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EXPONENTIALLY SMALL ASYMPTOTICS FOR INTERNAL
SOLITARY WAVES WITH OSCILLATORY TAILS
IN A STRATIFIED FLUID

S. M. Sun and M. C. Shen

ABSTRACT. The objective of this paper is to develop rigorously a method of ex-
ponentially small asymptotics for the solution of the equations governing internal
solitary waves with oscillatory tails in a density-stratified fluid.

1. Introduction

A recent remarkable discovery in the mathematical theory of solitons is the so-called
generalized solitary wave, which consists of a solitary wave plus an oscillatory tail
at infinity, and many new ideas have been developed to deal with mathematical dif-
ficulties encountered in proving its existence. A generalized solitary wave was first
found in the study of progressive surface waves on a liquid of constant density with
small surface tension. Let B be the Bond number, a nondimensional surface tension
coefficient, and F', the Froude number, the square of a nondimensional wave speed.
For 0 < B < 1/3 and F > 1 but near 1, the eigenvalue problem associated with
the linearized governing equations possesses a positive eigenvalue and the correspond-
ing eigenfunction is periodic in the horizontal direction. The effect of the periodic
eigenfunction manifests itself at infinity where a solitary wave solution decays to zero.
Hence a generalized solitary wave comes into being. The existence proof of a gen-
eralized solitary wave was first given independently by Beale [1] and Sun [2] on the
basis of different methods. However, there are also some similarities in the underlying
ideas used in the two approaches. Essentially one has to deal with functions, which
consist of a part decaying to zero at infinity and a part being periodic. The latter
part is characterized by its amplitude and phase shift. Other existence proofs based
on center manifold theory were given by Iooss and Kirchgassner [3], and Turner [4].
Recently generalized solitary waves have also been found in a density-stratified fluid
without surface tension. For example, in a two-layer fluid with free surface a general-
ized solitary wave appears as an internal wave at the interface [5]. For a continuously
density-stratified fluid with free surface supported by a rigid horizontal bottom, one
has to deal with two eigenvalue problems. One eigenvalue problem under the long
wave approximation with v = F~! as the eigenvalue parameter yields infinitely many
positive eigenvalues, v,,n = 0,1,2,3,.... A progressive wave solution may appear with
a wave speed near vy, /2 For each Up, there is another eigenvalue problem correspond-
ing to the linearized governing equations with 4 as an eigenvalue parameter. There are
at most finitely many positive eigenvalues, the corresponding eigenfunctions of which
are periodic in the horizontal direction. It has been shown [6] that for v = vy there is
no positive eigenvalue of u, and this case is similar to the classical solitary wave on a
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liquid of constant density without surface tension as studied in Friedrichs and Hyers
[7]. For v = v there appears a positive eigenvalue of p and a generalized solitary
wave, which represents an internal wave, emerges. For v = vy, k > 1, there may exist
more than one positive eigenvalue of y. Results for these cases may be found in [6],
(8], [9]-

The most intriguing question regarding a generalized solitary wave concerns the
amplitude of its oscillatory tail at infinity. In the case of a liquid of constant density
with small surface tension, Beale [1] proved that the amplitude is asymptotically small
beyond all orders of a small parameter, and conjectured that it should be exponen-
tially small. The conjecture has been proved to be correct [10]. Naturally one may
ask whether a generalized solitary wave corresponding to v; in a stratified fluid with-
out surface tension may share the same property. We note that a formal asymptotic
approach to the problem of generalized solitary waves in a stratified fluid with fixed
boundaries was used by Akylas and Grimshaw [11], and the same problem was also
treated by Kirchgédssner and Lankers by the method of center manifold theory [12].
However, up to now a rigorous derivation of the exponentially small estimate in the
case of a stratified fluid is still lacking. The objective of this paper is to develop a rig-
orous asymptotic method for the solution of a system of nonlinear integro-differential
equations in order to obtain an exponentially small estimate for the amplitude of the
periodic part of the solution, which is the oscillatory tail of a generalized solitary wave
in a stratified fluid. Our main contribution may be stated in the following theorem:

Assume that the fluid motion is steady in reference to a coordinate system moving
at a constant speed. Let p(v) > 0 with p’(0) < 0 and U(¢) > 0 be the density and the
horizontal velocity of the fluid at equilibrium and z;(n) and Z(n) be the eigenfunctions
corresponding to the eigenvalues 0, 2 of u, respectively, where x > 0, ¥ is the stream
function, 0 < 9 < 1 with ¥ = 0 at bottom and ¥ = 1 on the free surface, and

— v -1 — v 1/2 -1
n(y) = /0 q(t)~'dt = /0 PR U@) L dt.

If v = vy (1 — 1€) with 6 > 0, then for small € > 0 there exists a streamline function
f(X,v), where ¢ = ¥(X, f) = constant along a streamline with —co < X < +o0,
satisfies the exact equations governing the motion of the flow, such that

F(X,9) = n(®) + eS(e'/?z) 1 (n(3)) + A cos(k(z — § tanh z))Z(1(%))
+ €201 (z,v) + AeOs((x — 6 tanh z),7).

Here z = X (1 —0€)~'/2, ¢ will be determined as part of the solution with o bounded,
§ is a.given phase shift satisfying sin éx # 0 assumed to be small,

5(€) = (181/an )sech® (=151 /1) /¢/2),

is the approximate solution for a sblita.ry wave in a stratified fluid with
1
m=- /0 q*(n)23 (n)dn,
1
o = /O a*(m)z, (n)dn #0,

By = /0 g2 ()22, (n)dn,
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Oi1(z,9) = O(exp(—d|z|e!/?)) with d a positive constant, Oz(y, ) is periodic in y
with period 27 /x and bounded for small ¢,

|4] < Ke™D/2 exp(—tre/?)

for 0 < m(=6181/m)"? — 7 < £ < w(=61B1/1)"1/? with a fixed arbitrarily small
number 7 > 0, n is any fixed positive integer, K is a constant independent of € and
A is the amplitude of the oscillatory tail. We refer a reader to the survey paper by
Boyd [13] for more physical examples of generalized solitary waves, and to Segur,
Tanveer and Levine [14] for discussions on solitary waves in the presence of small
surface tension by Vanden-Broeck [15] and Beale [16], and on exponential asymptotics
by Meyer [17] among others. Here we remark that in the case of constant density and
nonzero surface tension some numerical evidence [15] indicates that there might be
solitary waves without ripples at infinity for special values of parameters involved. It
is certainly an open question whether the amplitude of the ripples could be zero.

This paper is organized as follows. In Section 2, we first formulate the problem
in terms of the streamline function. In Section 3, an approximate expression for the
solitary waves in a stratified fluid is derived by a formal asymptotic approach. In
Section 4, basically we expand a solution of the governing equations in terms of the
eigenfunctions corresponding to the zero and the positive eigenvalue of ¢ and oth-
ers. Two solvability conditions are prescribed so that the Green’s function of the
linearized equations can be constructed. Then we transform all differential equations
into integro-differential equations via Green’s functions and extend the horizontal vari-
able to the complex plane. Furthermore, we consider functions consisting of two parts.
One part decays to zero at infinity and the other is periodic in the horizontal direction.
Several Banach spaces for these functions are defined for later use. In Section 5, the
norms of the integral operators corresponding to the Green’s functions are estimated.
In Section 6, the integro-differential equations are also decomposed into two parts, one
for decaying functions and the other for periodic functions. A priori estimates of their
solutions are derived. The important result is the exponentially small estimate of the
amplitude of the periodic part. Finally in Section 7, an existence theorem is proved
by means of the contraction map theorem, which implies the theorem just stated.

2. Formulation

We consider a two-dimensional wave of permanent type moving with constant velocity
¢ > 0 in a layer of inviscid, incompressible fluid of variable density with a free surface
over a rigid horizontal bottom. A coordinate system moving with the wave is chosen
so that in reference to the coordinate system the fluid flow is steady. The governing
equations are the following, in 0 < y* < (*(z*),

P (Wl + 0" = —pie,
p*(u vz, + v v.) = —p*g — P,
U + V5 =0,
u*pge + v py. =0,
at the free surface y* = *(z*),

v . —v* =0, p* =0,
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at the rigid bottom y* =0,
v* =0,
where p* is the density, (v*,v*) is the velocity, p* is the pressure and g is the gravi-
tational acceleration. Following Yih [18], we introduce new dependent variables i, ¥
such that
i= (p*)1/2u*, ?7=(p*)1/2'l)*,

and the governing equations become

Ullgs + Vihy» = —p;_’ (1)
Ubge + Ty = —p*g — P;*, (2)
Uz + Ty» = 0, (3)
Upge +Tpy. =0 (4)
at the free surface y* = (¥,
(. —9=0, p*=0; (5)

at the bottom y* = 0,

(6)

<

=0.
From (3), a stream function ¥*(z*,y*) may be defined such that
& =P, (z5,y"), ¥=—9.(z",y"). )

Note that the domain for (1) to (6) is unknown since (* is to be determined as part
of the solution. However both the free surface and bottom are streamlines. Thus to
have a fixed domain, we use z* and %* as independent variables and the so-called
streamline function f* as the dependent variable such that ¥*(z*, f*) = constant
defines a streamline. From (4), it is easy to see that p* = p*(¥*) and by (1) and (2)
we have

V2 + g(dp* [dp*)y* = dh* [dy*, (8)

where h*(9p*) = ((¥3.)? + (¥3.)?)/2 + p* + gp*y*. Equation (8) was first formulated
by Dubreil-Jacotin in 1935 [19]. We let the bottom y* = 0 be ¢* = 0 and on the free
surface y* = (¥, ¥* = 9} and

(W) + W5.)*)/2+ D" + gp*¢* = h*(45). 9)
Also by the definition of f*, we have
Yye =1/ fher  Yze = —fou/fe-
Thus (8) and (9) become
/(A + (5D ) yo = (F5 /T o
+ g(dp* [dyp™) f* = dh* [dyp*,

(1/2) (1 + (f3-)°)/(F3-)2 + gp* f* = R*(¥}) at ¥* =45, (11)
fr=0at9* =0, (12)

(10)
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where p* = 0 at ¢* = %! is used. We can make all the variables nondimensional by
introducing dimensionless variables

X =gz*/H*, p=p*/po, ¥ =%"/c:H", f=f"/H,
u=u*/c, s =vY;lcaH" =1, h= h*/2, D= h*(qﬁ:)/c?,
v =pogH" /& = gH"Je, &1 =pyc,

where H* is the uniform depth of the equilibrium state, po is a characteristic density
and D = D(v) is a parameter depending on v. Rewrite (10) to (12) as

1/2)((1 + f?c)/(fw)2)¢ — (fx/fy)x +v(dp/dd)f = dh/dy, (13)
(1/2)A+ f%)/ 5 +ve()f =Dw) at ¥ =1, (14)
Ff=0aty=0. (15)

First let us consider an equilibrium state f = n(%) as a solution of (13) to (15)
independent of X. If the equilibrium velocity is (u,v) = (U(%),0), then

fo = @71 = (P2@)UE) ™ = (g(¥)) !

P 16
() = /0 (b, (1)

We let (1) = 1 by a suitable choice of pp. Also assume q(¢p) > 0 for 0 < 9 < 1. Since
n(1) is an equilibrium state for (13) to (15), h(4) and D(v) must be chosen by

¥
b) = D)+ [ (/21 e )o -+ vido/ i a7)
D(v) = (1/2)(1/ny(1))* + vp(1)n(1). (18)
From (16), we can represent % as a function of 7 and thus f (X,%) = f(X,%(n)). Since

n() is the equilibrium state and the solutions of (13) to (15) are only considered as
perturbations of the equilibrium solution, we assume

F(X,9) = n(4) +w(X,n) = n(®) +w(X,n(¥)), (19)

where w is a function of X, 7. Therefore by (13) to (15), (17) to (19), w(X,n) satisfies

(1/2)(¢* 2wy + w} — v%) /(1 +wn)),,

(20)

+¢*(wx /(1 +wy)) x — voyw =0,
(1/2)¢*(1)(2wy, + wf, —wk)/(1+ wy)? —vp(lw=0at n=1, (21)
w=0atn=0, (22)

where ¢ and p are considered as functions of 7 also if no confusion arises. In the
following, we shall use (20) to (22) as our basic governing equations.
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3. Formal derivation of solitary waves

We rewrite (20) to (22) as

Ly(w) = (‘12"“77)77 = vppw = $1(X,m), (23)
wy —vp(L)g *(Nw = ¢2(X) at =1, (24)
w=0atn=0, (25)

where
$1(z,m) = —*wx x + (3/2)(¢°wh)y + Fi(w),
Fi(w) = (1/2)(¢*(wk — 4w) - 3wp) /(1 +wy)?),
+g* (wxwny /(1 +wy))x,
¢a(2) = (3/2)w] + Fa(w),
Fy(w) = (1/2)(wk — 4w} — 3wp)/(1 + wy)?.

Assume p, < 0, g2 > 0 and both are sufficiently smooth. It is known from Sturmian
theory (Dunford and Schwartz [20]) that the eigenvalue problem

L,(q) = (qzzn)n —vpnz =0, (26)

z—vp(l)g*(1)z=0at n=1, (27)

z=0atn=0, (28)

possesses simple eigenvalues 0 < vy < 13 < -+, v, — 400, and 2o(7), 21(n),... are

corresponding real eigenfunctions. The asymptotic forms of v, and z,(n) for n > 1
are

1 -2
v, = n’n? (/(; Q(t)dt) +0(1), (29)
onlm) = (a(n)@Y/2(m)) " sin (v:/? / ’ Q(t)dt) L 0(1/n), (30)

where Q(1) = ¢~ 1(n)(—py)*/?. Let v in (23) to (25) be an eigenvalue v, of (26) to
(28). Then (23) to (25) is solvable if and only if the solvability condition

1
N(d1, d) = / en(m)br (X, mdn — za(1)da(X)g(1) = O, (31)

holds.
Now let v be near v, and write v = v, (1 — 6,€) in (23) to (25) where € is a small
positive parameter. Assume X = £e~1/2 and

w =6(’IU1(£,77)+€’ll)2(€,7])+“‘), (32)

and substitution of the above formal series expansion in (23) to (25) yields a sequence
of approximate equations and boundary conditions for w;,ws,.... The equations for
w; are the same as (26) to (28) with » = v,,. Thus

wi(§,m) = S(€)za(m),
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where S(£) is to be determined. The equations for w, are

L, (we2)= -qzwmg + (3/2)(92’”-’?7;)17 = UpnOpppwi,
Way — Vap(1)g~ 2 (Dws = —vnbnp(1)g 2(1)wy + (3/2)wi, at np=1,
wy =0atn=0.

By the condition (31), we have

[ 5052+ 6D 05 ) vaapy S
0 — 2n(1)(=Svnbnp(1)2a(1) + (3/2)8%22,(1)¢*(1)) = 0,
and it follows that
TnSee = (3/2)anS® + 62608 = 0, (33)

where
1
Yo = — /0 q°(n)z2 (n)dn,
1
oy = /O a*(n)23,,(n)dn,

1
Ba= [ )2y,
and z, satisfies (26) to (28). We note that v, < 0 and B, > 0, and obtain
S(f) = (5n:6n/an)se(:h2 ((—6nﬂn/7n)1/2(€ - 50)/2)> (34)

provided o, # 0 and 6, > 0, where & is constant and will be set equal to zero.
Therefore wy(X,n) = €S(€/2X)z,(n) is formally a first order approximation to a
solution of (23) to (25). Since the case for n = 0 has been studied in [6], here we
only consider the case of n = 1. In the following, we shall rigorously prove that
w1 (X, n) with an exponentially small oscillatory tail at infinity is an approximation
to a solution of (23) to (25). Needless to say, the formal asymptotic series in powers
of e fails to catch the exponentially small term. Furthermore the classical existence
proof of a solitary wave can not be carried over because of the appearance of a positive
eigenvalue of p as shown in the next section.

4. Integro-differential equations and Banach spaces

Assume v = v (1 — 61¢€) and rewrite (23) to (25) as

(qzwn)n + qz'wXX — V1ppW = (3/2)(q2'w%)n —wnbepqw + Fi(w), (35)
wy = v1p(1)g 2 (Vw = —1b1ep(1)g*(w + ¢2(X) at n =1, (36)
w=0atn=0. 37)

We consider the following eigenvalue problem,
(qun)n —vipyN = /quN, (38)
Ny —vip()g?(1)N =0at n =1, (39)

N=0atn=0. (40)
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Here p = 0 is an eigenvalue of (38) to (40) and 2 () as an eigenfunction of (26) to (28)
is also an eigenfunction of (38) to (40). As shown in [18], 21(7n) has exactly one zero
in (0,1). By usual Sturm oscillation theorem [20], we know that u = 0 is the second
largest eigenvalue for (38) to (40) since 21(n) has only one zero in (0,1). Note that
—p is the eigenvalue parameter in the Sturm oscillation theorem. Thus (38) to (40)
have exactly one positive eigenvalue x? with the corresponding eigenfunction Z(n)
and fol Z%(n)g?(n)dn = 1. Also there exist infinitely many negative eigenvalues of (38)
to (40), denoted by —k?,—k2,... — k2 — —oco with the corresponding eigenfunctions
un(n) and

/0 w2 (n)g*(n)dn = 1.

By the general Sturm-Liouville theorem, we have that for large n

kL2 = nm + g +0(1/n), (41)
un(n) = g7 (n)(vV2sin(k;/*n) + O(1/n)). (42)

Now we let
w(X,n) = e(a*(X)Z(n) + b*(X)z1(n) +6*(X,n)) (43)

subject to the orthogonality conditions

/ Z(m)8* (X, ) (m)dn = 0,
: (44)

/0 (00" (X, m)d(n)dn = 0,

for all X .Basically (44) are the conditions to separate the components a*(X)Z(n)
and b*(X)z;(n) from 6*(X,n) in the solution w. Furthermore, they also ensure the
existence of a Green’s function to be constructed later. Let X = z/(1 — 0¢)'/? (Beale
[1]). We note that the strained horizontal variable X is introduced here so that o can
be considered as an extra unknown to be determined by solvability conditions as seen
later. If we let 6* = 8(z,n), a* = a(z) and b* = b(z), then (35) to (37) become

(¢%6,)n + ¢*0zz — vipnf = Fs3(0,a,b,0), (45)
6y — v1p(1)g2(1)0 = Fy(0,a,b,0) at n =1, (46)
#=0atn=0, (47)

where
Fs(0,a,b,0) =ceq*(aZ + bzy + 0)gp — v161€pn(aZ + bzy + 6)
— @®byzz — @ (e + K2a)Z + (3/2)e(q®(aZ + b2y + 0)727),,
+ € 1Fi(e(az + bz +0)),
Fy(0,a,b,0) = — v161ep(1)g~*(1)(az + bz1 + 6)
+ (3¢/2)(aZy + b2y + 6,)? + € 1 Fa(e(aZ + b2y + 0)).

We multiply (45) by either Z(n) or z1(n), integrate the resulting equation with respect
to m from zero to one and simplify it by integration by parts and boundary conditions
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(46) and (47). Then by use of (44) we have the following two conditions for F, and
F4a

1
| Pa(o.a(e)b@), 0@ ) Zn)in - 2O ZWF| _ =0, (48)

1
/0 Fy(o,0(2), bz, 0z, )z () — P (DR =0. (49)

Since we need to show that wy(X,n) = eS(e!/2X)z1(n) is an approximation to a
solution of (35) to (37), we let

b(z) = S(e*%z) + w(z), (50)

where S(£) is defined in (34) with n = 1, & = 0. By substituting (50) for b(z) in (48)
and (49) and making use of the expressions for F3 and Fy, it is obtained that

Waz + 61[31'71‘1&) - 37f1a165(61/2m)w = g1(S,0,a,w,0), (51)
gz + K20 = g2(S,0,0,w,0), (52)

where

01(5,7,0,0,0) =7~ ((3/2)ea1w2 / (= oe(aZ +b21 +0).
+n1616pn(aZ +0) — (3¢/2)(¢°((aZ + bzy +6)2 — (bz)g))n
— € 'Fy(aZ + (w+ )z +0)) 2 (n))dn
+ @ (1)a1(1)( = norep(1)a>(1)(aZ +6)
+ (3¢/2)((aZy + bz + 67) = b(215)°)
+ € Fy (e(aZ + bz + 0))) | 1),

o=
0(X,0,0,0,0) = / 1 (064 (aZ + b +B)ac ~ ibrepy(aZ + b2 +0)
0 +(3/2)e(q*(aZ + bz + 0);‘)‘7)’7
+ €1y (e(aZ + bz + 0)))Z(n)dn
- q2(1)Z(1)( — mb1ep(1)g~2(1)(aZ + bz, + 6)
+ (3¢/2)(aZy + b2y + 6,)?
+ € 'Fa(e(aZ + bz + 0))) I

n=1

Therefore from (35) to (37), we have the equivalent equations (45) to (47), (51) and
(52). Now we transform these equations into integral equations. For (45) to (47), it
is straightforward to find the Green’s function (8]

G(z,m5€,0) = (=1/2) Y un(mua(Q)ky '/ exp(~|z — £|ky/?), (53)

n=1
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by using the eigenfunction expansion of (38) to (40) and (44). Hence the solution of
(45) to (47) with (44) can be expressed as

+o00 1
0(z,7) = /_ /0 G(z,m:¢, Q) Fs(0,a,b,0)dCdé

+o0
- G(:L‘, n; &, ].)F4(0‘, a,b, 9)d§

-0

(54)

From (51), we see that 9;(z) = dS(e}/?z)/dx as an odd function is a solution of
the homogeneous equation. Another linearly independent solution ¥2(z) as an even
function can be easily found. Here ; (z) and ¢2(z) form a fundamental set of solutions
and their Wronskian is one. Thus if w(z) and g1(z) in (51) are even, (51) can be
inverted to

+c0

w() = (o) [ “pa()ar()ds +va(x) [ n(s)an(s)ds

= /+°° k(z,s)g1(s)ds (55)
0
for z > 0, and |
+o0
w(z) = /0 k(—x,8)g1(s)ds

for z < 0. Finally we can transform (52) into
T
a(z) = ficoskx + (l/n)/ sin s(z — s)g2(s)ds (56)
0

if a(z) and go(z) are even, where fi is a constant to be determined later. Therefore
we only need to show that there exists a solution (a,b,0) of (54) to (56) when ¢ is
small. Note that S(e!/2z) in (34) can be analytically extended to complex z-plane
with |Im 2| < m(=6181€/71)~1/2. In order to obtain an exponentially small estimate,
we also need to extend the domain of solutions to the complex plane. Thus (54) to
(56) are rewritten in terms of the complex variable z where Re z = = as

0(z,m) = ( [+ +°°) / ' G m36,0)Fr(o,a, b, 0)dCdg

- ( /_ ; + / +°°> G(z,m; £,1)Fi(0,a,b,0)dE
= G(F3(&,0), Fa(8))(z,n), (57)
w(z) = /0+oo k(z,s)g1(s)ds = L(g1(s))(2), (58)
a(z) = ficos kz + (1/K) /0 “sink(z — $)ga(s)ds = Plga(s))(2)y  (59)
and find even analytic functions 6(z,), w(z) and a(z) as solutions of (57) to (59) in

[Im z| < £e=1/2 for 0 < £ < (—8181/71)~*/2. Also the integrands in (57) to (59) are
in |Im z| < Le~1/2,
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In the following, we define some Banach spaces for later use. Let 0 < A < 1, m,n
be nonnegative integers and

D, ={(2,m) | 0<n<1,-00< Rez<+oo,|Im 2| < 7},

and define
C°f(z,n)= sup (|f(z,m) exp(de'/?[Re 2|)),
zyﬂ)eDr
C*f(z,m) = sup (I7(z,m)| exp(—&[Im zl)),
Z,7 ™
Hgf(z77])=( SI)IPD ('f(x'l'al +zy,771)—f(.’17+zy,172)|
z,m)eDy
iBrl<t X (82 + (m —m)?) 2 exp(de"/?|al)),
H,.\'-f(z,"): sup (If(37+51+2:l/a771) —f(93+iy;772)|
(zmeD- 2 2\~2/2
l62]<1 x (67 + (m — m2)*) ™2 exp(—«/Im 2|)),

where d > 0 is a constant less than (—6,81/71)/2/4. Then we define Banach spaces
B2, B} and B, as follows:

BY = {f(z,n) € C*(D, x 0,1) | £(,m) is amalytic, f(—z,) = f(»,) and
f(z,m) is real for z € R,

_ omf
min(k,n—2
Iy = 3 S e mmen—oage (=00 )

m=0 k=0
—min(m,n—2)/2 70
+mZ=:0€ min(m H) <—6zm3nn_m) < +oo},

B} = {#(z,n) € C*(Dr, x[0,1]) | £(:,n) is amalytic, f(~2,") = f(z,"),
f(z,m) is real and f(z + 27 /k,n) = f(z,n) for T € R,

n

st = 3 (81 (i) + o0 (sabpr) ) < 4o

m=0
B, = {f(z,n) € C™"(D, x [0,1]) l f(-,m) is analytic and
f(z,m) = f°(z,m) + f (2 — 6 tanh hz,n) where f° € B?
and f* € BY, flls, = I/°llsg + I * 5z }

where b = (1/4)(—6181/71)'/2. Note that in the definition of B, we need D,, in B}
larger than D, in BY by letting r; > 7. In the following we let

=L 24y, r =L 4y, 0< Oy <, (60)

and 0 < £ < m(—6181/71)"2. & is a given constant, called the phase shift of the
periodic part of a function in B,. We keep & small so that f+(z — 6 tanh hz,n) is

well-defined in D,. Also note that £ is any number in (0,7(—6;81/71)). In what
follows we may choose £ in 0 < m(—6,81/71)" /% — 1 < £ < 7(=6181/71)~1/? where
7 > 0 is a fixed arbitrarily small number.
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5. Estimates of the integral operators

First let us consider the integral operator G in (57). By the definition of (57), for
z=1z+1iy € D, and fi(z,7), f2(2) in B, we have

G(fi, fo) = ( [+ +°°) / ' Glems &, (€, Odnd

_ ( [+ +°°) Gz, 1) o)
-( ey / +°°+w) | Gl + iy, ms € O, )Gt

—oo+1y +1y

z+5y +oo+iy
_( / N / )G(:v+iy,n;£,C)f2(€)d£

—00+1y +iy

- ( /_ ;+ / +°°) / ' Clem &, O (€ + iy, Odcde
_ ( / ’; 4 / +°°) Gla, €, 1) fo € + in)de

+o00 1
-/ /0 Gle,m;€, O fs (€ + iy, C)dCde
+o00
- G(IB, 75 €a 1)f2(£ + Zy)d€

—00

=Gi1f1 — Gaf, (61)

where (53) has been used. The integrals in G(fi, f2) transformed to real cases were
studied in [8]. Obviously G(f1, f2)(z,n) is analytic in z. From the estimates in real z
[8], we have

Lemma 1. (1) If fi(z,n) € B} and fo(2) € B}, for n >0, then G(f1, f2)(z,m) €
B}, , and

1G(f1, gz, < K(|I fillgs + ||f2||3:+1)-
(2) If fi(z,m) € BY and fa(z) € BY,, for n >0, then

Gi(f1, f2)(z,m) € By and G(f1, f2) = G1fr — Gafe

o "G h e 3e+jf1)
¢ (3zi3nm—i) <K (Z Z ¢ (azlan.’i

£=1 j=0

with

for0<m<n, 0<:<m,

o [ O™Gafo o~ 0 8&)
¢ (Gzianm“i) SK(;C (Gze
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for0<m<n+1, 0<i<m,

O"rG fr o"t2G fi o ditrf
0 0 0 1
4 (aziaﬂn+k—i) + Hy (aziann+2—z’) = Z (EOC (62137717)

Jor k=1,2, 0<i<n+k, ni =min(n,i), and

an+2gz f2 an+2gz f2 n+1 9° f2 gn+1 fs
0( _~__ JéJa v J2JZ o9 J2 0
c (aziann+2—i> +H>\ (62’077"*’2 z) <K Z (C ( 928 )) + Hy ( §zn+1 >

=i

for 0 <i < n+2, where K is constant.

The proof of Lemma, 1 is only based on the asymptotic behavior of the eigenvalues
and eigenfunctions in (41) and (42). The Green’s function G(z,n;¢, () behaves like

tn(z — €)% + (7= ¢)?) for (z — € + (n — ()* < 4 and like exp(—ky"*|z — £]) for
|z — £|2 > 4. We use these approximations for G(z,7;¢,() and usual arguments for
obtaining a priori estimates of solutions of elliptic equations to prove Lemma 1. Since
the proof is similar to the one in [8], we omit it here.

Now let us study the operator £ defined in (58). By the definition, we have

+00

L(F())(2) = 1 (2) / s+t [ hEf@ds (6

where f(z) € B,. Since f(z) and 12(z) are even and 9, (z) is odd, (62) is well-defined
and Lf is even. To have estimates of £f(z), we need only consider Re z > 0. Let
f(z) € B} and

[i""f(z) = —(1/2)(—’71/51ﬂ16)1/2(/z exp ( - (—6,3151/’71)1/2(2 - 3))
- (63)

x j(s)ds - [ " exp ((—eBubu/n) 2z - 5)) £(5)ds).
By the asymptotic forms of 9;(2) and ¥2(z) for large Re 2, we have
Lf(z) =L f(2) +(Tf)(2), (64)
where (T'f)(z) goes to zero with order of O(exp(—de!/?|Re z|)) for large Re z. Since

a similar integral operator as (62) was discussed in [8] and the only difference is the
coefficients, which will not change the estimates, we state the results without proof.

Lemma 2. (1) For f(z) € B%,we have Lf(z) € BY, ,,
0" Lf(2) -
0 2)/2
o (LLE) < em 2o 1o
form=0,1,2,

o (6mai{,(2>) < K™= f(2)llg_,
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for 2 <m < n+2,m; =min(m,n), and

an+2£ _
1 (L5 D) < ko212

(2) For f(z) € Bif withn >0, we have LY f € BF,,, Tf € B 1,

o+ (QTLJ‘(Z_)) + exp(—tre2)C0 (@zf?@) < K™ fll gy

0zm 9
form =0,1,2,
m r+ "
o+ (ZEIO s oxp-aneycr (P72 < sy

for2<m<n+2, and

2Lt (2 _ OnT2T f(z
(2552 ot (TE) s

A similar proof of this Lemma can be found in [8].

Finally we consider the operator P defined in (59). Let f(z) € B, with f(z) =
fO(z) + f*(z — é tanh hz) and

P(F(s))(2) = ficos kz + (1]k) / " sin 5z — 5)f(s)ds. (65)
0

Since Pf(z) is even, we need only obtain the estimates for Re z > 0. From (65), we
have

Pf(z) = pcoskz + (1/k) /z sink(z — s)f°(s)ds
0
+ (1/k) /z sin k(z — 8) f* (s — & tanh hs)ds
0
= ficoskz + (1/k) /z sink(z — s)f+ (s — 8)ds
+oo0 +o0
+ (1/k) / sin k(z — 8)g°(s)ds — (1/k) / sin k(z — 5)g°(s)ds,
0 z
where ¢°(s) = fO(s) + f+(s — & tanh hs) — f¥(s — 6). Let
(P £(s))(2) = fiecoskz + (1/k) /z sink(z — 8)f* (s — 8)ds
o+°°
+ (1/k)sinkz / cos ksg°(s)ds
0
+o0
—(1/k) cosnz/ sin ksg°(s)ds
0

= pcoskz + gsinkz + (1/k) /Z sink(z — s)f (s — 8)ds,
0 (66)
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where
+00
p=j— (l/m)/ sin ksg®(s)ds,
0

+00
q= (l/m)/ cos ksg°(s)ds.
0
Replace z in (66) by z + § to have

Pt f(z+ 6) = (pcos kb + gsin k) cos kz + (q cos k6 — psin kb) sin kz
0 z
+ (l/n)/ sin k(z — s)f(s)ds + (l/n)/ sink(z — s)f*(s)ds
) 0

= Acoskz + (1/K) /Oz sin k(z — ) fT(s)ds

= (M* f(s))(2), (67)
provided
0 ~
pcoskd + gsinkd — (l/n)/ sinksft(s)ds = A, (68)
-6
gcoské — psin kb + (1/k) /0 cosksft(s)ds =0. (69)
-6

From (68) and (69), we know that ji must be chosen by
_ 0 +o0
= Acoskd + (1/k) / sin k(s + 8) fT(s)ds + (1/k) / sin ksg®(s)ds, (70)
—6 0
and A satisfies

~ +o0 0
Asinék = (1/k) / cos ksg®(s)ds + (l/n)/ cosk(s +8)fT(s)ds.  (71)

0 -5
Thus M f(z) is even. For bounded M f, the following conditions must be imposed

27 /K 27 /K
/ sinksft(s)ds =0, / cosksfT(s)ds = 0.
0 0

The former is automatically satisfied since f*(s) is even and periodic in = with period
27 /k. Therefore we only need

27 [k
/ cosksft(s)ds = 0. (72)
0
An integral path in (67) is chosen as follows: let k; be an integer so that |z —27k; /x| <
2w [k with z = z + iy and
Po={z1=mz +1iy | (0 < 71 < 2ki7/k,91 =0),
a smooth curve joining (2k;7/k,0) with z + ¢y in D,,
and having length less than |y| + 47 /x}.

By using the path p, and the properties of sin k(z — s), we have
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Lemma 3. If f¥(2) € B}, and satisfies (72), then
2
/ sink(z — s)f*(s)ds € B3,
0

and
< Ke ' ) £ g

” /OZ sink(z — s)fT(s)ds =,

By definition of P f, we have
+00
Pf(z) = PHf - (1/K) / sin k(2 — $)g°(s)ds
=Mtf(z-6)— (1/x) /+°° sin k(2 — 5)g°(s)ds
= M*f(z — 6 tanh h2) + (P°f(s))(2), (73)
where
(P°f(s))(z) = M* f(z — 8) = Mt f(z — 6 tanh hz) — (1/k) /+oo sin k(z — 5)g°(s)ds.

Since P f and M+ f(z—& tanh hz) are even, P° f is even. So only estimates of P°f for
Re z > 0 are needed. By using Lemma 3, the estimates for [, z+°° sin k(z — 8)g°(s)ds
and the definition of g%(s), we have

Lemma 4. For f(z) = f(z) + f+(z — § tanh hz) € Bp, P°f € BY, 4 and

o (O"P°f wl i —1/2)| ¢+ 112
C < K| (lAcosrzllgs  +e7Ilf Iz, ,) exp(rte™?)

Ozm

m £0
41200 (%?J;_) ) for0<m<m,

2 ntkpO 20 )
ZCO <6 P f) +H2 <6 P f) SK<(|A| +€_1/2”f+”B:+1) exp(née"1/2)

3zn+2
_ 3nf0 anfo
1/2 0 0
v (e (G) 2 (55)) )

A similar proof can also be found in [8]. Now we have all the estimates of the
integral operators we need.

6. Decomposition of the equations and estimates
In (57), (58), and (59), we let

a(z) = a®(2) + a*(z — 6 tanh h2), w(z)= w(2) + w (2 — & tanh hz),

74
6(z,1) = 6°(z,m) + 01 (2 — & tanh hz,7n), (74)
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where a°,w° and 6° belong to By, and a™,w* and 6 belong to B}, , for n > 0. We
further assume

a°(2) = €12¢2(2), w°(2) = /263(2), 6°(z,m) = €24z, m),
at(z) = Avi(2) = A(cos kz + €'/*p} (2)), (75)
wt(2) = Auy(2) = Ae'pS (2), 6% (2,m) = Avs(z,m) = Ae'pf (2,m),
where we express A the amplitude of the oscillatory tail as
A= A2 exp(—tke /%) = A, exp(—Lre1/?), (76)

and A is some constant to be estimated later for the application of the contraction
mapping theorem.

Now let us consider (57) in the domain D,. Since the Green’s function G(z,7;¢,¢)
is orthogonal to Z({) and z;({) we only have to estimate

Hi(o,S,a,w,0)(z,m) = 0€q? 0,4 — vibrepp(aZ + (S + w)z1 + 0)

+ (3/2)e(*((S + w)z1 + aZ + 9)%)77 + €' Fi(e(aZ + (S +w)z1 +6)), (77)
H(0,S5,a,w,0)(2) = —11616p(1)g2(1)(aZ + (S + w)z1 + 6)
+(3e/2)(0Z,+ (S + )iy + 6,7 + € FolelaZ + (S +w)as +6)),
instead of F3 and Fj in (57). Let
Hi (0,v1,v2,v3, A)(2,m) = A" H, (7,0, A(cos kz + v1), sz,Avg)(z ),
H (0, v1,v2,v3, A)(z) = A" H; (0,0, A(cos kz + v1), Avy, Avg) (2), 79)

HY(0,8,a,w,0)(2,1) = Hi(0,5,a,w,0)(z,n) — AH{ (z — § tanh hz,7),
HY(0,8,a,w,0)(2) = Hy(0, 5, a,w,0)(2) — AHS (z — § tanh hz).
By checking terms in H;f and HJ, for |o| + Zle [lvs | BY,, < K we can obtain that
H{" € B},, and Hf € B}, with
+ +
Therefore by Lemma 1, it follows that G(H;", H)) € Bn 43 and
I H el gy < Ke.
Also by checking terms in H{ and HY, we have that if
20| +1a®lIpg,, + [60llms,, + 100, < Kel2,

and
3

[lv; — cos /‘zzllB;r+3 + Z "vil]BLs < Ke'l?, (80)
1=2

then HY € B) and HY € BY,,. By Lemma 1 and the definitions of Banach spaces,
Q(Hf,H2) € BO D 2 and for n >0,

IG(HY, E)l5o,,, < Ke(Ky + Are™?), (81)
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where K; and K are constants independent of e. By (57), (74) and (79), we have

6°(z,m) + 6 (z — 6 tanh hz,n)
= G(H} + AH{ (2 — 6 tanh hz,n), HY + AH; (2 — § tanh hz,7)).

Let the oscillatory part
6% (2,m) = Avs(2,m) = AG(H}, H )(2,m) = AVs(z,7), (82)
and it follows that

00(2,, 77) = g(H?,Hg) + Ag(Hf—(é — 6 tanh hf, C),H;(g -0 tanh hf))(z, 77)
— AG(H{ (¢,¢), Hy (€))(z — 6 tanh hz,7)
=1+ Al = 0%z,7), (83)

where £ and ( are the integration variables. However

I = G(H{ (£ - 6 tanh h¢,C) — HY (€ = §,C), Hy (€ - & tanh €) — Hf (¢ - 6))
- (g(Hf-’H;)(Z — 6 tanh hz>7]) - g(Hi'-)H;)(Z -6, 77))
=1; + I0,.

By the evenness of II in z, we only need estimates for Re z > 0. If we consider the
functions in BY defined for Re z > 0, by Lemma 1, I; € BY, with

M llpe,, < Kei=("/2) exp(tre/2),
and by (75), I, € B, with

M2l po,, < Kt~ (") exp(tre1/?).
By (79), (80), (81) and (83), we have ©°(z,7) € B, and

1%z, )lm0 ,, < Ke(Ky + Aye™™?).
We state the above results as

Theorem 1. Let
e'Plo| + ”ao“Bg+2 + ||w0||Bg+2 + “‘90”19;1+2
+llv1 —coskzlgr  + Z:: lvill g, < Ke'/?,
and |A;| < K forn > 0. Then V3(z,m) € B}, ; and ©°(z,n) € B _,,
IVae,mllgs < Ke and [0°(z,mllsn,, < Ke(Ki + Are™),

where K and K are constants independent of €.



INTERNAL SOLITARY WAVES 99

Now we take up (58). Let
g7 (0,v1,v2,v3,41)(2) = A7191(0, 0, Avy, Avy, Avs)(2), (84)
4%(0,S,a,w,0)(2) = g1(8,0,a,w,0)(2) — A" g; (2 — & tanh hz). (85)
By checking gi" term by term, from
Ion — cosnellgs,, + 2 lunlle,, + ol +elol + 41| < Ke,  (86)
it is shown that g € B,, and

llgi — K} coskz — K;GW”HB:H < Ké?,

where K and K3 are coefficients of ecoskz and evo,, in gj respectively. By (63),
(64) and Lemma 2, we have L*g{ € B} 5 and (Tg})(2) € BY,, such that

LT (g — €K} coskz — eKz*vzzz||B++3 < Ke,
IT(gt — €K} coskz — 5K;"’2zz)"32+2 < Kel=(M2) exp(lre1/2).
Then using integration by parts twice and Lemma 3 again, we obtain
LT (KT cos kz + eK§v222)||B++3 < Ke,
|IT(eKy coskz + 6K§v2zz)||32+2 < Kel=(/2) exp(lre=1/?).
Therefore we define
Va1(2) = LT (g7 )(2) = v2(2), (87)
and it follows V2;(2) € B,'f+3 and
Va1 (s, < Ke. (88)
Also by checking terms in g9(z), we find that (86) together with
lalipe,, +€”2llullln,, + 160150, < Ke,
implies ¢? € BS and

i 0 ) .
Cc° (%gjl) < Ke(Klel”“/2 + A€1/2) and 0< 1< n,

ong? .
HY ( !1) < Ke(K 7% + Ae'/?),

0z

where 9, = g9 — K3wl,e — Acosk(z — & tanh hz)K}(S,0), K3 is the constant coeffi-
cient of w? e and K;(S,0) is the coefficient of Acosk(z— § tanh hz) depending upon
S(z) and o only. Thus by Lemma 2, £g9, € B?,, and

”»nglllB?H_z < K(Kie+ Ale—(n—l)/z).
Integration by parts twice yields

“ﬁ(ngEz + Acosk(z — 6 tanh hz)K} (S, a)) “BO < K(Ky + Aje=(n=0/2),
nt2
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Therefore
||£g(1’(z)||33+2 < K(Kje+ Aje(n1/2),
From (58), (74), (75) and (87), we have
v2(2) = Va1(2),
and
w?(z) = L(g1(s))(2) — AVay (2 — 6 tanh hz)
= L(g?(s) + Agi (s — 6 tanh hs))(z)
— AL* (g (s))(2 — & tanh hz)

= L(93(5))(z) + All(z)
= 09(2).

By the evenness of II(z), we only need the estimates for Re z > 0. For Re z > 0,

I(z) = L£(g7 (s — § tanh hs) — g7 (s — 8))(2)

(89)

(90)

+ LT (g7 (8))(z = 6) + T(g] (s — 6))(z) — L1 (g™ (s))(2 — 6 tanh hz).

By Lemma 2, the estimates for g;(s) and integration by parts twice we find that

[1£(g (s — 6 tanh hs) — gt (s — 6))(2)|| go < Ke(""D/2 exp(—Lre™/?).
n42

Here we only consider the functions in BY,, for Re z > 0. Also by (88) and the

definition of BY, (only for Re z > 0), we have

“L’+(g+(s))(z —6)— L*(g7(s))(z — 6 tanh hz)”B0 < Ke~(n—2)/2 exp(—@me‘lm).
n+2

Thus by combining the estimate for T'(g* (s — 6))(2), it is obtained that

()50, < Ke~ (/2 exp(—tre=1/?).
Therefore from (89) and (90), we have that Q7(z) € B, , and
199()5o,, < K (Kre+ Are=(v72).

We summarize the results as follows.

Theorem 2. Assume that ||v1—cosszIB:+3+vallB:%+|A1|+I|a0”33+2+H00"Bg+2 <

0 1/2 1/2
Ke and Hvz”BLa + f|lw ||Bg+2 + e2|o| < Kel/2. Then

Va1(o, v1,v2,v3, Al)(z)“B:_'_‘_s < Ke,

199(c, v1,v2, 3,00, w0, 6%, A1) (2)|| < K (K€ + Are=(n"D/2))

where K, K, are constants independent of .
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Finally we consider (59). Let

gg—(”) V1, V2, U3, Al)(z) = A_lg2(0; g, 1‘1’01, J‘I’Ug, 1‘1’()3)(2), (91)
93(8,0,a,w,0, A1)(2) = ga(2) — AgS (2 — 6 tanh hz). (92)

For Re z > 0, let
E°(2) = 99(2) + Agf (z — 6 tanh hz) — Agf (2 — 6). (93)

By (65), (66) with g°(s) = E°(s), (70) and (71), we choose

- 0 +o00
p = Acosdr + (A/.‘c)/ sin k(s + 6) g3 (s)ds + (e/n)/ sin ks E%(s)ds,
-5 0

" +00 - 0 (94)
Asinék = (l/n)/ cos ksE%(s)ds + (A//c)/ cos k(s + 8) g5 (s)ds,
0 —6
and by (67),
v1(z) = coskz + (l/n)/ sin k(2 — 8)g5 (s)ds = Vi(2). (95)
0
To have v1(z) bounded, from (72) we need
2w
/ cos ksgy (s)ds = 0. (96)
0

By the definition of g5 () and (75), (96) becomes
27
0= / COS KS (o—e( cos ks + 61/2pf'(s)) w v161e( cosks + 61/2pf'(s))
0

1 1
X (/0 pnZ%(n)dn — p(l)Z2(1)) +/0 (aeq2v3ss — n1b1epy(vaz1 + v3)
+ (3141/2)6(q2(v1Z + vo21 + ’U3)$7)n + (EA)—IFl(AE(T)lZ + v92y + 1]3)))

X Z(n)dn - q2(1)Z(1)( - V151€,0(1)q_2(1)(0221 + v3)
+ (34€/2)(v1Zy + voz1n + v3y)?

+ (Ae) Py (Ae(v1 Z + vz + ’1)3))) L]:l)ds

= /021r COS KS (—0'6192 COS KS — v16ecosns(/ol PnZ2("7)d77 - p(l)Zz(l)))ds
+ €Y1 (0, py (5),v2(s), v3(s,7m), A). (97)
Thus
1
o = (-08/w)( [ pnZm)in = p(1)22(1)) + T (i?)
0

= X+Y1(0',pi{-,’l)2,'l)3,fi). (98)
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Also by checking the terms in ¥;, it is found that under the condition €/%(Jo| +
5 1) + S0 il + €21 s] < K2,

i (o, pf, v2,v3, A| < Ke'/2. (99)
We rewrite g5 (z) in (91) by using (98),

2

g1 (0,v1,v2,vs, A1)(2) = —o€ek” cos Kz + g4 (2)

_ 100
=—(X+Yl(a,pi*,v%vg,A))eﬁcosnz+g;'1(z). (100)

Note that g5 (o, v1,v2,vs, A)(2) is still used to denote the right hand side of (100) if
no confusion arises. It follows that (96) will be satisfied by (98). From the expression
of g5 (2), it is easy to check that under the condition

3
61/2(|0'| + “p-li_"B:-*-a) + Z ”1)1;||B’.E.+3 + 6—1/2|A1' < K€1/2,
=2

we can have g5 (z) € B, and ||g§"(z)||15):,Jrl < Ké%/?. By Lemma 3,

Again by checking terms in g3(2), if

< Ke.

z
sink(z — s)g5 (s)ds
/0 ? Bl s

2]+ lallps,, + 1Pllpo,, + 16llas , + llor — coskzllpe

3
z - 2

+ 2 ||’Ui||3;r+3 + €12 4;) < K€'/? forn >0,
1=

we obtain g3(2) € BY, and if g3, (2) = g3(2) — ¢9(S,0,0,0,0,0)(2),

2,0 R
o (__a fg’;fz)) < Ke(92 £ 4;) for0<i<n,

am 0
13 (FBE) < Ke(etra 4 a1

By integration by parts several times, it is easy to show that

e
0% sin k(z — 5)g3(S, 7,0,0,0,0)(s)ds < Kéll?,
for 0 < j <+ 2. From (59), (74), (75), (95) and (73), we have
a®(z) = P(g2(s))(z) — AV1(z — 6 tanh hz2)
+o0
= A(Vi(z - 8) - Vi(z — § tanh hz)) — (1/K) / sin k(z — 5)E°(s)ds

= 'Po(gz(s))(z) = A(l)(avvlavZ)vZ%aoawovooa Al)(z) (101)
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Using the above estimates for ¢9(z) and g7 (z) and Lemma 4, we have Ad(z) € B? +2
and

1A3(2)lss,, < K ((I1Acos kel +KilAyle?)
n+2 n+1

(102)

x e~"/? exp(&-ce'l/z) + ng).

Note that the term A cos £z in (102) is exclusively the first term of AV;(z) in (95) and
a term of o in g3 (s) of (95) has been replaced by (100). We state the above results as

Theorem 3. From the condition

e'/?lo| + lla’llpe,, + lw°ll 50

0
0., T18°1lso,, + llvr — cos /czHB:+3

+ Z lvill gz, + |A]e™/? < Ke'?,

=2
it follows that V1(z) € BY 3 and AY € B, with

- cosnz||32+3 < Ke,

1A (z)HBo < K(||Acos K,Z”B++1 + Ky Alet/?)e ™2 exp(Ere1/?),
where A is determined by (94) and K, K1 and Ko are constants independent of €.

We study (94) for A. Choose & small and sin éx # 0. From (93), write

E°(z) = E(2) + ¢5(2) — E?(2) + AgS (2 — § tanh hz) — Ag} (2 — 6)
= E{(2) + AE}(2),

where E?(z) = g2(5,0,a°%,w’ 6°)(2) and each term in g3(z) — E?(z) has at least a
factor of either at,w® or §* which introduces a factor A. It is straightforward to
show that for |o] + [|a®[| gg + [lw®ll 5y + 16°1l 53 + Ti-s llvill gy + 4] < K,

. ptoo ~ -
I(e/n)/ cos ks(AE(s))ds| < KAe'/?.
0
Thus (94) becomes
+o0 »
= (1/ksin 6&)/ cos ksE?(s)ds + (A/ksin k)
0

400 0
x (/ cos ksEY(s)ds + / cos k(s + 6)g3'(s)ds)
0 5

=I+/1]I=Al(o,vl,vz,v:;,ao,wo,oo,Al), (103)
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and [II| < Ke'/2. By letting DY (z) = g2(S,,0,0,0), checking the terms in E?(z) and
using the evenness of E{(z) and integration by parts n-times, we have

Foo nw
I=(ksinék)™* / cos(ks + —2—)(6“E?(s)/6s”)n_“ds
0

+o00

= (2ksin 61{)_1/ cos(ks + %i)(a”E?(s)/as”)n_"ds
—c0

ipe—1/2

= (2ksin 6k)? /-'-OO‘HZE

—oo+ile—1/2

exp(i(rs + Z1'21))(é’"E{’(s)/&s"’“)rz_“ds

too nw
= (2ksin 6k)~* exp(—Le Y/ ?k) (/ exp(i(kt + —=))
—o0 2
or EO _DO n —n
x (O"(BY(s) — DE()/Os™)| . K"t
e (i(xt + ZZ))(8™DY(s)/8s™ g
+ o exp(i(kt + = ) 1(8)/0s )L=t+£€_1/2in )
= (2k sin k6) ! exp(—Le~2k)(I; + I2). (104)
By the definition of BY ,, it is easy to show that
[ < K22 (1% 5o, + [ llng, , +16°l15s.,)-

Using integration by parts several times, we have
Io] < Ke3)/2,
Therefore let ||a°||33+2 + IIwOIIBE+2 + ”00”32+2 < K€e'/2, and we have
[I| < KeD/2 exp(—e/2k). (105)
Note that K also depends upon (sin x6) !, where § is a small fixed constant and must

be chosen so that sin k6 is not zero. Now we have all the estimates for the equations.

7. Existence Proof

We use the notations introduced in (75) and (76). There are now eight unknowns

U= (U,PT(Z),P;(Z),P;-(ZW), qf(z), qg(z),qg(%ﬂ), A), (106)

and eight equations (82), (83), (87), (90), (95), (98), (101) and (103). We define a
closed convex set in the Banach space R x (B, 3)® x (B%,,)® xR,

3
S ={U € Rx (Bia)® x (Boyo)® xR | IVE = (IpF 5, +leflng,,)

=1

+1o]+14] < +o0, UL - o] +|o — x| < b},

where x is defined in (98) and b is a small positive fixed number.
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For U € &, by the conditions of Theorems 1, 2 and 3 and the procedure to transform
the differential equations into integro-differential equations, we need to transform (82),
(83), (89), (95), (98) and (103) into

o =x+Yi(o,p7,€e/?p], e /2pT, Ae(m+1)/2 exp(—Lre1/?))

=x+Y(o,p},p4,07,4), (107)
pf (2) = € /*Vi(2) = Pu(o, 0}, 0%, 15, A)(2), (108)
3 (2) = € /Var (0, v1, 02, v3, 41),
= € 2V (0,cos k2 + /2Py, e/ 2pF , €12 Py, AcMH1)/2)
= Py(o,pf, 0% ,03, A), (109)
P:'f(z,n) = 6—1/2%(za77) = P3(0‘,pf,p§',p§‘,A)(z), (110)

A= e (") exp(lke/2) A1 (0, cos Kz + €/2pt,
e2pt 2pt (11240 (120 (1/200 4 lnt1)/2y
= Mo, pf 03,05, 40,43, 43, A), (111)
a3(z,m) = €1/?0°(z,m) = Qs(0, 0} , 0¥, 1§ . 0, 3, 43, A). (112)
We use (111) to replace A in the term
Ae™ /2 exp(—rkle™/?)( cos(z — §) — cos(z — 6 tanh hz)),
in (101). After this substitution, (101) becomes
a®(2) = A%, v1,v2,v3,a%,w°,6° A1) (2).
We rewrite it as '
@ (2) = € Y2A %0, cos kz + €'/2p} €' ?pF, e /2pf,e2q0, e1/2¢2, €1/2¢3, Ac(mt1)/2)
= Qu(o, 9,935,735, 4}, 45,43, A). (113)
Finally we express (90) as
a3(2) = €200 (0, v1,v2,v3,0°,w°, 8°, A;)(2)
= €120, cos kz + €2 Py, e/ 2pd /2 Py, 1/2Qq, €' /243, €1/2Q3, Ac(PHD/2)
= Qs(o,p1 93,93, 40,83, 45, A)- (114)

Obviously (107) to (114) are equivalent to (82), (83), (87), (95), (98), (103), (101) and
(90). Let

T(U) = (X =+ Y’ Pl’ P23 P3a Qh Q?a Q33 A)(U)
By Theorem 1, 2 and 3, estimates (99), (103) and (105), and the construction of
Py, A,Q1,Q2, we obtain that for U € S,

3 3
Y1+ 1Piligr,, + D IQillse,, + Al < Ke'72, (115)
=1

i=1

where K is independent of . Thus if € is small enough such that Ke'/2 < b, T maps
Sp into itself. We also have the following
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Theorem 4. For UM U®) ¢ &,
I7@®) - TUP)] < KU - U7

The proof of this theorem is same as the one of (115) if we follow the same steps
to obtain Theorems 1, 2 and 3 from Lemmas 1, 2 and 3. Therefore we omit it here.

By Theorem 4, if Ke'/2 < 1/2 for small ¢, then 7 is a contraction in Sy. By the
contraction mapping theorem, 7 has a fixed point in S,. Thus (107) to (114) have a
solution (o, p{, p3,p3, 47,43, 43,A) and by (115)

3 3
lo=xI+ > lIpf g, + D ladllse,, + 1Al < Ke/2.
=1

i=1

Finally we go back to the original variables and obtain a solution (a,w,8) for the
integro-differential equations (57) to (59) by choosing appropriate constants. There-
fore we have a solution for (45) to (47), (51) and (52). Now we summarize the existence
result as follows:

Theorem 5. There exists a small g > 0 such that for 0 < € < € the equations (35)
to (37) possess a solution w(X,n) with

w(X,7) = €(S(e"/*2)21(n) + a(2) Z(n) + w(z)2 (1) + 6(z, 7)),
where z = (1 — 0€)/2X, S(e'/?z) is defined in (34),
w(z) = w°(z) + Avy(z — 6 tanh hz),a(z) = a®(z) + Avi (z — 6 tanh hz),
0(z,n) = 6°(x,n) + Avs(z — 6 tanh hz,7),
with the following properties: if = is replaced by the complex variable z,
a®,w’,0% € B?H-z and vy, vs,v3 € B,"L'+3,
la®llss, + I®llso,, + 6%l 3o, , + llox — cos kzllpt,
3
+ Y llvillpr,, < Ke, lo—x| < Kell?,
=2
and |A| < Ke"t2)/2 exp(—Lre1/?), where x is defined in (98), § is a fized small
constant with sinék # 0, and K is independent of €, but may depend on £ and other
parameters in the definitions of BS,, and B 43

Therefore, assume that v = vy (1 — 61¢€) with & > 0 and q(t) = p'/?(¢)U(t). For
small €, there exists a constant o depending upon € such that (13) to (15) have a
solution

P P
FX, ) = / q“l(t)dt+eS(61/2m)z1( / q‘l(t)dt)
0 0

+ fi(cos(n(m — 6 tanh h:z;))Z( /¢ q‘l(t)dt>)
0
+ €201 (z, V) + AeOy(z — 6 tanh hz, 1),

where z = (1 — 0€)'/2X, O1(z, ) is of order O(exp(—d|z|e'/?) for z € R, % € [0,1],
O2(z,v) is periodic and bounded for small € and |A| < Ke("+2)/2 exp(—fre~1/2) for
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< 7r(—61,61/71)"1/2 —T<I< 7r(—61,31/71)‘1/2 and any fixed positive integer n.

Thus an approximation of f(X,%) up to first order is

/0 i a1 (t)dt + eS(e/2X) 2 ( /0 ’ q! (t)dt),

and the amplitude of the oscillatory tail is exponentially small.
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