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Conformal symplectic geometry of

cotangent bundles

Baptiste Chantraine and Emmy Murphy

We prove a version of the Arnol’d conjecture for Lagrangian sub-
manifolds of conformal symplectic manifolds: a Lagrangian L which
has non-zero Morse-Novikov homology for the restriction of the Lee
form β cannot be disjoined from itself by a C0-small Hamiltonian
isotopy. Furthermore for generic such isotopies the number of in-
tersection points equals at least the sum of the free Betti numbers
of the Morse-Novikov homology of β. We also give a short exposi-
tion of conformal symplectic geometry, aimed at readers who are
familiar with (standard) symplectic or contact geometry.

1. Introduction

A conformal symplectic structure on a manifold M is a generalization of
a symplectic structure. Locally, a conformal symplectic manifold is equiv-
alent to a symplectic manifold, but the local symplectic structure is only
well-defined up to scaling by a constant, and the monodromy of the lo-
cal symplectic structure around curves may induce these rescalings. To our
knowledge, the notion was first introduced by Vaisman in [23] and [24]. It
also appeared in work of Guedira and Lichnerowicz in [12]. It was later
studied by Banyaga [4], among many others.1 More recently a first general
existence result was given in [3] for complex surfaces with odd first Betti
number, it was later proved in [10] that an almost symplectic manifold with
non zero first Betti number admits a conformal symplectic structure, pro-
viding a large class of examples of such structures.

More formally, we can take a number of equivalent definitions. We can
say that a conformal symplectic structure on M is an atlas of charts to
R2n, so that the transition maps ψij satisfy ψ∗ijωstd = cijωstd, for constants

1In previous literature, this structure is often called a locally conformal symplec-
tic structure, which is a more accurate term. Since a globally conformal symplectic
structure is essentially the same as a symplectic structure, we prefer the less cum-
bersome term.
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640 B. Chantraine and E. Murphy

cij > 0. Equivalently, let E →M be a flat, orientable, real line bundle. Then
a conformal symplectic structure is a 2-form on M taking values in E, which
is closed and non-degenerate.

Taking a flat connection on E leads to the most tractable definition.
A conformal symplectic structure on M is a pair (η, ω) ∈ Ω1M × Ω2M , so
that dη = 0, dω = η ∧ ω, and ω∧n 6= 0. Because the choice of connection
is non-canonical, (η, ω) defines the same conformal symplectic structure as
(η + df, efω), for any f ∈ C∞M . (The choice of a specific η representing [η]
is roughly analogous to a choice of contact form for a given contact structure,
η is called a Lee form of the conformal symplectic structure since such a form
appeared in the work of Lee [16].)

For an example of a conformal symplectic manifold, let β be a closed
1-form on a manifold Q, let λ = p · dq be the tautological 1-form on T ∗Q,
let η ∈ Ω1(T ∗Q) be the pullback of β under the projection, and let ω =
dλ− η ∧ λ.

Conformal symplectic manifolds enjoy many of the properties that make
symplectic manifolds interesting. The definitions of Lagrangian, isotropic,
etc. are exactly the same, and there is a natural notion of exact confor-
mal symplectic structures, and exact Lagrangians inside them. They have
a natural Hamiltonian dynamics (a smooth function defines a flow preserv-
ing the structure). They satisfy a Moser-type theorem, which implies that
Darboux’s theorem and the Weinstein tubular neighborhood theorems hold
in this context (a small neighborhood of any Lagrangian is equivalent to
the example above). When restricted to a coisotropic, the kernel of ω is a
foliation, and in the case the leaf space is a manifold it inherits a conformal
symplectic structure. The Poisson bracket on Hamiltonians intertwines the
Lie bracket.

However, many of the more modern methods in symplectic geometry
cannot be easily generalized, and often the theorems fail to hold true. For
example, suppose that β ∈ Ω1Q is a closed 1-form which never vanishes.
Then in the conformal symplectic manifold (T ∗Q, η, ω) defined above, the
zero section Z = {p = 0} is displaceable by Hamiltonian isotopy. In fact, if
ϕt is the Hamiltonian isotopy generated by the Hamiltonian H = 1, then
ϕt(Z) ∩ Z = ∅ for any t > 0.

From the point of view of Floer theory, the problem with conformal
symplectic structures is that, due to a failure of Gromov compactness, we
cannot even get started. The set of almost complex structures J compatible
with ω is still a non-empty contractible space, and ∂J is still an elliptic
operator, but because ω is not closed we have no bounds on energy, and
therefore we do not expect Gromov compactness to hold, even for conformal
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Conformal symplectic geometry of cotangent bundles 641

symplectic manifolds which are both closed and exact. We discuss explicit
examples suggesting failure of Gromov compactness in Section 2.5. Whether
Gromov compactness can be generalized to this context by defining a more
sophisticated compactification remains to be seen.

The main theorem of this paper proves the following analogue of
Laudenbach-Sikorav’s Theorem [14] in the context of conformal symplec-
tic manifolds. For a closed manifold L we let HNov

∗ (L, [η];F) be the Novikov
homology of L in the homology class [η] ∈ H1(L;R).

Theorem 1.1. Let β be a closed 1-form on a closed orientable mani-
fold Q, let η be the pullback of β to T ∗Q, and let F be a field. Let φ
be an Hamiltonian diffeomorphism of the conformal symplectic manifold
(T ∗Q, η, dλ− η ∧ λ) (where λ is the canonical form) such that φ(Q0) in-
tersect Q0 transvesally. Then #{φ(Q0) ∩Q0} ≥ rkHNov

∗ (Q, [β];F). If Q is
non-orientable then #{φ(Q0) ∩Q0} ≥ rkHNov

∗ (Q, [β];Z2)

Corollary 1.2. Let (M,η, ω) be a conformal symplectic manifold, and let
L ⊆M be a closed Lagrangian. If ϕt is any C0 small Hamiltonian isotopy,
then #{ϕ1(L) ∩ L} ≥ rkHNov

∗ (L, [η]|L;Z2). If L is oriented we may replace
Z2 with any field F.

In order to prove Theorem 1.1 we prove an analogue to Sikorav’s Theo-
rem [21] about persistence of generating families which allows us to provide
bounds for intersection of Lagrangian submanifolds in conformal contangent
in terms of stable η-critical points of function, see Theorem 2.23. From there
we prove a purely smooth result:

Theorem 1.3. Let β be a closed 1-form on a closed manifold Q, and de-
fine StabMorseβ(Q) = min

F
#{q ∈ Q|dFq − F (q)βq = 0}, where F is taken

among all smooth functions F : Q× Rm → R which are quadratic at infin-
ity with dβF being a Morse form, for all m ∈ Z≥0. Then StabMorseβ(Q) ≥
rkHNov

∗ (Q, [β];Z2). If additionally Q is orientable then StabMorseβ(Q) ≥
rkHNov

∗ (Q, [β];F) for any field F.

The layout of the paper follows. Section 2 introduces the basic defini-
tions and theorems in conformal symplectic geometry. We include a number
of propositions which are not necessary for the proof of Theorem 1.1, with
the hope of giving a large-scale introduction to the theory, particularly for
symplectic and contact geometers. In Section 2.5 we also include a discus-
sion about the difficulty on defining invariant using holomorphic curves in
conformal symplectic manifold.



i
i

“2-Murphy” — 2019/9/9 — 17:15 — page 642 — #4 i
i

i
i

i
i

642 B. Chantraine and E. Murphy

Section 3 gives a brief overview of Morse-Novikov homology needed for
the proof of Theorem 1.3. Finally, in Section 4 we complete the proof.
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2. Main definitions

2.1. Conformal symplectic manifolds.

Proposition 2.1. Let M be a 2n-manifold. The following are equivalent:

• An atlas of charts M =
⋃
Ui, ϕi : Ui → R2n, so that the transition

maps ψij = ϕi ◦ ϕ−1j preserve the standard symplectic form up to scal-
ing by a positive local constant: ψ∗ij(ωstd) = cijωstd. Two atlases are
considered equivalent if they admit a common refinement.

• A flat, real, orientable line bundle E →M , and a 2-form σ ∈ Ω2(M,E),
so that σ is non-degenerate (as a map TM → T ∗M ⊗ E) and closed
(as a form with values in a flat line bundle). Two such structures
(E1, σ1), (E2, σ2) are considered equivalent if there is an isomorphism
ϕ : E1 → E2 covering the identity map, so that ϕ∗σ2 = σ1.

• A pair (η, ω) ∈ Ω1M × Ω2M , so that dη = 0, dω = η ∧ ω, and ω∧n 6=
0. (η, ω) is equivalent to (η + df, efω) for any f ∈ C∞M .

Any of these structures is called a conformal symplectic structure on M .

Proof. Given an atlas, the association of the positive number cij to every in-
tersection Ui ∩ Uj can be thought of as the clutching function for a principal
GL+(1,R)-bundle on M , with the discrete topology. That is, the numbers
cij define an orientable flat line bundle, E, and the form σ = ϕ∗iωstd is well
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Conformal symplectic geometry of cotangent bundles 643

defined as a 2-form taking values in E. It is closed and non-degenerate, since
these are local conditions.

Given a pair (E, σ), we can identify E ∼= M × R globally as smooth
vector bundles, since E is a real, orientable line bundle. A choice of flat
connection on E then is simply a closed 1-form η ∈ Ω1(M). In this way we
can identify σ as an ordinary 2-form ω ∈ Ω2(M). Then to say that ω is closed
as a 2-form with values in E is equivalent to the statement dω − η ∧ ω = 0.
The choice of connection η is not canonical; gauge symmetries of E act by
η 7→ η + df for any f ∈ C∞(M), and this gauge symmetry acts on ω by
ω 7→ efω.

Given a pair (η, ω) as above, consider the covering space π : M̃ →M

associated to [η] (via ker[η] ⊂ π(M)). Then π∗η = dθ for some θ ∈ C∞M̃ ,

and for any covering transformation g ∈ π1M/ ker[η] ⊆ Diff M̃ , we have θ ◦
g = θ + 〈[η], g〉. Let ω̃ = e−θπ∗ω ∈ Ω2M̃ . Then ω̃ is a symplectic form, and

g∗ω̃ = e−〈[η],g〉ω̃. Therefore by taking a Darboux atlas on (M̃, ω̃), we get a
conformal symplectic atlas on M . �

Definition 2.2. Let η be a closed 1-form on a manifold M . The
Lichnerowicz-De Rham differential on β ∈ Ω∗(M) is defined as dηβ = dβ −
η ∧ β.

From the fact that η is closed and of odd degree we get that d2η = 0 and
from the fact that η has degree 1 we see that dη is degree 1 as well. Perhaps
the most essential difference between dη and d is that dη does not satisfy a
Stokes’ theorem. We note two important formulas:

dη+dfβ = efdη(e
−fβ)

LXβ = X y dηβ + dη(X yβ) + η(X)β

where LX is the Lie derivative along the vector field X. By passing
to the covering space of M defined by ker[η], it follows that the homology
H∗(Ω∗M,dη) is isomorphic to H∗(M ; [η],R), the homology of M with local
coefficients defined by the homomorphism [η] : π1M → R.

Note. For concreteness, we will state definitions and prove propositions in
the setup where a conformal symplectic structure is a pair (η, ω), and then
when relevant show that the definitions are invariant under gauge equiva-
lence η  η + df . By working directly with the complex Ω∗(M,E) for the
flat line bundle E, the arguments are more elegant, but also they are likely
more opaque.
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Definition 2.3. Let (M,η, ω) be a conformal symplectic structure. We say
that a submanifold L ⊆M is isotropic if ω|L = 0, coisotropic if TL⊥ω ⊆ TL,
and Lagrangian if it is isotropic and coisotropic.

We say that (η, ω) is exact if ω = dηλ for some λ ∈ Ω1M . In this case
we say that λ is a Liouville form for (η, ω), and the vector field Zλ defined
by Zλ yω = λ is called the Liouville vector field.2 If L ⊆M is a Lagrangian
in (M,η, dηλ), we say that L is exact if λ|L = dηh for some h ∈ C∞L.

Notice that all of the above definitions are well defined up to gauge
equivalence, because if we replace (η, ω) with (η + df, efω), we can also re-
place λ and h with efλ and efh. In particular, the Liouville vector field
Zλ is well defined independent of gauge, it is not rescaled by ef . Note also
that there is nothing precluding the existence of a closed, exact conformal
symplectic manifold.

Example 2.4. Let (Y, λ) be a manifold with a 1-form λ. We denote by S1
T

the quotient R/TZ and parametrise it with the coordinate θ. On S1
T × Y let

η = −dθ. Then ω = dηλ = dλ+ dθ ∧ λ, so ω is non-degenerate if and only
if λ is a contact form. Furthermore, given another contact form defining
the same cooriented contact structure, efλ, we have that the conformal Li-
ouville manifold (S1

T × Y, η, λ) is gauge equivalent to (S1
T × Y, η + df, efλ),

which is conformal symplectomorphic to (S1
T × Y, η, efλ) under the coordi-

nate change (θ, y) 7→ (θ − f(y), y).
The minimal cover which makes η exact is R× Y → S1 × Y , and the con-

formal Liouville structure (η, λ) pulls back to (−dt, λ), which is gauge equiv-
alent to the exact symplectic structure etλ, known as the symplectization of
(Y, kerλ). Hence, the conformal symplectic manifold will be called the con-
formal symplectization of (Y, ξ). We denote this manifold by Sconf

T (Y, kerλ).
(Notice that 〈[η], S1 × {point}〉 = −T , so the choice of T affect the confor-
mal symplectomorphism type.) If the choice of T is irrelevant, we will use
the notation Sconf(Y, kerλ).

Now, let Λ ⊆ Y be a Legendrian submanifold. Then the cylinder R× Λ
is an exact Lagrangian in the symplectization of (Y, kerλ), and further-
more it is invariant under the covering transformations of R× Y → S1 ×
Y . Therefore it descends to an exact Lagrangian submanifold S1 × Λ of
Sconf(Y, kerλ). More generally, if Σ is a Lagrangian cobordisms from Λ to

2This usage is somewhat different from the standard symplectic case, where a
Liouville form is required to be a primitive of ω and also satisfy a convexity condition
near the boundary/infinite portion of M . The same conditions on Zλ make sense
in this context, so they could easily be imposed.
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itself which is cylindrical outside of (0, T )× Y then Σ descends to a La-
grangian submanifold of Sconf

T (Y, kerλ).

This paper will focus primarily on the following example:

Example 2.5. Let β be a closed 1-form on a smooth manifold Q, let π
be the projection T ∗Q→ Q, and let λstd be the tautological form on T ∗Q.
Define η := π∗β. Then (T ∗Q, η, λstd) is a conformal Liouville manifold (since
η ∧ λstd ∧ dλn−1std = 0). We will denote this conformal Liouville manifold by
T ∗βQ.

Let α : Q→ T ∗Q be a 1-form. Then α∗λstd = α and thus α(Q) is La-
grangian in T ∗βQ if and only if dβα = 0. Furthermore this Lagrangian is exact
if and only if α is dβ-exact.

2.2. Conformal symplectic transformations

A diffeomorphism between conformal symplectic manifolds ϕ : (M1, η1, ω1)
→ (M2, η2, ω2) is called a conformal symplectomorphism if ϕ∗η2 = η1 + df
and ϕ∗ω2 = efω1 for some f ∈ C∞M1. We denote by Symp(M,η, ω) the
group of conformal symplectomorphisms of (M,η, ω). The Lie algebra
S ymp(M,η, ω) of this group is given by vector fieldsX satisfying LXω = fω
and LXη = df for some f , and using Cartan’s formula we see this is equiv-
alent to

dη(X yω) + η(X)ω = LXω = fω

d(η(X)) = LXη = df

Therefore X is a conformal symplectic vector field if and only if
dη(X yω) = cω for a constant c ∈ R.

The subalgebra of S ymp(M,η, ω) which are ω-dual to η-closed 1-forms
(i.e. vector fields X with dη(X yω) = 0) will be called divergence free confor-
mal symplectic vector fields. Notice the following fact: a conformal symplectic
manifold is exact if and only if it admits a conformal symplectic vector field
which is not divergence-free. In this case, after choosing a Liouville form λ,
we see that every conformal symplectic vector field is of the form X + cZλ,
where X is divergence-free.

Definition 2.6. The conformal symplectic vector fields which are dual to η-
exact forms is called Hamiltonian vector fields. For any function H ∈ C∞M ,
the Hamiltonian vector field XH associated to H is defined by XH yω =
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−dηH. A conformal symplectomorphism of M which is the time-1 flow of
a path of Hamiltonian vector fields will be called a Hamiltonian diffeomor-
phism.

Notice that the association H  XH depends on η, but the algebra of
Hamiltonian vector fields (and therefore the group of Hamiltonian diffeo-
morphisms) does not. Using Xη

H to denote this dependence, we immediately

have Xη
H = Xη+df

efH . To phrase the dependence in a gauge free way, let E be
the flat line bundle determined by [η], then Hamiltonians are taken to be
H ∈ Ω0(M,E). Since ω ∈ Ω2(M,E), the equation XH yω = −dEH defines
XH unambiguously.3

Definition 2.7. Given a conformal symplectic structure with a chosen Lee
form η, we define the Lee vector field to be the Hamiltonian vector field
generated by H = 1. We sometimes denote this vector field as Rη = X1.

Example 2.8. Given a contact manifold (Y, kerα), we defined the confor-
mal symplectization in Example 2.4 by (S1 × Y, η = −dθ, ω = dηα). In this
case, the Lee vector field of η is equal to the Reeb vector field of α.

Note that this exhibit a first difference with the symplectic case: this
flow has no fixed point for small time. This is an example of a more general
phenomenon: given a conformal symplectic manifold (M,η, ω), if η can be
chosen to have no zeros, then Rη is a Hamiltonian vector field with no
zeros, and therefore we can construct many Hamiltonian diffeomorphisms
with no fixed points. Another place where this condition is relevant is about
Lagrangian displaceabality:

Example 2.9. Given a cotangent bundle T ∗βQ with Liouville structure
given by a closed one form β on Q as in Example 2.5, the Liouville vector
field Zλ is equal to the standard Liouville vector field on T ∗Q (in coordinates
Zλ =

∑
pi∂pi). The Lee vector field Rη corresponds to the symplectic vector

field dual to η (in the standard symplectic sense), i.e. its flow acts fiberwise,
and translates the vertical fiber T ∗qQ in the direction βq. In particular, if
[β] ∈ H1Q can be represented by a non-vanishing closed 1-form, then there
exists an autonomous Hamiltonian flow on T ∗βQ so that ϕtH(Q) ∩Q = ∅ for
any t > 0.

3The reader experienced with contact geometry will be familiar with this situa-
tion: the contact vector field XH associated to a Hamiltonian H ∈ C∞M depends
on a choice of contact form, but the correct way to define the relationship without
reference to a contact form is to take contact Hamiltonians H ∈ Ω0(M,TM/ξ).
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Given an exact conformal symplectic manifold (M,η, dηλ), there is some
interplay between the vector fields Zλ and Rη. Always, we have

λ(Rη) = ω(Zλ, Rη) = −η(Zλ).

Furthermore, suppose that X ∈ ker dλ. Since ω = dηλ = dλ− η ∧ λ, we get
that X yω = λ(X)η − η(X)λ, and therefore X = λ(X)Rη − η(X)Zλ since
ω is non-degenerate. It follows that, if dλ has non-zero kernel, it must be
equal to the span of Rη and Zλ. Plugging either Rη or Zλ into the original
equation, we see that dλ has non-zero kernel if and only if η(Zλ) = −1, if
and only if λ(Rη) = 1.

In the literature, exact conformal symplectic manifolds satisfying η(Zλ) =
−1 everywhere are often referred to as conformal symplectic manifolds of the
first kind. Notice that this condition is not gauge invariant, and therefore it
can be difficult to tell when a given conformal symplectic manifold is gauge-
equivalent to one satisfying this property. However, this condition has strong
implications, as shown in [6, Theorem A]: if M is compact and η(Zλ) = −1
everywhere, and if {η = 0} has at least one compact leaf, then M is confor-
mal symplectomorphic to the suspension of a strict contactomorphism of a
contact manifold Y .

2.3. Moser’s theorem and tubular neighborhoods

We have the following version of Moser’s Theorem (first proved in [4]).

Theorem 2.10. Let (M,η) be a closed smooth manifold equipped with a
closed 1-form η, and let {ωt}t∈[0,1], be a path of conformal symplectic struc-
tures in the same homology class, i.e. ωt = ω0 + dηλt. Then there is an
isotopy ϕt : M →M and a path of smooth functions ft ∈ C∞M so that
ϕ∗t η = η + dft and ϕ∗tωt = eftω0. That is, an exact homotopy of conformal
symplectic structures is always induced by an isotopy (and gauge transfor-
mations)

Proof. We find a vector field Xt suitable for Xt = ϕ̇t ◦ ϕ−1t , and then using
compactness of M integrate Xt. Differentiating the desired equations gives

ϕ∗t (LXtη) = dḟt

ϕ∗t (ω̇t + LXtωt) = ḟte
ftω0 = ḟtϕ

∗
tωt.
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Letting µt = ḟt ◦ ϕ−1t , we have

d(η(Xt)) = LXtη = dµt

ω̇t + dη(Xt yωt) + η(Xt)ωt = µtωt.

Defining Xt by Xt yωt = λ̇t, and taking µt = η(Xt), we see that this
system has a solution. �

Just as in the symplectic case, the Moser theorem for conformal sym-
plectic structures is used to prove a Weinstein neighborhood theorem for
Lagrangians in conformal symplectic manifolds, showing that Example 2.5
is a universal model. More precisely we have the following result, which ap-
pears in the recent paper [18]. It also follows from a more general version
for coisotropic manifolds, appearing in [15, Theorem 4.2].

Theorem 2.11. Let (M,η, ω) be a conformal symplectic manifold and L ⊂
M a compact Lagrangian. Let β = η|L. Then there exists a neighborhood
N ⊆M of L so that N is conformally symplectomorphic to a neighborhood U
inside (T ∗βL, π

∗β, dπ∗βλstd), sending L ⊆ N to the zero section {p = 0} ⊆ U .

Proof. Letting N be a tubular neighborhood of L, we have a diffeomor-
phism ψ : T ∗L→ N sending the zero section Z ⊆ T ∗L to L ⊆ N , so that
ψ∗ω|TZT ∗L = dπ∗βλstd|TZT ∗L. ψ∗η and π∗β are homologous, so by taking a
gauge transformation on N we can assume that they are equal.

Since ψ∗ω1|Z = 0, therefore ψ∗ω = dπ∗βλ1 is exact (the Lichnerowicz-
De Rham complex is homotopy invariant). We can furthermore assume that
λ1|TZT ∗L = 0 by addition of a dπ∗β-closed 1-form. Let λt = tλ1 + (1− t)λstd,
and ωt = dηλt. By taking a smaller neighborhood if necessary, we may as-
sume that ωt is non-degenerate for all t ∈ [0, 1].

We then run the Moser method, as above. The vector field Xt obtained
is zero along Z, and therefore by shrinking N further if necessary, we get a
conformal symplectomorphism from a neighborhood of Z ⊆ T ∗βL to N . �

Remark 2.12. Theorem 2.11 is also true for non-compact Lagrangians, as
one can see by being slightly more careful with the domain of definition of
the Moser flow.
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2.4. Flexibility and rigidity

Given a closed manifold M2n, we would like to know when M admits a
conformal symplectic structure. If so, it is natural to ask how many dis-
tinct structures are there up to isotopy. There are some basic obstruc-
tions/invariants. For ease of notation we focus on the exact case.

Definition 2.13. Let M2n be a closed manifold. An exact almost con-
formal symplectic structure (or EACS structure) is a pair (a,w), where
a ∈ H1(M ;R), and w ∈ Ω2M is a non-degenerate 2-form.

Any exact conformal symplectic structure (η, dηλ) defines an almost con-
formal symplectic structure with a = [η], w = dηλ. Therefore, for a mani-
fold to admit an exact conformal symplectic structure, it must also admit
an EACS structure. Similarly, for two conformal symplectic structures to
be isotopic, they necessarily must be homotopic through EACS structures
(where w is homotoped but a is fixed). The benefit of passing to EACS
structures is that they are classified purely by algebraic topology.

Remark 2.14. Owing to the homotopy equivalence between the Lie groups
Sp(2n) and GL(n,C), the choice of a non-degenerate 2-form W is equivalent
to a choice of almost complex structure J : TM → TM , up to homotopy.
However, notice that asking whether a given EACS structure (a,w) is homo-
topic to a conformal symplectic structure ([η], dηλ) is a strictly weaker ques-
tion than asking whether there is a conformal symplectic structure ([η], dηλ)
compatible with a given J ; rather it is equivalent to finding ([η], dηλ) com-

patible with J̃ which is homotopic to J through almost complex structures.

We show that that the classification of exact conformal symplectic struc-
tures is strictly more subtle than their almost conformal counterpart.

Proposition 2.15. There exists a smooth manifold M of any dimension
with a de Rham class [η] 6= 0 ∈ H1M , which admits two exact conformal
symplectic structures (η, dηλ1) and (η, dηλ2) which are homotopic through
non-degenerate 2-forms, but they are not conformally symplectomorphic.

Proof. We take M = S1 × S2n−1. Let ξot = kerαot be an overtwisted contact
structure (see [7]) on S2n−1, which is homotopic through almost contact
structures to the standard contact structure ξstd.
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As the symplectization of (S2n−1, ξot) is different form the one of
(S2n−1, ξstd) (actually the second cannot embed in the first as (S2n−1, ξstd)
is fillable) we know that those two structure are not equivalent.

Moser’s theorem therefore implies that they are not homotopic through
exact conformal symplectic structures. But they are homotopic through
non-degenerate 2-forms, since the original contact structures are homotopic
through almost contact structures. �

Remark 2.16. As shown in [17], when n > 2 the symplectization (R×
S2n−1, erαot) contains an exact Lagrangian, L ⊆ R× S2n−1. Let R > 0 be
a constant so that L ⊆ (0, R)× S2n−1. Then by identifying S1 = R/RZ L
embeds as an exact Lagrangian into the conformal symplectization (M,η =
−dθ, λ1 = αot).

However, there can be no nulhomologous exact Lagrangian in the confor-
mal symplectization of the standard contact structure, (S1 × S2n−1, η, λ2 =
αstd). For if there was, it would lift to a compact exact Lagrangian in the
universal cover, which is conformally symplectomorphic to Cn \ {0}, which
then contradicts Gromov’s theorem. This shows that those two conformal
symplectic structure can be distinguished by their Lagrangian submanifolds.

For 2n = 2 we know that conformal symplectic structures are equivalent
to almost conformal symplectic structures, since all 2-forms are exact when
[η] 6= 0.

On the question of existence, a nearly complete answer was established
in [10]:

Theorem 2.17. Let M be a closed manifold with an EACS structure (a,w),
where a 6= 0 is in the image H1(M ;Z)→ H1(M,R). Then for all sufficiently
large C > 0, there is an exact conformal symplectic structure (η, dηλ), with
[η] = Ca and dηλ being homotopic to w through non-degenerate 2-forms.

In particular, given any closed manifold M satisfying H1(M ;R) 6= 0 and
having a non-degenerate 2-form, M admits an exact conformal symplectic
structure.

This follows indeed from the existence result of symplectic structure on
almost symplectic cobordisms by cutting along an hypersurface Poincaré
dual to [η] which is non-separating by hypothesis. Making then the cobor-
dism symplectic between the same contact structure on the ends leads to
a symplectic cobordisms whose ends can be identified to give a conformal
symplectic manifold.
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It is an open question whether we can in general construct conformal
symplectic structures where [η] is a prescribed 1-form, either in the case
where [η] is small, or when [η] : π1M → R has non-discrete image. Note that
in [3], there is one example that shows that after fixing a complex structure
J, the set of [η] for which there exists a conformal symplectic structure
compatible with J consists of a single point.

Remark 2.18. From this theorem, it is easy to construct non-exact confor-
mal symplectic structures: given an exact symplectic structure (η, dηλ) and
a class b ∈ H2(M ; [η],R), choose a dη-closed 2-form B ∈ Ω2M representing
b. Then for sufficiently large C, ω = Cdηλ+B is a conformal symplectic
structure.

Remark 2.19. The same strategy also works for constructing conformal
symplectic manifolds with convex contact boundary: any contact manifold
which admits an almost complex filling admits a conformal symplectic filling.
Indeed from such a formal filling the main theorem in [10] allows us to
construct a symplectic cobordisms from (S2n−1, ξot) to (S2n−1, ξot) t (Y, ξ),
and gluing the two (S2n−1, ξot) leads to a conformal symplectic filling of
(Y, ξ).

As stated there, the theorem only applies to cobordisms with tight con-
vex boundary when n > 2. However, after an examination of the proof there
it is clear that the result applies when n = 2 as well, as long as a single
component of the convex boundary is overtwisted.

2.5. Pseudo-holomorphic curves and a “failure” of Gromov
compactness.

Inspired from successes in symplectic and contact geometry, we might try
to develop a theory of pseudo-holomorphic curves for conformal symplectic
manifolds. Similar to the symplectic case, in a conformal symplectic mani-
fold the space of compatible almost complex structures J is contractible, and
the equation ∂Ju = 0 is elliptic. But when trying to prove a compactness
theorem, we run into an immediate problem: the Lichnerowicz-De Rham
complex does not satisfy Stokes’ theorem, and without this we have no way
to give a C0 bound on holomorphic energy. We give here two examples of
holomorphic curves arising naturally which suggest bad compactness prop-
erties.

Consider the conformal sympectisation of an overtwisted sphere Y =
S2n−1
ot with a generic contact form. When equipped with a cylindrical almost
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complex structure J , there is a holomorphic plane which is asymptotic to
one of the Reeb orbits, as shown in [2]. In the conformal symplectization
Sconf(Y ) this gives a holomorphic plane, which looks something like a leaf of
a Reeb type foliation. Though such curves are handled in the symplectization
setting by SFT compactness [8] and [1], this sort of compactness strongly
relies on having contact asymptotics and a cylindrical complex structure,
which is not a natural notion in general conformal symplectic manifolds.

A second phenomena is given by the conformal symplectic filling of S3
ot

described in the previous section. The bishop family near the elliptic point of
an overtwisted disk leads to a family of holomorphic curves which cannot be
compactified in a standard way. We suspect that such a family breaks into
curves involving pseudo-holomorphic planes such as those described above.

2.6. Contactisation, reduction, and generating functions

Definition 2.20. If (M,η, λ) is a conformal Liouville manifold, we define
the contactisation of (M,η, λ) to be the manifold M × R equipped with the
contact structure given by the kernel of α = dz − zη − λ = dηz − λ (note
that α is a contact form if and only if dηλ is non-degenerate).

Notice that an exact Lagrangian submanifold L lifts to a Legendrian
submanifold L̃ = {(q, f(q)); q ∈ L} where f is such that dηf = λ|L.

In the cotangent case, the space J 1
β (Q) := T ∗βQ× R with the contact

form dβz − λ is called the β-jet bundle, natural Legendrian submanifolds
arise as β-jets of functions f , i.e. j1βf(q) = (q, dβfq, f(q)). Note that J 1

β (Q)

is actually contactomorphic to J 1(Q) by the map ϕ(q, p, z) = (q, p− zβq, z).
However, this contactomorphism is not compatible with the projection to
T ∗Q and therefore does not identify the symplectic properties of T ∗Q with
the conformal symplectic properties of T ∗βQ. Rather, it maps β-jets of func-
tions to (regular) jets of functions.

For any contactization, the Reeb vector field of α is given by Rα =
(1− λ(Rη))∂z −Rη.

Example 2.21. Let (M,α) be a contact manifold. Then the contact form
on the contactization of the conformal symplectization, M × S1 × R, is given
by dz + zdθ − α. The Reeb vector field is the negative of the original Reeb
vector field, invariant by S1 × R. The contactization of a conformal sym-
plectization is a contact manifold associated to (M, kerα), this manifold is
the product of the original contact manifold and T ∗S1 with the Liouville
structure given by pdθ − dp.
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Let (M,η, ω) be a conformal symplectic manifold, and let N ⊂M be
a coisotropic submanifold (i.e. such that TN⊥ω ⊂ TN). Since dω = η ∧ ω
it follows from the Fröbenius integrability theorem that the distribution
ker(ω|N ) is integrable. Note that for a vector field X in kerω|N we have
that

LX(ω|N ) = η(X)ω(2.1)

LXη = d(η(X))

and therefore the foliation ker(ω|N ) has a well-defined transverse confor-
mal symplectic structure (only up to gauge). Equivalently, if the leaf space
Nω of the foliation is a manifold, it follows from equation (2.1) that Nω is
a conformal symplectic manifold. In this case Nω is called the conformal
symplectic reduction of N .

Example 2.22. Let Q,Q′ be two manifolds and β, β′ closed one forms on
Q,Q′. And let T ∗β⊕β′(Q×Q′) ' T ∗βQ× Tβ′Q′ be the conformal symplectic
manifold associated to π∗β ⊕ (π′)∗β′. Then T ∗βQ×Q′0 is cositropic and its
reduction gives back T ∗βQ.

Consider a Lagrangian submanifold L of (M,η, ω) and assume the coiso-
tropic N intersects L transversely. Let ϕ be the projection N → Nω. Then
the manifold LN = ϕ(L ∩N) is an immersed Lagrangian submanifold of
Nω. (This is linear algebra and thus equivalent to the symplectic case, for
instance see [5, Section 5.1]).

Now given a function F : Q×Q′ → R, we can take the graph to get
a Lagrangian section dβ⊕β′F of T ∗β⊕β′(Q×Q′), and apply symplectic re-
duction as above to the coisotropic T ∗βQ×Q′0 to obtain an immersed ex-
act Lagrangian submanifold of TβQ. When Q′ = Rm (and β′ = 0) and F
is quadratic at infinity we denote the corresponding Lagrangian LF . F is
called a β-generating family for LF .

Note that LF lifts to a Legendrian submanifold ΛF of J 1
η (Q) and through

the contactomorphism φ defined above we get a Legendrian submanifold of
J 1(Q), and F is a generating family (in the standard contact sense) for
φ(ΛF ). Chekanov’s persistence Theorem [9] therefore implies that if L ⊆
T ∗βQ admits a β-generating family and Lt is an isotopy of L through exact
Lagrangians then L1 admits a β-generating family as well.

We remark that if L is given by a β-generating family F : Q× Rm then
zeros of dβF (called β-critical points of F ) corresponds to intersection points
between L and the zero section. All together, this implies
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Theorem 2.23. Let β be a closed 1-form on a closed manifold Q, and
define Stabβ(Q) = min

F
#{q ∈ Q|dβF (q) = 0}, where F is taken among all

functions F : Q× Rm → R which are quadratic at infinity, for all m ∈ N.
That is, Stabβ(Q) is the stable β-critical number of Q. Let L ⊆ T ∗βQ be a La-
grangian which is Hamiltonian isotopic to the zero section Z. Then the num-
ber of intersections between L and Z is at least Stabβ(Q). When L intersect
Z transversaly then this number of intersections is at least StabMorseβ(Q).

This completes half of the proof of Theorem 1.1, the other half of the
proof is Theorem 1.3, relating the stable β-critical number of Q to its
Novikov homology. We first review the basics of Morse-Novikov homology.

3. Overview of Morse-Novikov homology

In this section we present the basics of the construction of the Morse-Novikov
complex associated to a closed 1-form on Q. We also recall its essential prop-
erties we need to prove Theorem 1.1. We refer the reader to more compre-
hensive references like [11] and [19] for more details.

We assume that Q is connected. A closed 1-forms η is Morse if near
each of its zeros it is the derivative of a function whose Hessian h is a non-
degenerate quadratic form. It follows from Morse’s Lemma that any 1-form
whose graph intersects the 0-section transversely is Morse, therefore closed
1-forms are generically Morse in any fixed cohomology class. We refer to a
zero of a closed 1-form η as a critical point of η. Given a critical point q of η
the number of negative eigenvalues of the quadratic form h is independent
of the coordinate system, this number is called the index of q written Iη(q).

Given a metric g on Q we define the vector field ∇η to be the dual of η
with respect to g. We denote by xηt the flow of ∇η. We will always assume
that there is a compact subset K such that

• ∂K is a manifold with corners, presented as ∂K = ∂+K ∪ ∂−K, where
∂±K are smooth manifolds with boundary ∂+K ∩ ∂−K,

• All critical points of η are in K (in particular there are finitely many
critical points),

• ∇η is complete, so xηt is defined for all t ∈ R,

• Each trajectory of ∇η intersects ∂K at most once. Those trajectories
which intersect the interior of ∂+K or ∂−K intersect transversely: ∇η
points into K at ∂−K and out of K at ∂+K. Those trajectories which
intersect ∂+K ∩ ∂−K are disjoint from the interior of K.
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Critical points q have stable and unstable manifolds W s(q) and W u(q) de-
fined by

W s(q) =
{
q′| lim

t→∞
xηt (q

′) = q
}

and W u(q) =

{
q′| lim

t→−∞
xηt (q

′) = q

}
.

Note that W u(q) is a disk of dimension Iη(q) and W s(q) is a disk of
dimension n− Iη(q). We say that the pair (η, g) is Morse-Smale if for any
critical points q, q′ of η the disksW u(q) andW s(q′) intersects transversely. In
this situationW s(q) ∩W u(q′) are open manifolds of dimension Iη(q)− Iη(q′)
with an action of R on them which is free (unless q = q′).

For a ring R we denote by Λη(Q,R) the completion of the group ring
R[π1(Q)] given by series of the form

∑
i aigi where limi→∞

∫
gi
η = −∞.

Now for any critical points q of η we choose

1) A path gq from q to the base point.

2) An orientation of the tangent space of q (we do not assume Q is ori-
entable).

Given two critical points q, q′ of η such that Iη(q)− Iη(q′) = 1 then any
component γ of W s(q) ∪W u(q′) is copy of R which compactifies to a path
from q to q′ which, together with the capping paths gq and gq′ , gives an
element gγ of π1(Q).

This gives the series uq,q′ =
∑

γ ±gγ , which is in Λη(Q,R) since we follow
negative trajectories of ∇η. The sign ± is determined by whether or not the
chosen orientation of TqQ transports to the one of Tq′Q along the path γ.

The Morse-Novikov complex of (η, g) is given by

Ck(η,R) = ⊕Iη(q)=kΛη(Q,R)〈q〉

with differential d(q) =
∑

Iη(q′)=k−1 uq,q′q
′. We have that d2 = 0, and the

homology of (C∗, d) is called the Morse-Novikov homology of η, denoted
HNov
∗ (η).

When Q is compact it follows from a Theorem of Sikorav in [22] (see
also [20]) that this homology is the homology of Q with local coefficients in
Λη(Q,R) (thought of as a module over R[π1(Q)]). More generally, given the
hypotheses stated above HNov

∗ (η) is isomorphic to the homology of the pair
(K, ∂−K), again using local coefficients Λη(Q,R) (see [13]).

When F is a field, Λη(Q,F) is a field as well. We note that Novikov
homology satisfies Poincaré duality

H∗(K, ∂−K; Λη(Q,F)) ∼= HdimK−∗(K, ∂+K; Λη(Q,F)),
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where for non-orientable Q we additionally assume F ∼= Z2. (Here we have
also used universal coefficients for simplicity). The use of field coefficients
is important to have isomorphic homologies with local coefficents for the
homomorphisms η and −η. See [19, Corollary 2.9] and [11, Section 1.5.3] for
details and generalizations.

4. Rigidity of Lagrangian intersection

We are now ready to prove Theorem 1.3, completing the proof of Theo-
rem 1.1. Before going into detail, we quickly prove the result in the case
where the function F is positive everywhere. Then

dβF = dF − Fβ = F (d log(F )− β).

Since d log(F )− β is closed, Morse-Novikov homology gives immediate
bounds on the number of its zeros.

The general case is built from this, by choosing an auxiliary positive
function and relating its zeros to those of F . In general, we are not aware of
a way to define a natural chain complex whose generators are the zeros of
dβF .

Proof of Theorem 1.1. From Theorem 2.23 it remains to find a lower bound
of the number of zeroes of dF − Fβ where F is a function on Q× Rm, so that
there is a compact ball B ⊆ Rm such that outside of Q×B, F (x, ξ) = q(ξ)
where q is a non-degenerate quadratic form of index k. Because we can
stabilize F we can assume that k > 0 without losing generality. Up to a
small perturbation not affecting the zeroes we can also assume that β-critical
values of F are not 0. Fix a metric g on Q inducing the product metric g ⊕ g0
on Q× Rm, we denote by ∇ : T ∗(M × Rm)→ T (M × Rm) the map induced
by this metric.

Choose ε > 0 such that for all (x, ξ) such that |F (x, ξ)| < 2ε we have
dβF (x, ξ) 6= 0 and dF (x, ξ) 6= 0. Let X+ := {(x, ξ)|F (x, ξ) ≥ ε}, X− :=
{(x, ξ)|F (x, ξ) ≤ −ε} and X0 := {(x, ξ)| − ε ≤ F (x, ξ) ≤ ε}.

Let G be a function on Q× RN so that G(x, ξ) = |F (x, ξ)| outside of
X0, depends only on ξ outside of Q×B and G(x, ξ) > 0 everywhere. Note
that outside of Q×B the gradient vector field of dβ|F | is transverse to ∂X±
so we can ensure that ∇(dG−Gβ) t ∂X0.

We then let H := logG, and notice that the zeros of γ = dH − β are
the same as the zeros of G(dH − β) = dG−Gβ. Therefore, the zeros of
dF − Fβ are the same as the zeros of γ on X+ ∪X−, though γ will also
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have additional zeros in X0. Since γ is closed and [γ] = [β] we can now
relate this to HNov

∗ (Q, [β]).
At first, we work with HNov

∗ as homology with local coefficients in
Λβ(Q,F), rather than Morse-Novikov homology. Throughout the next sec-
tion, HNov

∗ will always be taken in the homology class [β]. Let

r = rk(HNov
∗ (Q, [β])),

and consider the exact sequence of the pair (X0, X0 \Q×B).

HNov
∗ (X0, X0 \Q×B)

[−1] // HNov
∗ (X0 \Q×B)

��
HNov
∗ (X0)

jj

Outside of B, we have that F (x, ξ) = q(ξ), and therefore X0 \Q×B ∼=
Q× Sk−1 × Sm−k−1 × (−ε, ε)× (0,∞). Thus

rk(HNov
∗ (X0 \Q×B)) = rk(HNov

∗ (Q)⊗H∗(Sk−1 × Sm−k−1)) = 4r,

and it follows that either HNov
∗ (X0, X0 \Q×B) or HNov

∗ (X0) must have
total rank at least 2r. We consider each case separately, with the goal of
proving the inequality

(4.1) rk(HNov
∗ (X+∂X+)) + rk(HNov

∗ (X−, ∂X−)) ≥ r.

Case (1) rk(HNov
∗ (X0)) ≥ 2r:

Consider the Mayer-Vietoris sequence for (X+ ∪X0) ∪ (X− ∪X0), which
is

HNov
∗ (Q× Rm)

[−1] // HNov
∗ (X0)

��
HNov
∗ (X+ ∪X0)⊕HNov

∗ (X− ∪X0)

jj

This implies that

rk(HNov
∗ (X+ ∪X0)) + rk(HNov

∗ (X− ∪X0)) ≤ rk(HNov
∗ (X0)) + r.

By looking at the exact sequence of the pair (X+ ∪X0, X0), we get

rk(HNov
∗ (X+ ∪X0, X0)) ≥ rk(HNov

∗ (X0))− rk(HNov
∗ (X+ ∪X0)),
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and we get a similar inequality for the pair (X− ∪X0, X0). Rearranging
these three inequalities gives

rk(HNov
∗ (X+ ∪X0, X0)) + rk(HNov

∗ (X+ ∪X0, X0))

≥ 2 rk(HNov
∗ (X0))− rk(HNov

∗ (X+ ∪X0))− rk(HNov
∗ (X− ∪X0))

≥ rk(HNov
∗ (X0))− r ≥ r,

which proves the inequality 4.1 after applying excision.
Case (2) HNov

∗ (X0, X0 \Q×B) ≥ 2r:
Consider the Mayer-Vietoris sequence:

(4.2) HNov
∗ (Q× Rm, Q× Rm \Q×B)

[−1] // HNov
∗ (X0, X0 \Q×B)

��
HNov
∗ (X+ ∪X0, (X+ ∪X0) \Q×B)⊕HNov

∗ (X− ∪X0, (X− ∪X0) \Q×B)

ll

Notice that the pair (X+ ∪X0, (X+ ∪X0) \Q×B) is homeomorphic
to (X+, X+ \Q×B), since ∇F presents X0 as a collar neighborhood of
∂X+ ∪X0. Using excision we have that

HNov
∗ (X+, X+ \Q×B) ∼= HNov

∗ (X+ ∩Q×B,X+ ∩ ∂(Q×B)).

Furthermore since we are using field coefficients, and using the hypothesis of
either orientability of Q or F = Z2 we can apply Poincaré duality to obtain

HNov
∗ (X+ ∩Q×B,X+ ∩ ∂(Q×B))

∼= HNov
m+n−∗(X+ ∩Q×B, (∂X+) ∩Q×B).

We also note that the pair (X+ ∩Q×B, (∂X+) ∩Q×B) is homeomor-
phic to (X+, ∂X+), since F is standard outside Q×B. In summation we
obtain an isomorphism

HNov
∗ (X+ ∪X0, (X+ ∪X0) \Q×B) ∼= HNov

m+n−∗(X+, ∂X+),

and also a similar isomorphism for X−. Using excision and Künneth we also
see that

HNov
∗ (Q× Rm, Q× Rm \Q×B)

∼= HNov
∗ (Q)⊗H∗(Rm,Rm \B) ∼= HNov

∗+m(Q).

Putting these ingredients together, the exact sequence 4.2 becomes



i
i

“2-Murphy” — 2019/9/9 — 17:15 — page 659 — #21 i
i

i
i

i
i

Conformal symplectic geometry of cotangent bundles 659

HNov
∗+m(Q)

[−1] // HNov
∗ (X0, X0 \Q×B)

��
HNov
m+n−∗(X+, ∂X+)⊕HNov

m+n−∗(X−, ∂X−)

jj

This immediately implies the inequality 4.1.
We now return to Morse-Novikov homology. By our construction of

γ = dH − β, we have that −∇γ is transverse to ∂X+, and pointing out
of X+. Furthermore −∇γ is transverse to X+ ∩ ∂(Q×B), pointing into
X+ ∩ ∂(Q×B). Therefore the Morse-Novikov homology of γ on the mani-
fold X+ ∩Q×B is computing the homology

HNov(X+ ∩Q×B, (∂X+) ∩Q×B, [β]),

which is isomorphic to HNov
∗ (X+, ∂X+, [β]). Similarly the Morse-Novikov

homology of γ on the manifold X− ∩Q×B computes HNov
∗ (X−, ∂X−, [β]).

Inequality 4.1 therefore implies that γ must have at least r critical points
on X+ ∪X−, which completes the proof. �
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