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Minimal and H-minimal submanifolds in

toric geometry

Artem Kotelskiy

In this paper we investigate a family of Hamiltonian-minimal La-
grangian submanifolds in C

m, CPm and other symplectic toric
manifolds constructed from intersections of real quadrics. In par-
ticular we explain the nature of this phenomenon by proving H-
minimality in a more conceptual way, and prove minimality of the
same submanifolds in the corresponding moment-angle manifolds.

1. Introduction

Hamiltonian minimality (H-minimality for short) for Lagrangian subman-
ifolds is a symplectic analogue of Riemannian minimality. A Lagrangian
embedding is called H-minimal if the variations of its volume along all
Hamiltonian vector fields are zero. This notion was introduced in the work
of Y.-G. Oh [16] in connection with the celebrated Arnold conjecture on
the number of fixed points of a Hamiltonian symplectomorphism. A sim-
ple example of H-minimal Lagrangian submanifold is a coordinate torus [9]
S1
r1 × · · · × S1

rm ⊂ Cm, where S1
rk is a circle of radius rk > 0 in k-th coordi-

nate subspace of Cm. Other examples of H-minimal Lagrangian submani-
folds in Cm were constructed in [1], [3], [6]. A lot of examples and current
problems can be found in the survey [9].

In 2003 A.Mironov [12] suggested a universal construction of H-minimal
Lagrangian embeddingsN ↪→ Cm based on intersections of real quadrics Z of
special type. The same intersections of quadrics appear in toric topology as
(real) moment-angle manifolds [2, Section 6.1]. Using the methods developed
by Y. Dong [5] and Hsiang-Lawson [7] we prove minimality of embeddings
N ↪→ Z, and explain the underlying reasons for H-minimality for embed-
dings N ↪→ Cm. Also, based on the note of A. Mironov and T. Panov [14]
where they refer to the results of Y. Dong, we give an explicit construc-
tion and independent proof of H-minimality of Lagrangian submanifolds in
symplectic toric manifolds, which generalize the result of A. Mironov.
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The paper is organized as follows: after introduction we give some back-
ground material on the notions of minimality and H-minimality. In the third
section we review the construction of symplectic toric manifolds. The main
results are stated in the last two sections.

2. Minimality and H-minimality

2.1. Minimality

Let M and L be smooth compact manifolds, g be a Riemannian metric on
M . Assume that i : L ↪→ M is an embedding, i.e. L is a submanifold in M .
We endow L with the metric induced from M .

Definition 2.1. A smooth variation of i : L → M is C∞-map i : [−ε,+ε]×
L → M such that all maps it = i(t, ·) : L ↪→ M are embeddings and i0 = i.

Denote it(y) = yt,
d
dt it(y) = X(yt), it(L) = Lt. In this notation, we say

that variation it happens along the vector field X.

Definition 2.2. An embedding i : L ↪→ M is called minimal if volume of
L is stationary with respect to all variations, i.e.

(2.1)
d

dt

∣∣∣∣
t=0

Vol(Lt) = 0.

Here we formulate a classical criterion of minimality. The proof can be
found in [8, Theorem 4].

Theorem 2.3 (First variation formula).

(2.2)
d

dt

∣∣∣∣
t=0

Vol(Lt) = −
∫
L
〈H,X〉,

where H is the mean curvature vector field of embedding i : L ↪→ M and X
is the variation vector field.

Corollary 2.4. An embedding i : L ↪→ M is minimal if and only if H ≡ 0.

Let us formulate and prove an important criterion for minimality of
G-invariant submanifolds, due to Hsiang-Lawson [7]. Let G be a compact
connected Lie group, which acts on manifoldM by isometries. An embedding
i : L ↪→ M is called G-invariant if there is a smooth action G : L such that
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ig = gi for all g ∈ G. A variation it of a G-invariant embedding is equivariant
if itg = git for all g ∈ G and t ∈ [−ε,+ε].

Theorem 2.5. Let i : L ↪→ M be a G-invariant embedding. Then embed-
ding i : L ↪→ M is minimal if and only if volume of L is stationary with
respect to all equivariant variations.

Proof. Assume that the volume of L is stationary with respect to all equiv-
ariant variations.

Let H be the mean curvature vector field on i(L). Because H depends
only on i, which is G-invariant, we have g∗H = H for all g ∈ G. Assume that
φ is a smooth G-invariant function on L. Define the following variation it,
−ε < t < ε:

(2.3) it(y) = yt = expy0
[tφ(y0)H(y0)].

We chose ε > 0 small enough so that all it are embeddings. Notice that for
all g ∈ G,

g ◦ it(y) = g ◦ expy0
[tφ(y0)H(y0)] = expgy0

[(g∗(tφ(y0)H(y0))](2.4)

= expgy0
[tφ(y0)g∗H(y0)] = expgy0

[tφ(gy0)H(gy0)]

= it ◦ g(y),

because gy0 = gi(y) = i(gy), and φ is a G-invariant function. Hence it is an
equivariant variation.

Notice that the variation it happens along φH (by definition), and there-
fore by the first variation formula we get

(2.5)
d

dt

∣∣∣∣
t=0

Vol(Lt) = −
∫
L
φ|H|2,

which is zero because the variation is equivariant. This, together with the
arbitrariness of φ, implies H ≡ 0 which finishes the proof. �

2.2. H-minimality

Let M be a Kaehler manifold with symplectic structure ω, almost complex
structure J and metric g. A vector field X is called Hamiltonian if iXω =
ω(X, ·) = df , where f is a smooth function on M .
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Definition 2.6. A Lagrangian embedding i : L ↪→ M is calledHamiltonian-
minimal (H-minimal) if volume of L is stationary with respect to variations
along all Hamiltonian vector fields.

Proposition 2.7 (First variation formula). Let (M,ω, g) be a Kaehler
manifold. A Lagrangian submanifold L ⊂ M is H-Minimal if and only if its
mean curvature vector H satisfies

(2.6) δiHω = 0

on L, where δ is the Hodge dual operator of d on L.

Proof. By the first variation formula along a Hamiltonian vector field X,

d

dt

∣∣∣∣
t=0

Vol(Lt) = −
∫
L
〈H,X〉 = −

∫
L
〈iHω, iXω〉(2.7)

= −
∫
L
〈iHω, df〉 = −

∫
L
〈δiHω, f〉,

where Lt is the deformation along X. Since f is arbitrary, d
dt

∣∣
t=0

Vol(Lt) = 0
if and only if δiHω = 0, as needed. �

There is the following criterion due to Y.Dong [5], for H-minimality of
G-invariant Lagrangian embeddings, similar to Theorem 2.5:

Proposition 2.8. Let G : M be a symplectic action by isometries, where
G is a compact connected Lie group. Let i : L ↪→ M be a G-invariant La-
grangian embedding. Then i : L ↪→ M is H-minimal if and only if volume of
L is stationary with respect to all equivariant variations along Hamiltonian
vector fields.

Proof. Assume that volume of L is stationary with respect to all equivariant
variations along Hamiltonian vector fields.

Let H be the mean curvature vector field on i(L). Because vector field H
depends only on embedding i, which is G-invariant, we have g∗H = H for all
g ∈ G. Since the action is symplectic, both iHω and δiHω are G-invariant.
Assume that φ is a smooth G-invariant function on L. Define the following
variation it, −ε < t < ε:

(2.8) it(y) = yt = expy0
[tV ],

where V is defined by the condition JV = 	(φδiHω), which is equivalent to
the condition iV ω = d(φδiHω). We choose ε > 0 small enough so that all it
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are embeddings. Notice that for all g ∈ G,

g ◦ it(y) = g ◦ expy0
[tV (y0)] = expgy0

[tg∗V (y0)](2.9)

= expgy0
[tV (gy0)] = it ◦ g(y),

because gy0 = gi(y) = i(gy) and V is G-invariant. Hence it is an equivariant
variation.

Since the variation it happens along the vector field V , the first variation
formula implies

(2.10)
d

dt

∣∣∣∣
t=0

Vol(Lt) = −
∫
L
〈H,V 〉 = −

∫
L
〈iHω, iV ω〉 = −

∫
L
φ|δiHω|2,

which is zero because the variation is equivariant. This, together with arbi-
trariness of φ, implies δiHω ≡ 0 which finishes the proof. �

3. Symplectic reduction and toric varieties

3.1. Symplectic reduction

Let (M,ω) be a symplectic manifold, g ∼= Rn be the Lie algebra of Tn,
g∗ ∼= Rn be the dual vector space of g, and ψ : Tn → Sympl(M,ω) be a
symplectic action. For each X ∈ g, there is the one-parameter subgroup
{exp(tX) | t ∈ R} ⊆ Tn and the corresponding Tn-invariant vector field X#

on M .

Definition 3.1. An action ψ is called Hamiltonian if there exists a moment
map

(3.1) μ : M → g∗

satisfying the following property: for each unit basis vector Xi ∈ Rn ∼= g, the
function μi is a Hamiltonian function for X#

i , i.e. iX#
i
ω = d〈μ(p), Xi〉 = dμi

Example 1. Consider the standard symplectic structure

ω = −i

m∑
k=1

dzk ∧ dzk

on Cm. Consider the standard torus

(3.2) Tm = {(z1, . . . , zm) ∈ C
m | |zi| = 1 for all 1 � i � m} ⊂ C

m.
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The coordinate-wise action Tm : Cm is Hamiltonian, and its moment map
is

(3.3) μ(z1, . . . , zm) = (|z1|2, . . . , |zm|2).

Theorem 3.2 (Symplectic reduction). Let (M,ω, Tn, μ) be a symplectic
manifold with a Hamiltonian Tn-action. Assume that that the moment map
μ is proper. Let c be a regular value of μ and and i : μ−1(c) → M be the
inclusion map. Assume that Tn acts freely on μ−1(c). Then:

• the level set μ−1(c) is a smooth compact Tn-invariant submanifold in M ,

• the orbit space Mred = μ−1(c)/Tn is a manifold,

• π : μ−1(c) → Mred is a principle Tn bundle, and

• there is a symplectic form ωred on Mred satisfying i∗ω = π∗ω.

Remark 3.3. If M is compact then the moment map μ is proper.

Remark 3.4. There is a more general version of symplectic reduction for
Hamiltonian actions of compact connected Lie groups, which definition we
did not give. The proof can be found in [10].

3.2. Moment-angle manifolds

The details of the following construction can be found in [2, Construc-
tion 6.1.1].

Construction 3.5. Consider a presentation of a convex polytope

(3.4) P = P (A, b) = {x ∈ R
n : 〈ai,x〉+ bi � 0, 1 � i � m}.

Let A be the n×m-matrix with columns a1, . . . ,am. The map

iA,b : Rn → R
m,

iA,b(x) = Atx+ b = (〈a1,x〉+ b1, . . . , 〈am,x〉+ bm)t
(3.5)

embeds P into Rm
� . Define the space ZA,b from the commutative diagram

(3.6)

ZA,b
iZ−−−−→ Cm⏐⏐� ⏐⏐�μ

P
iA,b−−−−→ Rm

�
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where μ(z1, . . . , zm) = (|z1|2, . . . , |zm|2) is the moment map of the coordinate-
wise action of Tm on Cm.

Let Γ be the matrix whose rows form a basis of the space {y ∈ Rm :
yAt = 0}. Then Γ is an (m− n)×m matrix with maximal rank m− n sat-
isfying ΓAt = 0. The set of columns (γ1, . . . ,γm) of Γ is called a Gale dual
of the set (a1, . . . ,am) of columns of A. Now we can write

(3.7) iA,b(R
n) = {x ∈ R

m | Γx = Γb}.

Then the image of ZA,b in Cm by the map iZ can be expressed as an inter-
section of Hermitian quadrics:

ZΓ = iZ(ZA,b)(3.8)

=

{
(z1, . . . , zm) ∈ C

m :

m∑
k=1

γjk|zk|2 =
m∑
k=1

γjkbk, 1 � j � m− n

}
.

The space Z(A, b) is a smooth manifold if and only if the polytope P is
simple (i.e. all its intersecting faces are in general position, which gives the
condition of transversal intersection of quadrics), see [2, Theorem 6.1.3]. In
this case Z(A, b) is called a moment-angle manifold.

Further we will always assume that P is a simple polytope and use the
notation ZΓ as well as ZP for the manifold ZA,b. Notice that the moment-
angle manifold is compact since P is bounded.

Real moment-angle manifolds are defined similarly from the commuta-
tive diagram

(3.9)

RA,b
iR−−−−→ Rm⏐⏐� ⏐⏐�μ

P
iA,b−−−−→ Rm

�

where μ(y1, . . . , ym) = (|y1|2, . . . , |ym|2) is the restriction of the moment map.
The manifoldRP = R(A, b) can be written as an intersection of real quadrics:
(3.10)

RΓ =

{
u = (u1, . . . , um) ∈ R

m :

m∑
k=1

γjku
2
k =

m∑
k=1

γjkbk, 1 � j � m− n

}
.

There is an obvious inclusion RA,b ↪→ ZA,b.
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The action Tm : Cm restricts to an action Tm : ZΓ and similarly the ac-
tion Zm

2 : Rm restricts to an action Zm
2 : RΓ. Both orbit spaces are identified

with the initial polytope: ZΓ/T
m = RΓ/Z

m
2

∼= P .

Example 2. Let P be a triangle defined by equations

(3.11)

⎧⎪⎨
⎪⎩

x1 � 0,

x2 � 0,

1− x1 − x2 � 0.

Then the map iA,b is given by the formula iA,b(x1, x2) = (x1, x2, 1− x1 −
x2) and iA,b(P ) = R3

� ∩ {y1 + y2 + y3 = 1}. Thus

(3.12)
ZΓ = {(z1, z2, z3) ∈ C

3||z1|2 + |z2|2 + |z3|2 = 1} ∼= S5,

RΓ = {(y1, y2, y3) ∈ R
3|y21 + y22 + y23 = 1} ∼= S2.

3.3. Symplectic toric varieties

We endow Cm with a standard symplectic structure ω = −i
∑m

k=1 dzk ∧ dzk.
Recall that the action Tm : Cm is Hamiltonian and its moment map is given
by the formula μ(z1, . . . , zm) = (|z1|2, . . . , |zm|2).

Assume that the vectors a1, . . . ,am span a lattice N = Z〈a1, . . . ,am〉 ⊂
Rn. It is easily seen that then the columns γ1, . . . ,γm of matrix Γ span a
lattice L = Z〈γ1, . . . ,γm〉 ⊂ Rm−n. Because R〈a1, . . . ,am〉 = Rn we have
N ∼= Zn and L ∼= Zm−n. Consider the following subgroup of Tm:

(3.13) TΓ = R
m−n/L∗ = {(e2πi(γ1,φ), . . . , e2πi(γm,φ)) ∈ T

m} ∼= T
m−n,

where φ ∈ Rm−n and L∗ = {λ∗ ∈ Rm−n : (λ∗, λ) ∈ Z for all λ ∈ L} is the
dual lattice. The real analogue of TΓ is the discrete group DΓ = 1

2L
∗/L∗ ∼=

(Z/2)m−n, it canonically embeds as a subgroup in TΓ. The restricted action
of TΓ ⊂ Tm on Cm is also Hamiltonian, and the corresponding moment map
is the composition

(3.14) μΓ : C
m → R

m → t∗Γ,

where Rm → t∗Γ is the map of the dual Lie algebras corresponding to the
inclusion TΓ ↪→ Tm. The map Rm → t∗Γ sends the i-th basis vector ei ∈ Rm

to γi ∈ t∗Γ ∼= Rm−n. Hence μΓ is obtained by composing the standard moment
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map μ with Γ. That is,

(3.15) μΓ(z1, . . . , zm) =

(
m∑
k=1

γ1k|zk|2, . . . ,
m∑
k=1

γ(m−n)k|zk|2
)

The level set μ−1
Γ (Γb) is exactly the moment-angle manifold ZΓ. From

now on we assume that TΓ acts freely on ZΓ, which is equivalent to the
property of P being Delzant (i.e. P is simple and for every vertex the
corresponding normal vectors of adjacent facets span the whole lattice:
Z〈ai1 , . . . ,ain〉 = N). The following theorem with proof can be found in [2,
Theorem 6.3.1].

Theorem 3.6. Let P = P (A, b) be a Delzant polytope, Γ = (γ1, ...γm) the
corresponding Gale dual configuration of vectors in Rm−n, which defines the
moment-angle manifold ZP = ZΓ = ZA,b. Then:

• Γb is a regular value of the proper moment map μΓ : C
m → t∗Γ ∼= Rm−n,

• ZP is the regular level set μ−1
Γ (Γb),

• the action TΓ on ZP is free.

Remark 3.7. The conditions for applying symplectic reduction are as fol-
lows: the moment map is proper, the action is free and the level set is regular.
These conditions are equivalent to the properties of ZΓ being bounded, P
being Delzant and ZΓ being a non-empty manifold, respectively.

By applying symplectic reduction, we get a manifold VP = ZP /TΓ. It is
canonically isomorphic to a toric manifold VΣP

, which corresponds to the
normal fan ΣP of the polytope P (see [2, Theorem 5.5.4]). Manifolds VΣP

obtained in this way are called symplectic toric manifolds.
A toric manifold VΣP

is a projective algebraic variety. The reduced
symplectic form ωred and metric induced by the Riemannian submersion
ZP → VP are equivalent to the symplectic form induced by the projective
embedding and the metric coming from the algebraic structure. Let us also
notice the beautiful fact that the set of Delzant polytopes is in bijective
correspondence with the set of equivariant symplectomorphism classes of
symplectic toric manifolds [4].

The important fact is that RP projects on real toric manifold UP , which
is a set of real points of complex toric manifold. The fiber is DΓ. The main
results of this paragraph can be illustrated by the following diagram (3.16),
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where fibers of the projections π and r are TΓ and DΓ, and all dimensions
are real except of Cm.

(3.16)

Rn
P Zm+n

P Cm

Un
P V 2n

P

r

i

π

4. Minimal submanifolds in moment-angle manifolds

We fix our notation as on the diagram (3.16).

Proposition 4.1. The real toric manifold UP is a minimal submanifold
of VP .

Proof. The real toric manifold UP is the fixed point set under isometric in-
volution σ : VP induced by the complex conjugation on ZP ⊂ Cm. It is easily
seen that UP is totally geodesic in VP , i.e. all geodesics in UP are geodesics
in VP . Therefore UP is minimal in VP , because being totally geodesic means
that the second quadratic form is zero, and minimality means that its trace is
zero, i.e. mean curvature vector field vanishes everywhere (see [8, Chapter 1]
for the details). �

Define the function Vo: VP → R as a volume of an orbit:

(4.1) Vo(x) = Vol(π−1(x)).

Proposition 4.2. The real toric manifold UP is minimal in VP with respect
to the metric g̃ = V o2/ng.

Proof. The key observation is that the function Vo (volume of the preimage)
is invariant under the involution σ : VP induced by the complex conjugation.
This is because conjugation is isometry on Cm. In fact the volume of an orbit
depends only on absolute values of the coordinates of points in the orbit.
Thus we have

Vo(x) = Vol(π−1(x)) = Vol(TΓ(z1, . . . , zm)) = Vol(|z1|, . . . , |zm|)(4.2)

= Vol(|z1|, . . . , |zm|) = Vol(TΓ(z1, . . . , zm))

= Vol(π−1(σx)) = Vo(σx).
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Hence the involution σ is isometric not only with respect to the metric g, but
also with respect to the metric g̃ = V o2/ng. This means that the argument
from Proposition 4.1 works also in the case of metric g̃. �

We will also need the following generalization of Noether’s theorem:

Theorem 4.3. Let (M,ω, T, μ) be a symplectic manifold with a Hamilto-
nian torus action. Let X be a Hamiltonian T -invariant vector field. Then
the moment map μ is constant along X.

Proof. The proof is a sequence of equalities:

(4.3) X(μi) = iXdμi = iX iX#
i
ω = −iX#

i
iXω = −iX#

i
df = −X#

i (f) = 0,

because the vector field X is T -invariant and therefore the 1-form df = iXω
is T -invariant. �

Now define a submanifold

(4.4) N = π−1(UP ) ∼= RP ×DΓ
TΓ

of the moment-angle manifold ZP ⊂ Cm.

Theorem 4.4. The submanifold N is minimal in ZP .

Proof. The action TΓ : ZP is free and ZP /TΓ = VP . Hence there is a bijection:

(4.5)

{
TΓ-invariant horizontal

vector fields on ZP

}
←→

{
vector fields

on VP

}

Assume that it is a TΓ-invariant variation of the natural embedding i : N ↪→
ZP . By the definition of g̃,

(4.6) Vol(Nt, g) = Vol(π(Nt), g̃).

Comparing TΓ-invariant variations of N in ZP and variations of π(N) = UP

in VP , we obtain by minimality of UP w.r.t. metric g̃ (Proposition 4.2) that
the volume of N is stationary with respect to all TΓ-invariant variations.
This together with Theorem 2.5 implies the minimality of N . �

Theorem 4.5. The manifold N is an H-minimal Lagrangian submanifold
of Cm.
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Proof. We have a sequence of embeddings: N ↪→ ZP ↪→ Cm.
We first prove that N is a Lagrangian submanifold in Cm. For any x ∈

N , there is a decomposition of the tangent space TxN = TRΓ
⊕ TTΓ

into
the sum of the tangent space of the real moment-angle manifold and the
tangent subspace along the torus action. The canonical symplectic form ω =
−i

∑m
k=1 dzk ∧ dzk on Cm vanishes on the tangent subspace TRΓ

, because
there are only real vectors (tangent to RΓ) in z · TRΓ

for some z ∈ TΓ. Now
assume that Xi ∈ TTΓ

and Y ∈ TxN . Then

(4.7) ω(Xi, Y ) = iXi
ω(Y ) = dμi(Y ) = Y (μi) = 0,

since Y ∈ TxN and therefore μ is constant along Y (because N ⊂ ZΓ =
μ−1(Γb)). This implies that ω vanishes on the whole tangent space TxN =
TRΓ

⊕ TTΓ
, i.e. N is Lagrangian.

Now let us prove the H-minimality. By Proposition 2.5, we can con-
sider only TΓ-invariant Hamiltonian variations. By Theorem 4.3, any TΓ-
invariant Hamiltonian variation of N ⊂ ZΓ ⊂ Cm belongs to ZΓ. Finally by
Theorem 4.4, the volume of N is stationary with respect to all TΓ-invariant
variations in ZΓ. �

Example 3 (One quadric). Let m− n = 1, i.e. ZΓ is defined by one
equation

(4.8) γ1|z1|2 + · · ·+ γm|zm|2 = c.

Compactness implies that all coefficients are positive. The action TΓ : ZΓ

is free (equivalently, the initial polytope is Delzant) if and only if the fol-
lowing condition is satisfied: for every point z ∈ ZΓ there is an equality
Z〈γi1 , . . . , γik〉 = Z〈γ1, . . . , γk〉 = L, where zi1 , . . . , zik are the only non-zero
coordinates of z (see [13, Theorem 4.1]). Because in our case ZΓ contains
points with only one non-zero coordinate, every γi should generate the same
lattice as the whole set γ1, . . . , γm. Therefore γ1 = · · · = γm, and ZΓ is a

sphere S2m−1 of radius
√
a =

√
c
γ 1

defined by equation

(4.9) |z1|2 + · · ·+ |zm|2 = a.

The manifold RΓ ⊂ ZΓ is a sphere in real part of ZΓ:

(4.10) Sm−1 = {(r1, . . . , rm) ∈ C
m | ri ∈ R 1 � i � m, r21 + · · ·+ r2m = a}.

In order to get N = RΓ ×DΓ
TΓ, one should �spread� the sphere RΓ

∼= Sm−1

by the action of the circle TΓ = {(e2πiφ), . . . , e2πiφ)) ∈ Cm} ∼= S1. In this way,
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depending on whether the involution changes the orientation on Sm−1, we
get the manifold

(4.11)
N(m) ∼= Sm−1 × S1 for even m,

N(m) ∼= Km for odd m,

where Km is an m-dimensional Klein bottle. The submanifold N(m) is min-
imal in S2m−1 and is H-minimal Lagrangian in Cm.

Example 4 (Two quadrics). Let m− n = 2, then ZΓ is defined by equa-
tions

(4.12)

{
γ11|z1|2 + · · ·+ γm1|zm|2 = c,

γ12|z1|2 + · · ·+ γm2|zm|2 = 0,

where γk1 > 0, c > 0, γj2 > 0, γi2 < 0 for 1 � k � m, 1 � j � p, p+ 1 � i �
m (this is the canonical form of an intersection of two quadrics described
in [13, Proposition 4.2]). The second equation defines a cone over the product
of two ellipsoids of dimensions 2p− 1 and 2q − 1. By intersecting it with
ellipsoid of dimension 2m− 1, defined by first equation, we obtain that ZΓ

∼=
S2p−1 × S2q−1 and RΓ

∼= Sp−1 × Sq−1. Let us note that the corresponding
polytope is combinatorially equivalent to the product of simplices �p−1 ×
�q−1.

In [13] it is proved that in this case

(4.13) NΓ = Nl(p, q) = RΓ ×DΓ
TΓ ≈ (Sp−1 × Sq−1)×Z2×Z2

S1 × S1,

where the actions on the right side are antipodal involutions, and on the left
side they are given by

(4.14)
ϕ1 : (u1, . . . , um) → (−u1, . . . ,−ul,−ul+1, . . . ,−up, up+1, . . . , um),

ϕ2 : (u1, . . . , um) → (−u1, . . . ,−ul, ul+1, . . . , up,−up+1, . . . ,−um).

So the topological type of NΓ is defined by three numbers p,q and l where
p+ q = m and 0 � l � p.

In general there is a fiber bundle

(4.15) RΓ ×DΓ
TΓ = NΓ TΓ/DΓ

∼= Tm−n,
RΓ
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so in case of m− n = 2 we get

(4.16) Nl(p, q) T 2.
Sp−1×Sq−1

Notice that transformations of fibers in this bundle are described by ϕ1 and
ϕ2. If p is odd then ϕ1 changes the orientation of RΓ = Sp−1 × Sq−1. This
implies that the fiber bundle is unorientable and hence is not trivial. Same
argument works if l + q is odd.

We also have Nl(p, q) = N(p)×Z/2 (S
q−1 × S1) because ϕ1 does not act

on Sq−1 and acts by antipodal involution on Sp−1 (where N(p) is the mani-
fold from the case of m− n = 1). This also gives us another interesting fiber
bundle

(4.17) Nl(p, q) N(q)
N(p)

which topology depends on l. If p and q are even, but l is odd, then this
bundle is non-trivial, because we know that Nl(p, q) �= RΓ × T 2 = Sp−1 ×
Sq−1 × T 2 = N(p)×N(q). If numbers p,q and l are even then this bundle
is trivial, because of the fact that antipodal involution of odd-dimensional
sphere (or even-dimensional vector space) is isotopic to the identity by ro-
tations in two-planes.

The manifold N is a minimal submanifold of ZΓ
∼= S2p−1 × S2q−1 and

an H-minimal Lagrangian submanifold of Cm. If p = q = 2 and l = 1 we
get a minimal embedding N1(2, 2) ↪→ ZΓ

∼= S3 × S3, where N1(2, 2) → T 2

is a nontrivial bundle with fiber T 2. In the same time there is a trivial
bundle T 4 = T 2 × T 2 = N0(2, 2) which minimally embeds into ZΓ

∼= S3 ×
S3. The latter embedding is a product of two minimal embeddings T 2 ↪→ S3

constructed from one quadric from the previous example.

5. H-minimal Lagrangian submanifolds in toric manifolds

Here we review the construction of Mironov and Panov [14] and give a more
explicit proof of their main theorem, which is independent of the results
of [5].

Consider two sets of quadrics ZΓ and ZΔ:

(5.1) ZΓ =

{
z = (z1, . . . , zm) ∈ C

m :

m∑
k=1

γjk|zk|2 = cj , 1 � j � m− n

}
,
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(5.2) ZΔ =

{
z = (z1, . . . , zm) ∈ C

m :

m∑
k=1

δjk|zk|2 = dj , 1 � j � m− l

}
,

and denote ZΓ ∩ ZΔ as ZΓΔ, quadric corresponding to the matrix ΓΔ ob-
tained by placing the matrix Γ right on top of the matrix Δ. We assume
that ZΓ, ZΔ and ZΓΔ = ZΓ ∩ ZΔ are non-degenerate rational intersections of
quadrics. For instance for ZΓ this means that the following three conditions
are satisfied:

(a) c ∈ R�〈γ1, . . . , γm〉,
(b) if c ∈ R�〈γi1 , . . . , γik〉, then k � m− n,

(c) γ1, . . . , γm generate a lattice L of maximal rank in Rm−n.

We also assume that the polytopes associated with the intersections of
quadrics ZΓ, ZΔ and ZΓΔ are Delzant (for the construction of the poly-
tope associated with an intersection of quadrics, see [13]).

The groups TΔ, TΓΔ, DΔ, and DΓΔ are defined similarly as the groups
TΓ and DΓ. Notice that n+ l should be � m and Tm−n

Γ is transverse to
Tm−l
Δ inside T 2m−n−l

ΓΔ ⊂ Tm, and all these three tori act freely on ZΓΔ.
The idea is to use the first set of quadrics to produce a toric manifold VΓ

via symplectic reduction as in diagram (3.16), and then use the second set
of quadrics to define an H-minimal Lagrangian submanifold in VΓ. We have
the toric manifold VΓ = ZΓ/TΓ with a Hamiltonian torus action TΔ : VΓ. The
moment map μΔ : VΓ → Rm−l for the action TΔ : VΓ is given by the formula

(5.3) μΔ(x) = Δ · μ(π−1(x)) = Δ · (|z1|2, . . . , |zm|2)t

where π−1(x) = (z1, . . . , zm) is any preimage of x by the map π : ZΓ → VΓ.
Now we can apply symplectic reduction by the action TΔ : VΓ. Everything
we need can be seen on the following diagram:
(5.4)

Zn+l
ΓΔ Zm+n

Γ Cm

(RΓΔ/DΓ)
n+l−m (ZΓΔ/TΓ)

2n+l−m V 2n
Γ

Un+l−m
ΓΔ V

2(n+l−m)
ΓΔ

π
symplectic reduction by the action of TΓ

r̃

i

π̃
symplectic reduction by the action of TΔ

where the fibers of the projections π̃ and r̃ are TΔ and DΔ, respectively.
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Consider the n-dimensional submanifold

(5.5) Ñ = π̃−1(UΓΔ) ∼= (RΓΔ/DΓ)×DΔ
TΔ

of the manifold ZΓΔ/TΓ ⊂ VΓ. Similarly to Theorems 4.4 and 4.5, we get:

Theorem 5.1. The manifold Ñ is a minimal submanifold of the manifold
ZΓΔ/TΓ and an H-minimal Lagrangian submanifold of toric manifold VΓ.

Proof. We have a sequence of embeddings: Ñ ↪→ ZΓΔ/TΓ ↪→ VΓ. As before
the manifold Ñ is a Lagrangian submanifold in VΓ because the tangent
space decomposes TxÑ = TRΓΔ/DΓ

⊕ TTΔ
into the real subspace and the torus

action subspace. We only have to note that symplectic form ωred on VΓ is
equal to the canonical Kaehler form, which is zero on the real part RΓ, and
thus will be zero on RΓΔ/DΓ.

Let us prove H-minimality. We can consider only TΔ-invariant Hamil-
tonian variations. By Noether’s theorem all these variations of Ñ will be
lying inside ZΓΔ/TΓ. It is left to show that Ñ is minimal in ZΓΔ/TΓ. As
before in Theorem 4.4, this follows from UΓΔ being minimal in VΓΔ with

the appropriately corrected metric ˜̃g = (Vo
2

n+l−m )g on VΓΔ, where g is the
standart metric on VΓ, and function Vo(x) = Vol(π̃−1(x)) is the volume of
the orbit. For this fact the reason is that conjugation is isometry on VΓ (just
as on Cm), and thus preserves the volume of the orbits π̃−1(x) . �

Example 5. (a). If m− n = 0, then the set of quadrics defining ZΓ is void,
so ZΓ = VΓ = Cm and we obtain the original construction of submanifolds
N which are minimal in ZΔ and H-minimal Lagrangian in Cm.

(b). If m− l = 0, then the set of quadrics defining ZΔ is void, so Ñ is a
real toric manifold UΓ, which is minimal (even totally geodesic) in VΓ.

(c). If m− n = 1, then ZΓ
∼= S2m−1, so we get H-minimal Lagrangian

submanifolds Ñ of the projective space VΓ = ZΓ/S
1 = CPm−1, which also

embed minimally into submanifold ZΓΔ/TΓ = (S2m−1 ∩ ZΔ)/S
1. This

family contains H-minimal Lagrangian tori in CP 2 and CP 3 constructed
in [11], [15].
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