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On the connectivity threshold of Achlioptas
processes

MiHYUN KANG* AND KONSTANTINOS PanNacioTou’

In this paper we study the connectivity threshold of Achlioptas
processes. It is well known that the classical Erdés-Rényi random
graph with n vertices becomes connected whp (with high proba-
bility, i.e., with probability tending to one as n — 0o) when the
number of edges is asymptotically %nlog n. Our first result asserts
that the connectivity threshold of the well-studied Bohman-Frieze
process, which is known to delay the phase transition, coincides
asymptotically with that of the Erdés-Rényi random graph. More-
over, we describe an Achlioptas process that pushes backward the
threshold for being connected (only inlogn edges, i.e., asymptot-
ically half of what is required in the Erd&s-Rényi process, are suf-
ficient), but which simultaneously retains the property of delaying
the phase transition.
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1. Introduction

In the classical and well-studied Erdés-Rényi random graph process we begin
with a graph that contains n isolated vertices and add edges randomly one
at a time. We denote this process with ER = (ER,,(t))¢>0 for short, where
ER,.(t) is the graph that is obtained after having added ¢ random edges.
Suppose that t is parametrized as Tn, where 7 > 0. A major discovery of
Erdés and Rényi in their seminal paper [5] was the identification of a phase
transition with respect to the component structure: with probability tending
to one as n — oo (with high probability, whp for short), if 7 > 1/2, there is a
unique component that contains linearly in n many vertices, called the giant
component, while if 7 < 1/2, every component contains O(logn) vertices.
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The value 7gg = 1/2 is called the critical point of the phase transition in
the ER process.

Since the seminal work of Erdés and Rényi, many different modifications
of the ER process have been proposed. Aiming at studying processes that
exhibit different characteristics, Dimitris Achlioptas suggested exploiting the
principle of many choices. A (generic) Achlioptas process starts with a graph
on n vertices and no edges. In each subsequent step two potential edges are
drawn uniformly at random, and one of them is selected according to a given
rule and added to the graph. An important question that initiated a series
of studies was whether there is a rule that shifts the position of the phase
transition or, more generally, that substantially changes the distribution
of the component sizes. For example, Bohman and Frieze [1] considered
the following rule, which is now known as the Bohman-Frieze process or
the BF process for short: add the first edge if it joins two vertices that
are isolated in the current graph, and otherwise add the second edge. They
showed that their rule indeed delays the appearance of the giant component,
that is, the critical point 7gr of the phase transition in the BF process
is strictly larger than 1/2. Spencer and Wormald [10] and Bohman and
Kravitz [2] proved that the critical point 7g¢ can be expressed as the blow-
up point of a function that describes the susceptibility, i.e., the average size
of the component containing a randomly chosen vertex. The finer behaviour
of the phase transition of the BF process was investigated by Janson and
Spencer [7]. The phase transition of many other Achlioptas processes was
studied in [10] and in more generality by Riordan and Warnke [9].

In this paper we study several Achlioptas processes after the phase tran-
sition, in particular, we consider the property of being connected. For the
ER process the threshold for being connected is when the number of edges
is around Snlogn (see e.g. [3, 6]), which is the same as the threshold of
the (non-)existence of isolated vertices. Our main interest is in studying
the effect of specific rules to the connectivity transition of the underlying
random graph process. We show that for the BF process, see Theorem 4.2,
the threshold for being connected coincides asymptotically with that of the
ER process, the reason being surprisingly that whp the number of isolated
vertices in the BF process is asymptotically the same as that in the ER
process.

In Section 3 we introduce a second process that is a simple modification
of the BF process: it starts with a graph with n vertices and no edge, in
each step two potential edges are chosen uniformly at random, and the first
edge is added to the graph only if at least one of its endvertices is isolated.
We call this the KP process. We show that the KP process exhibits two at
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first sight contradictory characteristics: while, similarly to the BF process,
it delays the phase transition (see Theorem 3.1), it simultaneously needs
whp asymptotically only half as many edges to create a connected graph
(see Theorem 3.2). In other words, the KP process pushes backward the
threshold for being connected, while it pushes forward the critical point of
the phase transition.

2. Preliminaries
2.1. The Erdds-Rényi process

For technical convenience we alter slightly the definition of the classical
Erdds-Rényi random graph process (ERy,(t))¢>0. The graph ER,,(0) contains
n vertices and no edges. We obtain ER,,(t) by adding an edge that contains
two uniformly random vertices to ER,,(t —1). Note that ER, () may contain
loops and multiple edges; we allow this here and in the rest of the paper,
and the asymptotic results are not affected by this modification.

It is well known that the Erdés-Rényi process exhibits a phase transition
at time t ~ n/2, see e.g. [3, 6].

Theorem 2.1. The following statements are true whp.

o Ift < (1 —¢e)n/2, then all components of ER,(t) contain O(logn)
vertices.

o Ift> (1 + e)n/2, then ER,(t) contains a component with Q(n) ver-
tices.

The property of being connected is also well studied. The following result
states that at ¢ = (1/2+0(1))n log n the graph becomes whp connected [3, 6].

Theorem 2.2. Let ¢ > 0 and set to(n) = inlogn. Then

1—o(1), ift>(1+e)to(n),

Pr[ER,(t) is connected] = {0(1)7 if t < (1 —¢)to(n).

We say that a property of graphs Q is convex, if A C B C C and
A,C € Qimply B € Q. In our proofs it will be convenient to switch between
ER,(t) and the classical random graph G, ,, where each edge is included
independently with probability p. The following statement allows us to do
so for convex properties.

Proposition 2.3 ([6]). Let Q be a convex property of graphs with n vertices.
Let p = t/(3). If Pr[Gnyp € Q] = 1 — o(1), then also Pr[ER,(t) € Q] =
1—o(1).
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3. The KP process

We consider the following random graph process KP,, = (KP,(t))¢>0. The
graph KP,(0) contains n vertices and no edges. In each time step ¢, two
random edges e;(t) and ex(t) (where, as in the ER process, the endpoints
of those edges are selected uniformly at random) are presented. If e;(t)
contains an isolated vertex, then KP,(¢) = KP, (¢t — 1) U {e1(t)}. Otherwise
KP,(t) = KPy(t — 1) U{ea(t)}. In Section 3.1 we show the following result
regarding the phase transition of the KP process.

Theorem 3.1. There exists a constant 7. > 1/2 such that for any e > 0 the
following statements are true whp.

o Ift < (1 —¢e)ren, then all components of KP,(t) contain O(logn)
vertices.
o Ift > (14 ¢)7en, then KPy(t) contains a component with Q(n) vertices.

If we compare this statement to the behaviour of the classical random
graph process, c.f. Theorem 2.1, we see that the emergence of the giant
connected component is delayed. However, our next result shows that the
property of being connected is accelerated in KP,,(t). The proof can be found
in Section 3.2.

Theorem 3.2. Let ¢ > 0 and set to(n) = tnlogn. Then whp

Pr[KP,,(t) is connected] = 1—o(1), ift>(1+e)to(n),
n 0(1), ift < (1 — 5)t0(n)_

3.1. Proof of Theorem 3.1

Spencer and Wormald [10] studied a wide class of Achlioptas processes de-
fined by so-called bounded-size rules. Let K be a fixed constant. A bounded-
size Achlioptas process A,, = (A (t))¢>0 starts with a graph with vertex set
[n] :={1,...,n} and no edges. In each subsequent time step ¢ the endpoints
vy, w1, v2, ws of two edges e1(t) = {v1, w1} and ex(t) = {va,we} are cho-
sen uniformly and independently at random from [n]. Then, exactly one of
these two edges is included in the resulting graph, where the choice depends
only on the sizes of the components containing vy, w1, v2, ws, and all compo-
nents of size larger than K are treated the same. The Erdés-Rényi process
is when K = 0, while the KP process and the BF process are examples of
bounded-size Achlioptas processes with K = 1.
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The main topic of study in [10] is the phase transition in bounded-size
Achlioptas processes. The analysis reveals that the crucial parameter is the
so-called susceptibility, which is defined as the expected number of vertices
in the component containing a randomly chosen vertex. In particular, if we
denote by C(v) the size of the component containing the vertex v, and if
C1,Cy, ..., Cy denote the sizes of the components of a graph G, then it is
straightforward to establish that the susceptibility S(G) is given by

¢

S(G) = % S Cv) = %ZQ‘Z-

vE[n] i=1

Spencer and Wormald proved the following results (this is a simplified ver-
sion of Theorem 1.1 in [10]).

Theorem 3.3. Let A,, be a bounded-size Achlioptas process. Then there exist
a constant 7. > 0 and functions (1) and s(7) such that for any ¢ > 0 the
following is true whp.

(1) The function x(r) € (0,1) for all T > 0. For any 7 > 0, let X(mn
denote the proportion of isolated vertices in An(tn). Then X(rn) =
x(7) + o(1).

(2) The function s(7) is defined for all T € [0,7.) and lim__,_— s(T) =
For any 0 < 7 < 7., let S(tn) denote the susceptibility of Ay (T )
Then S(tn) = s(1) + o(1).

(3) For allt < (1 — &)7en, all components of Ay (t) contain O(logn) ver-
tices, while for all t > (1 + €)1.n, A,(t) contains a component with
Q(n) vertices.

To deduce Theorem 3.1 from Theorem 3.3, it suffices to show that
Te > 1/2 for the KP process. Theorem 3.3 (2) implies that there exists a
deterministic function s(7) such that whp the susceptibility S(¢) of KP,(t)
is concentrated around s(7). Following the general principles of the differen-
tial equations method, see [10], one can show that s(7) for the KP process
is the solution of the differential equation

(1) s'(1) = 2(1 = (1 = 2(7))*)s(7) +2(1 — 2(7))*s(7)?

with the initial condition s(0) = 1. Since all the work was done in [10] here
we sketch only the rough ideas of how to derive (1) by studying the average
evolution of S(t) for the KP process by adding a single edge. First of all, let us
suppose that the first edge e (t+1) = {v1, w1} contains an isolated vertex in
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KP,(t), i.e., at least one of vy, w; is isolated. This happens with probability
1—(1—X(t))?. In this case, two components of sizes C(v1), C(wy) of KP,(t)
are merged to form a new component of size C'(v1) + C(w1) in KP, (¢t + 1).
Therefore, unless v1 and w; are contained in the same component, we have

S(t+1)=5(t) = = ((C(v1) + C(wn))? = Cv1)* = C(wn)?) = % C(v1)C(wy).

SRS

Since at least one of C(v1) and C(wy), say C(v1), is, by assumption, equal
to one and C(wy) is equal to C; (including the possibility of C; being equal
to one) with probability % for any 1 < i < ¢, we have in this case S(t +
1) S() = 25,65 = 25(t)/n.

On the other hand, given KP,, (), if both v1,w; are not isolated, which
happens with probability (1 — X (¢))?, then two components of sizes C(vs),
C(w2) of KPy,(t) are merged to form a new component of size C'(v2) 4+ C(w2)
in KP,,(t 4+ 1). Thus, unless again vy and ws belong to the same component,
S(t+1)—S(t) = 2C(v2)C(w2)/n. We note further that C(ve) = C; with
probability C;/n and C(wz) = C; with probability C;/n for any 1 < ,j < .
Thus S(t+1) — S(t) = 232, CiC; S S = 28(t)% /n.

Putting all together, we arrive at the bound

E[S(t+ 1)=S(t) | KP,(t)]
— (- (- X)) 28() + (1 - X(1)?28(1)? + o(n~Y),

n n

where the o(n~!) term accounts for the event that two of the vertices
vy, w1, V2, ws are in the same component of KP,,(¢). This already looks quite
similar to (1), and the analysis in [10] makes this heuristic derivation rigor-
ous, i.e., Theorem 3.3 (2) follows.

In order to prove 7. > 1/2 for the KP process, we observe from Theo-
rem 3.3 (2) that lim__,_- s(7) = oo, and so it is enough to show that s(1/2)
is finite. To this end, we shall use some properties of s(7) that are specific
to the KP process. Observe that s(7) > 1 and that s(7) is increasing, so we
can take 79 such that s(79/2) = 3/2. Then for all 7 > 79/2, using (1)

s(r)<201-(1- x(T))2)§S(T)2 +2(1 = 2(r))*s(r)?

<2
< 2(1—x(7)/3)s(1)? [since 0 < z(7) < 1].

Let #(1/2)/3 = 6. Then 0 < 6 < 1 and for all 79/2 < 7 < 1/2, since z(7) is
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decreasing, we have
s'(1) < 2(1 —0)s(7)2.

From this, together with the boundary condition s(79/2) = 3/2, it follows
that for all 79/2 <7 <1/2,

1

Ry s ey

and in particular,

1
® S VE S () [y

Moreover, from (1) and the fact s(7) > 1 we have that s'(7) < 2s(7)2. This,
together with the initial condition that s(0) = 1 implies that s(7) < .
As a consequence, we have 3/2 = s(19/2) < 1/(1 —79) and so, from (2)
s(1/2) < 3/26 < o0, as desired.

3.2. Proof of Theorem 3.2

We call a random graph process (A,(t)):>0 a k-edge process if A,(t + 1)
is obtained by adding at most one out of k£ random edges to A, (t). With
this notation, ER,(t) is a 1-edge process, and BF,(¢) and KP,(t) are 2-edge
processes. We start with a simple lower bound for the connectivity threshold
of A, ().

Lemma 3.4. Let ¢ > 0 and let (A,(t))i>0 be a k-edge process. If t < (1 —
e)gznlogn, then whp A, (t) is disconnected.

Proof. Let Gy be the graph where all kt < (1 — E)%nlogn edges are added.
Then, certainly A, (t) C G¢, implying that A, (¢) is disconnected whenever G,
is. Since Gy is distributed like ER, (kt), by applying Theorem 2.2 the con-
clusion of the lemma follows. OJ

Note that this lemma (with k£ = 2) immediately implies the lower bound
for tg in Theorem 3.2. The rest of this section is devoted to the proof of the
upper bound for ty. Note that it is enough to show that if ¢t > (1+4¢) %n log n,
whp KP,,(¢) contains no components of size 1, ..., |n/2]|. We shall first show
that for ¢ > 0, if ¢ > (1/4 + e)nlogn, then whp KP,(¢) has no isolated
vertices. To this end, we compute an upper bound for the expected number
of isolated vertices in KP,,(t).
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Lemma 3.5. Let 0 < § < 1/2. Let X,,(t) = X (t) denote the proportion of
isolated vertices in KPy,(t). Then, there exists a constant C = C(§) > 0 such
that for sufficiently large n

E[X(t)] < Ce~ =20t/

Proof. Let us begin with computing some elementary probabilities. From
the definition of the process it follows that

Prle1(t + 1) contains two isolated vertices | KP,(t)] = X (¢)(X (t) — 1/n).

Moreover, conditional on the event that e;(t + 1) contains two isolated ver-
tices we have that n(X(¢t+1) — X (¢)) = —2. Another circumstance that de-
creases the number of isolated vertices in KP,,(¢41) is the event that e; (t+1)
connects an isolated vertex to a larger component in KP,,(¢). The probability
for this event is

Prle;(t + 1) contains one isolated vertex | KP,(t)] = 2X (¢)(1 — X (t)).

Note that in this case we have that n(X (¢t + 1) — X (t)) = —1. Finally, the
probability of the remaining events is

Prle;(t 4 1) contains no isolated vertex | KP,(t)] = (1 — X (t))2.

If e;(t + 1) contains no isolated vertex, then a random edge is added to
KP,(t). So, in this case n(X (¢t + 1) — X(¢)) equals the number of distinct
endpoints of a random edge that are isolated vertices. By putting everything
together we infer that

nE[X(t+1)— X(t) | KP,(t)]
= = 2X(1)(X(t) = 1/n) = 2X(1)(1 = X (1)) — 2X (£)(1 = X (1))?
=—(4—2/n)X(t) +4X(t)* — 2X (t)*.

With this relation in mind it can be shown that whp
X(lmn]) = z() + o(1),
for any 7 € [0, 00), where z is the unique solution of the differential equation

o = —dx + 42® — 223, z(0) = 1.
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This task was performed in [10], and this is the function = in Theorem 3.3
(1). Since X (t) < 1, note that we also have

E[X(|mn])] = z(1) + o(1).

Let 75 be the solution to x(7) = d. Since X is non-increasing, we infer that
for any t > 75n and sufficiently large n

nE[X({t+1)—X(t) | KPy(t)] = — (4 —2/n) X (t) + 4X (t)* — 2X(¢)3

) < — (4—58)X(t).

So, for all such t we get the bound

4—56
n

E[X(t+1) | KP,(t)] < <1 — > X(t) < e”(=99/nx (1),

which implies that
E[X(t +75n)] < e WP E X (|75n))] = e U207 (5 + o(1)).

The claim of the lemma then follows by replacing ¢ with ¢ — 7yn in the
previous calculation, and choosing, say, C' = 25¢e*7™. O

By applying the previous lemma with ¢ = (1 + 6)%nlogn and 0 = 2¢/5
we infer that E [X (¢)] = o(n~!), and Markov’s inequality implies that KP,, ()
contains whp no isolated vertices. In order to complete the proof of Theo-
rem 3.2, we show next that whp KP,,(¢) contains no component of size s =

2,...,|n/2).

Lemma 3.6. Lete > 0 and setty = (1+¢)3nlogn. Then, KPy,(ty) contains
whp no components with a number of vertices in [2, |n/2]].

Proof. Let us construct an auxiliary graph sequence G, (t) as follows. The
graph G, (0) contains n vertices and no edges. Moreover, set

Gp(t)U{ea(t+1)}, ifei(t+1) contains no isolated
Gp(t+1) = vertex of KP,,(t),
G, (t), otherwise.

In words, Gy, (t) contains all edges in KP,,(¢) that were included in a time step
where the first edge contained no isolated vertex, i.e., it contains random
edges. Since G, (t) C KP,(¢), it is sufficient to show that whp there are no
components of size s € [2, [n/2]] in G, (t).
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Note that G, (¢) is distributed like ER,, ('), where t' =t — Z, and Z is the
number of edges in KP,,(t) that were not included in G, (¢). But 0 < Z < n,
since every such edge eliminates at least one isolated vertex. So, there is a
coupling guaranteeing that

ER,(t —n) C G, (t) C ER,(L).

We will argue that ER,(t*), where t* = (1 +¢/2)inlogn < t; —n for
sufficiently large n, contains whp no components with a number of vertices
in [2,|n/2]], thus completing the proof. Actually, this property of ER,, is
well known — see e.g. page 104 in [6] — but we are unaware of any explicit
proof in the literature. We include one here for completeness.

Note that the property of containing no component of size s € [2,|n/2]]
is convex. Thus, by applying Proposition 2.3, we may perform all our calcu-
lations in the G, , model of random graphs, where p = t*/ (Z) = %.
The expected number of components of size s in G, ;, is at most

W (n> s p T (1 —p)

S

Indeed, the binomial coefficient accounts for the number of choices of the
vertices in a component of size s. The term s°~2, by Cayley’s formula [4], is
the number of ways to choose a (spanning) tree on the set of selected vertices.
Finally, p*~! is the probability that the edges of the tree are included in G, ,
and (1 — p)s(”_s) is the probability that no edge exists between the selected
vertices and the rest of the graph.

Using the facts () < n®/s!and s! > (s/e)® and the inequality 1—z < e™*
we infer that there exists a constant ¢ > 0 (independent of n) such that (4)
is at most

ps=n (C]Og n)s n—s(1+8/2)(1—s/n)/2.

Note that po, ps,ps are all o(1). Moreover, for 5 < s < |n/2] it can easily
be verified that ps = o(n!). Thus, the expected number of components of
size s € [2, |n/2]] in G, is o(1), and the proof is completed. O

4. The BF process

In this section we consider the following random graph process (BF,,(t)):>0,
which was described by Bohman and Frieze [1]. The initial graph BF,(0)
contains n vertices and no edges. In each time step ¢, two uniform random
edges e1(t) and es(t) (where, as in the ER process, the endpoints of those
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edges are selected uniformly at random) are presented. If e (t) contains two
isolated vertices in BF,,(¢t —1), then BF,,(¢) = BF,(t—1)U{ei(¢)}. Otherwise
BF,(t) = BF,(t — 1) U {ea(t)}.

The details of the phase transition in the Bohman-Frieze process were
studied in several papers, see e.g. [1, 2, 10]. In particular, it was shown that
this rule delays the emergence of the giant component.

Theorem 4.1. There exists a constant 1. > 1/2 such that for any ¢ > 0 the
following statements are true whp.

o Ift < (1 — &)1en, then all components of BF,(t) contain O(logn)
vertices.
o [ft > (1+¢e)71en, then BF,(t) contains a component with Q(n) vertices.

The main result in this section demonstrates that whp the time of the
connectivity transition in the Bohman-Frieze process coincides asymptoti-
cally with the time of that in the Erdos-Rényi process.

Theorem 4.2. Let ¢ > 0 and set to(n) = inlogn. Then whp

1—o0(1), ift>(1+e)to(n),

Pr[BF,.(t) is connected] = {0(1)’ if t < (1 —¢)to(n).

By Theorem 4.1, the following lemma implies the upper bound of ¢y in
Theorem 4.2.

Lemma 4.3. Let ¢ > 0 and set ty = (1 + e)inlogn. Then, BF,(t1)
contains whp no components with a number of vertices in [1,|n/2]].

Proof. First we prove that BF,(t;) contains whp no isolated vertices, by
following the lines of the proof of Lemma 3.5. Here, (3) is replaced by

nE[X(t+1) — X(t) | BFa(t)] = —2X(£)(X(t) — 1/n) — 2(1 — X (£)})X ()
< —(2-50)X(t),

where the first term after the equality accounts for the case that the end-
points of e;(t + 1) are distinct isolated vertices, and the second term ac-
counts for the event that es(t + 1) is added to BF,(t). It follows that
for any 0 < § < 1/2 there exits a constant C/ = C’(6) > 0 such that
E[X(t)] < C" e 257 for sufficiently large n. Markov’s inequality then
implies what is desired.

To prove the rest, i.e., BF,(t;) contains whp no components with a
number of vertices in [2, [n/2|], we follow the lines of the proof of Lemma 3.6,
where t* is replaced by (14 ¢/2)3nlogn. O
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The lower bound of ¢y in Theorem 4.2 is an immediate consequence of
the following lemma.

Lemma 4.4. Let 0 < e < 1 and set t_ = (1 —e)inlogn. Then BF,(t_)
contains whp at least one isolated vertex.

Proof. Let 0 < 6 < € and let t* = t*(d) be the smallest ¢ such that BF,(¢)
has less than n!=% + 2 isolated vertices. We will split up the rounds t > t*
in chunks of length n. In particular, the jth chunk contains all rounds t; <
t <tjp1 with t; =t*+jnand 0 < j < (1 —¢)logn/2. Let £ be the event
that X(t;) > (e72 — 1/log?n)’n=°. Then by assumption Pr[&)] = 1 (and
X(to) <n~% +2/n). We will show that

Pr€ji1 | €] > 1 - o(1/logn)

uniformly for all 0 < j < (1 —¢)logn/2; the assertion of the lemma follows
immediately, since we obtain that whp the number of isolated vertices in
BF,(t-) is

nX(t_)>(1—o0(1) -n-n" 10 = u(1).

Let us call an isolated vertex v in BF,(t;) bad if

a) v is contained in ex(t), for some t; <t < tj4 or
b) v is contained in e (t) together with some other isolated vertex in
BF,.(t;), for some t; <t <tjiq.

We call an isolated vertex v in BF,(t;) good otherwise. It follows that the
number of good vertices in BF,(¢;) is a lower bound for the number of
isolated vertices in BF,(t;41).

We will first bound the number B of bad vertices. In the following cal-
culations we always condition on &;, i.e., X(¢;) > (e72 —1/log?n)/n=°. For
an isolated vertex v in BF,(t;) the probability for a) is 1 — (1 — 1/n)?*" =
1 —e 2+ 0(1/n) and for b) it is at most

n-=-X(t;) <2X(to) < 2n7° +4/n.

2
n
Thus E[B] = (1—e 2+ f,,)nX (t;), where | f,| < 3n=° for sufficiently large n
(and independent of j). Note that if for some ¢t; <t < t;;1 we change any of
the vertices in e () or ea(t), the value of B changes by at most two. More-
over, if B > r, this event can be certified by exposing at most r different
edges from the set {e1(t)},<t<t,+1 U {ea(t) }t,<t<t,+1- Thus, the combinato-
rial version of Talagrand’s inequality applies, see e.g. [6, Theorem 2.29 and
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(2.43)] and we obtain that there is a constant v > 0 such that for any h > 0

Pi|B — E[B]| > h] < exp(—vh?/(E[B] + h).

Set h = ;l)gé?z The conditioning on &; and j < (1 — ¢)logn/2 guaran-
tees that h?/(E[B] + h) = w(loglogn). Thus, with probability at least 1 —
o(1/logn) we have for sufficiently large n that B < (1—e~2+1/log? n)nX (t;).
Consequently, with probability at least 1 — o(1/logn) the fraction of good
vertices in BF,,(t;41) is at least

X(t;) — (1 —e 24+ 1/log”n) X (t;) > (7% — 1/log? n) X (;).
We arrive at the claimed bound Pr[€;4q | ] > 1 —o(1/logn). O
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