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Making use of theory of differentiable stacks, we study symplec-
tic vortex equations over a compact orbifold Riemann surface. We
discuss the category of representable morphisms from a compact
orbifold Riemann surface to a quotient stack. After that we define
symplectic vortex equations over a compact orbifold Riemann sur-
face. We also discuss the moduli space of solutions to the equations
for linear actions of the circle group on the complex plane.
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1. Introduction

The symplectic vortex equations (SVE for short) are introduced by Salamon
and Mundet independently. Let G be a compact Lie group and g its Lie
algebra. We choose an invariant inner product on g to identify g with its dual
space g". Suppose that G acts on a symplectic manifold M in a Hamiltonian
fashion with a moment map u : M — g. Let P — X be a principal G-bundle
over a compact Riemann surface ¥. The SVE (over X) are defined by the
PDEs

Oau =0, *Fq+pu(u)=0
for G-equivariant map u : P — M and a connection A on P. Here 0, is the

anti-holomorphic part of the covariant derivative da, F'4 is the curvature of
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A, and = is the Hodge *-operator. (We also have to fix a volume form on
> and an almost complex structure on M compatible with the symplectic
structure and the G-action.) Under some analytic assumptions, we can define
Hamiltonian invariants as integrations over the moduli space of solutions to
the SVE. The invariants are called symplectic vortex invariants.

The most important feature of the SVE is that we can obtain the equa-
tion of pseudo-holomorphic curve from ¥ to the Marsden—Weinstein quotient
M /|G as a certain limit of the SVE. This limit is called the adiabatic limit,
and this is the most important idea for an identity between Gromov—Witten
invariants (with fixed marked points) of the smooth quotient M /G and
symplectic vortex invariants for the Hamiltonian G-space M [8].

It is conjectured that the identity extends to Gromov—Witten invariants
of the orbifold Marsden-Weinstein quotient M /G (after a suitable exten-
sion of theory of SVE) [15, §12.7]. Gromov-Witten invariants of closed sym-
plectic orbifold are defined as integration over a certain compactification of
the moduli space of representable pseudo-holomorphic maps from orbifold
Riemann surfaces [4]. Therefore it is natural to think about an extension
of the SVE such that its adiabatic limit is the equation of representable
pseudo-holomorphic maps. But if we put everything into orbifold settings
(e.g. orbibundle, etc.) for SVE, then the theory becomes extremely compli-
cated.

To solve this problem, we make use of theory of differentiable stacks.
Roughly speaking, the symplectic vortex equations over a Riemann surface
Y can be thought as “differential equations” of maps from X to the quotient
stack [M/G]: a (representable) morphism of stacks ¢ : ¥ — [M/G] corre-
sponds to the 2-cartesian square

P 4 M
- |
% — [M/a),

where u is a G-equivariant map and 7f : P — ¥ is a principal G-bundle
over .

In this paper, we see that we can replace ¥ with a stack corresponding
to compact orbifold Riemann surface in the above diagram. One of the
advantages of the replacement is that the upper part of the above diagram
still belongs to the category of smooth manifolds. Finally we find that we
can use the same PDEs for an extension of SVE after several observations
on differentiable stacks.
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This paper is organised as follows. In §2, we review briefly theory of
differentiable stacks. In §3, we discuss the category of representable mor-
phisms from an orbifold Riemann surface to a quotient stack. We show that
the category is equivalent to a certain category similar to the category of
principal G-bundles. In §4, we fix notations for an orbifold Riemann sur-
face by using statements developed in §3, and we consider (representable)
pseudo-holomorphic maps from a compact orbifold Riemann surface X to
a (orbifold) Marsden-Weinstein quotient. After that we define SVE over X
and discuss the moduli space of solutions to the SVE for the case when the
circle group S! acts on the complex plane C.

Notations

We fix the following notations through this paper.
We denote by ¢ any right action map: if we have a right G-space M,
then ) is defined by

Vi M xG = M; (m,g) = ¢(m,g) =Yg(m) =m-g=myg.

Let g be the Lie algebra of a Lie group G. For a G-space M and & € g, we
define the infinitesimal action ¢M € Vect(M) by

d
Zl ™ exp(t§)  (if M is a right G-space),
¢M(m) = a1 (m e M).
p7 exp(—t&) -m (if M is a left G-space)
t=0

Here Vect(M) is the space of vector fields on M. The above convention is
the same as Bott-Tu [3] and opposite to Cieliebak—Gaio—Salamon [5]. Set

g (m) = {M(m) € T, M | € € g}

and
g ={M(m)eTM | g, me M}

If the G-action is locally free, then g is a subbundle of the tangent bundle
TM.

For a (2-)fibred product Xy p, X, X2, the i-th (i = 1,2) projection is
denoted by pr;,.
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2. Differentiable stacks

We review theory of differentiable stacks and geometric objects (e.g. differ-
ential forms) on stacks. First we recall the bicategory of Lie groupoids and
bibundles. Secondly we introduce the 2-category of stacks over the smooth
category and geometric objects on Deligne-Mumford stacks. Finally we de-
scribe an orbifold Riemann surface as a Deligne-Mumford stack.

2.1. Lie groupoids and bibundles

For details of Lie groupoids and bibundles, see Lerman [12], Metzler [16],
Moerdijk [20] and Moerdijk-Mréun [17].

A groupoid is a category whose arrows are all invertible. We write
X1 =X for a groupoid whose class of objects and class of arrows are X
and X, respectively. The source map and the target map are always denoted
by src and tgt respectively: for a € Hom(x, y), src(a) = z and tgt(a) = y. We
also write a : x — y for such an arrow.

Definition 2.1. A groupoid X; = Xy is called a Lie groupoid if
(i) both Xy and X; are smooth manifolds,

(ii) both the source and the target map are surjective submersions, and

(iii) the composition map
Xl src Xtgt Xl = Xl; (CL, b) = aba

the unit map z +— 1, (z € Xp) and the inverse map a — a~! (a € X1)
are all smooth.

Let X1 = X be a Lie groupoid. For an object x € X, the submanifold
(X1=2X0)z = {a € X1]src(a) =z =tgt(a)}

of X is a Lie group. The Lie group is called the stabiliser group at x.

Two objects z,y € X are said to lie in the same orbit (z ~ y) if there is
an arrow a : x — y. The quotient space of Xy with respect to the equivalent
relation ~ is called the underlying space of X; = X, and denoted by
Xo/X1. If  ~ gy, then the stabiliser group at x is naturally isomorphic to
the stabiliser group at y.
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Example 2.2. Let G be a Lie group and M a right G-space. The action
groupoid M x G of the G-action on M is a Lie groupoid M x G = M
whose structure maps are given as follows: src(m, g) = mg, tgt(m,g) = m,
(m, g)(mg, h) = (m, gh), 1,, = (m,1) and (m,g)"* = (mg,g!) for g,h € G
and m € M. The stabiliser group at m € M is the ordinary stabiliser group
at m and the underlying space of the action groupoid M x G is the quotient
space M/G.

Definition 2.3.

e A Lie groupoid X; = X is said to be proper if (src, tgt) : X1 — X X
Xy is a proper map.

e A Lie groupoid is called an étale groupoid if the source and the target
maps are étale (locally diffeomorphic).

Next we recall bibundles. Regarding a bibundle as an arrow between Lie
groupoids, we obtain the bicategory of Lie groupoids and bibunbles.

Definition 2.4. A right action of a Lie groupoid Y1 =Y on a manifold
P consists of two maps « : P — Y and

p: PoXig Y1 — P; (p,a) — pa

satisfying that a(pa) = src(a), ply() = p and p(ab) = (pa)b for any (a,b) €
Y1 sre Xtgt Y1 and p € P with a(p) = tgt(a). The map « is called the anchor
map.

A left action of a Lie groupoid can be defined in a similar way.

Definition 2.5. Let Y7 =2Y) be a Lie groupoid. A principal (Y] =Y))-
bundle over a manifold B is a smooth map 7 : P — B with a right action
of Y1 =2Yp on P satisfying the following conditions.

(i) The map 7 is (Y7 =Y))-invariant, i.e. m(pa) = w(p) for any (p,a) €
Pa Xtgt Y1 .

(ii) The map 7 is a surjective submersion.

(iii) The map
PaxtgtYi — Prxq P; (p,a) = (p,pa)

is a diffeomorphism. Here « is the anchor map for the action.
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Definition 2.6. Let X; =Xy and Y1 =2Y) be two Lie groupoids. A bi-
bundle (or Hilsum-Skandalis morphism) f = (ar, P,ar) is a manifold P
equipped with

e a left action of X; = Xy with an anchor map oy and

e a right action of Y7 =Yy with an anchor map ap
satisfying following conditions.

(i) The map ar, : P — Xpis (Y1 =2 Yp)-invariant and ag : P — Yo is (X7 =2
Xo)-invariant.

(ii) The actions of X1 = X and Y; =Y|) are compatible, i.e. (ap)b = a(pb
for any a € X7, p€ P and b € Y7 with src(a) = ar(p) and ag(p) =
tgt (D).

(iii) The map af : P — Xy is a principal (Y7 =2Yp)-bundle over Xj.

Given two bibundles f = (ar,P,ar) and f = (o, P o), a 2-
isomorphism from f to f’ is a diffecomorphism ¢ : P — P’ which commutes
with both (X7 =2 X()- and (Y1 = Y))-actions.

The composition of bibundles is not strictly associative, but associative
up to a (canonical) 2-isomorphism. Therefore Lie groupoids and bibundles do
not form a category, but form a bicategory. We denote by Bi the bicategory
of Lie groupoids and bibundles.

Any bibundle induces a continuous map between underlying spaces and
a group homomorphism between stabiliser groups. Suppose that we have a
bibundle f = (ar, P,ag) from X7 =X, to Y1 =Y). For any p,p’ € P and
a € X satisfying srca = ag(p) and tgta = ag(p’), there is a unique b € Y;
such that ap = pb, tgtb = ar(p’) and srcb = ag(p). This fact guarantees
that the map

FI: Xo/X1 = Yo/Y1; [ar(p)] = lar(p)] (p € P)
is a well-defined continuous map and the map
(Xl 3X0)aa(p) — (Yljyb)ou(p); a—b

is a group homomorphism. (Two isomorphic bibundles induces the same
continuous map and the group homomorphism.) If two groupoids X7 = X
and Y7 =Y are equivalent in the bicategory Bi, then the underlying spaces
Xo/X1 and Yy/Y7 are homeomorphic and the group structures of stabiliser
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groups at the points corresponding under the homeomorphism are isomor-
phic. Therefore topological structures on the underlying space and stabiliser
groups are invariants of the category Bi.

2.2. Differentiable stacks

For details of stacks, see Behrend-Xu [2], Heinloth [9], Metzler [16] and
Lerman [12].

Roughly speaking, a stack is a category X equipped with a functor from
X to a base site satisfying some conditions including a so-called “gluing
condition”. Here a site is a category equipped with a Grothendieck topology.
Theory of stacks can be discussed for several base sites, but we only use the
category Diff of smooth manifolds and smooth maps as a base site in this
paper.

We define a Grothendieck topology on ®iff as follows. For U € Diff, a
family {f; : Ui — U}; of smooth maps to U is called a covering family
of U if f; : U; — U is a local diffeomorphism for each 7 and the total map
| JU; — U is surjective. The function K assigning to each object U € Diff the
collection K (U) of covering families define a basis of Grothendieck topology
(cf Metzler [16, Definition 5]). The basis of Grothendieck topology generates
a Grothendieck topology on the category Difj.

Remark 2.7. For general definition of Grothendieck topology see Metzler
[16] and Vistoli [25]. Note that a basis for a Grothendieck topology (pre-
topology) is called a Grothendieck topology in Vistoli [25, Definition 2.24].
We follow Behrend-Xu [2] for definition of covering families in Diff and the
same definition is used in Lerman [12, Remark 2.17] and Lerman-Malkin
[13]. Metzler uses a slightly different definition for covering family, but the
Grothendieck topology is the same as our Grothendieck topology.

Definition 2.8. A category fibred in groupoids (over Dijf) is a cate-
gory X equipped with a functor Fx : X — Diff satisfying the following con-
ditions.

(i) For any f: V — U in Diff and any = € X with Fx(x) = U, there is an
arrow a : y — x in X such that Fx(a) = f.

(ii) Suppose we have two arrows aj :y1 — x and as : y2 — x. For any
smooth map f: Fx(y1) = Fx(y2) with Fx(a2) o f = Fx(ay) there is
a unique arrow b : y; — yo such that asb = aq and Fx(b) = f.
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The functor Fx : X — Diff is called the base functor of the category
fibred in groupoids.

Omitting the base functor Fx, we often say that X is a category fibred
in groupoids. Moreover F is described as “_”. Namely z = Fx(z) for z € X
and a = Fx(a) for an arrow a in X.

The collection of all categories fibred in groupoids form a 2-category:

Definition 2.9. A morphism of categories fibred in groupoids from
X to 9 is a functor ¢ : X — Q) which commutes with the base functors.

For two morphisms of categories fibred in groupoids ¢1,p2: X — 9), a
2-morphism of categories fibred in groupoids is a natural transforma-
tion a : o1 — 2 such that the horizontal composition Fy * « is the identity
transformation of Fk.

The fibre of X over U € Diff is the groupoid Xy with objects {x €
X | z = U} and arrows {arrow a in X | a = idy }.

Given a category fibred in groupoids X, for every object z € X and every
f:V — z in Diff we choose an arrow a:y — x in X such that a = f (cf
Definition 2.8). The object y is called the pullback of the object x via f
and denoted by f*x.

Let a: x — y be an arrow in a fibre Xy and f: V — U a smooth map.
Then we have two arrows b, : f*x — x and by : f*y — y which we have
chosen. Then by Definition 2.8, there is a unique arrow a : f*x — f*y such
that @ belongs to Xy. The arrow @ is called the pullback of the arrow a
via f and denoted by f*a.

We can assign the descent category X(y, ) to each covering family
{fi : U; = U} and there is a natural functor from the fibre X7 to the descent
category Xy, vy The category fibred in groupoids is called a stack (over
Diff) if for any covering family the natural functor is an equivalence of
categories.

The collection of all stacks (over Diff) form a 2-subcategory StDiff of
the 2-category of categories fibred in groupoids. We regard two stacks as the
same stack if they are equivalent.

Remark 2.10. Some authors say two stacks which are equivalent are iso-
morphic. But we follow the ordinary terminology of theory of 2-categories.

Let G be a Lie group. For a right G-space M, we can define a stack [M/G]
as follows. An object of [M/G] is a pair (7, €) of a principal G-bundle 7 : P —
U over a manifold U and a G-equivariant map ¢ : P — M. The object (m,¢)
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is often denoted by U <~ P < M. An arrow from V <ﬁ Q i M to U &

P i M is a pair (f, f) of smooth map f : V — U and a G-equivariant map
f: @ — P which makes the following diagram commutative:

Q
V = Q @
fl 7 \\\\\\*A[
U p/

The category [M/G] is a category fibred in groupoid with the base functor

“PS5M for obj
(M/G] — D {(U =P= )+— U for objects,

(L f)—=f for arrows.

For any object U <~ P < M over U and any smooth map f: U — V, the
diagram V' Sy Xz P SNy V) gives an object of over V and we have an

arrow in [M/G].

pT,

Vv

fg r%£////ﬁr//gﬂm

Viixx P copr,

gopr,

We choose the object V/ & V ¢ Xz P —— M as the pullback of U Zps
M via f. We can show that the category fibred in groupoids [M/G] is a stack.
The stack is called the quotient stack associated to the G-space.

An arbitrary manifold M can be considered as a quotient stack [M/{1}]:
An object is a smooth map f whose target is M and an arrow from g : V —
M to f:U — M is a smooth map a : V — U with f oa = g. Thanks to the
2-Yoneda embedding, the category Diff can be embedded into the 2-category
of stacks GtDiff. We identify every manifold M with the stack [M/{1}]. A
stack X is said to be representable if there is a manifold equivalent to the
stack X.

In GtDiff we can always take a 2-fibre product.

Definition 2.11. Let ¢ : 91 — X and @3 : Y2 — X be two morphisms of
stacks. The (2-)fibre product 2); o, X, 92 is a stack defined as follows.
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The class of objects is

{(y1,92,0) | y1 €D1, y2€ V2, y=y' =U, a:o(y) = ¢ (y2) in Xy}

An arrow from (y1,y2,a) to (y},v5,a’) is a pair of arrows (b1 : y1 — v}, ba :
Yo — yb) satisfying by = by and a o ¢1(b1) = @2(b2) o a. The base functor
D1 o, X, P2 — Diff is given by (y1,y2,a) = y1 for objects and (b1, by) = by
for arrows. In particular 9); x )5 is defined as the 2-fibre product 2); 01 X
), for 1 : Y1 — pt and @9 : Y2 — pt.

Definition 2.12. A morphism of stacks ¢ :9) — X is said to be repre-
sentable if for any morphism of stack F' from a manifold U to X the fibre
product U g X, Q) is representable.

Definition 2.13. A representable morphism ¢ from a manifold X to a
stack X is called an atlas (resp. étale atlas) of X if for any morphism F'
from a manifold U to the stack X the projection map from the representable
stack U px, X to U is a surjective submersion (resp. surjective local diffeo-
morphism).

Let ¢ : Xg — X be an atlas of a stack X. Choosing a manifold X; which
is equivalent to the representable stack Xg , x, X, we obtain a 2-cartesian
diagram:

X, & Xo
ti lso
X, Xx.

We can see that X1 = X is a Lie groupoid whose source map and target
map are s and ¢, respectively. The Lie groupoid X; = Xy is called the pre-
sentation of X associated to the atlas.

Two presentations of the same stack associated to two atlases are equiv-
alent in Bi, therefore any invariant of the category Bi (e.g. the underlying
space, the stabiliser groups, etc.) is also an invariant of differentiable stacks.
See Lerman [12] for more details.

Definition 2.14. A a stack X is called a differentiable stack (resp.
Deligne—-Mumford stack) if X has an atlas (resp. étale atlas) and the
presentation associated to the atlas is proper.
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Definition 2.15. Let X; =X be the presentation of X. Suppose that
both X7 and X have constant dimensions. We define the dimension of X
by 2dim Xy — dim Xj.

Definition 2.16. Let X; = X be the presentation of X associated to an
atlas.

e A differentiable stack X is said to be compact if so is X¢/X;.
e A differentiable stack X is said to be connected if so is Xo/X.

Definition 2.17. A stack X is said to be type-R if

(i) the stack X is a compact and connected Deligne-Mumford stack, and

(ii) a generic stabiliser group of X is trivial.

Example 2.18. Let G be a compact Lie group and M a (right) G-space.
The quotient stack [M/G] always has an atlas 7 : M — [M/G] called
the natural projection. For objects, 7 (m : U — M) = (U &~ U x G 5
M), where e(u,g) = m(u)g. Therefore the quotient stack is differentiable.
The action groupoid M x GG is a presentation of the atlas. If the G-action
is locally free, then the quotient stack is Deligne-Mumford. (This does not
mean that the natural projection is an étale atlas.)

2.3. Differential forms and vector fields over stacks

We describe geometric objects (e.g. differential forms, vector fields, etc) on
Deligne-Mumford stacks using sheaves over the stack. The general defini-
tion of a sheaves over stacks can be found in Behrend-Xu [2] and Metzler
[16]. Kashiwara and Schapira [11] explain a general theory of sheaves over
sites. Note that a Grothendieck topology on a stack can be induced by the
Grothendieck topology on the category Diff.

Differential forms over a differentiable stack [1, 2]. We define the
sheaf Qé‘é of differential k-forms on a differentiable stack X as follows. For
an object x € X over U, Q’; is defined by the space QF(U) of k-forms on U.
For an arrow a:z — y in X with a: U — V, we assign the pullback map
a* : QF(V) — QF(U) to Qk(y) — Q% (). This presheaf Q% : X — (R-Vect)
satisfies the conditions to be a sheaf over X. Since the exterior derivative
d commutes with pullbacks, d makes the abelian sheaves Q% a complex.
The complex Q% is called the (big) de Rham complex of X. The de Rham
cohomology of X is defined as the hypercohomology of X with values in €2%.
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Using the presentation X; = X associated to an atlas of X, we can cal-
culate the de Rham cohomology Hjjp, (X) more explicitly. The set of (global)
k-forms on X is given by

OF(X) = {n € Q*(Xo) | src*n = tgt* n}.

The de Rham cohomology is isomorphic to the cohomology of the complex
(Q5(), d).

Remark 2.19. In general, the set of global sections of a sheaf F over a
stack X is defined by applying the global section functor I' to F. If X is
differentiable, the set is canonically isomorphic to the equaliser of the two
restriction maps F(X;1) = F(Xj), where X; = X is a presentation associ-
ated to an atlas Xy — X.

Remark 2.20. For any vector space V', we can define the sheaf of differ-
ential k-forms on a differentiable stack X in a similar way.

Vector fields over a Deligne-Mumford stack [13]. If we have a
Deligne-Mumford stack X, then we can define the tangent sheaf 7x as fol-
lows. Let Z1=Zy be the presentation of X associated to the étale atlas
p: Zy — X. For x € Xy we have the following cartesian diagrams:

Vi—=Vy—o

b s 1

214>Z(]

p

Note that Vi =2V} is an étale groupoid and a presentation of U. Since
71 =227y is étale, src* T Zy = tgt* TZy = TZy. According to descent theory,
there is a vector bundle F — U (which is unique up to isomorphisms)
such that the pullback ¢*E is isomorphic to fj7'Zy. Then define Tx(x) as
the set of global sections of the bundle £ — U. For an arrow a:x — v,
Tx(a) : Tx(y) — Tx(z) is naturally defined. Moreover the tangent sheaf Tx
is independent of the choice of the étale atlas. The set of global sections of
the tangent sheaf is denoted by Vect(X) and an element of Vect(X) is called
a vector field on X.

Proposition 2.21 (Lerman—Malkin [13]). Let X1 =Xy be a presenta-
tion of an atlas p : Xg — X of a Deligne—Mumford stack X.
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(i) Let A be the pullback bundle of ker(dsrc) — X1 along the unit map
Xo — X1. Then the map dtgt : A — T Xq is an injective bundle map.
(Thus we regard A as a subbundle of T'Xy.)

(i) The (small) sheaf over Xo induced by the tangent sheaf Tx is the sheaf
of sections of the bundle T X(/A.

(11i) The (small) sheaf over X1 induced by the tangent sheaf Tx is the sheaf
of sections of the bundle T X1 /(ker dsrc + ker d tgt).

(iv) The set of vector fields Vect(X) is explicitly given by the following
quotient vector space:

V/{(v1,v0) € V | v1 € ker(dsrc) + ker(dtgt)}.

Here V={(v1,v9) € Vect(X1) x Vect(Xp) |dsrc ov; =vg o sre, dtgtovy =
vo o tgt} and Vect(X;) is the space of the (ordinary) vector fields on
X; (i =0,1). In particular, if the atlas p : Xo — X is étale, then Vect(X)
s isomorphic to V.

Symplectic forms [13]. Let X; =X, be a presentation of a Deligne-
Mumford stack X associated to an atlas p: Xo — X. For a vector field
(v1,v0) € Vect(X), we can define the interior product

((v1,00) + Q°(X) = QFHX); = (vo).
A 2-form w € Q?(X) on X is said to be nondegenerate if the map
Vect (%) — QY(X); (v1,v0) = ¢(v1,v0)w

is a linear isomorphism. This is equivalent to the condition that kerw = A.
A closed nondegenerate 2-form w on X is called a symplectic form on X and
a symplectic Deligne-Mumford stack is a pair (X, w) of a Deligne-Mumford
stack X and a symplectic form w on X.

Orientations and almost complex structures. Let X be a differen-
tiable stack of dimension n. The stack X is said to be orientable if Q" (%) is
isomorphic to O(X) as an O(X)-module. For an orientable stack X we define

O™ (X) gen = {w € Q"(X) | O(X)w = Q" (X)}.

and we denote by O(X); the space of (global) positive functions. An orien-
tation of X is a choice of an element of the quotient set Q™ (X)gen/O(X)+.
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For a Deligne-Mumford stack X, an orientation is nothing but a pair of
orientations of Zy and Z; compatible with the source and target maps.

Let X be a Deligne-Mumford stack. An almost complex structure is an
endomorphism J : Tx — Tx of Ox-modules satisfying J? = —idr,. For an
atlas p: Xo — X, an almost complex structure J on X induces a complex
structure of the vector bundle 7'X/A compatible with the source and the
target map. In particular, for an étale atlas ¢ : Zy — X, an almost com-
plex structure J induces almost complex structures on Zy and Z; which are
compatible with the source and target maps. Here Z; = 7 is an presenta-
tion associated to the atlas ( : Zyg — X. In particular, an almost complex
structure induces a canonical orientation on X.

Integral over a Deligne-Mumford stack [1]. A partition of unity of
a proper étale groupoid Z; = Zj is a smooth function p on Zp such that
src® p has proper support with respect to tgt : Z; — Zp and tgt,src* p = 1.
Not all proper étale groupoid has a partition of unity, but for any proper
étale groupoid Z; = Zy, we can find a proper étale groupoid Z] = Z/, which
is equivalent to Z; = Zp and has a partition of unity.

Let X be an oriented and compact Deligne-Mumford stack with an étale
atlas ( : Zgp — X and Z; = Zj a presentation associated to the atlas. If the
presentation Z1 = Zj has a partition of unity p : Zy — R, then we can define

an integral
/:Q”(%)—)R; /w:/pw.
X x Zy

Here n = dim X = dim Zj. This gives rise to a linear map H"(X) — R as
usual. Moreover the Poincaré duality holds: The pairing

() & B (D) = B (l. i) = [ wnn
is nondegenerate.

2.4. An orbifold Riemann surface as a stack

In this paper we consider an orbifold Riemann surface as a Deligne-Mumford
stack. We describe how to construct the stack in this subsection. We basically
follow terminologies of Moerdijk—Pronk [18, 19] for orbifolds.

A compact orbifold Riemann surface is a quadruple ¥ = (3, 7,2z, m)
of a closed Riemann surface Y, a complex structure j on X, a k-tuple
z = (z1,...,2) of distinct points on 3 and a k-tuple m = (mq,...,my) of
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positive integers. We define the multiplicity m of p € ¥ as follows:

_Jm; it p=z; for some i,
)1 else.

A point p € ¥ is said to be smooth if its multiplicity is 1.

First we recall an orbifold atlas for the compact orbifold Riemann surface
3. For a point p of multiplicity m, we choose a complex coordinate system
wy : V, — C centred at p so that V,, \ {p} consists only of smooth points. We
also choose an open disc U, C C centred at the origin and a holomorphic
map 7, : U, — ¥ satisfying 7,(0) = p, m,(Up) =V, and (wp, o mp)(2) = 2.
Here z is the standard coordinate function on C. Then the group

27ik

Gp:{e m G(C’kzo,...,m—l}%Z/mZ

acts on U, as multiplication and the map 7, induces a homeomorphism from
Uy /Gy to V. Then (Up, Gp, mp) is an orbifold chart for m,(U,) and the family
U = {(Up, Gy, mp) }pex is an orbifold atlas on 3.

We consider the tangent bundle 7'3:. This is a complex orbibundle over
3.. Choosing a metric compatible with the complex structure, we obtain the
Sl-bundle P consisting of unit tangent vectors. It is easy to see that the
total space of the bundle is a smooth manifold. Moreover the circle group
St acts locally freely on P as complex multiplication (on the right).

Since the orbifold 3 can be obtained as the quotient of P with respect
to the S'-action, we regard the quotient stack X = [P/S!] as the orbifold
Riemann surface 3. By the construction of X, the stack X is type-R.

By Proposition 2.21, the sheaf over P induced by the tangent sheaf
is the sheaf of sections of N = TP/gf. Here g is the Lie algebra of S?.
The bundle N is an S'-equivariant vector bundle, and N/S' — P/S! is
naturally identified with the tangent bundle T3. Therefore the vector bundle
N is equipped with a complex structure compatible with the S'-action. The
complex structure gives the almost complex structure on X which will be
denoted by j as well.

3. The category of representable morphisms

In this section, we discuss the category of representable morphisms of stacks
from a (type-R) stack to a quotient stack. The category of (representable)
morphisms from a manifold to a quotient stack is a prototype. Let M be
a G-space. By the 2-Yoneda lemma and the definition of quotient stacks,
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any (representable) morphism of stacks ¢ from a manifold U to the quotient
stack [M/G] corresponds to the 2-cartesian square

P “ M
U [M/G].

Here 7’ : P — U is a principal G-bundle and u : P — M is a G-equivariant
map. To replace U with a (type-R) stack X, we discuss a certain category
B (X) which is similar to the category of principal G-bundles. After that we
show that the group of automorphisms of the category for the type-R base
X is the same as the ordinary gauge group action. Finally we discuss the
category of representable morphisms from X to the quotient stack [M/G].

3.1. The category P& (X)

For a stack ¥ and a compact Lie group G, we construct a category P (%)
as follows.

Definition 3.1. An object of P& (X) is a pair of a morphism 77 : P — X

from a right G-space P to X and a 2-morphisms of stacks o : 7¥ o pr; —
P

T o

Pxd v

)
Y

satisfying the following conditions.

P

(i) The morphism 7 : P — X is an atlas.

(ii) The morphism of stacks

(p,g) = (p,pg,0(p,g)) for objects,

PxG— P rxr P:
=171 for arrows

is an equivalence. (Therefore the above square is 2-cartesian.)

(iii) For any p € P, g,h € G with p = g = h, the following identity holds.

(1) o(p,gh) = a(pg,h)o(p,9)-
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Remark 3.2. If (7: P — X,0) is an object of P& (X), the stack X is
equivalent to the quotient stack [P/G]. On the other hand, for any quo-
tient stack [P/G] we can naturally obtain an object (7 : P — [P/G],oF)
of PE([P/G]). (For (p,g) € (P x Gy, 0¥ (p,g) : U x G — U x G is defined
by of(p, 9)(u,a) = (u,g(u)"'a).) The point of the definition of P& (X) is
that we can stick with a fixed base stack X.

Definition 3.3. An arrow between two objects (7 : P — X,0) and (7' :
P’ — X,0") of BPY(X) is a pair of a G-equivariant diffeomorphism ¢ : P — P’
and a 2-morphism of stacks 7 : m — 7’ 0 ¢ such that for any (p,g) € P x G
the identity 7(pg)o(p,g) = o’(¢(p), 9)7(p) hold.

P Ld P

N
X.

For two arrows (¢, 7): (7,0) — (7',0’) and (¢, 7') : (7', 0") = (7", ")
in Y (X), the composition (¢, 7')(¢,7) is defined by (¢’ o ¢, (7' 0idy,) e 7),
where o is the horizontal composition and e is the vertical composition. The
identity arrow of (7 : P — X,0) is (idp, id,). Then ¥ (X) form a groupoid.

Remark 3.4. For a manifold X, P (X) is the category of principal G-
bundles over X.

Remark 3.5. A G-stack is defined by Romagny [22] as a generalisation of
G-spaces. If we regard a stack X as a trivial G-stack, then any object (7, o)
of PY(X) gives a morphisms of G-stack. Moreover for any arrow (g,7) :
(m,0) — (7',0") in PF(X), the 2-morphism of stacks 7 gives a 2-morphism
of G-stacks m — 7’ o .

Let (7 : P — X,0) be an object of B (X). For any representable mor-
phism F :9) — X, we can construct an object of ¥ (2)) by taking a pull-
back. Now we have a manifold () and the 2-cartesian square

(2) Q -

e

F
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Define ¢/ : Q@ x G — P by €/(q, g) = €(q)g. Then the map

Ob(Q x G) — Ar(X); (¢,9) — o(e(q), 9)a(q)

gives a 2-morphism of stacks F o (mopr;) — nf o€’ Since the above dia-
gram is 2-cartesian, there is a unique smooth map ¢’ : Q x G — Q and a
2-morphism of stacks ¢’ : o pry — m o0 ¢ such that € o ¢y’ = ¢’ and

(3) a(y'(a,9))F (' (¢,9)) = o(e(a), g)o(a)
for any (q,9) € @ x G.
Proposition 3.6. The maps ' : Q x G — Q defines a right G-action on Q.

The following lemma is a direct conclusion of the universality of the
2-cartesian square (2).

Lemma 3.7. Let7m: R —92) and € : R — P be morphisms of stacks. Sup-
pose we have two pairs (f1,51) and (fa2,B2) of a smooth map f; : R — Q
with € =€ o f; and a 2-morphism of stacks B; ™ — mo f; (i =1,2):

R

N

£

P.

If a(fi(r))F(51(r)) = a(fa(r))F(B2(r)) for any r € R, then f1 = fo and
B = Ba.

Proof of Proposition 3.6. First we show that ¢'(¢,1) = ¢ holds for any ¢ €
Q. Define s : Q — @Q x G by s(q) = (q,1). Let (f1,51) = (¢ 05,0’ 0ids) and
(f2,02) = (idg,ids), then we obtain the following 2-commutative diagram
(i=1,2):

Q

Then the identity (3) implies oz(fl(q)) (51(q )) a(fg( ))F(B2(q)) for any
q € Q. Thus Lemma 3.7 implies f1 = fy i.e.9'(q,1) =

Next we show that ¢'(¢'(q, g),h) = 1'(q, gh) holds for any (q,g,h) €
Q x G x G. Define s1 : Q x G x G — Q x G by s1(q,9,h) = (q,gh) and s3 :



SVE over a compact orbifold Riemann surface 1147

Qx G xG—QxGbysaq,g,h) = (¥ (q,9),h). Let (f1,51) = (¢ 0 51,0" 0
ids,) and (f2,82) = (' 0 89, (0’ 0ids,) @ (cr o pryy)), then we obtain the fol-
lowing 2-commutative diagram (i = 1, 2):

mopr, Q xGxG (a.9:h)—e(@)gh
/ J{f@v \
Bi
9 ﬂ — Q - P.
Then the identities (1) and (3) imply a(f1(q))F(B1(q)) = a(f2(q))F(B2(q))
for any ¢ € Q. Thus Lemma 3.7 implies f1 = fyi.e.¢)'(q,gh) = W(W(% g),h).
O

From now on, ¢’(q, g) is denoted by gg. Then we can write the identity (3)
in the form

(4) a(q9)F(0'(q,9)) = a(e(q), 9)a(q)

for any (¢, g) € @ x G. The identity € o ¢/’ = &’ implies that the smooth map
g : @Q — P is G-equivariant. Note that we also obtain the following identity

(5) o'(q,9h) = o'(ag,h)o'(q, 9)
for any (q,g9,h) € Q x G x G in the proof of the above proposition.
Proposition 3.8. The pair (7: Q — 2),0’) is an object of PE ().

Proof. 1t is sufficient to see that the morphism of stacks

. .
B:0x G QrxrO: {(q,g) — (9,99,0'(q,g)) for objects,

a — (a,a) for arrows

is an equivalence (over each manifold U). First we show that the morphism
¢ is fully faithful over U. Let (q1,91), (g2,92) € Q@ x G be objects over U.

Suppose that we have an arrow (q1,q191, 0 (q1,91)) = (g2, G292, 0" (q2, g2)) in
(Q r % Q)y. Since such an arrow is an identity arrow, we have

(Q1,Q191,0"(Q1,91)) = (Q%QZQ%UI(‘]Q’!&))'

Moreover this implies that

(e(q1),e(q1)g1,0(e(q1), 91))) = (e(g2), €(q2)92, 0 (e(42), 92)))
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in (P yrx,r P)y. Therefore g3 = go and the morphism & is fully faithful
over U.
Next we show that the morphism & is essentially surjective over U. Let

(q1, g2, a) be an object of (Q xx Q)y. Since (e(q1),e(q2), a(qz)F(a)a(q) ™)
is an object of (P rr X r P)y, there is (p,g) € (P x G)y such that

(e(q1), e(q2), a(q@2) F(a)e(qn) ™) = (p, pg, o(p, 9))-

Now the pair (0/(q1,g)a™t,1) gives an arrow from (7(g2),e(q2),a(q2)) to
(m(q19),€(q19), a(q1g)). In fact,

a(qg)F (o' (q1,9))F(a)~!
o(p,g)alq)F(a)™
a(q2).

a(qg)F (o' (q1.9)a™")

The second identity and the third identity follow from (4) and o(p,g) =
a(g2)F(a)a(q) ™! respectively. Since the diagram (2) is 2-cartesian, we can

conclude that g = q1g and a = 0'(q1,9), i.e. (¢1,92,a) = (q1,919,0"(q1, 9)).
Therefore the morphism @ is essentially surjective over U. g

3.2. Automorphisms in PG (%)

Let X be a differentiable stack. For an object (7: P — X,0) of P (X),
we consider the group of automorphisms Aut(rw, o) of (7, ) in P (X). Let
(p,7) € Aut(m, o). Since 7 is a 2-morphism of stacks moidp — mo ¢, we
have a unique smooth map y(r ) =7 : P — G making the following diagram
commutative.

©

P %Pa"/)
PxG " P
idp lpr1 lw
’ 23

™

Therefore ¢(p) = py(p) for any p € P. Since ¢ is G-equivariant, py(p)g =
pgy(pg) for any p € P and g € G. We also have 7(p) = o(p,y(p)) for p € P.

Now we assume that the stack X is type-R (cf. Definition 2.17). Since
[P/@] is equivalent to X, the G-action of P must be locally free and effective.



SVE over a compact orbifold Riemann surface 1149

Therefore v(pg) = g~ 'v(p)g holds for any g € G. Define G(P) by
(6) G(P)={yeC™(P.G)|(pg) =g 'y(p)g for all p € P and g € G}.

The space G(P) inherits the group structure from G. It is easy to see
that the above assignment (p,7) > v, ) gives an injective group anti-
homomorphism from Aut(7, o) to G(P). Suppose v € G(P). Putting ¢(p) =
py(p) and 7(p) = o(p,v(p)), we can easily check that (p,7) € Aut(m, o).
Thus the group anti-homomorphism is surjective.

Proposition 3.9. If X is type-R, then Aut(m : P— X, 0) is anti-isomorphic
to the group G(P).

3.3. The category of representable morphisms

Let M be a right G-space and X a differentiable stack. Making use of the
category B (X) we construct a category which is equivalent to the category
of representable morphisms from X to the quotient stack [M/G].

Definition 3.10. We define a category R (X, M) as follows.

e An object of RY(X, M) is a triple (7, 0, ¢) such that (7, 0) is an object
of PE(X) and ¢ is a G-equivariant map P — M.

e An arrow (m,0,e) = (7/,0’,¢') in ME(X, M) is an arrow (p,7):
(m,0) — (7', 0") in PE(X) satisfying &' o p = ¢.

e The composition of two arrows (p,7): (m0,e) — (7/,0’,¢') and
(', 7") : (x',0") — (n",0") is defined by the composition (¢, 7") (¢, 7)
in PE(X).

e The identity arrow of (7,0, ¢) is defined by the identity arrow 1(, ) in
PE(%).

The category of representable morphisms from X to [M/G] is denoted
by Mor®P (X, [M/G]).

Theorem 3.11. The category Mor™P(X, [M/G]) is equivalent to the cate-
gory RE (X, M).

Define a functor ¥ : MorReP (X, [M/G]) — R (X, M) as follows. For each
representable morphism F : X — [M/G], we can choose a manifold P, a
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morphism 7" : P — X and a smooth map " : P — M so that the fol-
lowing square is 2-cartesian:

1
x F%/G].

Propositions 3.6 and 3.8 say that there is a 2-morphism of stacks o : pry o
7t — o nF such that (7 : PF — X, 0% is an object of B¢ (X) and ¥ is
G-equivariant i.e. (77,0 ef") is an object of M (X, M). We define ¥(F)
by (7, 0f, &) (cf. Remark 3.2). Note that the 2-morphism of stacks o
satisfies

(7) o (pg)F(o" (p,9)) = o™ (" (p), 9)a" (p)

for any (p,g) € P x G.

Let F; and F» be representable morphisms X — [M /G| and 6 : F} — F,
a 2-morphisms of stacks. Since we have a 2-morphism of stacks /" e (§71 o
idr ) : Fyorft = efton™ | we obtain a unique smooth map ¢? : PF+ —
P satisfying €f? o ¢ = " and a unique 2-morphism of stacks 7¢ : 7/ —
2o ©:

Here the 2-morphism of stacks 77 satisfies

(8) o’ (o (p)) (7% () = o™ (p)O(=" (p))

for any p € Pf.

We see that (¢?,7%) is an arrow (7%, 01, &™) — (7%, 02, 2) in the
category RY(X, M). Let (f1,B1) = (¢’ o, (19 0idy) @ o) and (fa, B2) =
(1o (¢? x idg), (072 0idyoxia,) @ (77 0 idpy,)). Then we have the following
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2-commutative diagrams (i = 1,2):

Phx @G

mF1lopr, (p,9)—e™ (p)g
u Bi
x = pte P.

Fa

€

Then for (p,g) € P x G we have

o' (f1(p. 9)) Fa(Bi(p. 9)) = o™ (¢° (pg)) Fa (7% (pg)) Fa (o™ (p, 9))
=o' (pg)f(r" 1( 9)) " Fa(c (p,g)) (o (8).)
= o (pg) F1(c" (p, 9))0(x" (p)) ™"
=M (" (p), 9)a (PO () (7))

On the other hand, we have

o’ (fa(p, 9)) Fo(Ba(p. 9)) =

o (¢ (p)g) Fa (0™ (% (p), 9)) Fa(7° (p))
= oM™ (" (p)), 9)a" (& (p)) a7’ (p)) (- (7))
= oM (" (p), g)a (p)0( " (p)) ! (- (8))

Applying Lemma 3.7, we conclude that f; = fo and 51 = (2, i.e.for (p,g) €
P x G we have ¢’ (pg) = ¢’ (p)g and 7°(pg)a™ (p, g) = o> (% (p), 9)7° (p)-

Similarly we can see that ¢? is a diffeomorphism. (In fact, ©") is the inverse
of ¢?.) Therefore (%, 7%) is an arrow (71, o1, ef1) — (72 oF2 %) in the
category RE (X, M). We define ¥ () = (%, 7).

Lemma 3.12. The functor ¥ : Mor®P (X, [M/G]) — RE (X, M) is faithful.

Proof. Let 6 and 0 be two 2-morphisms of stacks from Fj to Fy in
MorReP(%, [M/G]). Suppose that we have an arrow (¢, 7): ¥(0) — U(#)
in MY (X, M). Because of Identity (8), we have

0(n"(p)) = Fa(7(p)) "o (p(p)) o (p) = 0'(x" (p))

for any p € P. Therefore it suffices to show that for any object x € X the
arrow 0(x) can be calculated without . Let z € Xy and {U; — U} be a
covering family of U in Diff. Since [M/G] is a stack, 6(x) can be uniquely
determined by its pullbacks f;6(z). Therefore it suffices to show that f6(x)
can be calculated without 6.
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Choosing a manifold P, equivalent to U ;X P, we have a prin-
cipal G-bundle 7, : P, — U, a G-equivariant map e, : P, = Pr, and a 2-
morphism of stacks 3, : x o 1, — 7" 0 £,. We may assume that the pullback
of the principal G-bundle 7, : P, — U via f; is trivial:

U; x G p,— S . ph
Prll /TT\L 8 lﬂ-Fl
U; 7 U - / X.

Here s; : U; — P, is a smooth map corresponding to a trivialisation. Using
si € (Py)u,, we obtain the following arrows in [M/G]y,:

" " Fi(B(s:))
fiFi(z) Fy(ffr) Fi (7" (pi)
ifi‘(’(ff) J{G(f?w) le(ﬂFl (p))
[FFa(x) b(fix) YRR (7 (pi))

Because of Identity (8), (7% (p;)) can be calculated without 6, and so is
fi0(z). O

Let F' be a representable morphism from X to [M/G]. Making use of the
atlas P x G of X, we can describe I in an explicit way:

Proposition 3.13. Let F € Mor®P(X,[M/G]). If we identify X with
[PF/G]i then the morphism of stacks F is isomorphic to the morphism of
stacks F' defined by

(m,e) > (m,el"0e)  for objects,

F [PF/G]%[M/GL {(f ]?),_)(f f) for arrows.

Remark 3.14. There is an embedding % of the bicategory Bi of Lie
groupoids and bibundles into the 2-category Gt®Diff of stacks over Diff. For a
Lie groupoid X7 = Xy, B(X; = X)) is the category of principal (X7 = Xj)-
bundles. For a bibundle fp from X; =Xy to Y1 =2Y), the morphism of
stacks B(fp) : B(X1=Xo) = B(Y1=2Y)) is defined as follows. Any prin-
cipal (X1 = Xo)-bundle a : Q — M naturally defines a bibundle fg from
M = M to X1 = Xo. The composition fp o fg includes a principal (Y1 = Y))-
bundle, and it is the image of fg via B(fp). The image of the embedding
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B is the 2-category of differentiable stacks (without the condition to be
proper). For details of the embedding B, see Lerman [12, §4].

Proof. A bibundle corresponding a morphism of stacks can be obtained by
by taking the following pullback [12]:

¥

PFx @G P £ M
PH\L oF lﬂF oF le
pr _ / x F%/G].

The triple (pry, P¥,ef 04)) is a bibundle from P¥ x G to M x G corre-
sponding to F': X — [M/G]. It is easy to see that the morphism of stacks
B(pry, PF el o)) : [PF/G] — [M/G] is isomorphic to F. O

Lemma 3.15. The functor ¥ : Mor®°P(X, [M/G]) — RE (X, M) is essen-
tially surjective.

Proof. Let (m: P — X,0,¢) be an object of RY(X, M) and identify X with
[P/G]. Consider the morphism of stacks defined by

F:[P/G] = [M/G]; (7',€") = (n',e0€’)  for objects,
. 7 (faf)H(f,f) for arrows.

It is easy to see that the following square is 2-cartesian:

(The identity transformation gives a 2-morphism of stack in the above
square.) This also implies that F' is representable. Then we have a unique
smooth map ¢ : P — P and a 2-morphism of stacks 7 : 7 — ¢ o 7 such
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that the following diagram is 2-commutative.

[P/G]

Modifying the above discussion for ¥(#) slightly, we can show that the pair
(¢,7) gives an arrow from W(F) to (7, 0,¢) in R (X, [M/G]). O

Lemma 3.16. The functor ¥ : Mor®P (X, [M/G]) — R (X, M) is full.

Proof. Let Fy, Fy € Mor®°P(X,[M/G]). Suppose we have an arrow (y,7)
from W(Fy) to W(Fy). Since ¢ is a G-equivariant diffeomorphism, it is obvi-
ous that the following morphism F is an equivalence:

E: [P /G] — [PP)q): {(W,i) — (W,gﬁo g) for objects,
(f, )= (f. 1) for arrows.

We identify [PF /G] with [P /G] via the above morphism. Then we can also
identify Fy and Fy because of Proposition 3.13 and 2 o ¢ = ¢f1. Therefore
the functor ¥ is full. O

4. Symplectic vortex equation

In this section, we define symplectic vortex equations over a compact Rie-
mann surface 3, regarding 3 as a type-R stack X. First we fix notations
for an orbifold Riemann surface. Secondly we see the definition of (repre-
sentable) pseudo-holomorphic curve from X to a Marsden—Weinstein quo-
tient (also known as a symplectic quotient). After that we define symplectic
vortex equations and an energy functional. Finally we discuss the moduli
space of solutions to the equations for a linear action of the circle group S*
on the complex plane C.

In this section, G is a compact and connected Lie group. The Lie algebra
of G is denoted by g. We fix an invariant inner product (, ) on g to identify
g with its dual g".
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A Hamiltonian G-space is a symplectic manifold (M, w) equipped with
a (right) G-action and a G-equivariant map p : M — g satisfying

9) p(mg) = Ad(g Y p(m) for any m € M and g € G
and
(10) d{p, &) = —u(§M)w for any € € g.

Here Ad is the adjoint representation of GG. Note that the G-action preserves
w since G is connected. This map p is called a moment map for the G-action.

4.1. An orbifold Riemann surface, revisited

Let ¥ = (X, j,z, m) be an orbifold Riemann surface and X the type-R stack
corresponding to ¥ (§2.4) and (7 : P — X,0) an object of P (X). Since X
is type-R, the right G-action on P is locally free and effective (cf. §3.2). In
particular the space of connections

A(P)={A e Q' (Pg) | (")A=¢ (V€ g), vyA=Ad(g™)A (Vg € G)}

is nonempty.

The sheaf over P induced by the tangent sheaf Ty is the sheaf of sections
of the bundle T'P/g”. Note that the bundle TP/g” has a complex structure
coming from the complex structure j on X, and we also denote by j the
complex structure on TP/g”. Since j is compatible with the source and
target maps, the identity (j[v])g = j[vg] holds for any v € TP and g € G.

We will need local slices for integrations over X and §4.4. Let p € P and
(U, ,I') a triple of

(i) a finite subgroup I' C G, which acts on C in an orthogonal linear way,
(ii) a I'-invariant open neighbourhood U of 0 in C, and
(iii) a smooth map ¢ : U — P satisfying (0) = p and p(gu) = ¢(u)g~*.

The triple is called a (complex) slice at p € P if the map
Uxr G — P; [u,a] — ¢(u)a

is a G-equivariant diffeomorphism onto a G-invariant open neighbourhood

of p. Here I" acts on U x G by (u,a)-g= (g7 u,g 'a) (u €U, a € G and

gel).
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We may choose a family {(U;, ¢;,1';)}; of slices so that {¢;(U;)G} is an
open cover of P. Let Zy be the disjoint union | |, U; and ¢ : Zy — P is the
map whose restriction to U; is the inclusion map ¢; : U; — P. Let Z; be a
fibred product of the diagram:

Z = PxG—"2 G
(tgt,src) i \L (tgt,src)
Z() X Z() P xP.

LXtL

Then we obtain a proper étale groupoid Z; = Zy which is equivalent to
P x G in the bicategory Bi (cf. Lerman [12, Definition 2.25]). It is easy to
see that the composition ot : Zy — X is an atlas of X, and the groupoid
Z1=2 7y is a presentation associated to the atlas. Note that the groupoid
Z1=2Zy has a partition of unity [1].

The space of 2-forms on X is given by the space of basic 2-forms on P

Q([P/G]) = {n € X*(P) | «(¢")n =0 (V& € g), Yyn=n (Vg € G)}.
In terms of Z1 = Zj, the space of 2-forms on X is the space
O(Z1=7Z) = {0 € Q*(Zy) | src* O = tgt* 0}
and an explicit correspondence between Q%([P/G]) and Q2(Z1 = Z) is given
by t*n =0 for n € Q*([P/G]) and 0 € O*(Z,= Zp).
We denote by p : Z; — S! the composition of pry o ¢1. The map p satisfies
t(tgt a)p(a) = (srca) for any o € Z;. The map

£:Zyx SY = P; (2,t) = 1(2)t

is an atlas of P, and a presentation associated to the atlas € : Zg x S' — P
is given by

7y x SY = Zy x St sre(a,t) = (srcaut), tgt(a,t) = (tgta, p(a)t).

Note that the map e : Zg x S' — P is S'-equivariant with respect to the
right S'-action on Zy x S' defined by (z,t) - t' = (2, t').
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4.2. Pseudo-holomorphic curves in a Marsden—Weinstein
quotient

For details of (smooth) Marsden-Weinstein quotients, see McDuff-Salamon
[14]. Cieliebak—Gaio—Salamon [5] is also helpful for our setting.

Let (M,w) be a Hamiltonian G-space with a moment map p: M — g.
Assume that 0 € g is a regular value of p. Then p~1(0) is a G-invariant
submanifold of M and the G-action on p~1(0) is locally free. Therefore the
quotient stack M /G = [u~1(0)/G] is Deligne-Mumford.

The quotient stack M /G inherits a symplectic form from (M,w) as
follows. Let w,, be the restriction of w to u~1(0). A direct calculation shows
that the 2-form w, is basic: w, € Q?(M JG). Since the kernel of the 2-form w,
at m € p~*(0) coincides with g (*)(m), w, is nondegenerate and therefore
wy, gives a symplectic form on M /G. The symplectic Deligne-Mumford stack
M /|G is called the Marsden—Weinstein quotient.

Choose an almost complex structure J compatible with the G-action
and w i.e. J is an almost complex structure on M such that 140 J = J o),
for any g € G and the bilinear form

(11) g(v1,v2) = w(vy, Jug)

defines a Riemannian metric on M. Since the G-action on pu~1(0) is lo-
cally free, g* (@ is a trivial subbundle of Tu~'(0). The sheaf induced
by the tangent sheaf 7j;)q is the sheaf of sections of the quotient bundle
Tp=1(0)/g" (. The bundle Tp1(0)/g" () inherits a complex structure
from T'M and it gives rise to an almost complex structure on Tyz/q-

We consider a representable morphism from a compact orbifold Riemann
surface (3, j, z, m) to the Marsden—Weinstein quotient M /G. We regard the
compact orbifold Riemann surface as a type-R stack X as Section 2.4.

By Theorem 3.11, a representable morphism F' from X to M //G corre-
sponds to an object of the category RRE (X, x~1(0)), i.e. a pair of an object
(m: P — X,0) of P(X) and a G-equivariant map v : P — p~1(0):

P )
s

We will stick with the presentation P x G to describe geometric concepts
on X (cf.§4.1).
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Definition 4.1. The representable morphism F : X — M//G is said to be
pseudo-holomorphic if the map du : TP/g" — Tu=1(0)/gM is compatible
with the complex structures:

(12) Jodu=duoj asa map TP/gP — Tlufl(())/g/fl(o).

Remark 4.2. This definition is independent of the choice of the object
(m,0,u) of RE(X, u~1(0)) up to isomorphism.

The above condition (12) can be described more explicitly by using
a connection. For a connection A € A(P) the covariant derivative dqu €
QY(P,u*TM) of u is defined by

dau : TP — w*TM; dau(v) = du(v) — A(v)™ (u(p)) for v e T,P.
We denote by d4u the complex antiholomorphic part of dyu:
- 1
Oau = 5 (dau+ Jodquoj) € QY (P, u*TM).

Here dqu o j : TP — T'M is defined as follows. For v € T,, P there is a tangent
vector v € T), P such that [v] = j[v]. Define (dqu o j)(v) = dau(v). This defi-
nition is independent of the choice of ¥ because the identity dau(¢F (p)) = 0
holds for any & € g.

Proposition 4.3. A representable morphism F :X — M//G is pseudo-
holomorphic if and only if there is a connection A € A(P) satisfying that
Ogu = 0.

Proof. First we note that we have the orthogonal decomposition

Here N, is the orthogonal complement of g (u(p)) in Tk ' (0). We
can canonically identify the bundle Tu~1(0)/g" " (© with N — x~(0). We
denote by v1 and v the projections from Ny, @ g™ (u(p)) to the first and
second component respectively. The condition (12) is equivalent to the iden-
tity Juvi(du(p)v) = vi(du(p)jv) for every p € P and v € T),P.

Suppose a representable morphism F:X — M/G to be pseudo-
holomorphic. Define a 1-form A € Q'(P,g) by the composition T,P —
TupyiH(0) — g O (u(p)) = g. It is easy to see that A e A(P) and
Osu = 0.
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Conversely suppose that we have a connection A € A(P) satisfying dqu=
0 i.e.

J(dgu)v = (dau)jv

for any v € TP. Applying the orthogonal decomposition (13) to the above
identity, we can easily see that the identity Juv1(du(p)v) = v1(du(p)jv) holds
for every p € P and v € T, P. O

4.3. Symplectic vortex equations

The symplectic vortex equations are defined for the following data:

e A Hamiltonian G-space (M,w) with a moment map p: M — g.

An almost complex structure J of M compatible with the G-action.

e A compact orbifold Riemann surface (X, 7,2z, m). We regard it as a
stack X.

A volume form dvoly of X.

An object (7F : P — X, 0) of the category P (X).

A volume form dvoly of X is a nowhere-vanishing 2-form on X. Using a
G-invariant Riemannian metric on P, we can easily see that a volume form
of X always exists. Moreover for any 2-form « on X there is a unique function
f € O(X) such that a = f dvolx.

Since X is 2-dimensional, a choice of volume form dvoly gives an orien-
tation on X. On the other hand, the complex structure j on X also gives an
orientation on X. Thus we choose a volume form dvols so that both orienta-
tions are the same. More explicitly, we assume that the following inequality
holds:

(14) dvolx (v,?) > 0 for any nonzero [v] € T,P/g".
Here v is a tangent vector at p satisfying [v] = j[v], and [ ] is the projection
map from TP to the quotient bundle TP/g”. The left hand side of the
inequality is independent of the choice of v since dvoly is basic.
Fix a volume form dvoly of X. We define the Hodge *-operator by
w0 Q3(X) = QUX); *a = «(fdvoly) = f.

The Hodge *-operator can naturally extend to a map Q%(X,g) — Q%(X, g).
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Definition 4.4. The symplectic vortex equations are the partial dif-
ferential equations

(15) Oau =0, *Fa+p(u) =0

for (A,u) € A(P) x CZ (P, M). Here CZ (P, M) is the space of G-equivariant
smooth maps from P to M. Note that the curvature F4 belongs to Q%(X, g).

Remark 4.5. Assume that 0 € g is a regular value of the moment map pu.
If we replace dvoly with e =2 dvoly for ¢ > 0, then the equations (15) become

Oau =0, *Fq+e 2p(u)=0.

The limit of the above equations of €, as € approaches to 0, are nothing
but the equations for pseudo-holomorphic morphisms from X to MG (cf.
Proposition 4.3):

Oau =0, p(u)=0.

We define the the energy functional (or the action functional) E :
A(P) x CX(P, M) — R by

(16) B(A,u) = ;L(\dAu\2+\FA]2+u(u)|2) dvolz

Here we use the G-invariant inner product on g and the Riemannian metric
on M defined as (11). In the above formula, |dqu|?> can be calculated as
follows. First we note that the complex structure j on TP/g" and the volume
form dvoly define a metric on TP/g":

gx ([v], [w]) = dvolx (v,w) for v,w € T,P,
where w is a tangent vector at p satisfying [w] = j[w], and the above defini-

tion is well-defined because dvoly is basic. Since TP/g" is a vector bundle
of rank 2, it is easy to see that gx form a metric on TP/g". Then define

(17) ldaul = |[o][|7" v/ Idau(v)]? + [(dau o j)(v)

for nonzero [v] € TP/g", where ||[v]|| = v/gx([v], [v]). The right hand side
is independent of the choice of [v].
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Proposition 4.6. For every (A,u) € A(P) x C&¥(P, M), the identity

= 1
(18) E(Au) = / <‘8Au‘2 + 5‘*FA + u(u)f) dvolx +R(w, 1, u)
x

holds. Here
R(w, i) = /x ((daw)*w — (u(u), 1))

and }EAU‘ is calculated in a similar way to |daul.

Remark 4.7. We can see as follows that the value R(w, p1, u) is independent
of the choice of A € A(P). First we consider the Cartan model QZ%(P) for
the G-space P. Then u*(w — p) is a G-equivariant 2-form after we identify
g with g¥. We can assign the Cartan operator

O&(P) = Q([P/G]); 1= na

to each connection A € A(P). In terms of the Cartan operator,

R(w, p,u) = /xu*(w — ) A,

and this integration is independent of the choice of the connection A [6,
Proposition 4.2].

Proof. We follow the notation in §4.1. Let x € C*>°(Zy) be a partition of
unity. Then

1 *
B(u, A) =753 /U Xipi (|daul® + [Fal* + [u(u)[?) dvolx,

where x; = x|v,. Let s + it be the standard complex coordinate on C. Then
[dpi(0:)] = jldpi(0s)] and ;A = ®;ds + ¥;dt for some ®;, ¥; € C°(Uj, g).
Put u; = uwo ;. Then the pullback of dqu, F4 and dvoly to U; via ¢; are
given by

ordau = (%f + <1>,.M> ds + <‘?;ii + \I!ZM> dt,

oV, 0
Fa= (= [0, 0
¢ Fa <as o+ ])dsAdt,

©f dvoly = \2ds A dt
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for some positive function A; on U;. The rest of the proof is similar to
Proposition 3.1 in Cieliebak-Gaio—Salamon [5]. O

Corollary 4.8. A pair (A,u) € A(P) x C&F (P, M) is a solution of the sym-
plectic vortex equation (15) if and only if E(A,u) = R(w, i, u).

Since X is type-R, the group of automorphisms of (7¥: P — X,0) in
PE(X) is anti-isomorphic to the group G(P) defined as (6). The group G(P)
acts on the space A(P) x C&F (P, M) by

A(P) x CF(P,M) ~ G(P); v*(A,u) = (v tdy + v 1Ay, uy).
Lemma 4.9. The energy functional E is G(P)-invariant.

This lemma can be shown by direct calculation and implies the following
proposition.

Proposition 4.10. The action of G(P) on A(P) x CZ (P, M) preserves the
space of solutions to the symplectic vortex equations (15).

4.4. The case of G = S and M =C

In this subsection, we restrict ourselves to the cases when G = S! and M =
C, and we consider the moduli space of solutions to the symplectic vortex
equations by comparing it with the moduli space of Kéhler vortices [21].

First we fix notation for the circle group G = S' = {2 € C | |z| = 1}.
The Lie algebra g = iR is equipped with an S'-invariant inner product:
(€1,&) = —&1& for €1,& € iR. Fix a positive integer a we define a left S1-
action on C by

S1AC; t-z=t"%.

(Therefore the right action is defined as z - t = t~! - z = ¢%2.) A moment map
is given by

p:C—iR; 2z — %(a|22| - 1),

where 7 is a positive real number. Then the Marsden—Weinstein quotient
C//S' is called a weighted projective space P(a) (cf. Sakai [23, Section 3.3]).
Let X be a compact orbifold Riemann surface (3, 7,2z, m). Choose an
object (m: P — %,0) of PE(X). Then P is a 3-dimensional closed manifold
equipped with a locally free S'-action, i.e.a Seifert fibred space [21, 24].
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The symplectic vortex equations (15) are given by
(19) Oau =0, *Fq+ %(a\u|2 —7) =0,
where A € A(P) C QY(P,iR) is a connection on P, and u belongs to
CH(P,C) = {u € C®(P,C) | u(pt) = t"u(p) for all p € P and t € S'}.
The gauge group G(P) = {y € C®(P,S) | v(pt) = v(p) for all p € P and
t € S'} acts on the space of solutions to the equations (19) by v*(A,u)=
(v tdy 4+ vt Ay, y%u). We denote by M(P) the moduli space of the solu-
tions to (19):

M(P) ={(A,u) € A(P) x CZ(P,C) | (A,u) satisfies (19)}/G(P).

To consider the moduli space of solutions of the symplectic vortex equa-
tions (19), we assume the following condition for X.

Assumption 4.11. Let m = (m1,...,mg). Then a is a common multiple
of my,...,mp.

The reason for the assumption is as follows. As Remark 4.5, a cer-
tain limit of the symplectic vortex equations is the equation for pseudo-
holomorphic curve in the Marsden—Weinstein quotient C//S*:

Oau=0, |u?>= T
a

It is natural to assume that the above equations have a solution. Let (A, u)
be a solution. For p € P and a stabiliser t € S! at p, the map u: P — C
satisfies u(p) = tu(p). By the second equation we have u(p) # 0, therefore
t* = 1. This implies the assumption.

Remark 4.12. If a =1, then the orbifold Riemann surface X must be
non-singular.

To compare M (P) with the moduli space of Kéahler vortices, we describe
the moduli space M (P) by using slices of the S'-space P (cf. §4.1).
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Taking pullbacks via the atlas € of P, we can identify C*°(P, C) with the
space

C®(Zy x S' = Zy x S*,C) = {u € C*(Zy x S*,C) | src* U = tgt* u}.

By this fact, there is a one-to-one correspondence between Cg: (P, C) and
the space

C™(Z0,C), = {f € C®(Z,C) | sre” f = p tgt” f}.

The correspondence is explicitly given by f = u o .

Moreover the pullback £* : QY(P,iR) — Q(Zy x S',iR) gives a linear
isomorphism from the space A(P) of connections to the space A(Z; x S'=
Zoy x S) consisting of B e QY(Zy x S, iR) satisfying src* B = tgt* B,
B(£%75")y = ¢ (V€ € iR) and ¢ B = B (Vt € S'). Let Byic be the Maurer -
Cartan form for the product bundle Zy x S' — Zj. Define

0N Zo,iR), = {0 € Q' (Zy,iR) | src* 0 = p~tdp + tgt* 0}.

Then the pullback pr} : Q1(Zy, iR) — QY(Zy x St,iR) gives rise to the lin-
ear isomorphism

QY(Zy,iR), — A(Z1 x S* = Zy x S'); 0 = Buc + prif.

Thus we obtain a one-to-one correspondence between A(P) and Q!(Zy, iR),,.
The explicit correspondence is given by ¢*A = Byic + prif (or .*A = 6) for
A€ A(P) and 0 € Q1(Zp, iR),.

The gauge group G(P) can be identifies with

C(Z1=20,5") = {g € C™(Z0, S') | src” g = tet* g}
via the identification y ot = g for v € G(P) and g € C®(Z1=Zy,S') and
the action of the gauge group G(P) on A(P) x CZI(P,C) can be identified
with the following action:

91(207 lR)p X COO(Z()v(C)p A Cm(leZOaSI)7 (97 f) g = (g_ldg + 97gaf)'

Under the above identification, the equations (19) can be identified the
following PDEs by taking pullbacks via ¢ : Zy — P:

(20) O_aof =0, *Fp+ %(a|f|2 —7)=0



SVE over a compact orbifold Riemann surface 1165

for (0, f) € Q'(Zy,iR), x C*°(Zy,C),. Here, for the *-operator on Zj, the
volume form on Zj is the pullback ¢* dvolx. Therefore M(P) is identified
with M(Zl = Z()) = M(Zl = ZO)/C"O(Zl jZO, Sl) Here M(Zl = Zg) is the
space of solutions to (20).

Next we describe the moduli space of Kéhler vortices in terms of Z1 = Zj.
The S'-action on P x C by (p,z) -t = (pt,t%) is proper and locally free,
and therefore the action induces an orbifold structure on the quotient space
P x g1 C. Moreover the quotient map P xg: C — P/S! = ¥ gives rise to a
Hermitian orbifold line bundle. The Hermitian orbifold line bundle can be
described as the following proper étale groupoid

2y % C = 7o x C; sre(a, ) = (srca, x),
tgt(a, z) = (tgt a, p(a)?x).

The space of orbisections is naturally identified with C*>(Zy,C),, and
the space of the compatible orbifold connections is given by

02y, iR), = {B € Q'(Zy, iR) | src* B = —ap ™ 'dp + tgt* B}.

The gauge group is nothing but C>(Z; = Zy, S') and the (right) action of
the gauge group on Q'(Z, iR), x C>®(Zy, C),, is defined by

QY (Zy, iR), x C*(Zy,C), ~ C(Z1= Zo, S*);

(Ba f) g = (gildg + B?.gilf)'

The equations of Kéher vortices over the orbifold Riemann surface (X, j, z, m)
are the PDEs

(21) dpf =0, *Fp+5(|f?—ar) =0
for (B, f) € QY(Zy,iR), x C*°(Zy,C),.

Remark 4.13. The above equations are obtained after we replace F,, with
—air dvoly in the equations of Kahler vortices [21, Section 5.5]. This replace-
ment does not produce any problems on the following discussion (Proposi-
tion 4.16) in this paper.

Therefore the moduli space of Kéhler vortices is defined by
MK = MK/COO(leZONS’l)?

where MX is the space of solutions to (21).
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Mrowka, Ozsvath and Yu show that the moduli space of Kéher vortices
has a structure of complex manifold and the complex dimension is equal to
the integer called the background degree. To calculate it, we recall briefly
Seifert invariants. (The details of Seifert invariants can be found in Mrowka—
Ozsvath—Yu [21, Section 2] and Furuta—Steer [7].)

Orbifold line bundles over an orbifold Riemann surface can be classified
by pairs of integers called Seifert invariants:

(22) b= (b,p1,...,0k)-

Here k is the number of singular points of the base orbifold, 3; is an integer
with 0 < 8; < m;, and b is the integer which is called the background degree
of the orbifold line bundle. The integer 3; is defined by local structure of the
orbifold line bundle around the i-th singular point. The background degree
b is the degree of the de-singularisation of the orbifold line bundle. For an
orbifold line bundle £ — 3 with the Seifert invariant (22), the degree of the
line bundle is calculated by the formula

(23) deg(E):b+ﬁ+~-+&.

my mg
Define d as the real number — / F4 which is independent of the
T JIp/sY
choice of A € A(P).

Lemma 4.14. The Seifert invariant of the orbifold line bundle P x g1 C —
Y is b= (ad,0,...,0).

Proof. Note that the triple (U, x C, . x idc,T'y) is a slice for the S'-action
on P x C. Here the right action of I', on U, x C is given by

(z,x) -t = (2t,t%) = (2t,x).

The last identity follows Assumption 4.11, and therefore g1 =--- = 6, =0
in the description of Seifert invariant (22).

Because of the identity (23), the background degree is equal to the degree
of the orbifold line bundle P x g1 C — X. Direct calculation shows that the
degree is equal to ad. O

Remark 4.15. The above lemma implies that ad is an integer under As-
sumption 4.11.
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Applying Theorem 5 of Mrowka—Ozsvath—Yu [21], we obtain the follow-
ing statement.

Proposition 4.16. The moduli space MX of Kihler vortices is empty if

7Vol(X)

d
= A7’

and it is naturally diffeomorphic to the ad-fold symmetric product of ¥,
Sym®!(%) if

7Vol(X%)

24 d
(24) <

We compare M(Z; = Zy) with M¥. The linear isomorphism
U QYZp,iR), x C=(Zy,C), — Q' (Zy,iR), x C>(Zy,C),

defined by ¥ (0, f) = (—ab,af) gives a one-to-one correspondence between
M(Z1= Zpy) and M. Moreover the map V¥ satisfies

(25) U((0.f)-9)=0(0.f) 9"

for 0 € Q1(Zy,iR),, f € C*(Zy,C), and g € C*(Z1= Zy, S'). Therefore ¥
induces a well-defined surjective map ¥ : M(Z; = Zy) — MK,

In general, the map V is not injective. Define a covering map o : ST — S*
by o(t) = t* and a map ¢ : C>(Z1=3 Zo, S*) — C*(Z1= 2o, S') by o(g) =
o og. Then ¥ induces a bijection between M(Z; = Z;) and /\/lK/image o,
and each fibre of the natural projection MK/imageE — MVK/COO(Zlii
Zy,S1) = MX can be identified with coker 7.

M(Z1=2) bl MVK/imageﬁ
T
ME.

Remark 4.17. If the inequality (24) holds, then the action of C*°(Z; =
Zy,S') on MK is free.

In general, the cokernel of & is complicated, but it is trivial if the un-
derlying space X of X is simply-connected.
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Lemma 4.18. If the underlying space X is simply-connected (i.e. of genus
zero), then for any g € C*°(Z1 = Zy, S') there is go € C*°(Z1 = Zy, S*) such
that g = gg.

Proof. Let 7 : Zy — Zy/Zy =¥ be the quotient map. Any g € C*(Z1=
Zy,S') induces a continuous map h: ¥ — S such that g = hom. Since
¥ is simply-connected, h has a lift: a continuous map h: 3 — S ! satisfying
ocoh=h.

Since o o (h om)=hom =g, the continuous map hom: Zy— Stis a
lift of g: Zp — S1 hence the composition hor is smooth. Since homo
stc = homotgt, hom e C®(Z, = Zy,S"). The map gy = hom is what we
want. 0

Identifying M(P) with M(Z1 =2 Zy), we obtain the following statement.

Theorem 4.19. If the underlying space ¥ is simply-connected, then the
moduli space M(P) is empty if

7Vol(X)

d >
a7

and it has a smooth structure which is diffeomorphic to the complex projec-
tive space CP if
7Vol(X)

d
< 47
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