+2,4-3,5+2]=[3,-1,5,1,7]
win(jias) = [1+2,2—-3,3+2,442,5—-3] = [3,-1,5,6,2]
win(jiz ) = [142,242,3-3,4—3,5+2] = [3,4,0,1,7]
win(jizs) = [142,242,3 - 3,44 2,5 — 3] = [3,4,0,6,2]
win(jru5) = [14+2,24+2,3+2,4-3,5-3] =[3,4,5,1,2].

We can check that
S25183528483(1) = 3, 525153525453(2) = 4, s25153525453(3) = 5,
$98183525483(4) = 1, $25153528453(5) = 2.
Therefore win(jg4 1) = win(s2s153528483) = [3,4,5, 1, 2]. Similarly:
J{1,2} = 545350545150, J{1,3} = S05153525450, J{2,3} = 505152545051,

J{1,4) = 518352845380, J{24} = 515254535051, J{34} = 515052515352,
J{1,5) = $35254838084, J{2,5) = 28453505481, J{3,5) = S05251835254.

Again comparing this calculation with Example 1.8 we see that sB =

(2,2,2) —
X222 = Y222 = Z222) = Wi22,2)-
3. Equivalence of definitions
3.1. Equivalence of def. 1 and def. 2
We start by defining a new action of W on V:
six(a,...,apr1) = (a1, .., Q41,04 ... ,ap11) fori#0

so * (a1, ... 7ak:+1) = (ag41,02,...,a5,a1)

This action is connected with the ¢ action in the following way.
Lemma 3.1. Let w € W. Then wo (a+b) =woa+wxb.

Remark 3.2. From the definition of x and that of I (equation (2)), we see
that wxI' =T for w € W.

We have already defined z, € W to be the element of the Weyl group
which acts on the fundamental alcove as a pseudo-translation by v € I
The next lemma shows that z, is a pseudo-translation on all alcoves, but in
different directions.
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Lemma 3.3. For w € W and a weight v, z, is a pseudo-translation of A,
by w * .

Proof. Let Gy, be the centroid of A,. Then w™! o Gy = G,,. We compute:

(wilzglw) oGy = (wilzglw)uf1 oGy =w"z"oGy=w""o(Gy+7)
—w oGy +w  xy =Gy +wxy.
By Remark 2.5, the statement follows. O

Definition 3.4. Forw e W, w=s;, --- s;,, we let wm) = Sii4m " Sip+m-

Lemma 3.5. Forxz,y €¢ W, if A, = Ay +n for some weight n, then for any
word w € W, Ay = Awy + 1 where m = L(n).

Proof. Tt is enough to show this when w = s; is a single generator (if w is of
longer length, then repeated application of the single generator case yields
the result). The vertex with label ¢ will change when we pass from A, to
As,y; all others are fixed. Suppose that 3 € A, and s; o 3 € Ay, are the
vertices of A, and Aj,, (respectively) of label . It is enough to show that
Sitr(n) © (B+n) = (si0B) +n.

However L(B + n) = i + L(n). Therefore the vertices 8 when acted on
by s; and § + n when acted on by s;, 1, are reflected across parallel affine
hyperplanes, which implies that s; 1, ¢ (8 +n1) = (s; ¢ 8) +n. O

Definition 3.6. Let W, denote the subgroup of W without generator s, let
W denote the subgroup without sy and s, and let Wg denote the minimal
length coset representatives of W./W, .

Lemma 3.7. For v € R, Vg, is a pseudo-translation of Ay, by Ac.

Proof. We first show this for v = (). Vi is the longest word in W?. We see
that, for w € W9 we have w € W0 if and only if A, has A, as a vertex (this
is because the fundamental alcove has A, as a vertex, and no s. appearing
in w implies that the vertex with label ¢ in A,, is always A.). The longest
word in WY corresponds to the alcove furthest away from the fundamental
alcove inside the dominant chamber and having A. as a vertex. This is the
alcove Ay + A..

Now let v € R. It is easy to see that Vp/,w, = Vg and V(g,),, =

w? Vi) Also Ay, = Ay, w, = Ag + Ac by the first paragraph. Applying
Lemma 3.5 we then get that Ay, v, = Aw£C>VR/,w = Ay, + Ac, since

L(A.) =c. O
Lemma 3.8. v € R if and only if w, € W).
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Proof. 1t is enough to notice that an r x ¢ rectangle will contain no cell of
content ¢, so a partition v is contained in R if and only if w, has no s,
generator. ]

Theorem 3.9. For R=(c") withr+c=k+1, Xp =Yg.

Proof. It is enough to find a bijection ¢ : R — I such that Vg )/, = 2y()-
Define ¥ (v) := wy, x Ac. The map *A.: W, — I, sending w to wx A, is
onto. The fixed point set of this map, Fiz(xA.) = {w € W, :w*x A. = A},
is exactly W, o. Therefore xAs : W2 — T is a bijection. By Lemma 3.8 v is
also a bijection.
By Lemma 3.7, Ay, ,,w, = Aw, + Ac. Applying w,o to this equation
yields

A\/'(R7V)/U = W, OA\/(R‘U)/VU,V =W, ¢ (Aw,, + AC) = A(z) =+ w, *Ac = A@ + 1,[)(1/)

This shows that V(g )/, is the pseudo-translation of Ay by v (v). Hence
Virw) /v = Zy(w)- =

3.2. Equivalence of def. 1 and def. 3

For a partition v C (¢"), there is a lattice path of length k + 1 consisting of
the edges in the rectangle (¢") which trace the path just above v. Label the
edges of this path by equivalence classes of integers modulo k41, by starting
from —2r 4+ 1 (mod k + 1) in the upper left hand corner and increasing by
1 with each step down or to the right. Let ¢(v) be the set of labels on the
horizontal edges.

Alternatively, set ¢(v) =U;_o{i s vp—j —2r + 147 >0 > v ji1 —2r +
1+ j} with all entries taken (mod k + 1) where we set vp = c and vg = 0
for d > len(v). Note that these entries are also the contents of the cells in
the tops of the columns of (R, v)/v. If we define an element of A by reading
the label i as indexing the element u;, and we read in our standard order,
the result is a word for ug(,) since each of the numbers 0 through k£ appear
exactly once along this path and it is easy to check that if i and ¢4 1 appear
in ¢(v), then i + 1 appears before i.

Example 3.10. Let r = 6 and ¢ = 4 so that k+1 = 6 +4 = 10. Let
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v=1(4,3,2,2,1). The path corresponding to v is labelled as in the diagram
below, starting at —2-r+1 = —11 =9 (mod 10).

Qo
2
3
4|5
6

7
| |8

In this case we find ¢((4, 3,2,2,1))={-10, -8, —5, -3} ={0,2,5,7} (mod 10).

Theorem 3.11. For R = (¢") withr+c=k+1 and v a partition which is
contained in R,

u(Vigu) ) = D).
As a consequence, Xgr = Zg.

Proof. Let 7 = (R,v). For 0 < a < r, consider #(® = (¢"~%, 1) (so that by
definition, V(g )/, = Vo ). We will show that

u(V,;(a)/l,> = u¢(y)+au(VD<a+1>/,j) for0<a<r-—1,

and hence u(Vig,,)/) =u(Vi) = tpu)Ugw)+1 " Upw)tr—1 = Uu-

We note that since ¢(v) is the set of contents of the highest cells of each
of the columns of # = #(9), then ¢(v) + a are the contents of the highest
cells in each of the columns of #(®).

Since the word V-1, is a cyclically decreasing reading of the elements
of p(v) + 7 — 1, we have that w(Vyo-v /) = Ug(r)4r—1-

For 0 < a < r — 1, consider each of the cells p € #(® /p(¢+D) Say that p
has content i (mod k+1). We need to show that if p is not in the highest row
of 7@ then u; commutes with all u; which correspond to cells (of content
) in 741 /v and lie to the the left of u; in (Vi@ ). The u; that lie to the
left of the letter corresponding to p in u(Vjw ) are those that correspond
to cells in (@) /v which are strictly to the left and strictly above p.

Consider a cell in 17(““)/ v that is strictly above and strictly to the left
of p and let j be the content of of this cell. Let x be the content of the cell
in the first column of () / (et We see this on the clipped picture of the
cells of 7(*) where the content increases (mod (k+1)) as we move down and
to the right between the cell with content x and p with content <.
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z |z+1

z+1|z+2

Therefore j is in the interval {x +1,2+2,...,7—2} (mod k + 1). Note that
the Manhattan metric distance from the cell p to the cell at the top of the
first column of 7(®) is less than k + 1. It follows that j differs from i by at
least 2 (mod k + 1) and hence u; commutes with w;.

We conclude that since each of the letters u; commutes with the letters
that are read before u; in u(Vjw ,,) and correspond to cells in 7@+ /y that
it is possible to factor to the left the terms in uy(,)4, and hence u(Vl~,<a>/V) =

u¢(y)+au(vp(a+l)/y). [
3.3. Equivalence of def. 2 and def. 4

The following lemma is stated in Section 8.3 of [2].

Lemma 3.12. Suppose win(w) = [a1,...,ax+1]. Then

win(ws;) = [a1,..., 041,04, ..., ax+1] fori # 0;

win(wsg) = [ags1 — (K + 1), a9,...,a5,a1 + (k+1)] fori=0.

The relationship between windows and centroids is made precise in
Lemma 3.16.

Definition 3.13. If w = s;,8;,...s;,,, thenlet W =s_;,5_4,...5-;,.
Definition 3.14. For a sequence a = (aq,aq,...,a, axt1), let rev(a) =
(ak+17 ag, - ..,0a2, (11).

Remark 3.15. There is a map between weights and windows. For v € V,
there is a unique vector y € RFt! in the equivalence class for v which also
satisfies >, y; = (k;Q) We associate to the vector v the window [v] :=

[y17y27 s 7yk+l]-
Lemma 3.16. For w € W, win(w) = [(k + 1)rev(Gg)].
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Proof. The proof is by induction on the length of w. If len(w) = 0, then
w =1 and [(k+ 1)rev(Gy)] = [(0,1,..., k)] = [1,2,...,k + 1], which is the
window of the identity element.

Now assume that the statement is true for w and we compute the window
corresponding to ws;,

(k4 Drev(Ggg)] =

[(k + Drev(ws; " o Gy)]

[(k + V)rev(s_sw ' o Gy)]

= [sio (k+ 1)rev(Gg) + i0(—k,0,...,0,+k)]

= [sio (w(l),... w(k+1)) 4+ dio(—k,0,...,0,+k)]

= win(ws;)
by induction and Lemma 3.12. O

Lemma 3.17. There is a bijection between

F:{WGV:Z%:c,we{O,l}}

7

and

It = {'y eVv: Z% =7y € {0,1}}

7: T = T such that if v € T, then z, = Zr(y)-

Proof. If v is a partition, let ¥ denote the transpose of v. Let 2t denote the
set of partitions {v' : v € R}.

By Theorem 3.9, there is a bijection ¢ from R to I' which satisfies
V(Rw)/v = Zy(v)- There is also an analogous bijection Yt from R? to I't which
satisfies that Ve ,1) /0 = 2y () for v € R.

Now, let v € . Let v = ¢y~1(). We have that z, = V(R,)/v- Thinking
of v as a (k + 1) core, we can act on it by z,. We obtain z,v = (R + v,v),
where we write R + v for the partition (¢ + vi,...,c+v;).

It follows that 2,v' = (R'+ v!,1!), and thus (reversing the previous
argument) that 2, = Vige o). Thus 2y = 2ye(y-1(y)r). We may therefore
take 7(7) = ¥ (xp~1(y)?); it is clear that this is a bijection. O

Theorem 3.18. For R = (¢") withr +c=k+1, Yp = Whg.

Proof. Let v € T. Let B = {i : rev(r(y)); = 1}. We will show that
win(z,) = win(jp).
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We know that
win(z,) = [(k + 1)rev(Gz)]

by Lemma 3.16. By Lemma 3.17, 2, = Zr(y)s SO
win(z,) = [(k+ 1)rev(Gy + 7(7))] = [(k + Drev(Gy) + (k + 1)rev(r(7))].

By direct computation, (k+ 1)rev(Gp) + (1,1,...,1) = (1,2,...,k+1),
which sums to (k;ﬂ), and [v] = [v+(1,1,...,1)] by the definition of [v]. The
term (k+1)rev(7(y)) has k+1 in the positions indexed by B and 0 elsewhere.
It follows that (k+ 1)rev(7(y))—7r(1,1,...,1) has ¢ in the positions indexed
by B and —r in the other positions, and that this vector sums to zero.
Therefore, win(jp) = win(z,), and we are done. O

4. Proof of main theorem

Maximal rectangles were studied by Lapointe and Morse in [13, Theorem
40] where they showed the following property:

Theorem 4.1. For a k-bounded partition A, if R is a mazximal rectangle
then sg\k)sg) = sg\]ﬂR, where AU R is the partition obtained by combining and

sorting the parts of R and \.
Lemma 4.2. For A € P, sf\k)(@) =c(N).
Proof. By Remark 1.7,

where the sum is over the same set of objects as described in Definition 1.5.
Therefore sg\k)c(u) =3, cl;\’f)c(u). In particular, sg\k)(@) = ¢()), since CK”(@k) =
(5)\7,,. L]
Lemma 4.3. Let u,v € PW®). There is at most one w € W such that
we(p) = e(v).

Proof. If we(p) = w'e(p) = ¢(v), then ww, = w, = w'w,, so w = w'. O

(k)

Remark 4.4 ([5, Proposition 42]). An explicit expression for s,” in terms

of the standard basis of the nil-Coxeter algebra would give a combinato-

rial method of obtaining the k-Littlewood-Richardson coefficients. If sg\k) =

> w Cwt(w) then Lemma 4.2 implies that the coefficient of s(yk) in the prod-

uct sg\k)s,(f) would be ¢, if there exists a w such that we(p) = ¢(v) and zero

otherwise. By Lemma 4.3, there can be at most one such w.



584 Chris Berg et al.

Lemma 4.5 (see for instance [17]). Minimal length expressions of w € W
correspond to alcove walks which do not cross the same affine hyperplane
twice.

Proposition 4.6. If w € WY such that Ay, = Ay + 1 for x € W and for
some weight n, then n € Ay if and only if u(z)u(w)d # 0.

Proof. Let J be the set of reflection hyperplanes which separate A,, from
Ay, and let K be the set of reflection hyperplanes which separate A,, and
Ay The set J consists of the hyperplanes crossed by a reduced alcove walk
from Ay to Ay, while K consists of the hyperplanes crossed by a reduced
alcove walk from w to zw.

Write x, w for reduced expressions for z and w. Then zw corresponds to
an alcove walk from Ay to Ay, passing through A,,. Therefore u(z)u(w) # 0
if and only if this alcove walk is reduced if and only if 7 N K = 0 by
Lemma 4.5.

For a positive root «, we let H, denote the set of reflection hyperplanes
perpendicular to . If we write Hy; = {x : (a,z) = i} then Ho = {Hq; :
i€Z}.

Since w is in the dominant chamber,

T NHe ={Ha,: (a,Gp) <i<(o,Gy)}

Similarly, & N #H, consists of those H,; with i between (o, G,) and
(a, Gy + 7).

If  is dominant, then (co,n) > 0 for all positive roots «, and thus
J NHe and KN H, are disjoint for all o, so J and K are disjoint, and thus
u(r)u(w) = u(zw), and xw € WO, so u(xw)d # 0.

Contrariwise, if 1 is not dominant, then there exists a positive root a,
which we may take to be simple, such that (a,n) < 0. If (o, Gy) > 1, then it
follows that KNH, and J NH, are not disjoint, so u(z)u(w) = 0. If, on the
other hand, 0 < (o, G,) < 1, then Ay, is not dominant, so u(zw)d =0. O

Lemma 4.7. Let w € W°, and let a« € Ay be an element of the root lattice.
Then u(w)u(ty)d # 0.

Proof. u(ty)0 # 0 since @ € A;. Any reduced word for w determines an
alcove walk from A; to A, . This alcove walk is the translate by a of the
corresponding reduced walk from Ay to A,; it therefore crosses no affine
hyperplane more than once. Further, as in the proof of the previous propo-
sition, we see that, for any positive root 3, we have

<67G(Z)> < <67 Gta> < <67tha>a



Expansions of k-Schur functions in affine nilCoxeter algebra 585

from which it follows that no hyperplane perpendicular to (3 is crossed by
both a reduced walk from Gy to G, and a reduced walk from Gy to Gy, .
By Lemma 4.5, u(w)u(ty )0 = u(wty)d # 0. O

Lemma 4.8. For every w € W, there is a A € C**tY such that u(w)\ # 0.

Proof. Let a = 2(A1 + Ag + --- + Ag). Since A; = 23:1 €; we have that
a=ker+(k—2)ea+- -+ (—k)ep11 as an element of V' so we conclude that
« is both a dominant weight and an element of the root lattice. Let t, € W
denote the translation corresponding to « (i.e. tav = v — « for all v € V).
Let w = a2y for x € W° and y € W

The alcove A,-1;, = ! oAy = Ay +a. Since y € Wy, A1 contains
the vertex 0, so A,-1;, has o as a vertex. The dominant weight « is in the
interior of the dominant chamber (i.e. « is not on the wall of the dominant
chamber), so the alcove A,-1;_ is contained in the dominant chamber.

Since Ay-14, is in the dominant chamber, it is associated to a (k+1)-core
A=y 1t,0. We claim that u(w)\ = u(z)u(y)A # 0.

We claim that len(s;ty) < len(t,) for all i # 0. The fundamental weights
A; form a dual basis with the simple roots «; (i.e. (A, oj) = ;). Since Ay,
is a translate of Ay, the wall which separates A;, and Ag,_ is a translate of
the wall which separates Ay and As,. The latter is the wall {v : (v, ;) = 0},
so the former is the wall {v + a : (v,a;) = 0} = {v : (v,a;) = 2} since
(o, ) = 2. The fundamental alcove satisfies 0 < (Ag, ;) < 1, so the wall
in question separates Ay and A;  and hence A, is on the same side of the
hyperplane {v : (v, ;) = 2} as Ay, so len(s;ts) < len(ty).

Let wg be the longest element of Wy. Since wy is characterized as the
element for which len(s;wg) < len(wg) for each 1 < i < k, we have that t, =
woo for some o € WO with len(t,) = len(wg) +len(a). Since len(ytwoo) =
len(woo)—len(y~!) we have that len(t,) = len(wgo) = len(y)+len(y~twoo),
so we know that u(y)u(y~'t,) = u(ts).

By Lemma 4.7, u(x)u(t,)0 # 0 since z € WY and o € A . O

Corollary 4.9. For all A € P*), sg)c()\) = ¢(AUR). Moreover, this uniquely
(k)

determines sy’ : it is the unique element of A with this property.

Proof. From Theorem 4.1 we know that sg)sf\k) = SE\IL)R' Then sg)c(k) =
sg)sg\k)@ = SE\IL)R@ =c¢(AUR).
For the second statement, let s%) = Y wew Cwu(w) and let z =

Y wew dwu(w) be another element of A satisfying xzc(A) = ¢(AU R) for
all A € P®. Then (s%) — 2)c(A) = ¥ e (cw — dw)u(w)e(A). So ¢y = d
for all w by Lemma 4.8. O
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The following lemma follows from the definition of V(g 1),) and the action
of A on C*+1),

Lemma 4.10. If v € R, then v = ¢(v) and u(V(gyp)v = (R+v,v) =
¢(RUV).

Lemma 4.11. For any A € C*tD | Xg\ consists of exactly one term.

Proof. Since Xr = Yr we will instead prove this for Yg.

An arbitrary term in Y looks like u(z,), so we will compute u(z,)A =
u(zy)u(wy)0.

In order to use Proposition 4.6, we calculate the difference between the
alcoves A, , and Ay, .

Ay = (zywn) o Ag = wit o Ay = wit o (Ag+7) = Au, + w3 %7

By Proposition 4.6, u(z,)u(w,)d # 0 if and only if wy' xv € Ay. Since
I'n Aty = {A.}, there is a unique term in Yz which is nonzero; specifically
it is the term u(z, -1, ). O

Theorem 4.12. For a mazimal rectangle R = (") with ¢ + 1 = k + 1,
Sg) = XR.

Proof. We will show that Xp has the defining property of sg) as out-

lined in Corollary 4.9. Let sg) = > ,Ccwu(w) and let Xp = > dyu(w).

Lemma 4.10, implies that Xr and sg) act the same on ¢(v) when v € R:

s¥e(v) = Xpe(v) = c(v UR).

This implies that ¢, = d,, for all w in the support of X by Lemma 4.10,
since every element u(w) of the support of Xp has a v € QR for which

u(w)ce(v) # 0. Therefore the support of Xp is contained in the support of
o)

Now suppose v ¢ R. By Lemma 4.11, Xpc(v) consists of a single term,
let’s say p. But then:

S(Rk)c(y) =¢(vUR) and Xgc(v) = p,

for some core pu. We know the support of Xp is contained in the support
of sg) and that they agree on the support of Xg. Therefore, some term
u(w) of Xp and s%) has u(w)c(v) = p. There cannot be a v # w for which

u(v)e(v) = p by Lemma 4.3, so p must appear in the expansion of s%)c(z/).

Therefore p = ¢(v U R). O
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5. An application

Finally, we use our formula for Sg) to prove a surprising observation about

(k)

Sp which motivated this article.

Theorem 5.1. Let R = (c") be a mazximal rectangle with c+r = k+1, then
sg)u, = U,H_CS%) .

Proof. Let v € I'. We start by computing (s;+cz,s;) "1 © Ay. We let Ag = 0.
Then Ay is the alcove with vertices {A; : j € {0,1,...,k}}. s; 0 Ay is the
alcove with vertices {A; : j # i} and A; — «;. By Lemma 3.3, 2z, is a
pseudo-translation of As, by s; * 7. The vertices of (zys;)~! o Ay are thus
{Aj+sixvy:j# i} and Aj — o; + s; 7. This shares all but one vertex
with the alcove Ay + s; x 7. By Proposition 1.1, (si+czwsi)_1 o Ay shares
all the vertices of the alcove (zys;)~! o Ay except for the vertex with label
¢+ i, which is A; — «; + s; * v (since s; x v has label ¢ while A; — «; has
label 7). Thus it follows that (s;tczys;)™1 o Ag = A + s; x 7. But then
Agi s, = (Sitezysi) Lo Ay = Ag +sixy = A, .ys SO SiyeZySi = Zsay-
Therefore zy8; = 8i4c%s,5v-

Replace each s; by u; in the above expression. We still have equality
because the two expressions have the same length, so either both are reduced
or neither is. Summing over all v shows that sg)ui = ui+csgj). O
Remark 5.2. Let Eé(k) denote the element of CW which has the same

expression as sg), but in the s; generators instead of the w; generators.

(k) (k)

Then we have actually proved in Theorem 5.1 that sg*"/s; = s;1cSr" .
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