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The Hamiltonian tube of a
cotangent-lifted action

MicUEL RODRIGUEZ-OLMOS AND MIGUEL TEIXIDO-ROMAN

The Marle-Guillemin-Sternberg (MGS) form is local model for a
neighborhood of an orbit of a Hamiltonian Lie group action on a
symplectic manifold. One of the main features of the MGS form is
that it puts simultaneously in normal form the existing symplectic
structure and momentum map. The main drawback of the MGS
form is that it does not have an explicit expression. We will obtain
a MGS form for cotangent- lifted actions on cotangent bundles
that, in addition to its defining features, respects the additional
fibered structure present. This model generalizes previous results
obtained by T. Schmah for orbits with fully-isotropic momentum.
In addition, our construction is explicit up to the integration of
a differential equation on G. This equation can be easily solved
for the groups SO(3) or SL(2), thus giving explicit symplectic
coordinates for arbitrary canonical actions of these groups on any
cotangent bundle.

1. Introduction

The study of the local geometry of symplectic manifolds equipped with
Hamiltonian group actions constitutes a field which originated with the clas-
sical papers [6, 11]. In these references the authors obtain a universal model
for a tubular neighborhood of the orbit of a point under a Hamiltonian
action which puts in normal form both the symplectic structure and the
momentum map (Theorem 2.1). This model is known as the Hamiltonian
tube or Marle-Guillemin-Sternberg form and it is the base of almost all the
local studies concerning Hamiltonian actions of Lie groups on symplectic
manifolds. In fact, since the decade of the 80’s almost all the relevant re-
sults about the qualitative local dynamics of equivariant Hamiltonian flows
have been obtained using techniques based on the Hamiltonian tube, for
example [8, 10, 13-18, 21, 24, 25, 30]. Moreover, the Hamiltonian tube was

2010 Mathematics Subject Classification: 53D20; T0H33; 37J15.

803



804 M. Rodriguez-Olmos and M. Teixid6-Romaéan

a major ingredient for many of the generalizations of the Marsden-Weinsten
reduction scheme to singular actions like [2, 9, 19, 31].

In this paper we will focus on the cotangent bundle case. Let T%Q be a
cotangent bundle equipped with its canonical symplectic structure wg and
let G be a Lie group that acts smoothly on Q). The canonical lift of this
action to T*(@Q is automatically a Hamiltonian action. The Marle-Guillemin-
Sternberg construction (Theorem 2.1) applied to a canonical action over
a cotangent bundle gives, as for every Hamiltonian action, an equivariant
local model of (7T%Q,wq) that puts in normal form both the symplectic
structure and the momentum map. However, in general this model does not
respect the fibration 7T%Q — Q). Moreover, the map given by Theorem 2.1 is
not constructive and only some of its properties are known. In the concrete
case of cotangent bundles there is a strong motivation coming from geomet-
ric mechanics and geometric quantization to obtain explicit or fibred local
models. In this paper we obtain a construction of the Hamiltonian tube for
a canonical cotangent-lifted action in a cotangent bundle specially adapted
to this kind of manifold and that puts the fibration in a normal form (The-
orem 5.6). In other words, this assumes that the space that models locally
the neighborhood of an orbit of the group in 7T%(@) has a fibered structure
7:Y — U where U is a local model of the base () such that

T:Y>TU

is a fibered map. Additionally, the construction of 7 will be explicit up
to the integration of a differential equation on G. The restricted G-tubes
(Definition 4.7) will be the basic building blocks and are the only non-explicit
part of the model. Given a Hamiltonian action the restricted G-tube depends
only on the group G and its algebraic structure. For example, for SO(3) and
SL(2) the expressions of their restricted G-tubes can be obtained explicitly,
see Section 7. For larger groups the computation will be more cumbersome
but could be done with a computer algebra system. As an additional result of
our construction we obtain a fibered analogue of the Lerman-Bates lemma
[2] (Proposition 6.1) that characterizes the set of points with prescribed
momentum in a neighborhood of the form 77(U). We believe that this
result can be used to study in detail the structure of singular reduction for
cotangent bundles, generalizing the results of [22] to non-zero momentum.
This will be addressed elsewhere.

The first works studying symplectic normal forms in the specific case
of cotangent bundles seem to have been [27, 28]. In these references T.
Schmah found a Hamiltonian tube around those points z € T*(@Q such that
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its momentum p = J(z) is fully-isotropic (that is, G\, = G with respect to
the coadjoint representation). One of the main differences between her con-
struction and the classical MGS model for symplectic actions is that the one
for cotangent bundles was constructive, unlike the general MGS model. The
next step came with [23] which provides a general descripion of the symplec-
tic slice of a cotangent bundle, without the assumption G = G,. Recently
[29] constructed Hamiltonian tubes for free actions of a Lie group G and
showed that this construction can be made explicit for G = SO(3).

This paper is organized as follows: in Section 2 we review some back-
ground material regarding proper actions and the classical MGS model. In
Section 3 we introduce in Proposition 3.1 a splitting of the Lie algebra that
will be needed in all the subsequent development. This splitting already
appeared partially in [23] (Theorem 3.4). In Section 4 we introduce simple
and restricted G-tubes (Definitions 4.2 and 4.7). Simple G-tubes are, up to
technical details, MGS models for the lift of the left action of G on itself to
T*G. Their existence is proved in Proposition 4.3. Restricted G-tubes are
defined implicitly in terms of a simple G-tube (Proposition 4.8) and are the
technical tool that we will need later to construct the general Hamiltonian
tube.

In Section 5 we construct the general Hamiltonian tube for a cotangent-
lifted action in such a way that it is explicit up to a restricted G-tube. This
general tube will be the composition of two maps. We will first construct
a Hamiltonian tube around points in 7T%(Q with certain maximal isotropy
properties (Theorem 5.2) and then an adaptation of the ideas of [28] will
be used to construct a I' map (Proposition 5.4). Together these two maps
will give the general Hamiltonian tube in Theorem 5.6. In Section 6 we use
a zero section-centered tube to construct a cotangent-bundle version of a
result due to Bates and Lerman in Proposition 6.2. One important novelty
of this lemma is that our version is global in the vertical direction in the
sense that given z € J=!(u) we can describe, via a Hamiltonian tube, not
only a set of the form J~!(u) N U where U is a neighborhood of z, but a
set 77 1(7(U))NJI~1(u) with U is a neighborhood of z. That is, with one
Hamiltonian tube we can describe all the points in J~!(x) whose projection
is close enough to the projection of the center point. Finally, in Section 7
we present explicit examples of G-tubes for both the groups SO(3) (where
we recover the results of [29]) and SL(2,R). In Subsection 7.4 we present an
explicit Hamiltonian tube for the natural action of SO(n) on T*R"™ which
generalizes the final example of [28] to the case p # 0.
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2. Preliminaries

This section collects background material from the theory of Hamiltonian
actions and MGS normal forms that will be used through this paper. Most
material is standard and can be found in greater detail in several references,
for instance [19].

2.1. Proper actions and slices

Let G be a Lie group with Lie algebra g. We will always denote by e the
identity element of the group and by L,, Ry; G — G the left and right mul-
tiplications by g respectively. If G acts on M we say that M is a G-space.
For p € M the isotropy subgroup of p is

Gy={9€G|g-p=np}

A map f: M; — Ms between two manifolds endowed with G-actions is
called G-equivariant if f(g-p) =g f(p) for all p € M; and g € G.

An action is proper if the map G x M — M x M defined by (g, 2) —
(2,9 - z) is a proper map. For a proper G-action all the isotropy subgroups
G, are compact subgroups of G. For any Lie group G the left and right
actions on itself are proper.

If a compact subgroup H C G acts on a manifold A then on G x A we
can consider two actions:

e twisting action of H: h-T (g,a) = (¢gh~',h-a), hec H
e left action of G: h L' (g,a) = (hg,a), h € G.

If necessary we will use as above the superindexes T or L to indicate the
H7-action (twisting) or the G*-action (left) on the product G' x A. As both
actions commute G x A supports an action of the direct product group
Gl x HT.
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The twisting action is free and proper and, therefore, the quotient space
(G x A)/HT is a manifold and it will be called the twisted product. We
will denote it as G x g A and its elements will be denoted as [g,a]ly g €
G, a € A. The twisted product G X A admits a proper G-action given by
g9 alg = [99',alm. In fact the twisted product is exactly the associated
bundle for the principal H-bundle G — G/H and the H-manifold A.

The Tube Theorem [20] shows that in fact every proper G-space is lo-
cally a twisted product. That is, if G acts properly on M, z € M and A is
an G-invariant complement of g -z in T, M then there is a G-equivariant
diffeomorphism

(1) S:GXGZA—>UCM

satisfying s([e, 0]g.) = z where U is a G-invariant neighborhood of z.
A G,-invariant complement of g- z in T, M will be called a linear slice
for the G action at z € M.

2.2. Hamiltonian actions and Hamiltonian tubes

Assume now that G acts symplectically on a symplectic manifold (M,w). A
momentum map is a function J : M — g* such that

iﬁMw = d<‘]()7§> vé‘ €9

where &y € X(M) is the fundamental vector field associated with & € g. If
J is equivariant with respect to the coadjoint action on g* then we will
say that the action is Hamiltonian. If G acts Hamiltonially on a symplectic
manifold (M, w) there is a symplectic version of the Tube Theorem for proper
G-spaces, and this is precisely the content of the Marle-Guillemin-Sternberg
normal form proven by Marle, Guillemin and Sternberg in [6, 11] for compact
groups and extended to proper actions of arbitrary groups in [2].

Theorem 2.1 (Hamiltonian Tube Theorem). Let (M,w) be a sym-
plectic manifold endowed with a proper Hamiltonian action of a Lie group
G with momentum map J: M — g*. Let z € M, p=J(z), and choose a

G.-invariant splitting g, = g. @m. Let N be a G.-invariant complement
of 9u -z in KerT.J and Iy : N — g} defined by (Jn(v),&) := %w(f S0, ).
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Consider the set Y := G X, (m* x N) equipped with the two-form

(2) QY(T(Q,I/,U)T(GZ (u1)7 T(gﬂ/,v)Ter (UQ))
= (2 + Ty IN(02),&1) — (U1 + TuI N (1), E2)
+ v+ In() + p, [€1,82]) + w(1,02)

where u; = (TeLg&i; Uiy 0i) € Tig0) (G X m* X N) and 7g, : G x (m* X
N) = G xg. (m* x N). There is a neighborhood Y, of the zero section of
Y such that the restriction (Y, Qy) is a symplectic manifold equipped with a
Hamiltonian action of G (seen as a twisted product) for which the momen-
tum map is

(3) Iylg,v,vla. = Adga (p+ v+ JIn(v)).
Additionally, there is a map
T:Y, — M

such that:

e T:Y, —TY,)CM is a G-equivariant diffeomorphism with
T ([e,0,0]c.) = z.

[ ] T*w = Qy.

The pair (Y;,Qy) is called the MGS model at z € M, the G-equivariant
symplectomorphism T is called a Hamiltonian tube around z and the space
N o symplectic slice at z.

Note that whereas in the Palais model (1) the twisted product depends
only on a G-invariant complement to g-z in T, M in the Hamiltonian
tube the normal form depends on a G.-invariant complement N of g,, - z in
KerT.J and on the complement m of g, in g,. Note also that N, equipped
with the restriction of w(z) is a symplectic linear space supporting a linear
Hamiltonian representation of G, which admits Jy as equivariant momen-
tum map. In addition, since 7 is a symplectomorphism equivariant with
respect to the Hamiltonian actions of G on Y, and M, by general geometric
arguments we have

Jy:JOT

when the above expression is well defined.
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2.3. The MGS model as a reduced space

We can interpret the symplectic form Qy in (2) as the reduced symplectic
form for a more basic structure. In this section we are going to recall some
well-known facts about this interpretation of the MGS model that will be
used throughout the paper. Let G' be a Lie group, u € g* and K C G, a
compact subgroup. Since K is compact we can choose a K-invariant com-
plement of g, in g and this choice induces a K-equivariant linear inclu-
sion ¢ : g;, — g*. Consider the product T}, := G x g, and the map T}, — T*G
given by (g,v) — TeLy . (p+ 1(v)) € T*G. With this map we can pull-back
the canonical symplectic form of TG obtaining the two-form wr, given by

wTu(gv V)(U17U2) = <I)27€1> - <I)17€2> + <M + L(V)v [61752])7

where v; = (TeLg&;, 1) € Ty.)G x g, This form satisfies wy, = —dfr,
where

(4) 01,.(9,v)(v1) = (p + (), &)

It can be checked that, for any g € G the two-form wr,(g,0) is non-
degenerate and, therefore there is an open K-invariant neighborhood (g;)r
of 0 € g;, such that (G x (g},)r,wr,) is a symplectic space (see Proposition
7.2.2 of [19]). Let (N, wn) be a symplectic linear space with a K-Hamiltonian
linear action with momentum map

5) (In(0),€) = gun(€-v,0).

The product Z := G x ((g},)r X N) equipped with the two-form wr, + wy is
a symplectic space and the natural G* and K”-actions are free and Hamil-
tonian with momentum maps

(6) Kgr(g,v,v) = —V‘E +JIn(v), and Kge(g,v,v) = Ady.v.

By the Marsden-Weinstein reduction procedure [12] the quotient K (0)/ KT
is a symplectic manifold. Since the G* and K7 actions commute then the
induced G-action on this quotient is also Hamiltonian.

Let now m be a K-invariant complement of ¢ = Lie(K) in g,. There are
small enough open neighborhoods m; and N, of the origin in m* and N such
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that v + Jn(v) € (g,)r for every v € m; and v € N,.. In this setting

(7) L:Gxg ("), x N,) — K5 (0)/KT

g, v, 0]k — [g,v + In(v),v] Kk

is a well-defined G-equivariant symplectomorphism between the MGS model
Y, = G X (m: x N,) equipped with the symplectic form (2) and the re-
duced space K;T (0)/KT equipped with its canonical reduced symplectic
form.

3. The symplectic slice for cotangent-lifted actions

If G acts on a manifold () then the natural lift of the action to T*Q will
be called the cotangent-lifted action. The cotangent-lifted action of a proper
action is again proper and it is Hamiltonian with respect to the canonical
symplectic form with momentum map

(8) (Jrq(g:p), &) = (p,60(q))

Fix z = (q,p) € T*Q with p:=J7p-g(z). By the equivariance of the
cotangent bundle projection 7:7*Q — @ and of Jr-g we have G, C G,
and G, C G,,. Moreover, from (8) we see that y is annihilated by any £ € g,.
Graphically, the several groups involved can be put into lattice form as

GyNGy
T
G
where each arrow represents an inclusion. As we shall see, one of the main
problems of building a Hamiltonian tube for a cotangent-lifted action is that
the relationship between the subgroups G4, G, and G, can be complicated
in general. In this section we will first introduce a splitting of g that has
good properties with respect to © and G, and then will use this splitting

to restate the characterization of the symplectic slice for cotangent-lifted
actions obtained in [23].
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3.1. A Lie algebra decomposition

We start by giving a useful invariant splitting of g that will be the starting
point of many of the constructions we will make in the next sections.

Proposition 3.1. Let G be a Lie group, H a compact subgroup and pu € g*
with [b,b] € (u)°. Let QF be the bilinear form on g given by Q*(&1,&2) =
—(u, [€1,&2]). Then there is a H,-invariant splitting

9) g=0,200(dn
satisfying
I)h=bh,®L

2) QH|  is non-degenerate.
o

3) [ and n are Q*-isotropic subspaces and QF [ 1s non-degenerate.

Dn
4) Q(€1,82) =0 if & €0, €l

Proof. As H is compact we can endow g with an Adg-invariant metric. The

two-form Q* restricted to gt is non-degenerate because if ¢ € Ker Q”‘ N

i
then (u,[&,n]) =0 for all n € gﬁ but if now 7 € g, then 0= (adju, &) =
— (1, [§,n]) = (ad¢pu,m) for any 1 in g but this implies that adiy =0 and

as & € gj then £ = 0. Denote by w = Q¥| = the restriction. The form w is
9,0

symplectic on g/f.
Define now [:=H N gj and

o={Neg, Nb" Cgl(adju,m) =0 Vneh}.

If € € gi is w-orthogonal to [ then it must lie in 0 ® [ because & can be
decomposed as £ = & + & with & € h N gf; =land & e htn gf; but then
as (i, [§2,m]) = (1, [€,n]) = 0 for any n € h then & € 0. That is, [“ Co® L.
Conversely, if £ € 0 then by definition of 0 £ € [, and if £ € h for any n € [
we have (u,[£,n]) = 0 because [ € h and u € [h,5]° so £ € [“ and, therefore,
“=0dl

Let £ € oNo“. Noting that £ € [ we have £ €0 NI = (0¥ =
() =1 but as 0 N[ =0 this implies that £ = 0, thus the restriction w
is non-degenerate. )
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To build the space n we will need a preliminary standard result in linear
algebra.

Lemma 3.2. Let A, B,C C E be three linear subspaces of a linear space E
such that A C B and ANC = 0. Then

BN(C®A) =(BNO)® A

Note that [ C o“ and as (u, [£,n]) = 0 for any £, n € [, then [is an isotropic
subset of the symplectic subspace 0¥, but in fact

“No*=0"N0@l)=("No)B =1

where we applied the previous lemma with A = [, B = ¢“ and C' = 0. This
implies that [ is actually a Lagrangian subspace of 0* and it is clearly H,-
invariant. By Lemma 7.1.2 of [19] there must exists a H,-invariant comple-
ment n C gj of [. That is, we have g = g, ® 0o @ [@© n and with respect to
this splitting 2* block diagonalizes as

0O 0 0 0
QF — 0 Q . 0 0
0O 0 0 =«
0 0 =x 0
where the entries * will not be important in our discussion. ]

Remark 3.3. The subspace 0 was introduced in [23] by a different proce-
dure. In that work o was constructed as a symplectic slice for the H-action
on the coadjoint orbit O, C g*. In fact the subspaces [ and n can be under-
stood as part of a Witt-Artin decomposition 7,0, =[- p@n-pd o - p (see
[19]). Note that as vector spaces supporting a H,-action both [ and n are
isomorphic to the quotient /b, and o is isomorphic to b /(Ker Qu+bh).

3.2. The symplectic slice

The first step towards the construction of a Hamiltonian tube for cotangent-
lifted actions is to describe the symplectic slice at a point z = (¢,p) € T*Q.
This was done in [28] under the assumption Gy C G,. Later, in [23] the
symplectic slice for the general case was worked out. Before stating the
result we will introduce some new notation that will be used throughout the
paper. Let V be a linear space supporting a linear representation of a group
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G and let a € V and b € V*. The diamond product (see [7]) aoa € g* is
defined as

(aoa,n) = (a,n-a)
for all n € g. With this notation the cotangent lift of a linear G-action on V

has momentum map J(a,b) = a o b € g*. Note that if we consider G = SO(3)
acting on R? the diamond product is just the usual cross product. If h C g is

a subspace then a oy b:= (aob)| € bh*. If b is the Lie algebra of a subgroup

H C G, aopybis the momentum map for the H-action on TV induced by
restriction of the original G-action, which is in turn the same as the lift
of the restricted H-action on V. In this context, the next result gives a
characterization of the symplectic slice for a cotangent-lifted action.

Theorem 3.4 (Theorem 6.1 of [23]). Let z = (q,p) € T*Q and S be a
Gg-invariant complement of g-q in T,Q. Define H := Gg, p:=J(z), o :=
Z‘S €S*, B:= (b, -a)° CS. Let o be as defined in (9)

The symplectic slice N at z is linearly and G,-equivariantly symplecto-
morphic to the product o X T*B equipped with the symplectic form

(10)  Qn((A1,v1,w1) (A2, v2,w2)) = — (i, [A1, A2]) + (w2, v1) — (w1, v2)

with \j € 0 and (vj,w;) € B x B*. The corresponding momentum map for
the linear G,-action is

1
In(A, (@, ) = 5A 0. adipi +a oy, B.

4. G-tubes

In this section we will define both simple and restricted G-tubes. These maps
will be the building blocks needed to find an explicit Hamiltonian tube for
cotangent-lifted actions.

4.1. Simple G-tubes

From now on we will identify TG with G x g and T*G with G x g* using
left trivializations

Gxg—TG Gxg —T'G
(9,6) '—>TeLg(§) (9,v) '—>T:Lg*1(’/)-
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Combining them we can trivialize T(T*G) 2 G x g x g* x g*.
We will need the following well-known properties of the symplectic struc-
ture and the cotangent-lifted actions of G on T*G (see [1])

Proposition 4.1. Let G act on itself by the left multiplication action and
by cotangent lifts on T*G then we have

e Symplectic structure: Let u; := (&, 8;) € Tig)\T*G with i = 1,2, the
canonical one-form of T*G is

(11) Or-c(w1) = (v, &1)
and the canonical symplectic form wp-g = —dOp-g is
(12) wr-g(ut,ug) = (B2, &1) — (B1, &) + (v, [§1,&2])-

e Cotangent-lifted left multiplication: The G-action given by h -* (g,v) =
(hg,v) has as infinitesimal generator nk.,(g,v) = (Ady-1n,0) and is
Hamiltonian with momentum map Jp(g,v) = Adj.v.

e Cotangent-lifted right multiplication: The G-action given by
h-B(g,v) = (gh™t, Ad} V)

has as infinitesimal generator nik. (g,v) = (—n, —adyv) and is Hamil-
tonian with momentum map Jr(g,v) = —v.

Notice that if we think of g* as a manifold endowed with the G-action
g-v= Ad;,l v then the above left and right actions of G on T*G are exactly
the actions G and GT on the product manifold G x g* (see Subsection 2.1).

We now define simple G-tubes.

Definition 4.2. Let H be a compact subgroup of G and p € g*. Given a
splitting g = g, @ q invariant under the H ,-action, a simple G-tube is a map

O:GXxUCGx(g,xq —Gxg =2T"G

such that:

1) U is a connected H,-invariant neighborhood of 0 in g, X q.

2) © is a GP-equivariant diffeomorphism onto ®(G x U) satisfying
O(e,0) = (e, ).
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3) Let u; := (&, %, \i) € Tyy, )G x @ x q with i = 1,2, then

(13) (©*wreq)(ur,uz) = (¥2,&1) — (01, &) + (v + p, (&1, &]) — (1, [A1, Aa)

4) ©is Hg—equivariant.

5) T(e0,0)0(5, 7, A) = (£ + A7 + adip) € Te0)(T*G).

If q is defined as above, note that the symplectic slice for the cotangent-
lifted left multiplication of G on T*G at (e, ) € T*G is precisely ¢. Indeed,
as TieJrle, ) - (§,7) = —adgu + © then a complement to g, - (e,n) can
be chosen to be the space {(§,adzu) | § € q}, and using (12), this linear
space is symplectomorphic to (g, Q* ‘q ). According to Theorem 2.1, the MGS
model at (e, ) € T*G for the free cotangent-lifted left multiplication of G
on TG will be of the form G X g;, X q and, in this case, the symplectic form
(2) is precisely the one given by(13). In other words, a simple G-tube is a
Hamiltonian tube for 7*G at (e, ) (properties 1-3) but we further require
HE—equivariance and a prescribed property on its linearization (properties
4-5).

The next result ensures the existence of simple G-tubes. The idea is
that an equivariant version of the Moser trick can be used to construct
them. This part follows closely Theorem 6 in [2] and Theorem 7.3.1 in [19].
We are going to apply Moser’s trick to an explicit, well-behaved, family of
symplectic potentials.

Proposition 4.3 (Existence of simple G-tubes). Given a H,-invariant
splitting g = g,, @© q there exists a H,-invariant open neighborhood D of 0 €
g, %X q and a simple G-tube © : G X D C G x g;, x q = G x g*.

Proof. As a first approximation we will consider the map

(14) F:Gxg,xq—Gxg"
(9,7, A) — (gexp(A), Adg, oy (v + 1)
defined only for A small enough so that it is contained in the injectivity

domain of the group exponential exp : g — G. The map F is GF-equivariant
and also Hg—equivariant because

F(g'g,v,A) = (¢'gexp(N), Adexp(n) (v + 1)), and
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F(gh_:l’ Adzf1y, Adh}\) = (gh_l eXp(AdhA), Ad:Xp(AdhA) (Adzfll/ + /,L)
= (gexp(Mh™ 1, Adj AdY o) (v + 1)

Consider now the one-form on G x (gj, x q) given by 6y (g,v,)(&, 7, \) =
v+ 1, &) + 5{u,adyA) + (u, A). It is clearly GL-invariant and H-invariant
because

Oy (gh™', Ad} v, Adp\) (Adyé, Ad; - o, Ady )
1 . .
= (Adj(v) + o Adw€) + 5 (s [Adp A, AdpA]) + (1, Adp)
= 0Y(9> v, )‘)(57 I./a )‘)

Let u; := (&, Vi, Ai) € Ty 0 (G x g}, x q) with i = 1,2. Note that
(—dby)(u1,us)

is the right-hand side of equation (13). Consider now the family of G* x HZ—
invariant one-forms

0, = tF*HT*G + (1 — t)ey

and define w; := —df;. Using (12) and T. 0,0, F (&, 7, N =(E+\v+ adj p)
it can be checked that

(—dby)(g,0,0) (&1, 01, M) (&2, 02, Ao)
= <927€1> - <’)17§2> + </~L7 [617§Q]> - <H’ [j‘l’)“QD?

but this two-form is non-degenerate because it corresponds precisely to 2y
of Theorem 2.1. This implies that Moser’s equation ix,w; = % defines a
time-dependent vector field X; on an open set G x V C G X g, xq. If W is
the local flow of X; then Wjw; = wp (see Theorem 7.3.1 of [19] for techni-
cal details). As 0, and —d#@; are GF x HE invariant differential forms, then
the vector field X, is G x HE invariant and, therefore, the local flow ¥,
is G x H!-equivariant for any t. Note that Oy (g,v,0) = (u+v,£) + (g, A)
and F*0r-c(g,1,0) = (41, &) + (u+ v, \) = (u+ 1, €) + (u, \). This im-
plies that % (g.v.0) = 0 and Xi(g,v,0) =0 so ¥y(g,v,0) = (g,7,0) for any
t € R and then there is a H-invariant open set U C V such that ¥; is a
diffeomorphism with domain G x U.
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The simple G-tube will then be the composition ® = Fo V¥, : G x U —
T*G. It is GF x HZ -equivariant and it satisfies

wy =wy = Yiw = V] Fr'wp-g = O wr-g
and O(e,0,0) = (e, p).

Let Uy be the local flow of X; and 7; be any time-dependent tensor field
then

d d
1 — Uy .
(15) Vi =i (Lxn+ )

This expression can be used to compute T{0)©. To do so let Y be any
time-independent vector field on G X gj, X q not vanishing at (e,0,0). As

X; vanishes at (e, 0,0) then EX,Y‘ = 0. Setting 7y = Y in (15) it gives

d ;1Y = 0 but this implies T(e,ojo)\lfl = Id and, therefore, T ,0)O(§, 7, \) =
(f + A\ U+ ad;u). That is, © satisfies all the five required conditions for a
simple G-tube. O

The main shortcoming with the previous existence result is that, as
happens with Theorem 2.1, it does not produce an explicit map and it
relies on the integration of a time-dependent field. However, we will see
in Section 7 that in some particular cases we can explicitly describe these
objects. Nevertheless, using momentum maps we can still find a simpler
expression for the simple G-tube ©. Decompose © as

@<gal/a )‘) = (A(gvya A)7B(g7 v, >‘)) € G x g*

The property of G*-equivariance implies that A(g,v,\) = gA(e,v, \). As
©(e,0,0) = (e, u) then A(e,0,0) = e and B(e,0,0) = p

Using Section 2.3 we have that the product G x gj, x q is equipped with
GY and HT Hamiltonian actions with momentum maps Kg: and K HT
respectlvely (see (6)). We also have G* and HT Hamiltonian actions on
G x g* and their momentum maps are Jgr and J HT (see Proposition 4.1).
As the difference between two momentum maps is a locally constant function
and both Jor and Kge are equivariant thenJ e 0 © = Ke, that is

Adj‘l(g,u,/\)—lB(g> v, )\) = Ad;,l (1/ + M)
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SO

B(g,v,A) = Ady,, Adg- (v + 1)
= Ad;*lA(g,V,)\) (V + H)
= AdZ(e,m/\) (V + iu)

gsV,A

If we denote E(v,\) = A(e, v, \) then we can write

©:Gxgyxq—TG
(16> (971/7)‘) — (gE(Va >‘)7Ad*E(V7/\)(V+,Uz))
Therefore, a simple G-tube is determined by a function £: U C g, x 9 = G.

Rewriting Definition 4.2 in terms of the function E we could obtain necessary
and sufficient conditions for F.

Remark 4.4. Note that if g = g,, which is the hypothesis used in [28],
then q = 0 and the shifting map

Gxg—Gxg"
(g,v) — (g:v + )
is a simple G-tube.

Remark 4.5. As O is Hg—equivariant, the momentum preservation argu-
ment gives

1 *
(17) JHE(G)(Q) v, )‘)) = KH;{(gal/? )‘) = _V‘hu + 5)\<>f)u ad)u““

That is, we have the condition (Ad*E(U’)\)(V + u))‘h = 1/‘h — %)\ op,, adyf.
This property will be useful later during the proof of Proposition 6.2.

Remark 4.6. In the proof of Proposition 4.3 we noted that ¥,(g,v,0) =
(9,v,0) for any ¢, hence for any simple G-tube © given by the previous
proposition it always satifies ©(g,v,0) = (g,v + u) € T*G.

4.2. Restricted G-tubes

If G acts freely on @) we will see in Section 5.4 that the simple G-tube is
enough to construct explicitly the Hamiltonian tube for 7% but for non-free
actions we will need to adapt a simple G-tube to the corresponding isotropy
subgroup, the result being the restricted G-tube.
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Definition 4.7. Given an adapted splitting g = g, ® 0 @ [ @ n as in Propo-
sition 3.1 a restricted G-tube is a map

P:GxUCGxg, xoxl" —TG

such that:

1) U is a connected H -invariant neighborhood of 0 in g, xoxI

2) disa Gl x Hg—equivariant diffeomorphism between G x U and ®(G x
U) such that ®(e,0,0;0) = (e, ).

3) Let w; := (&, 0, Ai 61) € T(gur )G X gl x 0 x [* with i = 1,2, then
@*wT*G is

(18)  wrestr(u1,u2) = (P2, 1) — (01, &) + (v + 1, (&1, &) — (1, [A1, Aa)-

4) Jr(®(g,v, /\,5))‘[ = —¢ for any (g,v, A\, ) where Jp is the momentum
map for the G*-action on T*G (see Proposition 4.1).

If we are given a simple G-tube © then we can build a restricted G-tube
® solving a non-linear equation. In fact, the restricted G-tube will be of the
form ®(g,v, A, e) = O(g,v, A + ((v, A, €)) for some map ¢ :gj, x 0 x [* = n.
This is the main idea behind the following result.

Proposition 4.8 (Existence of restricted G-tubes). Given an adapted
splitting g = g, © 0 ® L®n as in Proposition 3.1 there is an H,-invariant
open neighborhood D of 0 € g;, x o x I" and a restricted G-tube ® : G x D —
T*G.

Proof. Define q = 0 @ [ @ n. Using Proposition 4.3 there exists a simple G-
tube © defined on the symplectic space Y := G x U C G x (g, X q) with
symplectic form wy (13). As U C g;, X q is a neighborhood of 0 there are
H,-invariant neighborhoods of the origin (g},), C gj,, 0, C 0 and n, C n such
that (g,)r % (0, +n,) C U. Consider now the map

w W =G x ((g,)r xorxn) — Y =G xUCGx (g, xq)
(9,1, A, ¢) — (9,1, A+ Q)
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This map is a G x Hg—equivariant embedding. By the properties of the
adapted splitting (see Proposition 3.1) Q#(\,{) = 0if A € 0 and ¢ € n, there-
fore,

(thywy ) (ur,uz) = (P2, &1) — (01, &) + (v + 1, [€1, &) — (1, [A1, Ag))
where u; := (fi,f/i,)'\i,g'}) € Tyun0)G X g;, x 0 x nwith i = 1,2. In order to
obtain the restricted G-tube we will need to impose the relationship between

€ and Jr. To do so define the map

YW — Gxg,xoxl*
(9,157, C) ¥ (9,1, A =Ir(O(g, 1, A + Q)] ).

Note that this map is G x Hg—equivariant because

(9'9,v, X =IR(O(d g, v, A+ Q))|,)
= (9'9,v, X —=Ir(9'O(g, v, A + )|,
= (9'9, v, X\ =IR(O(g, 1, A +())|,)

and

V(h-T (g, v, 1, 0)) = (gif1 Ady v, Adph —=JR(B(h-T (9,1, A+ Q)]
= (gh™" Adj v, Adpds = I r(R T O((g,v, A+ ()|
= (gh™', Adj_ v, AdpX; —Ad} - TR(O((g, v, A + Q)
h (977/7)\7 —JR(G(Q,V,)\‘FC))‘[) :

)|0)
1)
)|

[

Moreover, if we endow G X g:; x 0x [* with the two-form (18) then *wyestr =
tyywy . We will now check that W is invertible. Let

vi=(&,0,0) € T(e 000G X gy X 0xn,
then
Teo00)? v = (g, 7,5 ~Tieoo (Jr|, ©©) - (6,0, A+ c'))
- (5, 05 =Tiewy (Tr|,) - €+ A+ 0+ ad§+<-u))
_ (g,z),)}; (7 + ad, o), )
(6.0,
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where we have used the expression for T{ )© given in Definition 4.2 and
that ad*;\,u‘[ = 0 since o0 and [ are Q*-orthogonal (see Proposition 3.1).

Since [ and n are complementary isotropic subspaces, the map o : n — [*
given by o(¢) = adz,u‘[ is a linear H ,-equivariant isomorphism. This implies
that T, 00,0 is invertible. By the Inverse Function Theorem there is a
neighborhood of (e, 0,0,0) € G x g,, % 0 X [* on which Y~ is well defined.
Due to G x HZ equivariance of ¥ this neighborhood must be of the form
G x D with D C g, x 0 X [* a Hy-invariant neighborhood of zero.

Note that the composition © oty 0 9p~! is a restricted G-tube because
it satisfies

(@ oLy © ¢_1)*WT*G = (LW o w_l)*WY = Wrestr;

it is G x Hg-equivariant (because it is the composition of G* x H/:f—
equivariant maps), the origin (e, 0,0,0) is mapped to (e, u) € T*G, and it is
a diffeomorphism onto its image (because it is a composition of diffeomor-
phisms onto its images). Finally, if (g, v, \,e) = ¥(g,v, A\, () then

JR(@(97 v, A+ C))‘[ ==&

that is (Jg| 0 © 0wy op™')(g,v,\,e) = —¢, which is the condition needed
for a restricted G-tube.

To sum up, the composition ® := Qo oy~ : G x D — T*C is a re-
stricted G-tube. This map can also be written as

(19) P:GxDCGxgy,xoxl" —TG

(9.v: Ase) — O(g, v, A+ (v, Ase))
where ¢ : D C g}, X 0 X [* — nis determined by the equation JR‘[(<I>(g, v, A+
¢,e)) = —e. In fact, using Remark 4.6 and this characterization of ® it fol-

lows that

(20) ®(g,v,0,0) = (9,v+p) € T*G.

5. Cotangent bundle Hamiltonian tubes

Let G be a Lie group acting properly on @, and fix z € T*Q. In this section
we will construct a Hamiltonian tube for the cotangent-lifted action of G on
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T around z that will be explicit except for the computation of a restricted
G-tube. This Hamiltonian tube will be a generalization of the construction
in [28] under the hypothesis G, = G.

5.1. Cotangent-lifted Palais model

We will first reduce the problem on 7@ to a problem on 7*(G x g S). This
first simplification is already discussed in [28]. Recall the well-known regular
reduction theorem for cotangent bundles at zero momentum [26].

Theorem 5.1 (Regular cotangent reduction at zero). Let G act freely
and properly by cotangent lifts on T*Q with momentum map J. Denote by
TG the projection Q — Q/G and consider the map ¢ : J71(0) — T*(Q/Q)
defined by (p(2), Trg(v)) = (2,v) for every z € TyQ and v € T,Q. Let o
and ¢ by the natural projection mo : J~1(0) — J~1(0)/G and the inclusion
12 J7H0) = T*Q. The map ¢ is a G-invariant surjective submersion that
duces a symplectomorphism

¢:37H0)/G — T*(Q/G)

where J71(0)/G is endowed with the unique symplectic form wo satisfying
and Tywo = L wr-q.

Let G be a Lie group and H a compact subgroup that acts linearly on
the linear space S. Let S, be a H-invariant open neighborhood of 0 € S. We
will consider the symplectic space T*(G x S,) that can be identified with
G x g* x Sp x §* using the left-trivialization of G and the linear structure
of S. In Section 2.1 we introduced the G* and H” actions on the space
G x S,. These actions can be lifted to Hamiltonian actions on 7*(G x S,).
More explicitly, using Proposition 4.1 and the diamond notation we have
o

e cotangent-lifted G -action: ¢’ -* (g,v,a,b) = (¢'g, v, a, b) with momen-

tum map
Jar(g,v,a,b) = Adg-.v.

e cotangent-lifted H”-action: h-T (g,v,a,b) = (gh™', Ad}_1v,h - a,h - b)
with momentum map

Jyr(g,v,a,b) = —l/‘h +aob.
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Theorem 5.1 applied to G x S, with the H”-action gives the diagram

(21) I (0)——T*(G x S,)

| ==

I50)/HT =25 T%(G xy Sy)

but, since J57(0) is G*-invariant the quotient J3(0)/H” supports a G-
action that it can be checked to be Hamiltonian with momentum map
Jrea([g, v, a,blgr) = Adj-.v. That is, ¢ is in fact a G-equivariant symplec-
tomorphism and ¢ is a G -equivariant surjective submersion.

Consider now a Lie group G acting properly on a general manifold @
and by cotangent lifts on 7™ with momentum map J7-g. Our goal is
to construct a Hamiltonian tube around an arbitrary point z € T*Q. For
that, let ¢ = 7(2) where 7:7*Q — @Q is the projection, define H := G,
and consider a linear slice at ¢, that is a H-invariant complement S to
g-q in T,Q. Using Palais’ model (1) there is a H-invariant neighborhood
S, C S and a G-equivariant diffeomorphism s: G xg S, — U C T*(Q sat-
isfying s([e,0]y) = ¢. As s is a diffeomorphism the cotangent lift T*s™! :
T*(G xg Sy) — 7 YU) C Q is a G-equivariant symplectomorphism onto
T*U =27 YU) C T*Q.

If we denote a = z‘s and p = Jr(2), then T*s™(p(e, p1,0,0)) = z
since 7(¢(e, p1,0,)) = [e,0lg = s71(g), and as any v € T,Q can be decom-
posed as v =& - g+ a with £ € g and @ € S then

(Tys™H(p(e, 1,0,0)),0) = (p(e, 1,0,0), Tys ™ - v) = {p(e, p, 0, @), (€, @))

(
= (1, ), (§;a)) = (1, &) + (a, @)
= (J1:q(2),€) + (2,4)
=(2,€-9) +(2,4) = (z,0).

Therefore, from now on we will assume without loss of generality @) =
G xg Sy and z = p([e, 1,0, a]y) with p € g* and a € S*. Moreover, this
simplification is explicit up to the exponential of a metric.

The G-isotropy of z is G, = Hy NG, since G, = Gle y0.0]y = Hpa) =
H,NH,=G,NH,. If pis a Hy,-invariant complement of b, in g,, s is
a complement of g, in h, and B = (h, - «)° C S then, using Theorems 3.4
and 2.1, and the adapted splitting of Proposition 3.1, the Hamiltonian tube
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around z has to be a map of the form

(22) T:Gxq. ((s @p)xoxBNxB)—>T(G><HS).

The first difficulty that we find is that the MGS model is a G,-quotient but
the target space is a H-quotient. For this reason, instead of constructing
directly the tube we are going to split it as the composition of two maps:
one that goes from an H,-quotient to an H-quotient (essentially this is done
by a restricted G-tube) and another that goes from a G-quotient to an H,-
quotient. We will carefully explain this process in the following sections.

5.2. The o« = 0 case

In this section we will construct a Hamiltonian around a point of the form
20 = (e, 11,0,0) € T*(G x g S) which is explicit up to a restricted G-tube.
Notice that G, = G|, N H, = H,, and by Theorem 3.4 and the adapted split-
ting of Proposition 3.1 the symplectic slice is Ng = 0 x S x S* with symplec-
tic form (10). Then the map (22) reduces in this case to

G * S x S* (G S
To xm, (P xox S x8) — T*(G xg S)
m* No
where G x g, (p* x 0 x S x %) is equipped with the symplectic form (2).
As the general Hamiltonian tube will eventually factor through 7o we will

need to ensure that its domain is large enough, and in particular it should
contain all the points of the form [e,0,0,0,b]y, for all b € S*.

Theorem 5.2. Consider the point zo = ¢(e, (1,0,0) € T*(G xg S). Let g =
9, Do [Dn be an adapted splitting in the sense of Proposition 3.1 and
let ®: G x Up — T*G be an associated restricted G-tube. In this context,
there are H,-invariant open neighborhoods of zero: p;. C p*, 0, C 0 and an
H -invariant open neighborhood of zero hy C b* such that the map

(23) To: G xm, (py x 0, x (T78),) — T*(G xp 5)
9,0, X5 0,0]m, — ©(®(g,7,\; a0 b); a,b)

1s a Hamiltonian tube around the point zy, where

1
ﬂ:V+§)‘<>hu ad\p 4+ aoy, b

~~

JNO ()‘7a7b)
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and (T*S), :={(a,b) € T*S | aoy b € hi}.

Proof. 1If we assume the existence of (p*),, 0, and b, such that the map 7y
is well defined then it follows from the properties of ® that

To([e,0,0;0,0l,) = ¢(®(e,0,0;0); 0,0) = p(e, 4;0,0)
and by the G-equivariance of @ it is also clear that

Tolg' - lg, v, Nia, blm,) = To(lg'g, v, Aia, b]m,)
= o(®(g'g, v, N\;aorb);a,b)
=o(g - ®(g,7,\;aorb);a,b)
=g - p(®(g, 7, X;aorb);a,b)
=g - Tollg, v, \;a, 0] m,).

We will divide the rest of the proof in three steps. In the first one we
prove that there is a set G X 7, (P, X 9dom X (1T75)dom) such that the map
To is well defined, it pulls-back the natural symplectic form of T*(G x g S)
to the MGS form G x g, (pjom X 0dom X (I'S)dom) and it is a local diffeo-
morphism. In the second one we will show that it is injective in a certain
subset and in the third we will prove that it is a diffeomorphism onto its
image.

1- 7o is a local symplectomorphism. Let Ny =0 x .S x S* be the sym-
plectic slice at zg = ¢(e, 11,0,0). As in Section 2.3, there must be an H,-
invariant neighborhood (g},), such that the product Z := G x (gj,)r x (0 X
S x §*) with wy = wr, +{ln, is a symplectic manifold with G/LJ and HT
Hamiltonian actions with momentum maps Kg: and Kpr (see (6)).

We will now use the restricted G-tube (see Definition 4.7) & : G x Up C
G x gj, X 0 x " = T"G to relate Z with T*(G x ). As @ is only defined on
G x Ugp we will define the open set

D:={(v,\a,b) | (r,\,aob) e Up, vE (gZ)T} C gZ xo0xSxS*
and the map

F:GxD—sTGxT*S
(24) (g7V7 )\70/7 b) — ((I)(Q,V,A,G,()[ b)7avb)'
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The pullback of wp.(gxs) by [ is wz, because

(f*wr=(axs)) (U1, u2)
= (P*wr-q)(g, v, A, a o1 b)(v1,v2) + wr-g(a, b)(wy, ws)
= (2, 61) = (11, 82) + (v + 1, [§1, &)

WTH

— (u, [A1, Aa]) + (ba, a1) — (by, 1)
Qn

0

where u; = (&, V5, A\i, a3, b;) € T(gVAab)(G x D).

Note that on G x D there is a G x HT action but on TG x T*S =
G x g* x S x S* there is a G x HT actlon As the map f is GF ><HT
equivariant it preserves the H,-momentum, that is, K gr =Jpro f.In par—

ticular f(K (0)) cJ HT(O) However, the [-momentum property (see Def-

inition 4.7) of restricted G-tubes allows us to improve this since for any
Eel

<JHT(f(g7V7 )‘7 a, b))7€>

<JR(¢)(g, v, A; a or b)) =+ a <y b, f)
(Jr(®(g,v, \;a0b))|, +aorb,g)
= (—aorb+aorh ) =0.

This means that f can be restricted to a map
Ky (0) — I35 (0)

and this is the key condition that will allow us to relate the H,-quotient
G xp, (p* x Ny) with the H-quotient J 5 (0)/HT = T*(G x g S). To do so
consider the diagram

aGxD—L T (G x8)

J J

G X Pliomn X Odom X (T"S)gom ———— Kyt (0) —— 3,1(0)
G %1, (Piom * Octom X (T*8)aom) *—— K1 (0)/HY —— J1(0)/HT — = T*(G xz 5)

To

Composing fwith the projection by H” in the target we get a smooth
map K7 (0) — J;%(0)/HT which is G¥-equivariant and Hg—invariant
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and so it induces the smooth mapping
F: K;{} (0)/H}) — I 7= (0)/HT.

If K- (O)/Hg is endowed with the reduced form (wy)yeq and 55 (0)/HT

. I3
with (W7« (Gx$))red then F*(wr-(Gxs))red = (Wz)red because f*wr.(gxs) =
wyz. In particular F' is an immersion. Also, as the HE—action on G x D is
free

dim K;{}{(o) /H) = dim K;&T (0) — dim b,
= dim(G x (g, x 0)) +2dim S — 2dim b,
= dimg + dim g, + dimo — 2dimb,, + 2dim S
=2dimp + 2dimo + dim [+ dimn + 2dim §
=2dimp + 2dimo + 2dim [+ 2dim S
= 2(dim g — dim b 4 dim 5).

Analogously,
dim J ;' (0)/H" = dim J ;- (0) — dimh = 2(dim g — dim h + dim 5).

This implies that F' is a local diffeomorphism because it is an immersion
between spaces of the same dimension.

By continuity we can choose H-invariant neighborhoods of the origin
Pliom C P 0dom C 0 and an H-invariant neighborhood of the origin b} C

1
h* such that (v + 5)\ op, ad\p +a oy, b, A, a,b) € D for any v € pj ., A€

In

0dom and a,b € T*S with a oy b € b’ The map
L:Gxy, (Phom X 0dom X (T*S)dom) — K7r(0)/H”

given by [g,v, A, a,bly, — [g,v +JIn, (A, a,b), N, a,b]g, is well defined and,
as in (7), L*(wz)red = Qy. The conclusion of this first step is that the
composition Tg := @ o F'o L is then a local diffeomorphism that pulls-back
the canonical form of T*(G xp S) to the MGS form on the set G xp,

(prlorn X O0dom X (T*S)dom>-

2- To is locally injective. As Ty:G xg, (Piom X 9%dom X (T7S)dom) —
T*(G xg S) is a local diffeomorphism, there is a neighborhood of [e, 0,0,
0,0], such that 7p is injective on it. Using that 7p is G-equivariant and that
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the action is proper this neighborhood can be chosen to be G-invariant (see
for example the proof of Theorem 2.3.28 in [19]). That is, 7y will be injective
when restricted to the set G' xp, (pi*nj X 0inj X (T7S)inj ) where pfnj C Plom:
0inj C O0dom are H-invariant neighborhoods and (7*S)iyj is an H-invariant
neighborhood of 0 on (7%S)qom. Note that we cannot ensure that (77%5)iy;
will be big enough to contain all the points of the form (0,b) € T*S. This
issue will be addressed in the next step.

3- 7o is injective. In this step, we will define an open set (T*S), C
(T*S)dqom such that the restriction

To: G %, (pfnj X 04y X (T7S)y) — To (G xm, (Pl X 0inj X (T*S),))

is a proper map
The key result that we will use to prove the properness of 7y is the
following topological result.

Proposition 5.3 (Lemma 5 of [16]). Let H be a compact Lie group
acting on a symplectic vector space (W,wy ) denote by J : W — b* the as-
sociated homogeneous momentum map (5). Then J is H-open relative to
its image. That is, if U is an H-invariant open set of W then J(U) is an
H-invariant open set of the topological space J(W') C h*.

Let Uy € S and Uy C S* be H-invariant neighborhoods of the origin
such that Uy x Uy C (T*S)inj. Using Proposition 5.3 there is by an open
neighborhood of 0 € h* such that

hr N (SOh S*)=U op U C h*.

In this setting, define (7*S), := {(a,b) € T*S | a oy b € h;}. From the first
part of the proof we have the following commutative diagram

" « fol _
G X Piom X 0dom X (T%8)dom 4>JH1T(0)

J{ﬂ'yu lgoowH
To

G xq, (Phom X 0dom X (T%S)dom) —— T*(G xu S)

The problem is that fo [ is an injective embedding but it is not clear if it is
proper. We will now show that 7y o 7y, is a proper map onto its image when
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restricted to G x pi*nj X 0inj X (T*S),. To do so let z, = (Gn, Vn, An; an, by) be
a sequence in G X pi*nj X 0inj X (T*5), such that

To(mn, (xn)) — To(mn, (9,7, X:a,b))

with (g, 7, \;a,b) € G x Pinj X Oinj X (T*S),. We will construct a subsequence
{Zos(m)} C {2} which is convergent on G X pi i X 0inj X (T5),.

The map pomy : JI_{IT(O) — T*(G x g S) is proper because it is a com-
position of an homeomorphism and the projection by a compact group.
Since Toomy, =pomgo fol then there is a increasing map oy : N — N
such that the sequence {(f o )(Zg,(n)) }n converges in I (0) C TG x S)
(we are just taking a subsequence). But then by uniqueness of the limit there
is h € H such that

(f o D)(@g,m) — h-" ((f o 1)(g,7,X;a,D)),

but using the expression of f (24) this implies that a,, () —h - @ and by, () —
h - b. By the definition of (7%*S), we can choose for each n a pair (ay, 5,) €
Uy x Us satisfying

Qp, Oy Bn = Qp <y bn

Since Uy x Uy is a relatively compact subset of (7%S)i,; we can find an
increasing map o2 : N — N such that 02(N) C 01(N) and (a4, (n); Bry(n)) —

(a007 ﬂoo) but then (f o l)(goz (n)s Vou(n)> Aaz (n)s Qoy(n)s /80'2(71,)) converges and

(f © l)(QUQ(Tl)’ Voy(n)> )‘Ug(n)a Qsy(n)s 502(71))
b T ((Fo (g7, A b v, ' B) )

As (gag(n)v Voy(n)s )‘Jg(n)v aag(n)7502(n)) lies in G x piknj X Ojnj X (T*S)inj
by the facts that Ty restricted to G x pi*nj X 0inj X (T79)in; is a diffeomor-
phism and 7y, is proper then there is an increasing map o3 : N — N with
03(N) C 02(N) such that (ggg(n), Ves(n)> /\Os(n), ags(n),603(n)) converges in
G X i X Oinj X (T%S)inj. Therefore, {4,(,)} is a convergent sequence on
G x pi*nj X Ojpj X (T*S)T.

This proves that

Toonm, : G x pfnj X 0inj X (T*S),
— (76 OWHM)(G X p;knj X Oinj X (T*S)r)



830 M. Rodriguez-Olmos and M. Teixid6-Romaéan

is proper. But since
Ta, © G X P X 0inj X (T*S), — G xp, (pi*nj X 0inj X (T*S),)
is surjective and continuous this implies that
To: G xg, (phy X 0inj X (T%5),) — To(G xm, (Pl X 0y X (T*5),))

is a proper map.

As Ty is a local homeomorphism which is also proper it is a covering
map. Then if p(e, i, 0,0) has only one preimage, this implies that the cover-
ing map is in fact injective. But if To([g, v, A, a,b]m,) = (e, 1, 0,0) then it is
clear from the expression of 7g (23) that a = b = 0 and then [g,v, \,0,0]5, €
G XHM (pi*nj X Oipj X (T*S)inj> cG XHu <piknj X Oipj X (T*S)T) Therefore,
by injectivity we have [g,1,,0,0]g, = [e,0,0,0,0]g,. But as in the first
step of this proof we showed that 7j is a local symplectomorphism the in-
jectivity implies that Ty is a diffeomorphism. That is, the map

To: G xpm, (pfnj X 0inj X (T*S)r) — To(G X, (p;“nj X 0inj X (T*5),))
CT*(GxgS)
[9,v, A5 a,b] 1, — p(P(g,7,A;a o b);a,b)

where 7 = v+ Jn, (A, a,b) = v+ X oy, adjp + a0y, b, is a diffeomorphism.
0

5.3. The I' map

In this section we are going to introduce the I' map, a technical tool used
in [28] to build the Hamiltonian cotangent tube when G = G,. Here we will
use it as the final step towards generalizing the previous tube at a =0 to
the general case a # 0.

Let ¢(e, 1,0,) € T*(G x g S) and define K = H, N H,. Recall that in
(22) we defined B := (h,-a)° C S and a K-invariant complement s of ¢
in h,. As K is compact we can choose a K-invariant splitting S = B ® C
inducing the K-invariant splitting S* = B* & C*.

However the previous splitting of S* is not in principle H,-invariant. The
following technical result studies how it behaves with respect to the infinites-
imal H-action on S. The next result is a straightforward generalization to
the case g, # g of Lemmas 27 and 28 of [28].
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Proposition 5.4. In the above situation:

e [fae B,ceC andbe B* then
(a+c)op, (a+b) =aop, b+ cos (a+b).

e There is a K-invariant neighborhood (B*), of the origin in B* and a
K -equivariant map

I:s"x(B*), — S
defined by
(D(v;0),& - (a+b)+ B) = (v,&) Vpe B, V¢€s.

That is, T' satisfies I'(v;b) 05 (b+ ) = v and I'(v;b) € C for any v €
s* and b € (B*),.

With the notation that we have already introduced the symplectic slice
at p(e, 1,0,0) is Ng = 0 x T*S whereas the symplectic slice at ¢(e, i, 0, o) is
N, = 0 x T*B (see Theorem 3.4). The abstract MGS models at (e, i, 0,0)
and (e, 1, 0, ) are G x g, (p* x No) and G x g (s* @ p* x N, ) respectively.
The next result shows that I' can be used to build a well-behaved map
between both spaces.

Theorem 5.5. In the above context there is an open K-invariant neigh-
borhood W of zero in (§* @ p*) x 0 X B x B* such that the G-equivariant
map

F:GxgW —Gxpy, (p" x0x8 x5
[g7VS+VP7)\7a7b]K'_> [97Vp7Aaaab+a]HHa

where @ = a+ I'(vg —aos b — %)\ os adyp;b), s a local symplectomorphism.

Proof. As in the first part of the proof of Theorem 5.2 there is a neigh-
borhood (g};), of 0 € g* such that Z := G x (gj,)r x (0 x § x §*) is a sym-
plectic space with wz, := wr, + {2y,. We are in the same setting as in Sub-
section 2.3, therefore, Zy supports G¥ and HE Hamiltonian actions with
momentum maps that were denoted as Koz and K HT -
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Similarly Z, := G x (g},)r % (0 x B x (B*),) is a symplectic space with
symplectic form wz, := wr, + Qy, because N, = 0 x B x B*. Note that Z,
has G and KT Hamiltonian actions with momentum maps Mg , and Mgr.
Consider now the map

fZZa—)ZO
(g,v, X5 a,0) — (g,v, A;a+T'(n;0),b + )

where 1 = 1/‘5 —aosb— %)\ og adip. As T'is K-equivariant then f is GF x
KT equivariant. Note that the potential 6, (g, v, \; a, b)(&, 7, Aa,b) = (v+
1, &) + 2, [, A]) 4 (b,a) — (o, @) generates the symplectic structure wy,
(see (4)) and

(f*HZO)(gv v, >‘7 a, b) ‘U= 920 (f(gu v, A; a, b))(T(g,u,)\,a,b)f : U)
1 .
+ <ba a + T(l/,)\,a,b)r ’ (Vv ).‘) d7 b)>

= (et n ) + 3 A + (,8)

where v = (5,0,&,5) € Tiy,v,ap)Za- Taking the exterior derivative of this
equality we get ffwz, =wz, .
Additionally, the Hg—momentum evaluated at f(g,v, A, a,b) is

(25) Kur(f(g9,v.Aia,b))
= v+ Shoy, adiyi+ (a+T(rb) o, (b+a)
= _V‘hu + %)\ op, adyp 4+ a oy, b+T'(n;b) o5 (b+ )
— _V‘hu + %)\ op, adyp+a oy, b+n
= _V‘hu + %)\ oy, adjp +a oy, b+v| —aosb— %)\05 adju

1
- —I/‘E + iad’)‘\u% A+ aopb.

This means that if { € s then (Kyr(f(g,v,A,a,0)),£) = 0 and as

1
MKT(g,V,A,CL, b) = _V‘E + 5&d§ﬂ<>g A+ acopb,



The Hamiltonian tube of a cotangent-lifted action 833

f can be restricted to

Mg (0) — K%(O).

As we did in Theorem 5.2 we can construct from the top to the bottom
all the arrows of the diagram

Za—f>Z0

= J =
MKIT 0) ——— KH,1 (0)

M (0)/ KT = Ky (0)/H)!

using the same arguments as in the first part of Theorem 5.2. Therefore,
as F' is an immersion between spaces of the same dimension, it is a local
diffeomorphism onto its image.

Adapting the construction of map (7) to this setting define the K-
invariant open set

W:: {(V5+VP7>‘7aab) 6(5*@5*) X0 XBX (B*)T

1
Vs +1p + §adi§u<>e Ataoebe (QZ)r}

JIn

and the map L, : G xg W — Ml_(lT(O)/KT given by
Lo([g,vs +vp, A, a,b] i) = [9,vs +vp + TN, (A, a,0), A, a, bk,
then L, is a G-equivariant symplectomorphism. And similarly,
Ry : Kl}iT(O)/Hg — G xg, (p* x0x85xS8%)

is a G-equivariant symplecto-

“w

defined by [g,v, A, a,b]g, — [g,l/‘p,)\,a, bl
morphism.

Finally, we can conclude that the composition F = Ryo F'o L, : G X
W — G xg, (p* x 0 xS x 8%) is a G-equivariant local diffeomorphism that
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pulls-back the MGS symplectic form of the target to the MGS symplectic
form of G x ¢ W. Il

5.4. General tube

In this section we will deal with the most general situation and will construct
a Hamiltonian tube around an arbitrary point ¢(e, i, 0, ). To do so we will
use Theorem 5.2 to obtain a Hamiltonian tube around ¢(e, i, 0,0) and then
we will compose it with the map F of Theorem 5.5. The result of this
composition will be the desired Hamiltonian tube around ¢(e, u, 0, a).

Theorem 5.6. Consider the point z € T*(G xg S) defined by z = (e, u,
0,a). Let g =g, P oD@ n be an adapted splitting in the sense of Propo-
sition 3.1 and let ® : G x Up — T*G be an associated restricted G-tube.
Let g, = b, @ p be a Hy-invariant splitting and b, = g. ®s a G, wnvariant
splitting. Define B = (b, -a)° C S and let the map I': s* x B — S be the
one defined in Proposition 5.4.

In these conditions there are small enough G,-invariant neighborhoods
of zero 57, C 5%, pr C p*, 0, C 0o, B, C B and B} C B* such that the map

(26) T :Gxq. ((sy®p)) xopx B, xBy) — T%(G xpg S)
9, Vs +vp, Asa, ba. — @(R(g, 7, A5 €);a,b+ a)

where
- 1 “
a=a-+7T <V5 —aosb— 5)\05 ad/\u;b>

1%

1
I/p+uﬁ+§>\<>gz adip +aog b
e=ao(b+a)

is a Hamiltonian tube around the point z = ¢(e, 11,0, ).

Proof. Using Theorem 5.2, there is a Hamiltonian tube 7o : G xp, V —
T*(G xpg S) with V' C p* x 0 x S x 5% satisfying To([e,0]n, ) = ©(e, 11, 0,0).
By Theorem 5.5, there is amap F : G xg, W — G xg, (p* x 0 x T*S) with
W C (p* @ s*) X 0 x B x B*.

Note that G xp, V is an open G-invariant subset of G xp, (p* x 0 x
T*S). Since F is continuous then the preimage of G xpy, V by F is open
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and it contains the point [e, 0, 0,0, 0]g, because
f([e,O,O,O,O]GZ) = [6,0,0,0,04]]{” cG XH, \%

since 0 oy a = 0 € by.. Therefore, we can choose small enough G -invariant
neighborhoods of zero s C s*, p> C p*, 0, C 0, B, C B and B} C B* such
that the composition 7T :=TpoF :G xq. (sf Epl) X0, X B, x BF —
T*(G x g S) is well-defined and injective. Using Theorems 5.2 and 5.5 we
conclude that 7 is a Hamiltonian tube around ¢(e, p, 0, @).

More precisely, as F([g,vs + vp, A, a,b]a.) = [9,vp, A\, @, b+ a]g, with
a=a+T(vs —aosb— FAogadiu;b) then (Too F)([g,vs + vp, Aja,b]g.) =
o(®(g,v,\;e);a,b+ o) where e = a o (b+ «) and

. 1 ~
v=u,+ 5)\0% ad\p +a oy, (b+ o),

but using exactly the same computations that as in (25) we get a oy, (b+
a)=aog b+vs — %)\ og adyp, that is v =1y + vs + %)\ og. adipt + a og, b.
[

Note that if we assume that p € g* satisfies g, = g then 0 = 0 and the
Hamiltonian tube 7 will be of the form

T:Gxq, ((sr@py)x B, xBY) — T*(G xg S)
[9,vs + vpia,bla. — (g, p+75a,0 + @)

where
V=vp+vs+a0g b a=a+T(vs—aosb;b).

This map is the content of Theorem 31 of [28]. That is, the map 7 coincides
with the results of [28] when we restrict to their totally isotropic hypothesis
g = g, What happens in this case is that the map given by Theorem 5.2
becomes the trivial p-shift

To:Gxg, (0 xS xS*) — TG xgS)
[ga via, b]Hu — 90(91 B+ VA4 ady, b; a, b)
The other extreme case is when I' becomes trivial. This will happen for

example if S = 0, which is equivalent to assuming that locally Q@ = G/H.
Fix a point z = ¢(e,pn) € T*(G/H), as G, = H,, then s =0 and as S =0
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then B = 0, therefore, according to (26) 7 becomes

T:Gxpy, (py xo0,) — T*(G/H)
1 *
(9, vp, N1, — ©(®(g,vp + §>\ op,, ady, A; 0)).

6. A fibered Bates-Lerman Lemma

One of the most important consequences of the MGS model is that it pro-
vides a local description of the set of points with momentum p which is
very useful in the theory of singular reduction. This is the content of the
following result that appeared in [2] and previously in [31] for © = 0. More
precisely, instead of using the orbit-reduction-approach of [2] we are going
to need the point-reduction-approach of Proposition 8.1.2 of [19].

Proposition 6.1. Let (M,w) be a symplectic manifold supporting a proper
Hamiltonian G-action with momentum map J. Let m € M, = J(m) and
T :G xq,, (m:x N,.) — M a Hamiltonian tube around m. There is an open
G -invariant neighborhood Uy of G, - m such that

Un 0374 () = T(2)
where
Z ={lg,v, \,v]g,, € T_I(UM) lge Gy, v=0, Jy(v) =0}.

Recall that, in some cases, we saw that the domain of the cotangent bun-
dle Hamiltonian tube is unbounded in the S* direction (see Theorem 5.2). In
this section we will present an important consequence of this which is that
for cotangent-lifted actions the open neighborhood Uj; can be global in the
vertical direction. That is, it will be of the form T_I(Z/[Q) where 7 : T"Q — Q
is the natural projection and Ug is a neighborhood in @.

Proposition 6.2. Consider the Hamiltonian tube To: G xg, (py X 0p X
(T*S),) = T*(G xg S) of Theorem 5.2 at the point p(e, 1,0,0) € T*(G x g
S). There is a G-invariant neighborhood Ug of [e,0lp € G xu S such that

(27) T Ug) NI (1) = To(2)
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where

Z = {[g,u, A bli, € T (Ua)) |

1
ge G, v=0, 5)\05“ adf\ﬂ—kaobub:O}.

Proof. As in the previous section, Ny = 0 x TS will be the symplectic slice
at (e, p,0,0) with the symplectic form (10). The Hamiltonian tube puts
the momentum map J in the normal form (3), that is J o 7o = Jy. We will
now proceed as in the proof of Proposition 6.1 in [2] and we will factorize
Jy =~ o3, with

B:G Xy, (p°" x No) — G xu, 8, v:G Xy, 8, — 0
[g,V,’U]HM — [g?V+JNo(U)] [97 V]Hu — Ad;*l(:u—i_y)'

Using this factorization it will be easy to describe J ;l(u). Note that, since
the map

Tie0),,7 - (§0) = —adep + v

is onto, v is a submersion near [e,0]y, but by G-equivariance there is a
G-invariant open set Usypm C G X g, g* where 7 is a submersion. Therefore,
¥ H(1) N Usybm is a manifold of dimension dim G, —dim H,. As G, XH,
{0} € v (), G, xm, {0} has to be an open submanifold of y~!(n) NU,
that is, there is an open set Upy, C Usybm With G, xg, {0} = v~ (p) NUgL.
By equivariance of y we can assume that Ugy, is G ,-invariant. Applying 37!
on the equality G, x g, {0} =~~(1) N UgL, we get

(28) {[9,0,v]n, € G >, (0" x No) | I, (v) = 0} = I (1) N 5~ (Up)-
In this setting, let Ug be a Gﬁ X Hﬁ—invariant neighborhood of e €

G, py Cp*, 09 C 0 Hy-invariant neighborhoods of zero and by C h* a H-
invariant neighborhood of zero such that

{[Q,V,A,a,b]]{“ | g€ UG’a Ve pé’ Ae 00, @ p be ha}
C (G xm, (pk x 0, x (T*S),)) N B~ (UpL).



838 M. Rodriguez-Olmos and M. Teixid6-Romaéan

Let now ® be the restricted tube used in the definition of 7Ty (see Theo-
rem 5.2) and consider the map

f:Ug x phxogxbhy — T°G/HT
1
(g,v, N\, p) —> T (P(g, v + 5)\ op, adjp + p‘hu , )\,p‘[)).
Note that this expression is very similar to (23) but we have changed the
dependence on T*S by a dependence on h;,. We claim that this map is a

submersion at (e,0,0,0). Using the notation of the proof of Proposition 4.8,
ifv= (§7D’ )\,E) (S T(e707070)(G X g; X 0 X [*),

Te.000)® 0 =T(e 000 (O 0w oty™) v ="Te0000 (&7, Ao toe)
= (£+)'\+0_1-é,1'/—é—|—ad§u)

where ¢ : n — [* is the linear isomorphism o - { = adz,u‘[. Applying this re-
sult to f we get

(29) Tien00)f (&N p) =T ymmr - (E+A+07"p

But, since the splitting of Proposition 3.1 induces the dual decomposi-
tion g* =b;, & p* @ 0" B [* D n" each element of g* can be expressed as
p"hH —|—D+ad§,u+p‘[ + adyu for some p € b*, ¥ € p*, A eo*and g € bh. Fi-
nally Ker(T(.,ymgr) = {(n,ad,u) [ n € h} and (29) imply that T, 00,0)f is
a surjective linear map.

Since f is G-equivariant f is a submersion on a neighborhood of G -
(e,0,0,0) and since submersions are open maps the image of f contains an
open neighborhood of G - [e, u] g so there must exist a neighborhood Uy- of
€ g such that

(30) (G xg Ug-) C f(Ug X pg X 09 X by).

Define Ug := {g € Ug | Adyp € Ug-} N {g € Ug | Adgu|, € b5} which is
an open neighborhood of e € G' and let Ug := Ug x g S which is an open
neighborhood of [e, 0]y € Q. We will now check that Ug satisfies (27).

o 7 Uo) NI (1) > Tol2).
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This inclusion is trivial because if [g,0, A, a,b]g, € Z then

To(l9,0, X, a,0]m,) € 71 (Ug) and
(J o 76)([9707 )\7 a, b]HH) - JY([ga 07 )‘7a> b]Hu)
= Ady (p+In, (A0, b)) = Ady i = .

1 Ug) NI (1) € To(2).

Let z € 771 (Ug) NI (). Using the cotangent reduction map ¢
(see (21)), there is an element (g,v,a,b) such that ¢(g,v,a,b) = z,
but, as 7(z) € Ug then g € Ug. Since ¢(g,v,a,b) € J~(u), using (6)
we have Adj_,v = p. Additionally, as (g,v,a,b) € JI_{IT(O), then I/‘h =
aop b. Using v = Adp this implies the relation (Adjyu) ‘h =aopb.

As g € Ug, using the definition of U we have (g, Adyu) € G x Ug-.
Equation (30) implies that there is a point (¢',v/, A, p) € Ug X p§ X
09 x by such that f(g',v', A, p) = [g, Adyp]u. Therefore there is h € H
such that

— * * 1 *
(gh 17Adh*1Adgu) =® <g/7 v/ + 5)‘ b, ad)\ﬂ + p‘b“’ ) P[) :

Moreover, using (17) and (19) it can be checked that the HE—
momentum of a restricted G-tube is Jyr (®(g,v, A, €)) = —I/‘h + 3A0p,
adjp. Therefore taking the Hg—momentum on the previous equation

1 1
—(AdZﬂAdZu)‘bu = —5)\ op, adjp —p b, T 5)\ o, adip = —p o,

Now, using item 4. in Definition 4.7 we have that HT-momentum re-
stricted to [* C g* in (31) becomes the equality

—(Adj-Adyp) ‘r = —p‘[.

That is (Ad;‘rlAd;,u)‘b = p. But, as Ad;u‘h = l/‘h = a oy b, it follows
that p = Adj_.(a oy b) = (h-a) oy (h-b) and therefore
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To([g, V', N\ h-a,h- blm,)

1
= o(®(q,v +2A<>huadw+p\b N (h-a)og(h-b);h-a,h-b)
1
= (D¢, + A, adjp+ply A plsh-ah-b)

= o(gh™', Ad} 1 Adgp,ho-a, b b)
= (g, Adgu, a,b) = ¢(g,v,a,b).

Finally, as g € Ug, Ad*u‘ € by and b is H-invariant, then (h - a) Ob
(h-b) = Ad},-. (Ady ‘ € b§. This observation implies that (¢,7/,

N h-a,h-b)€my L(8~1(UgL)). Using the characterization (28), v/ =
0,9€G, andJNO()\ h-a,h-b) =0, thatis[¢,0,\,h-a,h by, € Z
as we Wanted to show. O

Remark 6.3. Note that we have started with a tube centered around
(e, 11,0,0). In general if we consider a tube around ¢(e, u1,0, ) we can-
not expect its image to be global in the B* direction. This is because all
the points in the model space G X¢. ((s} @ p) x 0, X B, x B}) must have
G-isotropy conjugate to a subgroup of .. From this observation we can con-
clude that, in general, (s @ p’) x 0, X B, x B} will not be an open neigh-
borhood containing containing points of the form (0,0,0,b) for arbitrary
large b € B*. Indeed, if that was true, we would have (0,0,0, «) € (s} & p}) x
0, X B, x B which would imply 7 ([e, 0,0,0, —a]q.) = ¢(e, i, 0,0). But this
is a point with G-isotropy H,, and in general, G, C H,,, producing a contra-
diction.

7. Explicit examples

In Proposition 4.3 we proved the existence of simple G-tubes using Moser’s
trick. In this section we will write down the actual differential equation that
must be solved. We will see that if dimq = 2 then the simple G-tube will
be a scaling of an exponential map and we will compute it explicitly for
SO(3) and SL(2,R). Using a different approach, without the explicit SO(n)
restricted tube in Subsection 7.4 we will present the Hamiltonian tube for
the natural action of SO(3) on T*R? generalizing the final example of [28]
to pu # 0.

We will compute explicitly the flow that determines a simple G-tube.
For that we are going to use the notation of the proof of Proposition 4.3.
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Recall that we constructed the simple G-tube as the composition © =
F o Uy where

Flg,v,)) = (gexp(\), Ad%, ) (v + 12)
(see (14)) and ¥y is the time-1 flow of the time dependent vector field X,

that satisfies the Moser equation associated with 6, = tF*0p.¢ + (1 — t)0y,

that is, ix, (—d6;) = 2.

Moser’s equation can be written explicitly in this case. Using the above
expression of F' and (11) we have

F*0r-c(9, v, A (&0, A) = (Adg o) (v + 1), Ad L E 4+ TeL oy Thexp(A)
- <l/ + 1, 5) <V + 1, Adexp( )TeLe_le()\)T)\ eXp(A»

= (U4, &) + v+ p, TR Thexp(N)).

The last term can be expressed as a series of Lie brackets (see for example

[5]) '
M) - A= TR Thexp() = 7;) madf{)\.

And, in fact, this series is just the pullback of the right Maurer-Cartan
form wf(g) = TeRg_1 by the restricted exponential exp‘ a4 G. Therefore
using the Maurer-Cartan relation

(32) (dM)(X,Y) = d(exp* @) (X,Y) = exp*(dw’)(X,Y)
= [exp* w!(X), exp* @®(Y)] = [M(X), M(Y)].

Now, since

000, v N (€ 5, N) = i+ 1€+ H v, MO - A+ (1= £) 2 (s [\ A

2

(using (32)) the exterior derivative w; = —d#; simplifies as

wi(g, v, M) (&1, 01, M) (€2, 02, A2)
= (2, &1) — (01, &) + (v + p, [&1, &)
+ (g, M(A) A1) — (51, M(N)h)
= [MN) - A, M(A) - dl) = (1= 1) {, [Ar, o).

Also, the expression % aef = 01 — 6y can be written as

00,

(33) 5

P g N A) = (04, M) - ) — (, %ad;)\—k)\).
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From now on we will assume that dim q = 2. Note that the one-form

Wt(g7 v, A)(Oa Oa )\)(627 DQ, >\2)
— Ui, A) + 4+~ [0 MOA) - Aal) — (1= )31, [, Aa])
= t{v 4 p, =M (V)X Aa]) — (1= 6)(, [X, Aa))

and (33) have the same kernel g ® g, ® R+ A C T(y, 1) (G x g}, X q). There-
fore, there is a real-valued function f such that

Wt(g, v, )‘)(0707 f(Va >‘7t))‘)(£271‘/27 AQ) - 88?(97 v, )\)(527 027)‘\2)-

That is, X¢(g,v, A) = f(v, /\,t)% and in particular
\I’t(gaya )\) = (gaya mt(V7 A)A)
for certain scaling factor my : g;, x ¢ — R. We will obtain an equation that

fully determines m; and therefore the map ¥; and the simple G-tube.
Taking the time-derivative of the time-dependent pull-back (see (15))

a (\Ilt 49,5) = \Ilt <(dZXt + thd)Qt + att)
= Ui (dix,0;) = ¥y (dix, (0o + t(61 — 6p))
= Uy (dix,bp) = d(¥; (ix,00)).
Additionally

Wi (ix.00) = Wi ({u, N f (1, A, 1))

= (1 N ma(n NAB)) = o (g, A))

from where we get

0
a (\Ij;ket - d<:uv mt(l/7 )\))‘>) =0.

This equation implies that W; satisfies the following equation on one-
forms

(34) U101 — d{p, mi (v, \)A) = 0g — d{u, \).
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But this equation does not depend on the derivatives of the scaling factor
m1 because

Ui01(&, 2, A) = (u+ v, (Dymy - 7+ Dymy - M)A+ M(maA) - (ma X))
= (u, \Y(Dymy - v+ Dymy - A) + (4 v, M(myA) - (mi X))

and
d<.u7 ml)\> (57 ﬂ, )\) = </’L> )\>(Dl/m1 s D/\ml : )‘) + </’Lv ml)\>

Since (u, [, )\]> is a non-vanishing one-form on the two dimensional space

q with kernel R- X and (i + v, M(X) - A\) — (u, A) has also kernel R - A\ then
there is real-valued function h(\, v) such that

(v, M(A) - ) = (u, A) = RO ) (s, [N A]).

With this notation, (34) becomes the non-linear equation
5 1
(35) h(mi A\, v)m{ = 7

To find the solution m1(\, v) it is enough to write down explicitly the simple
G-tube

@(g) v, )‘) = (g exp(ml(Av V)A)7 Adexp(ml (A p)A) (V + M))

In the following lemmas we will see that under some algebraic assumptions
on g we can write down my in terms of elementary functions.

Lemma 7.1. Assume that the subspace q defined by the splitting g = g, ©
q is a 2-dimensional subalgebra. Then the equation (35) has the solution
mi(v,\) = E(—tr (ad,\‘q)) where £ : R — R the unique analytic function
that satisfies

2

(36) eE@ — 1 p€(x) + %
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Proof. As the dimension of q is two and ad; is singular it follows that ad2 -

tr (ad ‘ )ad ‘ = 0 for any n € q. Therefore,
(tr ( adg‘ et —gp—1
—Id ad¢ =Id+—5—ad
kZ(k:Jrl +kz>0 (ko) etz 0%

where z = tr (ad¢ ‘q) Then (34) becomes

(v MO 8) = G M) X) = o 8) o+ Ao

Comparing with (35) we see that h(v,\) = <=L with z = —tr (adg‘q)

Remark 7.2. The function £ can be written in terms of the Lambert W
function (see [4])

Wo(—exp(—1—22?))+1

E(x) = {2 n W,l(fexpchlféxz))Jrl

T

ifx>0
ifz<O

where Wy and W_; are defined in the same reference. It can be checked that
E(z) is positive and strictly increasing for all 2 € R. Additionally &£(x) is
asymptotic to § as x — oo, and satisfies £(0) = 1 and £(x) — 0 as z — —oo.

Lemma 7.3. Assume that the splitting g = g, © q satisfies
1) adg +a(§)ade = 0 V¢ € q for a certain smooth function a : q — R, and
2) (u+ y,ad?n) =0 forany {,m € q and v € q°.

In addition, let b : (gZ)r — R be the function satisfying

v+, [§m]) = bv){u, [§n])

for any &,m € q. Then equation (35) has the solution

mi(v,A) = F (fzf(?)) bl<A>’
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where F : (—oo,1) — R* is the analytic function

arcsin(/) .
— ifx >0
‘7:(1.) =\ arcsinh(y/|z)

el ifx <0

Proof. Using the first hypothesis

5 et = 1+ A a(€)ae + Aa(af€)ac

n>0

where Ay and Ay are analytic scalar functions. Then

(4 v, MA) - N) = (u+ v, A + A (a0 + v, [\ A])
= (1, A) + A1(a(N)b(v){(, [A, A]),

that is h(A,v) = A1(a(N))b(v). It can be checked that A;(x) = l_%s(‘/@ If
we assume a(A) > 0 then using simple formal manipulations (35) is equiv-

alent to mj\/a(\) = arccos <1 - ;b((),‘/))> and as 2arcsinx = arccos(1 — 22?)

then mi(\,v) =F ( “()‘)) L If a(\) <0 a similar computation gives

4b(v) ) | /b(N)

the same result. O

7.1. SO(3) simple tube

Under the hat map the Lie algebra g = s0(3) can be identified with R3

equipped with the cross product. The standard inner product (-,-) on R? = g

will correspond to the dual pairing between g and g*, identifying them.
Fix an element o € g*. We have two different possibilities:

e ;= 0. In this case the G-tube is trivial (see Remark 4.4).

e i1 7#0. In this case g, is the subspace generated by p and we will
define q as the orthogonal complement to g,. The subspace g, being
the annihilator of q is also identified with the subspace generated by
L.

The vector identity a x (a x ¢) = (a,
conditions of Lemma 7.3 hold for so(

c)a — (a,a)c implies that both
) with a()\) = [|\||?. Therefore
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the map
(37) G x gi, x g — SO(3) x R* = T*50(3)
(g:v, ) — (gE (v, A), E(v, A) - (v + )
arcsin( z M) ~
with E(v, \) = exp 2”)\””A> is a simple SO(3)-tube at

(e, ) € T*SO(3).

Note that this expression is exactly the same as the one obtained in
Theorem 3 of [29]. In fact, this map was known in celestial mechanics as reg-
ularized Serret-Andoyer-Deprit coordinates (see [3] and references therein).

7.2. SL(2,R) simple tube

On the Lie algebra g = s[(2, R) the bilinear form (A, B) = —2Tr(AB) is non-
degenerate and we will use it to identify g and g*. If £, n € sl(2,R) it can
be checked that adeaden = (€, 7)€ — (€,£)n and then for any £ € g we have
ad? +[[¢]ade = 0.

Fix an element p € g*. We now have three different cases:

e 1 = 0. In this case the G-tube is trivial (see Remark 4.4)

e ||u||? :== (u, 1) # 0. Then g, is one dimensional and is the space gen-
erated by p. We will define q to be the orthogonal space to p with
respect to the pairing. Since the norm of y is non-zero g = g, ®© q. As
before g;, = q° = g, so we can apply Lemma 7.3 obtaining that

G xg, xq— T"SL(2,R)
(9,1, A) — (9E(v, A), Adg(,, ) (v + 1))

with E(v, \) = exp (.7-" (4“(2‘@)) ﬁ)\) is a simple SL(2,R)-tube at
(e,pn) € T*SL(2,R).

e [|¢]>=0 and p # 0. In this case, using basic linear algebra, it can
be shown that there is £k € SL(2,R) such that p =k [8 S] k=1 with

s=1ors=—-1.
Also in this case g, is the subspace generated by p, and we will

define q as the subspace generated by k [(1) _OJ k~!and k [(1) 8] kL.
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A generic element in q will be represented as k [Z _Oa} k=!It can be
0 0|, 4
1 0] =

A simple computation shows that q is a subalgebra of g so we can
apply Lemma 7.1, obtaining that the map

checked that g;, = q° is the subspace generated by k [

G x g, xq— T"SL(2,R)
(9,11, A) = (9B, Adgy (v + D) ).

where A = k Z _Oa k=Y v €R and E()\) = exp (£(2a))), is a sim-

ple SL(2,R)-tube at (e,u) € T*SL(2,R). Note that for this tube the
domain is the whole space G x g, x q. There are no restrictions on v
or A but the map is not onto.

7.3. A SO(3) restricted tube
Let H be a compact non-discrete proper subgroup of SO(3). Note that H
must be one-dimensional. We will denote by &, € R? the generator of h with
unit norm. In this setting the adapted splitting of Proposition 3.1 reduces

tol=R-&,p=R-pand n=R-& x u. To obtain the restricted tube we
will use (19), so we neeed to find ¢ € n satisfying the condition

(38) Jr(O(g,v,Q)|, = —¢

as a function of v and . Using the notation of (16), © can be written as
O(g, . \) = (9B, N), Adjyg) (v + ).

Using Proposition 4.1 we can rewrite (38) as

(39) Adp, o (v + 1) | =e

Applying the explicit expression (37) for the SO(3) simple tube we have
E(v,¢) = exp(p(v,() é"izl). Then, solving (39) is equivalent to finding the
real parameter p as a function of v and ¢ that satisfies
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<eXp ( —PM> : (V+H)afh> = (€,&p)-

b X# } is an orthogonal basis this last equation is equivalent

Since {&y, 1 Tl HﬁhX“”

to

(sin(p) (v + ), T ||> (&,€n)-

Therefore, if we denote by r the expression arcsin 7((6,/2’;‘)“2', the equation
Sy Xy o X 1
(40)  ®(g,v3e) = (9 exp ( sexp | —r——— | - (v +p)
1€ > ] 1€ > ]
€ SO(3) x R?

defines a a restricted SO(3)-tube.
With (40) and (37) we could apply Theorem 5.6 to obtain an explicit
Hamiltonian tube for any cotangent lifted SO(3)-action, however in the next

example we will compute an explicit Hamiltonian tube not only for SO(3)
acting on T*R? but for SO(n) acting on T*R".

7.4. Hamiltonian tube for SO(n) acting on T*R"

Consider the natural action of SO(n) on R"™ and fix a point z = (¢,p) €
T*R™. Although we don’t have an explicit expression even for a simple
SO(n)-tube we will see that we don’t need it to compute an explicit tube for
T*R™. We can identify the Lie algebra of the orthogonal group SO(n) with
the second skew-symmetric power A%(R"), moreover the euclidean metric of
R™ induces an identification of so(n) with its dual.

If p = J(2) = g A p = 0 then [28] provides an explicit computation of the
Hamiltonian tube centered at (g, p). Therefore, we will assume . = g A p # 0,
and in particular ¢ # 0 so the isotropy H := G, = SO({(q)%) is the group of
rotations of the hyperplane (g)z. The linear slice S = (g - ¢)* is the subspace
generated by q, and note that this Subspace is fixed by H and in this setting
a= Z‘s 17 ”2q € S*. Note also that G, = H, = SO({p, ¢)z) = SO(n — 2).

The hnear splitting of Proposition 3.1 becomes

1 1
={vAw|v,w € (q, ER-pud{pAv|ve/q,
g=1{ | w (e, P)r} p®{pAvlve(qpr}
b/_l/ p [
@ {gAv|ve(gpr}-

n
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Let Sy :={aeR-q|lla] <llqll} € Sandp;:={veR-p||v| < x|}
If ® is a restricted tube adapted to the previous splitting the map (26) given
by Theorem 5.6 becomes

T :G xp, (py xSy xS*) — T*(G xg S)
l9,v,a,b]1, — ©(®(g,v,0,0);a,b+ )

because H fixes S and s = 0. But using (20) ®(g,v,0,0) = (g, v + ). It
can be easily checked that the map s : G x g S, — R" defined by [g,a]g —
g - (q+ a) is a Palais’ tube around ¢. Using this tube, after some easy ma-
nipulations the previous Hamiltonian tube at (g, p) can be written as

T :S0(n) xu, (p; x S x S*) — T*R"

T 4ta q-p
9, v, blm, — (9'(Q+G)79' (u+u+b+ q))
lg + alf? [lall?

where Ev represents the Lie algebra action of £ € g = g* at the point v € R"™.
Alternatively, this map can be written as

nw+v o q q-p q-p
T Vs a,b = : +a)g- B O R
st =000 (20 (0 o) + 0+ o)

is the real scalar p such that py = p + v and similarly for qJ%a.

The same ideas and computations can be used to obtain a cotangent
Hamiltonian tube for the cotangent bundle of the sphere 7%S™ ! endowed
with the natural SO(n) action. More specially if we identify 7*S"~! with
the subset T*S"~! = {(q,p) | llq]l =1, (g,p) =0} C T*R® = R" x R" and
we fix a point (g,p) € T*S"! then

where &2

T :S0(n) xp, pi — T*S"*

l9.V]n, — <g~q,g- (”Zyp»

is a Hamiltonian tube at (q,p) € T*S™ L.
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