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Symplectormophism groups of
non-compact manifolds, orbifold balls,
and a space of Lagrangians

RicHARD HIND, MARTIN PINSONNAULT, AND WEIWEI WU

Let M = L(n,1) be a 3-dimensional Lens space. We show that
there is a natural map from the loop space of the contact isome-
try group of M to the compactly supported symplectomorphism
group of its symplectization sM which induces a weak homotopy
equivalence. We apply this result to determine the topology of a
space of symplectic embeddings of orbifold balls and to show that
the compactly supported sympectomorphism group of an orbifold
ball is contractible. The result also applies to Lagrangian embed-
dings and we show that the space of Lagrangian RP? in T*RP? is
contractible.

1. Introduction

Since the seminal work of Gromov, [10], the symplectomorphism groups of
closed 4-manifolds have been a subject of much research, see for example [1],
[20], as have symplectomorphism groups of manifolds with convex ends, see
for example [19], [7]. Here we investigate the simplest symplectic manifolds
with both convex and concave ends, namely the symplectizations sL(n, 1)
of Lens spaces L(n,1). We show that the compactly supported symplecto-
morphism group Symp,(sL(n, 1)) has a rich topology. In the first part of the
paper we obtain the following result:

Theorem 1.1. The group Symp,(sL(n, 1)), endowed with the C*°-topology,
has countably many components, each being weakly homotopy equivalent to
the based loop space of SU(2). There is a natural map from £(CIso,), the
based loop group of contact isometry group of L(n,1), to Symp.(sL(n,1))
which induces the weak homotopy equivalence.
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Theorem 1.1 will be proved in Section 2. We start by establishing the
weak homotopy equivalence and then construct a natural map from the loop
space of contact isometries.

Let us illustrate what is new compared to the cases of closed symplec-
tic manifolds or those with convex ends. Given a contact manifold M with
a specified contact form a and a,b € [—00,00] with a < b there exists a
symplectic structure on sM? = M x (a,b) given by d(efa), where t is the
coordinate on the interval (a,b). A rescaling argument shows that the com-
pactly supported symplectomorphism group of sMZZ is weakly homotopic
to that of the symplectization sM, and so in the case when M is a Lens
space Symp,(sM?) has the homotopy type described by Theorem 1.1. On
the other hand, if M is embedded in a symplectic manifold W as a contact-
type hypersurface then it has a contact form for which sM€_ symplectically
embeds in W for all e sufficiently small, and the embedding induces a map
between compactly supported symplectomorphism groups. Thus we have
a very rich topology of symplectomorphisms supported near M. However
computations for closed manifolds or manifolds with convex ends give much
simpler topology for symplectomorphism groups. Hence the corresponding
map on homotopy groups will typically be far from injective. For exam-
ple, S3 < B* as a contact type hypersurface, but while Symp,(sS®) has
infinitely many components weakly homotopy equivalent to the based loop
space of U(2), it is a result of [10] that Symp,.(B*) is contractible.

In the second part of the paper we will use the embeddings sM? — W to
apply our computations to some natural questions in symplectic topology.
This is a fairly general technique which we hope will also be useful elsewhere.

As the first application, in Section 3 we generalize to the orbifold case
results of Gromov, [10], saying that the compactly supported symplectomor-
phism group of a (smooth) symplectic 4-ball is contractible, and McDuff,
[16], saying that the space of embeddings of a symplectic 4-ball into a larger
4-ball is homotopic to U(2). We consider singular balls with a conical sin-
gularity of order n > 1 at the origin. The theorem is as follows, which is
exactly Gromov’s and McDuff’s theorems in the smooth case n = 1.

Theorem 1.2. The space of symplectic embeddings of a singular ball of
size € € (0,1) into a singular ball of size 1 (with the same singularity of
order n) is homotopy equivalent to the Kdhler isometry group K, of the
Hirzebruch surface F,,. Moreover, the group of reduced, compactly supported
symplectomorphisms of a singular ball of size 1 is contractible.
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Here T, is the Hirzebruch surface P(&'(n) @ C). The the result can be
reduced to Theorem 1.1 since on the one hand removing the section at
infinity ss from [F,,, and blowing down the zero section sp, one obtains a
singular 4-ball with a conical singularity of order n at the origin. On the
other hand F,, \ {ss Usg} is symplectomorphic to sL(n,1)L  and so we
can determine the compactly supported symplectomorphisms as above.

Finally, in Section 4 we study the space of Lagrangian RP? in T*RP?
using Theorem 1.1 in the case n = 4.

Theorem 1.3. The space of Lagrangian RP? in the cotangent bunble T*RP?,
endowed with the C'*°-topology, is weakly contractible.

It is already known that the space of Lagrangian S? in T*S? is con-
tractible, see [11], [12]. However this could also be derived from Theorem 1.1
in the case n = 2.

The proof of Theorem 1.3 involves some additional arguments and also
invokes the fact that the diffeomorphism group of RP? is homotopic to
SO(3). We include a proof of this in our Appendix A.
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by Grant #317510 from the Simons Foundation. The second author is sup-
ported by a NSERC Discovery Grant RGPIN 371999, the third author is
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2. Symplectomorphism groups of sL(n, 1)

Consider the lens space

3 N —
(2.1) L(n,1) = {gg/z . ;

Here, if we think of S as the unit sphere in C? then the Z, action is
generated by the diffeomorphism (21, z0) — (e2™/"2;, €™/ 2;). As contact
quotients of S with the standard contact form, the lens spaces inherit nat-
ural contact one-forms, denoted as \,. There is a standard way to asso-
ciate a non-compact symplectic manifold to a contact manifold, called the
symplectization. Concretely, we consider L(n,1) x R endowed with the sym-
plectic form d(ef),,), where t is the coordinate of the second factor R. We
denote this symplectic manifold sL(n,1). Compactly supported symplec-
tomorphism groups will be denoted by Symp,. In this section, we discuss
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the homotopy type of Symp.(sL(n,1)), the group of compactly supported
symplectomorphisms of sL(n,1).

2.1. Reducing sL(n,1) to compact manifolds

We first reduce the problem to the symplectomorphism groups of partially
compactified symplectic manifolds. Let &'(n) be the complex line bundle
over CP! with Chern class ¢; = n. One can endow the total space of this
line bundle with a standard Kéhler structure, whose restriction to the zero
section is the spherical area form with total area 1. We denote the zero
section as C),.

Proposition 2.1. The topological group Symp,(sL(n,1)) is weakly homo-
topy equivalent to Symp.(€(n)\Cy,).

Proof. Identifying L(n,1) as a circle bundle in &'(n) with contact structure
given by the connection 1-form, we get a canonical embedding;:

(2.2) O(n)\Cy, < sL(n, 1),

where the image is {(z,t) € sL(n,1) :t < 1}. Let Symp(sL(n,1)) be the
subgroup of Symp,.(sL(n, 1)) consisting of symplectomorphisms supported in
{t < r}, then the embedding (2.2) induces an embedding of the correspond-
ing groups of symplectomorphisms, where the image is exactly Symp_ (sL(n,
1)). On the one hand, for r > 1, using the inverse Liouville flow one sees
that Symp!(sL(n, 1)) deformation retracts to Symp_(sL(n,1)); on the other
hand, Symp,.(sL(n, 1)) is nothing but the direct limit of Symp].(sL(n,1)) as
r — oo. This concludes the proof. O

2.2. Symp.(0(n)\C,) as a loop space

We will find the weak homotopy type of Symp,.(&'(n)\C,,) in this section by
showing it is weakly homotopy equivalent to a certain loop space. We start
with some known results about Symp,.(&'(n)).

Lemma 2.2. Symp.(0(n)) is weakly contractible.

This result was shown in [5], Proposition 3.2. Coffey proceeded by com-
pactifying &(n) by adding an infinity divisor to obtain the projectivization
of (n), which is the Hirzebruch surface F,,. Symplectomorphisms of Hirze-
bruch surfaces are then studied using holomorphic curves. We note that this
can also be deduced from Abreu and McDuff’s results in [1].
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Now, Coffey also showed that Symp,.(&'(n)) acts transitively on the space
S(Cy) of unparametrized embedded symplectic spheres in &'(n) which are
homotopic to the zero section. We then have an action fibration

Stab.(C)) — Symp.(€(n)) — S(Cy)

where Stab.(C},) is the subgroup of Symp.(€(n)) consisting of symplecto-
morphisms which preserve the zero section C),.

Lemma 2.3 (Coffey [5]). The stabilizer Stab.(C,,), is contractible.

Let G, (v) be the symplectic gauge transformations of the normal bundle
v of C,, that is, sections of Sp(v) — C,, where Sp(v) are the fiberwise
symplectic linear maps. Notice that G, (v) ~ Map(Cy,, Sp(2)) ~ St (see [7],
19)).

Let Fix.(Cy,) be the subgroup of Stab.(C},) consisting of symplectomor-
phisms which fix the zero section C;, pointwise. We will use the following
lemma from time to time.

Lemma 2.4. The homomorphism Fix.(Cy,) — G, (v) given by taking deriva-
tives along C, is surjective.

Proof. Let g € G, (v). Then each g(z) for z € S? is a symplectic transforma-
tion of the normal fiber v, over z. Any such linear symplectic map is the
time 1 Hamiltonian flow ¢ of a unique quadratic form Q(z) on v,.

Consider the Hamiltonian function H (z,v) = x(|v|)Q(2)v on &(n), where
X is a bump function equal to 1 near 0 and 0 when |v| > 1. As dH = 0 along
C,, the resulting Hamiltonian flow 1, lies in Fix.(C),). We will check that
the corresponding gauge action at time 1 is precisely g.

For this, let Y € v, 2 Tyv, C T.0(n). Then we claim that dy(Y) =
¢¢(Y), where in the second term Y is considered as a point in v, and ¢,
is the Hamiltonian flow of Q : v, — R. The vector Y can be extended to a
Hamiltonian vector field on & (n) generated by a function L which is linear
on v,. Let X be the Hamiltonian vector field generated by H. Then

Lx,Y =[XnY] =X = Xany)

using the same notation throughout for Hamiltonian vector fields. Evaluat-
ing at z, our Lie derivative is tangent to the fiber v,, and restricting to this
fiber the function dH (Y') = dQ(z)(Y") is linear and dual under the symplectic
form to X¢q(Y"). In other words, Lx, Y (2) = Xq(Y), identifying two vectors
in v,. This is equivalent to our claim and so the proof is complete. Il
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Let Fix!4(C,) denote the subgroup of Fix.(C),) consisting of diffeomor-
phisms whose derivatives act trivially on the normal bundle v of the zero
section. A simple application of Moser’s argument shows that Fixicd(C’n) is
homotopy equivalent to Symp,.(€(n)\C,,), and we will freely switch between
these two groups without explicitly mentioning it below.

Let us write Aut,(v) for the group of automorphisms of the normal
bundle v of the zero section C), which are symplectic linear on the fibers and
preserve the symplectic form along the zero section. The group Stab.(C},)
acts on Aut, (v) via its derivative along the zero section. Clearly Stab.(C),)
acts transitively on C), and so by Lemma 2.4 the action on Aut,(v) is also
transitive. Hence we have the fibration

(2.3) Fixd(C),) — Stab.(C,) —» Aut,,(v)

which by Lemma 2.3 yields a weak homotopy equivalence (cf. Proposi-
tion 4.66 [9])

Fix'4(C,) ~ £ Aut,,(v)

where .Z Aut,,(v) is the space of based loops of Aut,(v). Therefore, the
following proposition will imply the first part of Theorem 1.1:

Proposition 2.5. The group Aut,(v) is homotopy equivalent to the Kdhler
isometry group K, of the Hirzebruch surface ¥,. In particular,

SO(3) x St ifn i 0
Auty,(v) ~ K, ~ U(2)/Zy, ~ (3) an Z.S even, n 7

U(2) if n is odd
so that £ Aut,(v) has countably many components, where each component

is homotopy equivalent to £ SU(2), that is, to the identity component of
ZS0(3).

Proof. First notice that Aut,(v) acts transitively on the symplectic repa-
rametrization group of the zero section, or equivalently, the symplectomor-
phism group of CP'. We thus have an action fibration

(2.4) Go(v) — Auty,(v) —» Symp(CP?).

whose fiber is the subgroup which fixes CP! pointwise and thus is simply
the gauge group G, (v).

Recall that the Hirzebruch surface F,, is the projectivation P(&'(n) & C).
Under the action of its Kéahler isometry group K, ~ U(2)/Z,, the complex
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surface F,, can be partitioned into three invariant parts: the zero section
Ch,, the section at infinity C5° and their open complement F, \ {C,, U C5°},
see Appendix B in [2]. Since the K, action preserves the ruling F,, — CP?!,
every element in K, acts as an isometry of CP' and K, acts faithfully on the
normal bundle v on C,, via derivatives. We thus get a commutative diagram
of fibrations

Guo(v) — Aut, (v) — Symp(CP")

] T

St K, SO(3)

in which the first and third vertical inclusions are homotopy equivalences. It
follows that the middle inclusion is a weak homotopy equivalence. Since all
spaces involved are homotopy equivalent to CW-complexes, this weak equiv-
alence is a genuine homotopy equivalence. The second part of the statement
now follows from substituting M = SO(3) and N = K, in the following sim-
ple lemma:

Lemma 2.6. Let M be a CW-complex with mo(M) = 0 and w1 (M) at most
countable. Suppose N is an S'-bundle over M. Then £ (N) has countably

many components and we have a weak homotopy equivalence between identity
components L°(N) ~ £°(M).

Proof of the lemma. This fact is an elementary consequence of the usual
“path-loop” construction. Fix a base point on N and let P(N) ~ %, be the
corresponding based path space. The fibration map 7 : N — M induces the
commutative diagram:

(2.5) Z(N)—> P(N) —>

bl

L(M)—P(M) —= M

By assumption, the projections m, : m(N) — 7 (M), are isomorphisms for
k> 2, and the circle fiber and its multiples are non-zero in m1(XN). From
the commutative diagram of the long exact sequence of homotopy groups
induced by (2.5), we deduce that:

oY

(2.6) Tyt TR (L (N)) —= 1 (ZL(M)), when k > 1;
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Moreover, we have noticed that 71(N) is the central extension of Z and
71 (M), hence the lemma follows. O

This concludes the proof of Proposition 2.5 U

2.3. The loop group of the contact isometries of L(n,1)

In this section, we prove the second part of Theorem 1.1 by showing that a
natural map is a weak homotopy equivalence. Recall that in Section 2.2 we
have shown that there exists a weak homotopy equivalence between our sym-
plectomorphism group Symp,(sL(n, 1)) and the loop group £ Aut,(v). We
will see in a moment that the contact isometries C Iso,, are weakly homotopic
to Aut,(v) and therefore we already have a weak homotopy equivalence be-
tween .Z(CIso,) and Symp.(sL(n,1)). The main goal of this section is to
show that this weak homotopy equivalence is induced by a natural inclusion
map.

Unlike the usual notion of contactomorphism which preserves only the
contact structures, we need to consider the automorphisms of L(n, 1) called
contact isometries. These are diffeomorphisms which preserve the contact
form A, and the round metric induced from the round metric on S under
projection. We denote the group of contact isometries of the lens spaces
of L(n,1) as CIso,. It acts on L(n,1) in such a way that the Reeb orbits
are preserved. Therefore, if we think of L(n,1) as a unit circle bundle in
O (n) with the Reeb orbits as the circle fibers, there is an induced isometric
action of CIso,, on the base CP! endowed with the standard round metric.
Also, since the action on the fibers is linear, there is a natural inclusion
CIso, < Aut,(v). Therefore, along with (2.4), one obtains the following
diagram of fibrations :

(2.7) Stc CIsoy, SO(3)

o

G () Aut,, () — Symp(CP?)

Notice that we have weak homotopy equivalences in both the base and fiber.
Therefore, the natural inclusion of CIso, into Aut,(v) is in fact a (weak)
homotopy equivalence.

We now want to describe a natural map from .Z(C Iso,,) to Symp.(&'(n)\
C,) (or equivalently Fix'4(C,), see Section 2.2) which induces a weak ho-
motopy equivalence. Given Proposition 2.1 this will imply the remainder of
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Theorem 1.1. To this end, consider the smooth path space
P(CIso,) = {¢: (=00, +00) — CIso, : ¢(t) = id,t <0,¢(t) = ¢(1),t > 1}.

This is just the usual based path space when restricted to ¢t € [0, 1], thus
it is a contractible space. Given ¢ € P(CIso,,) one can define the following
diffeomorphism of sL(n,1):

(2.8) ¢ :L(n,1) xR — L(n,1) xR
(2.9) (x,t) — (o(t)x, t)

By definition, ¢'|;<o = id, and ¢'|1<;<2 is a symplectomorphism induced
by a contact isometry multiplied by identity in the R-direction. However ¢’
fails to be a symplectomorphism in general. Let wg = d(ef),,), the canonical
symplectic form on sL(n, 1), and w; = ¢*wy. Then nevertheless we claim
that the exact forms w,, = (1 — u)wp + uw; are symplectic for all 0 < u < 1.

Proof of claim. To see this, arguing by contradiction, note that if an w,, fails
to be symplectic then it has a kernel of dimension at least 2, which must
intersect the tangent space to some level L(n,1) x {t} nontrivially. As our
¢(t) are contact isometries this kernel must be the kernel of d\,, namely the
Reeb direction. But as the Reeb direction is preserved and gb;(%) always has
a positive % component, the Reeb vector pairs nontrivially with % under
all wy,. ]

Given our claim, we can apply Moser’s method, see [18], that is, we
compose ¢ with the flow of the time-dependent vector field defined by
Xy |wy = ¢ (e'An) — €' \,,. The composition is a symplectomorphism ¢ of
sL(n, 1) supported in {t > 0}. On {t > 1} we have ¢*(e'\,,) = €'\, and so
on this region we have g5|t21 = ¢/|i>1.

Next, as ¢ is translation invariant on {¢t > 1} we can perform a sym-
plectic cut at the level of {t = 2}. Recall from Section 2.1 that, up to a
scaling, we may identify symplectically @' (n)\C, with sL(n,1);<2. Hence ¢
descends to a compactly supported symplectomorphism of &' (n) preserving
the zero-section, that is, we have a map P(CIso,) — Stab.(Cy), ¢ — ¢.

Claim: The following diagram of fibrations is commutative and all maps
are continuous. The rightmost vertical arrow is a homotopy equivalence:
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(2.10) Z(CIso,)~—— P(CIso,) —Clso,

l |

Fixid(C,, )~ Stab.(C,,) — Aut,,(v)

Proof of claim. The second arrow of the first row is simply the restriction of
an element ¢ to ¢(2). The continuity of the vertical maps follows from the
continuous dependence of solutions of an ODE on initial conditions when
applying Moser’s method. The rightmost vertical arrow is the one induced
from (2.7) and is thus a homotopy equivalence. The commutativity of the
diagram (2.10) is straightforward from definitions. O

Now the middle vertical arrow is a homotopy equivalence due to the
contractibility of both spaces, see Lemma 2.3, and the rightmost arrow is
also a weak homotopy equivalence from the argument at the start of this
subsection. Therefore, the leftmost vertical arrow is a homotopy equivalence
as well, and provides the desired mapping. Hence, the second part of Theo-
rem 1.1 follows.

3. Space of symplectic embeddings of orbifold balls

In this section, we study the space of symplectic embeddings of balls with a
single conical singularity at the origin. We first briefly recall the two different
notions of maps between orbifolds that we use and the related definition of
orbifold embeddings. A comprehensive discussion of orbifold structures and
of orbifold maps can be found in [4].

Given an orbifold A, we write |A| for its underlying topological space.
An unreduced orbifold map (f, {f}) between two orbifolds A and B consists
of the following data:

1) a continuous map f : |A| — |B| of the underlying topological spaces;

2) for all x € |A], the choice of a germ f, of local lift of f to uniformizing
charts U and V centered at x and f(z).

A reduced orbifold map is a continuous map f : |A| — |B| of the underly-
ing topological spaces such that smooth lifts exist at every point. The set
of smooth unreduced orbifold maps between A and B will be denoted by
C> (A, B), while we will write C22,(A, B) for the set of smooth reduced
orbifold maps. Smooth unreduced or reduced diffeomorphisms are defined
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accordingly by requiring f to be a homeomorphism and all lifts to be smooth
local diffeomorphisms. The sets of all unreduced or reduced diffeomorphisms
of an orbifold A can be naturally endowed with a C'° topology that make
them Fréchet Lie groups. The short exact sequence

1— Fid — Diffm«b(A) — Diﬁred(A) —1

is then a principal bundle whose fiber I'jq is the (discrete) group of all lifts
of the identity map.

A smooth (unreduced, resp. reduced) embedding f : A — B is a smooth
(unreduced, resp. reduced) orbifold map which is a diffeomorphism onto
its image and which covers a topological embedding f : |A| — |B|. We will
denote by Emb,,;(A, B) and Emb,..4(A, B) the corresponding embedding
spaces.

If all the uniformizing charts are symplectic, and if all the local group
actions preserve the symplectic forms, the orbifold atlas is said to be sym-
plectic. Orbifold symplectic maps are then defined in the obvious way. In
particular, since the open set of regular points A,.;, becomes an open sym-
plectic manifold, orbifold symplectomorphisms restrict to genuine smooth
symplectomorphisms of Ay¢g.

Let us write B, (€) for a symplectic ball of size € with a single conical
singularity of order n > 1 at the origin, that is,

By (€) := BY(ne)/Z,

where B*(r) stands for the standard ball of radius /r/7 in R* and Z,, acts
as in (2.1). In this paper, we are only interested in the simplest possible em-
bedding spaces between symplectic orbifolds, namely Emb,..q(B,,(€), By (1)).
In that case, it is easy to see that Emb,,.;(B,(€), B, (1)) consists of smooth
symplectic embeddings f : B*(ne) — B*(n) of standard smooth balls that
are equivariant with respect to the standard Z,, action, and that

Emb,eq(By(€), Bp(1)) = Emboyy(Bn(ne), Bu(n))/Zn

This follows from the fact that any local smooth lift at the conical point
extends uniquely to the whole ball, see [4]. Since the space of smooth sym-
plectic embeddings retracts onto U(2), and since the Z,, action belongs to the
center of U(2), one can show that the space of Z,-equivariant embeddings
of smooth balls is itself homotopy equivalent to U(2), see [22]. Therefore, we
have the following results:
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Proposition 3.1. The space of reduced symplectic embeddings Emb,..q( By, (€),
By, (1)) is homotopy equivalent to

K= U@/ 0 = 179) if n is odd

{50(3) x St ifn is even, n # 0

Just as in the smooth case, one can show that the group of compactly
supported and reduced symplectomorphisms of the open orbifold ball B, (1)
acts transitively on Emb,..q(By(¢€), B, (1)), see [22]. We get an action fibra-
tion

Stabe red(t) — Symp,. ,eq(Bn(1)) — Embyeq(Bn(e), Bn(1))

where ¢ : By, (€) = Bp(1) is the inclusion, and where Stabg r¢q(¢) is the sub-
group made of those reduced symplectomorphisms that are the identity on
the image ¢(B,(€)). This subgroup is homotopy equivalent to the group
of reduced diffeomorphisms that are the identity near the image ¢(By(€)).
Performing a symplectic blow-up of the ball ¢(By(¢)), those symplectomor-
phisms lift to symplectomorphisms of the Hirzebruch surface F,, that are the
identity near the zero section and near the section at infinity. This last group
is itself homotopy equivalent to Symp,(sL(n, 1)). Hence, we get a homotopy
fibration

Sympe(sL(n, 1)) = Symp, ;eq(Bn(1)) = Embycq(Bn(€), Ba(1))
which shows that the homotopy equivalence Symp.(sL(n,1)) ~ ZK,, to-

gether with Proposition 3.1, imply the following mild generalization of a
fundamental result due to Gromov:

Proposition 3.2. The group Symp,.,.q.(Bn(1)) of reduced, compactly sup-
ported symplectomorphisms of an open ball of size 1 with a single conical

singularity of order n at the origin is contractible.

This completes the proof of Theorem 1.2.

4. Space of Lagrangian RP? in T*RP?

In this section we prove Theorem 1.3. Let the space of Lagrangian RP? in
T*RP? be denoted by £. The group of compactly supported Hamiltonian
symplectomorphisms of T*R P? acts transitively on £, see [12], and our point
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of departure is the corresponding action fibration
(4.1) Stab.(0) — Symp,(T*RP?) — L

where Stab,(0) is the subgroup of Symp,(T*RP?) which preserves the zero
section 0.

Notice that for any Lie group G, mp(G) inherits a natural group structure
from G. It is proved in [7] that:

Theorem 4.1. Symp,.(T*RP?) is weakly homotopic to Z. Moreover, the
generator of mo(Symp,.(T*RP?)) as a group is the generalized Dehn twist in
T*RP?.

We will also make use of the following fact, which may be well-known
but for which the authors unfortunately know of no reference:

Lemma 4.2. Let H — G —» B be a homotopy fibration where H <G
are groups. Then the following two maps in the induced long exact sequence
are both group homomorphisms:

T (B) — = mo(H) —> m0(Q)

Proof. Let xg € B be the image of id € G. Given a loop «:[0,1] — B,
a(0) = a(1) = xq, let @ be the lift of o and i(«) be the connected component
of H where @(1) lies. Consider another loop g : [0,1] — B, §(0) = (1) = xo,
then the lift of concatenation a# can be chosen to be

a(2t), t <
a#B(t) = )

a(l)- G2t —1), t>

N RN —

Therefore, i(a#3) = a#3(1) = a(1)B3(1), verifying the claim for the map
1. The fact that j is a homomorphism is trivial because the inclusion H — G
is a homomorphism. Il

To compute the homotopy type of Stab.(0) we need to consider the
diffeomorphism group of RP2. We have the following result, of which the
proof is postponed to the appendix:

Proposition 4.3. The diffeomorphism group of RP? is weakly homotopic
to SO(3). Moreover, the standard inclusion is a weak homotopy equivalence.
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With this understood, we define Fix.(0) to be the subgroup of com-
pactly supported symplectomorphisms of 7*RP? which fix the zero section
pointwise. We obtain a further action fibration:

Fix.(0) < Stab.(0) —» Diff(RP?).

We may also consider the following object: given the standard round metric
go on RP?, let Stab’*°(0) be the symplectomorphisms which are compactly
supported and induce an isometry on the zero section.

Now we have the following commutative diagram of fibrations:

(4.2) Fix.(0)—— Stab*°(0) —= SO(3)

|

Fix.(0)“—— Stab,(0) — Diff (RP?)

From Proposition 4.3, we observe that the vertical arrows on the two sides
are weak homotopy equivalences, so the middle one is also a weak homotopy
equivalence. Note also that the inverse Liouville flow contracts T*RP? to the
zero section. Now, taking into consideration the bundle metric on T*RP? in-
duced by gg, we may talk about the length of cotangent vectors. By the same
direct limit and Liouville flow argument as in Proposition 2.1, when studying
compactly supported symplectomorphism groups of T*RP? we may restrict
our attention to the symplectomorphisms supported in T*RP2, which con-
sists of cotangent vectors with length < r for some r > 0. We will assume
that r = % below.

Most of the remainder of this section will be occupied with proving the
following.

Lemma 4.4. (i) Stab’*°(0) is weakly homotopy equivalent to Z;
(ii) mo(Stab™(0)) is isomorphic to 7 as a group.

Remark 4.5. It is very tempting to conclude (i) directly from the results in
the previous sections by setting n = 4, see the first paragraph of the proof.
However, the connecting map in (4.2) seems then difficult to understand
directly. That is why we use a slightly different argument below.

Proof of Lemma 4.4. We first notice the following fact: a symplectomor-
phism which fixes a smooth Lagrangian pointwise also fixes the framing
of the Lagrangian. This follows from the corresponding linear statement
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that, a symplectomorphism of T*M which is linear on the fibers is indeed
a cotangent map of a diffeomorphism on the base. This is also used in [5],
proof of Theorem 1.3. Tt follows that the subgroup of Stab’*°(0) consisting
of maps which act on a neighborhood of RP? by the cotangent map of an
isometry of RP? is weakly homotopy equivalent to Stab’*°(0). Therefore we
are able to consider this subgroup instead of Stab’*°(0), and use the same
notation to denote it throughout the rest of the proof.

Our approach is to convert the study of maps supported near a La-
grangian to maps supported in a neighborhood of a positive symplectic
curve, where symplectic techniques are more convenient. Given 1 €
Stab’™°(0), denoting the cotangent map of ¥|gp: as ¢y, we may consider
the symplectomorphism v := 0;1 01 on T*RP?. The map ¢ is not com-
pactly supported in T*RP? | but it fixes RP? pointwise and thus (by our
assumption that the maps are cotangents nearN]RPQ) also a neighborhood.
Since v is the identity outside r < 1, we have ¢ = 0;1 outside r < 1. Also,
since 1) preserves the round metric on RP?, ¢y preserves the Reeb vector
field on the level sets of T*RP2. Therefore, by a symplectic cut on the level
set 7 = 1, one obtains a symplectomorphism 1’ of T*RP? cut along the level
r = 1. This symplectic manifold is just CP? with the standard symplectic
form wpg, see [3] and [14]. From the construction, ¢’ preserves the symplec-
tic reduction of the boundary, a symplectic (4+4)-sphere which we identify
with the quadratic sphere Cy = {[z,y, 2] € CP?: 2% + y? + 22 = 0}, and it
fixes a neighborhood of the standard Lagrangian RP? = Re(CP?). Remov-
ing the Lagrangian RP?, one sees that ¢/ descends to a compactly supported
symplectomorphism of ¢'(4), which is denoted by ).

Definition 4.6. The subgroup H C Symp.(€'(4)) is the image of the bar
assignment v — 1, Stab®(0) — Symp, (€ (4)).

From the construction, H is clearly isomorphic to StabiSO(O) as a group,
thus also homeomorphic. In the rest of the proof we investigate the homotopy
type of H.

Warning: Although H has the property that every element acts fiberwise
linearly in a neighborhood of the quadric surface, it is not the whole sub-
group of Symp, (&' (4)) with this property. This is because the action of an
element A € H on a neighborhood of the quadric surface is completely deter-
mined by the action on the surface itself. Therefore, heuristically speaking,
the gap between H and the subgroup of fiberwise linear action is the whole
gauge transformation on the normal bundle, as we will see momentarily. For
interested readers we have included an explicit description of H, pointed
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out to us by Yi Liu, at the end of the proof of Lemma 4.4 (Remark 4.11).
However this will not be needed for our proof.

Let U be a neighborhood of the zero section in &'(4), then let H|y C
Symp(U) be the symplectomorphisms of U given by restricting elements
of H. Another subgroup of Symp(U) corresponds to the restriction of the
cotangent maps of isometries of RP2. As the isometry group is SO(3) we can
unambiguously denote this subgroup by SO(3). Remembering that points
of the zero section in &'(4) correspond to the lifts of a geodesic we see that
SO(3) acts transitively on the zero section. Now, for U sufficiently small, for
example the region {r > %}, all elements of H|y are of the form szlv that
is, they are elements of SO(3). On the other hand, as any isometry of RP?
is the restriction of a v € Stabl®°(0), all elements of SO(3) arise this way.
Hence we have the following.

Lemma 4.7. Let U be a sufficiently small neighborhood of the zero section
in O(4), then H|y = SO(3), and it acts transitively on the zero section.

Given the round metric g on the zero section Cy of &' (4), we consider the
subgroups

Stab.(C4) = {¢ € Symp,.(0(4)) : 1 preserves the zero section Cy}
Stab*°(Cy) = {1 € Stab.(Cy) : 1 restricted to the zero section
is an isometry with respect to the metric g}
Fix.(Cy) = {4 € Stab®*(Cy) : |c, = id}

Lemma 4.8. Stab*°(C,) is weakly contractible.
Proof. We again have a commutative diagram of fibrations:

(4.3) Fix.(Cy)——= Stab*°(Cy) SO(3)

1 1

Fix.(Cy)~—— Stab.(Cy) — Symp(CP?')

Using the fact that the embedding of SO(3) into Symp(CP!) is a weak
homotopy equivalence and Lemma 2.3, we deduce that Stab’*°(C}) is also
weakly contractible. O
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Let us construct a group homomorphism from Stab}fo (Cy) to the gauge
group:
¢ : Stab™°(Cy) — Map(S?, Sp(2)) ~ S*

To define ¢, let t € Stab>°(Cy). Then t|¢, acts on the zero section Cy iso-
metrically. Thinking of SO(3) as a subgroup of Symp(&'(4) as above, there
exists a unique element u € SO(3) such that u|¢, = t|c,. Now we define ¢(t)
to be the gauge of ¢ - u~".

Lemma 2.4 implies that Fix.(Cy) C Stab’*°(C,) maps surjectively to the
gauge group and hence we have the following.

Lemma 4.9. ¢ is a surjective homomorphism.
Now we return to the subgroup H C Stabl°(Cy).
Lemma 4.10. ker(¢) is weakly homotopic to H.

Proof. From Lemma 4.7 and the definition of ¢, we have that H C ker(¢).
To see that this inclusion is a homotopy equivalence, take t € ker(¢). Again
by Lemma 4.7 there exists a v € H, such that ¢-u~! acts trivially on the
normal bundle of Cy. Therefore, up to homotopy, ker(¢) consists of ¢ for
which there is a u € H such that ¢ -u~! acts trivially on a neighborhood
of Cy. Such ¢ - u~! can be identified with elements of Symp,(RP?) and this
implies t - u~' € H, hence t € H up to homotopy. O

Now we can finally complete the proof of Lemma 4.4. Combining lem-
mata above, we have the following homotopy fibration:

H «— Stab°(Cy) —» S*.

Since, by Lemma 4.8, Stab*°(C}) is weakly contractible, we deduce that H

is weakly homotopy equivalent to Z and, by Lemma 4.2, that mo(H) 2 Z .
This concludes our proof of Lemma 4.4. O

Remark 4.11. There is an interesting model describing the action of H in
U communicated to the authors by Yi Liu. Consider R? with the standard
Euclidean metric gg. Consider an oriented normal frame (eq,ez,e3) as a
point on RP3, it fibers over S? by projection to e;. Let w : RP? — RP3 be
the involution sending (e1, e2, e3) to (—ey, —es, e3) and consider its quotient
L(1,4). This can be identified with the unit cotangent bundle of RP? and
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fibers over RP? by the projection

(4.4) [e1, €2, €3] — [ed]

with fiber S'. On the other hand, one may project L(1,4) to S? by sending
(4.5) le1, ea,e3] — €3

Endow all the spaces involved with the metric inherited by gr and use the
obvious SO(3) action on RP? as constructed, then the projections interplay
correctly with the symplectic structure on T*RP?. In other words, given an
isometry of RP?, represented by an element R € SO(3) in the above model,
the corresponding action on the unit cotangent bundle is described by the
same element R acting on L(1,4). In turn R acts on the fibration (4.5). In
this way we retrieve the action of H|.

Proof of Theorem 1.3: For m;(L), i > 1 the theorem follows immediately
from Lemma 4.4 and the homotopy fibration (4.1). Since the Dehn twists are
also contained in the subgroup Stab'*°(0), one sees that the map 7 (Stab.(0))

— mo(Symp,(T*RP?)) is surjective. However, by Lemma 4.2, since both
groups are Z, it can only be an isomorphism. O

Appendix A. The diffeomorphism group of RP?

We give a proof of Proposition 4.3:

22

f lim ¢(t) = 2 Fo
tty
zZ3
lim ¢(t)
S, (t) !

Fy

(a) “Example” of a curve in Fp (b) Pushing the curve
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Proof. Thinking of RP? = S?/ ~, where the equivalence relation identifies
antipodal points, the action of SO(3) on S? preserves equivalence classes and
thus descends to an action on RP2. Therefore Diff(RP?) contains SO(3) as
a subgroup. We will show that the homogeneous space Diff(RP?)/SO(3) is
weakly contractible. Fix an € RP? and a frame p at . The diffeomorphism
group Diff (RP?) is homotopic to the subset of maps which act as an isometry
on T,RP?. Given such an f € Diff(RP?), there exists a unique element ¢y €
SO(3), such that ¢f o f fixes p, and up to homotopy we may assume it fixes
a neighborhood of z. Here we note that there are two disjoint circles in
SO(3) which map f(z) onto x, but only elements in one compose with f to
give an orientation preserving map of T, RP?, and of those there is a unique
element in the circle which fixes the frame. Therefore, as the complement of
a ball in RP? is a Mobius band, we may identify Diff(RP?)/SO(3) with the
compactly supported diffeomorphism group of the Mobius band B with the
boundary removed, which we denote as Diff.(B). This is homotopic to the
diffeomorphisms of the closed M&bius band which fix the boundary. Below,
we identify B with the bundle 7 : B — S with fibers the unit interval.
We fix a fiber Iy over pg € S' and parameterize I as a map

Fy : (—00,4+00) — B.
Define

F={¢:(—00,00) = B: ¢(t) = Fy(t) when [t| > R
for some R, ¢ is embedded}.

Then for ¢ € F we have that o ¢ is a closed loop in S with a well defined
degree. Given this, we partition F as follows:

Fi=A{¢ € F:deg(mo¢p) =i}

Lemma A.1. F; is connected when © =0, and empty except when i =
—1,0,1. Curves in F1,_1 divide B into two components.

Proof. Consider the strip I = {|Re(z)| <1} in C, then B is obtained by
gluing the two edges of the strip by z ~ (—z) if |Re(z)| = 1 (see Figure (a)).
We denote the distinguished fiber in B obtained from the glued edges by
Fy. For a curve ¢ € F, we may assume that it intersects F) transversely.
We thus have a finite subset T" of R, such that T' = ¢! (F}). Write T' = {t;}
where the ¢; are in increasing order.
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Formally, we now consider ¢ as a map ¢ : R\ T — I , to the interior of
I such that
lim ¢(t) = — lim ¢(t).

t—t] t—t;
Let z; = ¢(t;) = lim,_,,- ¢(t). For ¢ € F; with i # 0, 7' must be non-empty.

Claim. There exists an isotopy of ¢ to a curve ¢’ € F with corresponding
points 2} such that either Re(2}) = —1 or Re(2}) = 1 for all j.

Proof of Claim. If Re(z;) = —Re(z;+1) for some i then the image of ¢|, ¢, )
is a curve in J converging at both ends to points on the same edge. It is
possible that the region formed by ¢|«, ,.,) and Fy contains other such
loops (see the shaded area of Figure (b)). If there are no such loops then
the region is empty. Hence we can find a j such that Re(z;) = —Re(zj41)
and the region formed by ¢, ;. ,) and Fy is empty. Now we can perform
an isotopy to remove the intersections z; and z;41 by pushing ¢ across the
region. After such an isotopy the number of intersection points with F} will
reduce by 2 and so after a finite number we must arrive at a curve satisfying
our claim. O

Given a curve ¢ we may now assume that Re(z;) = Re(z;) for all 7, j.
Without loss of generality suppose that Re(z;) = 1 for all i. Then if ¢ € Fy
we see that ¢ avoids F} completely and thus is isotopic to Fy. This proves
the first statement.

For the second statement, assume that |T'| > 2, that is, there are inter-
sections z1 and z3 with Tj. Then we observe that all paths ¢|y, ;,,,) must
lie beneath ¢, 4,) for all i > 2, and thus cannot converge towards +oco in
1. This gives a contradiction thus proving the second statement. The final
statement is similarly clear. O

Corollary A.2. The space Diff.(B) is connected.

Proof. Indeed, any f € Diff.(B) maps Fj to a path which, like Fyy cannot
divide B. Thus, by Lemma A.l the image of Fy lies in Fy and, moreover,
we may assume up to isotopy that f fixes Fp, and by a further isotopy a
neighborhood of Fjy and the complement of a compact set in B. But remov-
ing a tubular neighborhood of the boundary and Fy from B leaves a set
diffeomorphic to a disk, and as the group of diffeomorphisms of the disk is
connected, see [21], our corollary follows. O

Recall that to prove Proposition 4.3 we must show that Diff.(B) is con-
tractible. Line fields on B are maps from B to its projectivized unit tangent
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bundle, where we identify vectors differing up to sign. We will only consider
fields which are trivial, that is, coincide with fibers of B, outside of a com-
pact set. The bundle is trivialized by the fibers of B and so line fields are
equivalent to maps from B to RP!. Let [y be the trivial line field tangent
to the fibers. The space of sections £y homotopic to [y (through trivial line
fields) is contractible as all such sections lift to maps to R with compact
support.

We now make some additional observations about the line fields in Ly,
eventually concluding that they have no closed loops.

Claim 1: Closed loops in a line field in Lo project to S* with degree 1 or 2
(up to sign).

Proof of Claim 1: There exists a double cover from an annulus A — B and
so line fields in L lift to line fields on A. As the line field is never 0, any closed
loops in A cannot bound a compact region. Therefore they must represent
a nontrivial homotopy class, and actually a generator since the loops are
embedded. Projecting back to B, under the projection B — S! the closed
loop must have degree 1 (if it is a double cover of a loop in A) or 2, up to
sign. O

Claim 2: If a line field in Lo has a closed loop of degree 2 then it also has a
closed loop of degree 1.

Proof of Claim 2: By an argument similar to that in the proof of Lemma
A.1 we see that a closed loop of degree 2 must bound a compact region G
in B, and up to an isotopy we may assume that G N Fj is an interval. There
is a return map from G N Fp to itself given by following the line field, and
this map reverses the two boundary points. Thus the return map must have
a fixed point, and this corresponds to a loop of degree 1. [l

Claim 3: A line field in Lo has no closed loops of degree 1.

Proof of Claim 3: We will show that the set of line fields K C £y with a
closed loop of degree 1 are both open and closed. Therefore since Ly is
connected either all line fields have such a closed loop or none do, and as [y
certainly has no closed loop this will complete the proof.

To see that IC is open, we observe that the Poincaré return map defined
on a suitable interval transverse to a closed loop of degree 1 is orientation
reversing, and so the fixed point is stable.

To see that Ly \ K is open, we observe that if a line field has no closed
loops then every integral curve must converge to dB in both forward and
backward time, and by definition coincides with trivial fibers outside of a
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compact set. As solutions of ODEs depend continuously on parameters, this
property is preserved under small perturbations of the line field. [

Now, starting with a line field in Ly, the above claims imply that there
are no closed loops and so all integral curves coincide with fibers of B out-
side of a compact set (although each end of a curve may correspond to a
different fiber). Thus, following these curves we get a orientation preserving
diffeomorphism from S' (thought of as the boundary of B) to itself with
the following properties: it does not have any fixed points, and squares to
identity.

Claim: The space of such diffeomorphisms, denoted as D, is contractible.

Proof of the Claim: Fix a point zg € S*. Given f € D, consider f(xq) which
lies in the contractible set S*\{z(}. Such assignment D — S\ {z¢} is clearly
a fibration.

For any choice of f(zg), the two points zg and f(xg) divide S! into two
closed intervals I1 and I, (including these two points themselves). Therefore,
f is identified with a diffeomorphism from I to I, since it is orientation pre-
serving. Such diffeomorphisms are further identified with Diff(/;), which is
also contractible. (Thinking of the diffeomorphisms as graphs on the interval,
it is a convex set.) The claim then follows. i

Notice that deformations in D can be generated by deformations of the
line fields near the boundary of B. Therefore there is a deformation retract
from Ly to line fields whose integral curves coincide with the same fiber
outside of a compact set. Up to a choice of parameterizing the curves, such
line fields generate elements of Diff.(B) by mapping the fibers onto the
corresponding integral curves and hence, up to homotopy, we get a natural
map Lo — Diff.(B).

We now complete the proof of Proposition 4.3. Given an f € Diff.(B) the
line field f.ly is homotopic to Iy by Corollary A.2. Thus we have a continuous
map Diff.(B) — L. (Recall that £y consists of line fields homotopic to ly.)
By definition it is a homotopy inverse to the map above and hence Diff.(B)
is homotopic to Ly, which is contractible, and the proof is complete. O
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