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ON PERTURBATIONS OF CUBIC FOLD POINTS 

FOR NONLINEAR EIGENVALUE PROBLEMS 

Michael J. Ward and Sven A. Wolf 

Dedicated to Chuck Lange 

ABSTRACT. We consider fold point behavior for nonlinear eigenvalue problems of 
the form 

Aito + XQF(UO,P) = 0,     x e D;     duuo + buo = 0,     x e dD. 

Here b and 0 are positive parameters. In circular cylindrical or spherical ge- 
ometries, we assume that F(u, (3) is such that this problem has multiple radially 
symmetric solutions for some range of AQ only when 0 < /3 < (3Q. As (3 —»• (3Q 

from below, two simple fold points are assumed to coalesce producing a cubic fold 
point at AQ = Aco when (3 = j3o. We calculate the change in the cubic fold point 
location resulting from various classes of perturbations of this problem. The per- 
turbations we consider are a small change in the boundary condition maintained 
on the boundary of a circular cylindrical or a spherical domain, a small distortion 
of the boundary of a circular cylindrical domain, and the removal of a small hole 
from a domain. In each case, we derive asymptotic expansions for the location 
of the perturbed cubic fold point in terms of a small parameter e measuring the 
size of the perturbation. A numerical scheme is then formulated to evaluate the 
coefficients in these expansions and the method is illustrated for the combustion 
nonlinearity F(u,(3) = exp[w/(l + /3u)]. In certain cases, we compare our expan- 
sions for the perturbed cubic fold point location with some previous results and 
with results obtained from full numerical solutions to the perturbed problems. 
The significance of these results for the perturbed cubic fold point location are 
that they can provide the first step in characterizing, at least locally, the alteration 
of the boundary in parameter space that separates regions where the nonlinear 
eigenvalue problem has multiple solutions from regions where the problem has 
only unique solutions. 

1.  Introduction 

We consider fold point behavior for nonlinear eigenvalue problems of the form 

AUO + \QF(UO10) = O,     XGD, (1.1a) 

dviio + buo = 0,    x e dD, (1.1b) 

a =       u^dx. (l-lc) 
JD 
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Here b is a positive constant, AQ is the nonlinear eigenvalue parameter, /? is a positive 
parameter, D is a bounded two- or three-dimensional domain, and d^ is the outward 
normal to dD. The nonlinearity F(u,/3) is taken to be such that for fixed /? in some 
neighborhood of the origin, multiple solutions to (1.1) occur for some range of AQ. 

More specifically, we assume that when (3 satisfies 0 < /? < /?o, the graph of a versus 
AQ is multiple-valued and has at least two simple fold points. We assume that this 
solution branch can be parameterized as UQ — uo(x,a,l3) and AQ = Ao(a,/3). As /? 
tends to the critical value fo = A)(&), two simple fold points are assumed to coalesce 
producing a higher-order cubic fold point. 

In circular cylindrical or spherical domains, the radially symmetric solution branch 
associated with the combustion nonlinearity F{u^j3) = exp[ii/(l + flu)] leads to a 
response diagram with these types of qualitative properties (cf. [3], [4], [5]). In the 
combustion context, this form of F is the Arrhenius heating term and ^o is the temper- 
ature of an exothermically active solid material in the absence of reactant consumption. 
Moreover, b is the dimensionless Biot number, (3 > 0 is the dimensionless activation 
energy parameter and AQ is the Frank-Kamenetskii parameter (cf. [6]). For this form 
of F, the behavior of radially symmetric solutions to (1.1) has been extensively studied 
in circular cylindrical and spherical geometries. For these geometries, it is well-known 
that a /?o exists such that when /? < /?o, multiple solutions to (1.1) can occur for some 
range of AQ (cf. [3], [4], [5]). Alternatively, when (3 > /?o, solutions to (1.1) exist and 
are unique for all AQ > 0. When 0 < 0 < (3o, the response diagram a versus AQ for a 
circular cylindrical domain is S-shaped with two simple (or quadratic) fold points at 
AQ- = Ao(a_,/3) and Ao+ = Ao(a+,/3). The determination of the critical value Ao+, 
which connects the lower and middle branches of the response diagram, is important 
in reactor design in that as AQ increases past Ao+, a dramatic rise in the temperature 
will occur (i.e., a thermal explosion). In contrast, the response diagram a versus AQ 

for a spherical domain has many simple fold points when (3 is small (cf. [3]). However, 
when f3 is sufficiently close to /JQ the response diagram for a spherical domain has the 
same S-shaped form as that for a circular cylindrical domain (see Figure 1). 

Thus, for circular cylindrical and spherical geometries, criticality is lost as /3 ap- 
proaches Po through the coalescence of two simple fold points producing a cubic fold 
point when (3 = /3Q. We denote the values of a and AQ at this cubic fold point by c^o and 
Aco = Ao(aoj A))- The values ceo, (3o, and Aco are then referred to as the unperturbed 
cubic fold point parameters. For the combustion nonlinearity, these parameters have 
been computed numerically for circular cylindrical and spherical geometries over a 
wide range of Biot number b (cf. [9], [5], [7], [4]). 

For classes of nonlinearity F(u,P) where (1.1) admits multiple solutions, there have 
been some recent studies (cf. [1], [11], [13], [14], [16]) devoted to characterizing the 
sensitivity of a simple fold point to various classes of perturbations of (1.1). Specifi- 
cally, for various perturbed forms of (1.1), asymptotic expansions for the location of 
the perturbed simple fold point have been derived. When applied to the combustion 
nonlinearity F(u,f3) = exp[u/(l + (Su)], these expansions quantify the change in the 
conditions for the onset of thermal runaway as a result of perturbations in the domain 
geometry or non-uniform temperature perturbations maintained on the boundary of 
the domain. For the case F = en, the conditions for the onset of thermal runaway in 
a nearly circular domain were determined in [1]. These results were extended in [13] 
to allow for a large class of nonlinearities. In [13], the effect on a simple fold point 
of a temperature perturbation maintained on the boundary of a circular cylindrical 
domain was also considered.  Simple fold point behavior associated with removing a 
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FIGURE 1. Spherical domain with radius one and b = oo: Plots of a 
versus AQ for three values of (3 with /? « /?o = .2388. 

small arbitrarily shaped hole from a two- or three-dimensional domain was analyzed 
in [13] and [16]. A similar problem was considered in [11] for a concentric circular 
cylindrical geometry. 

Our goal in this paper is to extend this previous work on perturbations of simple 
fold points in order to determine the sensitivity of the location of a cubic fold point 
for (1.1) to various classes of perturbations. In particular, we analyze the effect on 
the cubic fold point of a perturbation in the boundary condition that is maintained 
on the boundary of a circular cylindrical or a spherical domain. We also consider the 
effect of both regular and singular perturbations of the domain geometry. Specifically, 
we analyze the case of a small distortion of the boundary of a circular cylindrical 
domain and the case of the removal of a small sub domain from an arbitrary two- or 
three-dimensional domain with a condition imposed on the boundary of the resulting 
hole. For each class of perturbation, we use asymptotic and bifurcation methods to 
construct asymptotic expansions for the location of the perturbed cubic fold point in 
terms of a small parameter e measuring the size of the perturbation. A key feature 
of the analysis is that very similar methods can be used to treat the diverse classes 
of perturbed problems. The significance of the asymptotic results for the perturbed 
cubic fold point is that they can provide the first step in characterizing, at least locally, 
the alteration of the boundary in the (A, /?) parameter space that separates regions 
where (1.1) has multiple solutions from regions where (1.1) has unique solutions. 

For problems where the unperturbed domain is a circular cylinder or a sphere, we 
will formulate a method to evaluate certain coefficients in the asymptotic expansions 
of the cubic fold point parameters. This method requires the numerical solution of an 
extended system of boundary-value problems subject to side constraints. The method 
then is used to evaluate the coefficients numerically for the combustion nonlinearity 
F(u,/3) = exp[ii/(l -\- /3u)]. Although our results are illustrated only for this form of 
F, we emphasize that the asymptotic expansions for the cubic fold point parameters 
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and the numerical method used to evaluate the coefficients in these expansions applies 
to an arbitrary F associated with cubic fold point behavior. 

Some previous work on cubic fold point behavior in singularly perturbed domains 
is that of Lange and Weinitschke [11]. They considered the special case of a concen- 
tric circular cylindrical geometry with u — 0 on the small inner radius e. For this 
geometry, they showed that the parameters defining the perturbed cubic fold point 
have asymptotic expansions in powers of -1/loge. For the combustion nonlinearity 
F(u,/3) = exp[w/(l + /3u)], they also gave numerical values for the first three terms in 
the logarithmic series for the cubic fold point parameters. We will extend this previ- 
ous result to the case of a small hole of arbitrary shape centered at the origin with a 
more general condition imposed on the boundary of the hole. For this problem, the 
perturbed cubic fold point parameters have infinite-order logarithmic expansions in 
powers of — l/log[ed], where d is a constant determined by the hole geometry and the 
boundary condition on the hole. We then formulate a numerical method to sum these 
infinite logarithmic series and we illustrate the method for the combustion nonlinear- 
ity. A related method was formulated and used in [15] to sum a similar logarithmic 
series for the location of a simple fold point for (1.1a) in the same singularly perturbed 
geometry. We remark that infinite-order logarithmic expansions also occur for some 
singularly perturbed linear eigenvalue problems (cf. [15]) and in certain low Reynolds 
number fluid flow problems (cf. [8], [12]). The previous results of [11] for the cubic fold 
point location are also extended to the case where the small hole is off-center and has 
arbitrary shape. For this geometry, we derive a two-term expansion for the perturbed 
cubic fold point parameters. Similar results also are obtained for the three-dimensional 
case. 

This paper is organized as follows. In §2 and §3, we analyze the effect of a pertur- 
bation in the boundary condition maintained on the boundary of a circular cylindrical 
or a spherical domain. In §4, we consider the effect of a small distortion of a circular 
cylindrical domain. In §5, we analyze the effect of a singular domain variation in which 
a small subdomain is removed from an arbitrary two- or three-dimensional domain. 
The results of §5 are then applied in §6 to circular cylindrical or spherical domains 
containing a small hole. For a cylindrical domain containing a small but arbitrarily 
shaped hole centered at the origin, in §6.2 we give a hybrid asymptotic-numerical 
method to sum the logarithmic expansions that define the cubic fold point. The an- 
alytical results of §3, §4, and §6 are illustrated for the combustion nonlinearity. For 
this form of F and for concentric spherical or circular cylindrical domains with small 
inner radius e, in §6 we compare the asymptotic results for the location of the cubic 
fold point with full numerical results. 

2.  Small temperature variation on the boundary 

The perturbed problem in dimensions m = 2,3 is formulated as 

Au + \F(u,p) = 0,    xeD, (2.1a) 

duu + b(u- eh(s)) = 0,    xedD, (2.1b) 

where D is a bounded domain in Rm. The function eh(s) represents the effect of a small 
specified external temperature perturbation and s G S C R171-1 is a parameterization 
of dD. We assume that we can write the solutions to (2.1) in the parametric form 
u(x, a, /?, e), A(a, /?, e) where a is some measure of the norm of u. A convenient choice 
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for a that we shall use here is 

OL= / u2dx. (2.1c) 
JD 

We assume that the unperturbed problem (1.1) has a cubic fold point at the param- 
eter values ao, A), and Aco = Ao(ceo5/?o)- We now determine the changes in these 
unperturbed cubic fold point parameters as a result of the temperature perturbation 
given in (2.1b). 

For fixed a, we seek the solution to (2.1) for e <^ 1 in the form 

u(x, oi,/?, e) = UQ(X, a,(3) + eui(x, a,/?) + €2U2(x, a,(3) H , (2.2a) 

A(a,/3, e) = Ao(a,/3) + eAi(a,/3) + e2A2(a,/?) + • • • . (2.2b) 

Here i^o, AQ satisfy (1.1). Substituting (2.2) into (2.1), and collecting terms of order 
e, we obtain 

AMI + AoF>i = -AiF0,    x e D, (2.3a) 

S^wi + bm = bh(s),    x e dD, (2.3b) 

/.■ 
^o^i dx = 0. (2.3c) 

Similarly, equating coefficients of e2 gives the following problem for U2: 

A^ + AoF>2 = -A2F
0-A1F>1-^Fl^,    x e D, (2.4a) 

duU2 + 6^2 = 0,    x G 9D, (2.4b) 

/ (2uoU2 + ul)dx = 0. (2.4c) 

Here we have defined F0 = F(uo,P), F® = Fu(uo,f3), etc. The conditions (2.3c) and 
(2.4c) determine Ai and A2 uniquely away from points where the homogeneous version 
of (2.3a,b) has a non-trivial solution. At simple or cubic fold points the conditions 
(2.3c), (2.4c) serve only to specify the corrections ui uniquely, and the Ai are found 
by imposing solvability conditions on (2.3a,b), (2.4a,b). 

The cubic fold point parameters for the perturbed problem (2.1) are denoted by 
ac(e), /3c(e), and Ac(e) = A(ac(e),/?c(e), e). We assume that ac(e) and Pc(e) can be 
expanded as 

ade) = OLO + ecei + €2a2 + • ■ • ,    /3c (e) = /3o + e/3i + e2/?2 + • • • . (2.5) 

The equations for ai and fa are found from the requirement that 

Aa(ac(e),/3c(e),e) =0,    Ac,a(ac(e),/3c(e), e) =0. (2.6) 

Substituting (2.5), (2.2b) in (2.6), and expanding for e <C 1, we then set the coefficients 
of e and e2 to zero to obtain the following equations for ai, fa, and fa: 

/?! = -- ,    ai = -/?!- --1 > (2-7a) 

— OiifaXoaap — aiXiaa — fa\lcx(3- 
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Here we have used the conditions Xoa(ao,l3o) = 0 and Xoaai&OiPo) = 0, which char- 
acterizes the unperturbed cubic fold point. In terms of ai, /?i, and 02 the expansion 
of Ac(e) is given by 

Ac(e) = Aco + eAci + e2AC2 + • • • , (2.8) 

where Aci and AC2 are seen to be given by 

Ad = Ai +/3iAo/3, 

01 (2-9) 
AC2 = A2 + PiXip + ai Aia + -z-Xopp + aiPiXoap + P2X0P' 

All quantities in (2.7) and (2.9) are to be evaluated at ceo, Po- We now determine 
expressions for Pi and Aci in terms of UQ and h(s). To do so, we must evaluate Ai, 

Aia, A0/3, and Aoa^ at ao, PO- 

We first determine Ai and Aia at ao, PO-  We begin by differentiating (1.1) with 
respect to a to obtain 

AtiQa + XoF°Uoa = -AQC*^
0
,       X G D, 

dvlloa + buoa =0,     x e dD. 

A further differentiation in a then yields 

A^Ocxa + Aoi^MOcm = — 2AoQ!i^^Oa " Ao^^^Qa _ Aocm^   ,       X E D, 

dvUQaa + fc^Oaa =0,       ^ ^ ^-O- 

To determine Ai at ao, /^o? we aPply Green's theorem to (2.10) and (2.3a,b) to obtain 

Xi(F0,uoa)=  [    duuoah(s)ds + Xoa(F0,u1). (2.12) 
JdD 

Here we have defined (/, g) = JD fgdx. Evaluating (2.12) at ceo, Po, where Aoa = 0, 
we find 

Ai=/   d„uoah(s)ds/(F0,uoa)- (2.13) 
JdD 

To determine Aia at ao, Po, we first differentiate (2.12) with respect to a. Evaluating 
the resulting identity at ao, Po, where Aoa = Xoaa = 0, we obtain 

Aia — 
JdDduUoah(s)ds' 

(F0,uoa) 
(2.14) 

Now we determine A0/3 and \oa/3 at ao, Po- Differentiating (1.1) with respect to P 
yields 

(2.15) 
Awo/3 + Aoi;n°wo/3 = -Ao^F0-Aoi^,    x G D, 

dollop + buop =0,    x e dD. 

Applying Green's theorem to (2.10) and (2.15), we derive 

\op(F0,u0a) = -\o(FJ>,uOa) + \Oa(F
o,uo0). (2.16) 

Then evaluating (2.16) at ao, Po gives 

\of3 = -\o(F$,u0a)/{F0,u0a). (2.17) 
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To determine Aoa/? at ao fio, we differentiate (2.16) with respect to a and evaluate the 
resulting identity at ao, fio to find 

Xoap - Xo(F^u0a) (Fojti0a)2 "Ao ^^^ • (2.18) 

Here we have defined (u,v)a = (uaiv) + (u,va). 
Now substituting (2.14) and (2.18) into the expression for /?i given in (2.7a), we 

obtain 

B  _ ._! [(F0, uoa)a JdD d^up^s) ds - (F0,^^) JdD duuoaah(s) ds] 
Pl~   0 [(F°,uoa)(F^u0a)a-(F^u0a)(Fluoa)a} '   l'    j 

Then using (2.13), (2.17), and (2.19) in (2.9), we determine Aci as 

1 
Ad 

(^0^0o 
/    duuoah(s)ds - XOP^F^UQC) 

JdD 
(2.20) 

We summarize our results in the following statement. 

Proposition 2.1. For the perturbed problem (2.1) in a bounded domain D C i?m, 
where m = 2 or m = 3; two-term, expansions for Ac(e) and l3c(e) are given by 

/Jc(e)=A, + e/J1 + "., 

Ac(e) = Aco + eXcl + • • • . l '    ; 

Formulas for Pi and Aci are given in (2.19) and (2.20), which are to be evaluated at 
ao, Po- 

We now show how to calculate the first correction ai, defined in (2.7a), to the 
1/2 norm. To do so we must evaluate \oaaa, Xoaap, and AiQQ; at ao, A)- To deter- 
mine Aoaacn we first differentiate (2.11) with respect to a. Then upon evaluating the 
resulting expressions at ao, Po, we find 

A^Qaaa + XoFuUoaaa = -SAoi^^WQa^Oaa 

- \oaa*F0 - \oF°uuu
3

0a,    x^D, (2.22) 

dvUoaaa + bUQaaa =0,       X G 9-D. 

Now applying Green's theorem to (2.10) and (2.22) at ao, A), we obtain 

Xoacta{F   jUQa) = —3Ao(i71
uu'WOQ;Q;, ^Oa) — ^o(^uun5 ^Oa)' (2.23) 

In a similar way, we can determine Xoaap and Aio^ at ao, Po- Omitting the details of 
the calculation, we find 

Xoaap(F   jUQa) = — 3Xop(FuUQaa, ^Oa) " 3Xo(FuuUo(3, UQaaUQa) 

- 3Xo(FupUoacnUoa) — 2Xoa(3(F   ,Uooi)a 

- Xo{Fluuuo^ ule) - Ao(i^V ulc\ (2.24) 

and 

XxaoiiF   ,Uoo) = -3Xi(FuU0aa,U0a) — ^Xo(FuuUoaa^iUoa) 
(2.25) 

- 2Xia(F ,U0a)a - Xo(Fuuuui,Uoa). 
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Substituting (2.19), (2.23), (2.24), and (2.25) into (2.7a) determines ai in terms of 
iio, ^1? and h(s). We note that, in contrast to ai, both /?i and Aci can be calculated 
without knowing ui. 

3.  Small temperature variation: circular cylindrical or spherical reactor 

We now let D be a ball domain of radius unity in R™ with m = 2,3. We parameterize 
the temperature perturbation h(s) as h(6) when m = 2 and h(0, (j)) when m = 3. Here 
# and 0 are the circumferential and the polar angle, respectively. Since UQ is assumed 
to be radially symmetric, the result (2.21) can be simplified as follows. 

Corollary 3.1. Consider (2.1) when D is a ball domain of radius one in Rm with 
m — 2 or m — 3. Then from (2.19), (2.20), and (2.21) the expansions for I3c{e) and 
Ac(e) become 

(3c(e) = (30 + e(3fh + ---, 

n* = ,-1      [(F0,Uoa)au'0M) - (F0,Uoa)u'0aa(l)} (3.1a) 
Pl        0   ((F°,u0a){FV,uoa)a-(F°,u0a}{F°,u0a)ay 

Ac(e) = Aco + eA^/iH , 

A*i = /Fot    \ Ka(l) " Ao^*^0, wo.)] • (3'lb) 

In (3.1a,b) the primes denote derivatives with respect to r, the angle brackets (u,v) 
are defined by (u,v) = J0 uvrrn~1dr, and the average temperature perturbation h is 
given by 

1    fZ7V 

h = — h{6)d6,     (m = 2), 
27r JQ 

-i        /»27r     /»7r 

h=— /   h(e,(l>)sm<t)d^d0,     (m = 3). 47r Jo    Jo 

(3.2) 

To determine numerical values for /JJ and A*!, we use the extended system obtained 
from (1.1), (2.10), and (2.11). For the ball domain, this system can be written in 
0 < r < 1 as 

LUQ + AQF
0
 = 0, (3.3a) 

Luoa + XoF^uoa = -AoaF0, (3.3b) 

LUOaa + XoFuUoaa = —2XoaFuUoa — XoFuuU0a — XoaaF   . (3.3c) 

Here the operator L is defined by Lu = r1~rn(rm~1ufy. The boundary conditions for 
(3.3) are 

^(1) + bUo{l) = 0,       Uf
0a(l) + bUoa(l) = 0,       Uf

0aa(l) + bUoaaW = 0 

^(0) = ti,oa(0)=ti{laa(0) = 0. (3-4) 

To complete the formulation of the extended system, we adjoin to (3.3)-(3.4) the defin- 
ing relation (1.1c) for a. For this geometry, (1.1c) becomes a = 2m_17r/0 ulr771-1 dr, 
for m = 2 or m = 3.   This system then is solved numerically using the collocation 
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b Aco 00 Ki Pi 
oo 3.0063 .2421 -1.5507 -.0586 
10.0 2.4822 .2428 -1.2768 -.0590 
5.0 2.0867 .2443 -1.0674 -.0597 
3.0 1.7014 .2460 -0.8644 -.0605 
1.0 0.8504 .2491 -0.4268 -.0620 
0.50 0.4786 .2497 -0.2396 -.0624 
0.25 0.2544 .2499 -0.1272 -.0625 

TABLE la. Temperature perturbation: XCQ^/SQ^X*^ /JJ for a circular 
cylindrical domain at different Biot numbers. 

b AcO A) Ki ft 
oo 5.0411 0.2388 -2.6335 -.0570 
10.0 4.1466 0.2400 -2.1560 -.0576 
5.0 3.4555 0.2425 -1.7798 -.0588 
3.0 2.7781 0.2452 -1.4158 -.0601 
1.0 1.3308 0.2491 -0.6678 -.0620 
0.50 0.7347 0.2498 -0.3677 -.0624 
0.25 0.3862 0.2499 -0.1931 -.0625 

TABLE lb. Temperature perturbation: Aco, Po, A*!, PI for a spherical 
domain at different Biot numbers. 

package COLSYS (see [2]). Since the solution is parameterized by a rather than AQ, 

no sophisticated methods to compute past fold points are needed. 

Numerical computations for F(u,P) = exp[u/(l + Pu)]. For a spherical domain, 
plots of a versus AQ for various values of /?, with P near PQ and with b = oo, are shown 
in Figure 1. From this figure, we note that as P approaches /3o, the two simple fold 
points coalesce into a higher-order fold point. A similar situation occurs for a circular 
cylindrical domain. 

To determine the unperturbed cubic fold point parameters ao, A)> aild Aco, we solve 
(3.3), (3.4) subject to the side conditions Aoa = Aoaa = 0. A Newton iteration scheme 
is used to enforce these conditions. To determine numerical values for the correction 
terms /?£ and A*^ defined in (3.1), the inner product integrals appearing there are 
evaluated at ao, Po using a simple quadrature rule. In Table la, we give numerical 
values for Po, Aco, Pi, and X^ at various Biot numbers b when m = 2. In Table lb 
we give corresponding results when m = 3. From these tables we conclude that /JJ8 

is an increasing function of the Biot number whereas X^ is a decreasing function of 
the Biot number. The fact that both of these quantities are negative is reasonable on 
physical grounds. 

The data in Tables la,b indicate that the ratio A^/Aco is roughly constant over a 
wide range of Biot number b. Therefore, we write the expansion for Ac(e) in the form 

Ac(e) = Aco[l-€ft/i + ...],     ase^O. (3.5) 

Numerical evidence suggests that the function /i, which depends on b and on ra, 
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satisfies the following inequalities over the range .25 < b < oo: 

.5000 </i(6) < .5158,     (m = 2), 

.5000 </i0) < .5224,     (m = 3). 
(3.6) 

It will be shown below that /i(&) —>• 1/2 as b —> 0 for m = 2 and m = 3. This suggests 
that (3.6) holds for the entire range 0 < b < oo. As for /?, it is well-known (cf. [4]) 
that /3o —► 1/4 as b —> 0 for m = 2,3. We now show that /^ —► -1/16 as & —> 0 for 
m = 2,3. 

When b —> 0, the solutions ^o and AQ to (1.1) can be parameterized as 

u0 = A + O(b),    Ao = -^4n+0(&),    where   A=(~)1/2. (3.7) 

Here ^2 = 27r and (^3 = 47r. The cubic fold point occurs where Aoa = Aoac* = 0, which 
yields /?o ^ 1/4, ao ~ 16a;m/m, and AQ ~ 4 as 6 —> 0. The value of AQ at this point 
satisfies Aco = Ao(^o,/?o) ^ 46mexp(-2) as b —> 0. Using (3.7) in the defining relation 
(3.1) for A*! and ^J, we obtain that /1 = -A^/Aco -^ 1/2 and /JJ -^ -1/16 as & -^ 0 
for m = 2,3. From the data in Tables la,b we observe that these asymptotic limits as 
6 —> 0 are essentially achieved when b = .25. 

3.1. Circular cylindrical domain: h = 0. When h = 0, both /3i and Aci vanish. 
For this special case, we now determine the first non-vanishing corrections to /3o and 
Aco for a circular cylindrical domain and a spherical domain. 

In a circular cylindrical domain, the solution to (2.3) can be written as 

Ul^0) = ^^ ^^2(wn{r)cosne + vn(r)smne). (3.8) 
2 n=l 

Substituting (3.8) into (2.3a), we obtain the following equations for wn, vn in 
0 <r < 1: 

Lnwn + AoF>n = -2AiF0^no,     [n > 0), (3.9a) 

Lnvn + \oF°vn = 0,     (n > 1). (3.9b) 

Upon differentiating (3.9) with respect to a and evaluating the resulting expressions 
at ao? A)? we find 

(3.9c) 
Lnwnot + XoFuwna — —XoFuuuoawn 

- 2AlaF
0^o - 2AiF%atfno,-    (n > 0), 

LnVna + Aoi^Vna = -Ao^WOa^n,       (™ > !)• (3.9d) 

The boundary conditions for (3.9) are 

wf
n(l) + bwn(l) = &cn, <a(l) + 6w;na(l) = 0,     (n > 0), (3.10a) 

<(1) + ^n(l) = bdn, v'na(X) + bvna(l) = 0,     (n > 1). (3.10b) 
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Here the operator Ln is defined by Lnv = r~1(rvr)r — r~2n2v, and the constants cn, 
dn are the Fourier coefficients of h(9), given by 

1   f2n 

cn = - h{6) cos nO dO,    (n > 0), 
^ Jo 
1   />27r 

dn = - h(0)smn0dO,     (n > 1). 
^ Jo 

(3.11) 

When ft = Co = 0, we find from (2.13) and (2.14) that Ai = Xia = 0 at ao, Po- 
Since Ai = 0, the solution t^o to (3.9a) at ao, fio is an arbitrary multiple of UQa. Then 
the condition (2.3c) enforces that WQ = 0. Thus, substituting (3.8) with WQ = 0 into 
(2.25), we obtain that Aiaa = 0. Finally, from (2.7a) we conclude that ai = 0 at ao, 
Po- Since /3i — OL\ = Aci = 0 at ao, Po, we must proceed further to obtain the first 
non-vanishing correction to the unperturbed cubic fold point values. 

Since Pi — a\ = 0, we note from (2.5), (2.7b), (2.8), and (2.9) that the second-order 
corrections P2 and AC2 can be evaluated after determining A2 and \2a at ao, PQ. TO 

determine A2, we apply Green's theorem to (2.4a,b) and (2.10) to obtain 

A2(*Vo«) = -XliF^Uoa) - y^M^Oa) + AQ.^
0
,^). (3.12) 

Setting Ai = 0 in (3.12), and evaluating (3.12) at ao, Po, determines A2 as 

A2(FVoa) = -y(iM,«oQ). (3.13) 

To determine A2Q:, we first differentiate (3.12) with respect to a. Then, evaluating the 
resulting expression at ao, Po where Aoa = Aoaa — Ai = Aia = 0, we find 

\2a(F0,Uoa) = -\2(F0,Uoa)a - XoiF^Uxm^UQa) 

-y^l^L+^Vo^,^). (3-14) 

Finally, substituting the form (3.8) for m into (3.13) and (3.14), and setting u>o = 0, 
we obtain 

A    ^ 
A2(FVo«} = -^ Yl(Fuu^cW2

n +0, (3.15a) 
71=1 

Ao 
X2a{F0,Uoa) = -X2(F0,Uoa)a - -y- Y2(FuuU0<z,WnWna + VnU 

71=1 

> OO 

- T JL(FuuuU2oa +F°uu0aa,W
2

n +vl). (3.15b) 
^x 

Using (3.15) in (2.7b) and (2.9) determines P2 and AC2. We summarize our results for 
this special case in the following statement. 

Corollary 3.2.  Consider (2.1) when D is a circular cylindrical domain of radius one 
and assume that ft = 0.  Then the expansions of Xc(e), /?c(e) are given by 

/?c(e) = A) + e2/32 + • • • ,      02 — -Ma/^OaP, (3.16a) 

Ac(e) — Xco + e2AC2 H  ,    AC2 = A2 +/32A0/3. (3.16b) 
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b n = l n = 2 n = 3 n = 4 n = 5 

00 -.395E-1 -.149E-1 -.827E-2 -.535E-2 -.376E-2 
10.0 -.304E-1 -.108E-1 -.571E-2 -.351E-2 -.236E-2 
5.0 -.215E-1 -.699E-2 -.343E-2 -.200E-3 -.128E-2 
3.0 -.130E-1 -.379E-2 -.173E-2 -.951E-3 -.584E-3 
1.0 -.185E-2 -.405E-3 -.157E-3 -.777E-4 -.442E-4 

0.50 -.343E-3 -.665E-4 -.241E-4 -.114E-4 -.632E-5 
0.25 -.529E-4 -.955E-5 -.333E-5 -.154E-5 -.837E-6 

TABLE 2a. Temperature perturbation: AC2 for a circular cylindrical 
domain with h(6) = cos(nO). 

b n = l n = 2 n = 3 n = 4 n = 5 

oo -.225E-2 -.766E-3 -.401E-3 -.249E-3 -.170E-3 
10.0 -.216E-2 -.704E-3 -.354E-3 -.211E-3 -.139E-3 
5.0 -.191E-2 -.580E-3 -.275E-3 -.156E-3 -.983E-4 
3.0 -.152E-2 -.418E-3 -.185E-3 -.100E-3 -.608E-4 
1.0 -.494E-3 -.105E-3 -.402E-4 -.197E-4 -.111E-4 

0.50 -.171E-3 -.326E-4 -.117E-4 -.551E-5 -.304E-5 
0.25 -.509E-4 -.909E-5 -.315E-5 -.145E-5 -.787E-6 

TABLE 2b. Temperature perturbation:  fa for a circular cylindrical 
domain with h(0) = cos(n6). 

Here Ao/3; Xoap, M, and Ma are given in (2.17), (2.18); (3.15a) and (3.15b), respec- 
tively. 

Numerical Computations for F(u, (3) = exp[u/(l + 0u)]. We now determine nu- 
merical values for 02 and AC2 in the special case when h(0) = cn cos(n0) where n is 
a positive integer. Using the numerical solution to the extended system (3.3)-(3.4), 
we solve (3.9)-(3.10) using COLSYS to obtain wn and wna at ao, fa, for various in- 
tegers n. Then to determine fa and AC2 defined in (3.16), the inner product integrals 
appearing in (3.15a,b) are evaluated by a numerical quadrature. Setting cn = 1, in 
Tables 2a and 2b we give numerical values for AC2 and #2, respectively, for various Biot 
numbers and integers n. If cn ^ 1, the entries in these tables should be multiplied by 
c^. From Table 2a we observe that AC2 is a decreasing function of b for fixed n and 
is an increasing function of n for fixed b. A similar qualitative dependence of fa on 
n and on b is observed from Table 2b. The data in Table la and Tables 2a,b can be 
combined to write explicit two-term expansions for Ac(e) and /?c(e) for the values of b 
and n shown. 

3.2.  Spherical domain: 
form 

h = 0.    In a spherical domain, (2.3) has a solution of the 

ui(r,M) = 5i EwnMMM), (3.17) 
1=0 n=-l 

where Yin((f),0) are the usual spherical harmonics.   The unknown functions pzn(^), 
which depend on a and /3, are to be determined. 
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Substituting (3.17) into (2.3a,b), and using the fact that Yin are orthonormal, we 
find that pin satisfies 

Lipin + XoF^pin = -VI^AiFX,    0 < r < 1, (3.18a) 

p,
ln(l) + bpin(l) = bcin. (3.18b) 

In (3.18a), the operator Li is defined by Liv = r~2(r2v,y — l(l-\-l)r~2v and the primes 
denote derivatives with respect to r. The complex constants c/n are the coefficients in 
the spherical harmonic expansion of h(9, (j)) given by 

cln= /   Yl*n(4>,0)h(e,4>)sm4>d(t)de,    (l>0,\n\<l). (3. 
Jo    Jo 

19) 

Here the * denotes complex conjugation. To determine the equation satisfied by 
Pinai we differentiate (3.18) with respect to a, which yields the following problem for 
0 <r < 1: 

LlPlna + ^oFuPlna = -><oF^uUoapin - XoaFuPln 

- V^(X1Fy0a + AiaJP
0)fto, (3.20a) 

rfna(l) + 6pj„a(l) = 0. (3.20b) 

Since ft, and hence ui, are real-valued functions, then cin = (—l)ncz*_n and pin(r) = 
(—l)n£>*_n(r). Thus Qo and pio(r) are real quantities. 

When ft = 0, then CQO = 0 and so it follows that Ai = Aia = Xiaa = 0 at c^o, 0o- 
The condition (2.3c) then enforces that poo(r) = Pooa(r) = 0 at ao? /?o- When ft = 0 
the expansions of the cubic fold point parameters Pc(e) and Ac(e) are given in (3.16). 
The terms A2 and A2Q:, evaluated at ao, fo, which appear in (3.16) are given in (3.13) 
and (3.14), respectively. 

Let </>z(r) denote the solution to (3.18a) for I > 1 which satisfies the boundary 
condition 0J(1) + 6^(1) = b. In terms of <^, we have that pin = cinfy andp/nQ; = c/n0/a 

at CKQ, Po• Then substituting (3.17) into (3.13) and (3.14), we obtain the following 
expressions for A2 and A2a at ao, PQ: 

\2(F0,uoa) = -/J2a>(F^oa,ti}, 
1=1 

\2a(F0,uoa) = -\2(F0,uoa)a (3.21) 
> OO 

- ^ E ai [(FuuuuL + Fuu^Oaa, tf) + 2(F°uU0a, 0,0,a>] . 

In (3.21), the coefficients ai for / > 1 are defined by 

1 

a,=cz
2
0 + 2^|Qn|2,     Z>1. (3.22) 

n=l 

With A2 and A2a defined by (3.21), Corollary 3.2 gives a two-term expansion for /3C(€) 
and Ac(e) for the case of a spherical domain with ft = 0. 
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Numerical computations for F(uy(3) = exp[^/(l -\- /3u)]. For an arbitrary tem- 
perature perturbation with zero mean, the coefficients ai can be calculated from (3.19) 
and (3.22). Since AC2 and fa in (3.16) depend linearly on the a/, it suffices to com- 
pute these terms only for the special case where ai' = 1 and a/ = 0 for / ^ /'. For 
this special case, numerical results for AC2 and fa for various values of l' and Biot 
number b are given in Tables 3a and 3b, respectively. By multiplying the entries in 
these tables by appropriate constants and using the results in Table lb, we can obtain 
numerical values for the coefficients in the two-term expansions for Ac(e) and /3c(e) 
that correspond to an arbitrary temperature perturbation with zero mean. 

b 1 = 1 1 = 2 Z = 3 1 = 4 1 = 5 

oo -.185E-1 -.672E-2 -.369E-2 -.238E-2 -.167E-2 
10.0 -.141E-1 -.484E-2 -.253E-2 -.155E-2 -.104E-2 
5.0 -.955E-2 -.299E-2 -.145E-2 -.842E-3 -.539E-3 
3.0 -.537E-2 -.150E-2 -.677E-3 -.372E-3 -.229E-3 
1.0 -.624E-3 -.136E-3 -.529E-4 -.263E-4 -.151E-4 

0.50 -.107E-3 -.213E-4 -.785E-5 -.377E-5 -.210E-5 
0.25 -.159E-4 -.299E-5 -.107E-5 -.503E-6 -.277E-6 

TABLE 3a. Temperature perturbation:   AC2 for a spherical domain 
witlih(0,0)=Y,o(0,0). 

b 1 = 1 1 = 2 1 = 3 1 = 4 1 = 5 

oo -.605E-3 -.198E-3 -.102E-3 -.634E-4 -.433E-4 
10.0 -.580E-3 -.183E-3 -.909E-4 -.541E-4 -.355E-4 
5.0 -.508E-3 -.148E-3 -.697E-4 -.395E-4 -.249E-4 
3.0 -.387E-3 -.103E-3 -.450E-4 -.243E-4 -.148E-4 
1.0 -.109E-3 -.231E-4 -.885E-5 -.437E-5 -.249E-5 

0.50 -.353E-4 -.691E-5 -.252E-5 -.120E-5 -.669E-6 
0.25 -.101E-4 -.189E-5 -.673E-6 -.316E-6 -.173E-6 

TABLE 3b. Temperature perturbation: fa for a spherical domain with 

4.  A nearly circular cylindrical reactor 

The perturbed problem in the nearly circular cylindrical domain De: 0 < r < l-\-eh(9) 
is 

Au + \F(u,f3) = 0,    x e De, 

dvu + bu = 0,     x G dDe. 

(4.1a) 

(4.1b) 

Here (r, 0) are polar coordinates and h{6) is a smooth 27r periodic function. In these 
coordinates, (4.1b) becomes 

ur — 
eh' / e2(/i')2   \1/2 

(1 + eh)2 (1 + eh)2 0    on    r = l + eh(9).      (4.1c) 
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We seek the solution to (4.1), in terms of a parameter a, in the form (2.2a,b). The 
definition of a which we shall use here is 

a= f   u2dx. (4.2) 

(4.4b) 

The leading term in (2.2a) is the radially symmetric solution uo(r) to (4.1) in the 
unperturbed circular cylindrical domain DQ. Here we have suppressed the dependence 
of UQ on a and /?. 

Substituting (2.2a,b) into (4.1), (4.2) and collecting terms of 0(e), we find that ui 
satisfies 

Am + XoF^m = -Aii^0,    r < 1, (4.3a) 

uir + bui = —bhuor — huQrr,    on    r — 1, (4.3b) 

/    UQUidx ——'Ku^iyh. (4.3c) 

From the 0(e2) terms, we obtain the following problem for i^: 

A^2 + AoFn% = -A2F
0-A1F>1-^Fl^,    r < 1, (4.4a) 

h2 

U2r + bU2 = T2(9) = —hUirr —Uorrr + h'llie 

W)2                uu                bh2 
H —Uor — b/lUir —Uorr,      OH T = 1, 

Zi Zi 

/    (ui + 2U0U2) dx = —27ruo(l)uor(l)h2 

JD0 (4.4C) 

- 7rul{l)¥ - 47ruo(l)/iu1(l,6>). 

Here we have defined h = (27r)_1 /0 ^ /i(0) d^. 

The expansions of the cubic fold point parameters /?c(e) and Ac(e) are given in (2.5) 
and (2.8), respectively. The coefficients /3i and Aci in these expansions are defined in 
(2.7a) and (2.9). We now determine /?i and Aci in terms of UQ and h(9). 

To determine Ai at c^o, /?o5 we first apply Green's theorem to (2.10) and (4.3a,b), 
which yields 

Al(F0,^Oa) = 27r^Oa(l)[^Or(l)+^Orr(lp + Aoa(i?0,Wl). (4.5) 

Evaluating (4.5) at QIQ, fio, where Aoa — 0, gives 

Ai(F0, WQa) = Uoa(l)[bUor(l) + W0rr(l)]ft. (4-6) 

To determine AIQ, we differentiate (4.5) with respect to a and evaluate the resulting 
expression at c^o, flo to obtain 

Aia — h 
(buor(l) + ^orr(l))lAoa(l) 

(i^Voc*) 
(4.7) 



PERTURBATIONS OF CUBIC FOLD POINTS 329 

Then from (2.7a) and (2.9) we can write /?i and Aci as 

' (bUor(l) + Uorr(i))uQa(i)' 
p1 = p*h,    where   # = -A, 0aj3 (F0,u0a) 

(4.8a) 

Aci - A*^,    where    A*! = TXoa(l)- 7^5 r^^ + Pi^op-        (4.8b) 

Here A0/3 and Aoa/3 are given in (2.17) and (2.18). In a similar way, we can determine 
ai defined in (2.7a). We summarize our results so far in the following statement. 

Proposition 4.1.  Consider (4.1) in the nearly circular domain 0 < r < 1 + eh(9). 
Then the expansions for I3c{e) and Ac(e) are 

Pc(e) - A) + ePlh + ''' ,     Ac(e) = Aco + eA^ft + • • • . (4.9) 

We now consider the case where h — 0. When h = 0, it follows from (4.6), (4.7), 
and (4.8) that Ai = Xia = pi = Aci = 0. A simple calculation also shows that ai = 0. 
Thus, we must proceed further to obtain the first non-vanishing corrections to the 
unperturbed cubic fold point parameters. 

When h = 0, the expansions of Ac(e) and /3c(e) have the form given in (3.16a,b). 
To determine fa and AC2, at ao, /3O, which are defined in (3.16), we must evaluate A2 
and \2a' To determine A2, we apply Green's identity to (4.4) and (2.10), which yields 

+ \oa(F0,u2) - 27moa(l)^. (4.10) 

Evaluating (4.10) at ao, /?o, and setting Ai = 0, we find 

A2(F0^0a) = "y^^l^Oa) - 2*^(1)%. (4.11) 

To determine A2a, we first differentiate (4.10) with respect to a. Then evaluating the 
resulting expression at ao, A), where Ai = Aia = AQQ: = Xoaa — 0, we obtain 

A2a(i7l0,^Oa) = -A2(i?0,W0a)a " AoC-F^i^ia, ^Oa) 

- y{WLu^Uul) - 27r(tioa(l)l5)a. (4.12) 

Using (4.11) and (4.12) in (3.16a,b) determines fa and AC2. 
We now determine fa and AC2 in the special case where h{6) = cncos(n6) for 

some positive integer n. In this case, the unique solution ui to (4.3) has the form 
ui(r,6) = cnwn(r) cos(n6) where wn(r) satisfies 

LnWn + ^oF°wn = 0,    0 < r < 1, 

w'n(l) + bwn(l) = -bUor(l) - Uorr(l). 

The operator Ln is defined following (3.10). By differentiating (4.13) with respect to 
a, we obtain the following equation for wna at c^o, Po: 

Lnwna + \oF®wna = -\oF°uuoaWni    0 < r < 1, 
(4.14) 

w'nai1) + ^na(l) = -bUoar(l) - Uoarr(l). 
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Setting ui = cnwn(r) cos(n#) in (4.11) and (4.12), we obtain 

A2<F0,uo«> = -^(Fluoa,w2
n)-u0a(l)T2, (4.15) 

and 

(4.16) 

A c2 

A2a(i?0,^0a) = -><2{F0,Uoa)a y21 (KuU0c^ WnWna) 

- (u0a(m)a - ^(F°uuula + *ltio««,tO- 

Finally, using (4.13) and the definition of T2 given in (4.4b), we find 

^=f[(l-6K(l) + Aoti;n(l)^|r=i] 

- -y [Worrr(l) " n2Uor(l) + 6w0rr(l)]. 

A similar expression, which we omit, can be written for T2a. We summarize the results 
for this special case as in the following statement. 

Corollary 4.1. Consider (4.1) in the nearly circular domain 0 < r < l + ecn cos(n#). 
Then the expansions for (3c(e) and Ac(e) are 

Pc(e) =Po + e2p2 + • • • ,    p2 = -A2a/Aoa/3, (4.18a) 

Ac(c) = Aco + e2AC2 + • • • ,    AC2 = A2 + ^Ao/?. (4.18b) 

iJere A2 and A2a are given in (4.15) and (4.16). These expansions are not uniformly 
valid as n —> 00 and they become invalid when en = O(l). 

Numerical computations for F(u,(3) = exp[zz/(l + fiu)]. To determine numerical 
values for A2 and A2a at ao, /?o for n > 1 we first compute the numerical solution to 
the extended system (3.3), (3.4) at ao, /?o using the method described following (3.4). 
Then COLSYS is used to solve (4.13) and (4.14) for wn and wnOL. Next, the inner 
product integrals in (4.15) and (4.16) are evaluated using a numerical quadrature and 
thus fa and AC2, defined in (4.18), are determined. For cn = 1, in Table 4a we give 
numerical values for AC2 for various Biot numbers and integers n. In Table 4b we 
give corresponding results for fa. If cn / 1, the entries in these tables should be 
multiplied by c2. The data in Table la and Tables 4a,b can be combined to write 
explicit two-term expansions for Ac(e) and fa(e). 

From Table 4a we observe that for fixed 6, AC2 is an increasing function of n while 
for fixed n > 1, AC2 is an increasing function of b. For n = 1, AC2 is a decreasing 
function of b. Similar trends were found in [13] for the case of a simple fold point. 
As a partial check on the numerical results for AC2, a similar calculation to that given 
following (3.6) shows that Ac2 46(1 - n2/2)e-2 as b -► 0.   When b = .25, this 
limiting result is in close agreement with the numerical results given in the last row 
of Table 4a. 

From Table 4b we observe that for fixed 6, fa is a decreasing function of n. As 
a function of b for fixed n, 02 first decreases with increasing 6, then it increases for 
a while until it eventually starts decreasing again when b is sufficiently large. This 
trend has been confirmed by evaluating fa for other Biot numbers than those shown 
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b n = l n = 2 n = 3 n = 4 n = 5 

00 -1.503 4.125 7.913 11.29 14.52 
10.0 -1.128 2.509 4.898 7.054 9.185 
5.0 -0.872 1.688 3.532 5.394 7.432 
3.0 -0.649 1.139 2.654 4.377 6.408 
1.0 -0.262 0.446 1.342 2.529 4.028 

0.50 -0.134 0.242 0.789 1.536 2.489 
0.25 -0.068 0.128 0.431 0.852 1.391 

TABLE 4a. Boundary perturbation: AC2 for a circular cylindrical do- 
main with h(9) = cos(n#). 

b n = 1 n = 2 n = 3 n = 4 n = 5 
oo -.741E-5 -.331E-2 -.145E-1 -.220E-1 -.271E-1 

10.0 -.313E-3 -.242E-2 -.122E-1 -.200E-1 -.265E-1 
5.0 -.731E-3 -.254E-2 -.125E-1 -.221E-1 -.318E-1 
3.0 -.911E-3 -.327E-2 -.128E-1 -.229E-1 -.337E-1 
1.0 -.389E-3 -.217E-2 -.597E-2 -.995E-2 -.143E-1 

0.50 -.130E-3 -.855E-3 -.214E-2 -.347E-2 -.491E-2 
0.25 -.367E-4 -.265E-3 -.636E-3 -.101E-2 -.142E-2 

TABLE 4b. Boundary perturbation: /^ for a circular cylindrical do- 
main with h(6) = cos(n#). 

in Table 4b.   However, a qualitative explanation for this non-monotone behavior is 
lacking. 

As a check on the numerical results for /?2, AC2, we note that in the special case when 
n = 1, the solutions to (4.13) and (4.14) are simply wi = — uor and wia — —UQar. 
Then we can simplify (4.15) and (4.16) by using the following identity which holds at 

ao, Po: 

Xo{F^uuoa^2
0r) = Xo[uoa(l)uQr(l)F^\r=1 - u0ar(l)F0 |r=1]. (4.19) 

Setting wi = -Uor in (4.15)-(4.17), and using (4.19) and (3.3a), we obtain at QQ, fio 
that 

~2 r (uQrr(l)uoa(l) - uoar(i)uor(i)) 

\   -C1 
A2a —  —T 

(F^Uoa) 

(uorr(i)uoa(i) - uoar(l)uor(l)) 

(F^Uoa) 

(4.20) 

when n=l. Substituting (4.20) in (4.18), we can write./?2 and AC2 as 

02 = 
4Aoa/3 
^2 

(^Orr(l)^Oa(l) - ^Qar(l)^Or(1)) 

(F0,u0a) 
(n.= l), (4.21a) 

Ar2  = TT^oT \ Krr(l)^0a(l) " Uoar(l)uor(l)] + ^AQ^,       (n = 1).   (4.21b) 
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Using the numerical solution to (3.3), (3.4) directly in (4.21), we recover the entries 
in Tables 4a,b corresponding to n = 1. 

5.  Interior domain perturbations 

Consider the following perturbed problem resulting from removing a small hole De 

from a bounded domain D C i2m: 

Au + \F(u,0) = O,    xeD\De, (5.1a) 

5^ + 6^ = 0,    xedD, (5.1b) 

edvU + KU — 0,     x G dD€, (5.1c) 

a =  /        u2 

JD\De 

dx. (5.1d) 

In (5.1), b > 0 and K > 0 are constants, c^ is the derivative of u with respect to the 
outward normal to D \ De, and De is a small subdomain of 'radius' O(e) centered at 
a point XQ in D. We assume that _De can be written in terms of a fixed domain Di 
as De = eDi. Our goal is to determine the corrections to the unperturbed cubic fold 
point values /?o and Aco as a result of removing a hole De from D. 

In contrast to the regular perturbation problems considered in §2-4, we note that 
(5.1) is a singularly perturbed problem. Thus, for e <^ 1, the solution u to (5.1) is 
constructed using singular perturbation methods. We represent u by two different 
expansions for e <C 1, an 'inner' expansion for x near XQ and an 'outer' expansion for 
x far from XQ. 

We expand A in terms of the unknown gauge functions z/j(e) as 

A(a,/3, e) = \0(a,P) + i/i(e)Ai(a,/3) + ^2(e)A2(a,/3) + • • • . (5.2) 

In the outer region, away from the hole, we expand the solution as 

u(x,a,P,e) = uo(x,a,P) + i/i(e)ui(x,a,/3) + i/2(e)u2(x,a,P) H .       (5.3) 

Substituting (5.2), (5.3) into (5.1a,b,d), and equating terms of order ^i(e), we find 

Awi + XQF^UX = -AiF0,    x ^ XQ, (5.4a) 

dvii! + bu1=0,    xe dD, (5.4b) 

UQUI dx = 0. (5.4c) 
/. D 

The condition (5.4c) follows from (5.Id) in two relevant cases: ^i(e) ^> 0(em) with 
u{x) — U(XQ) = 0(1) for x near XQ, and ^i(e) = 0(em) with u(x) — u(xo) = o(l) 
for x near XQ. AS shown below, the first case occurs when K, ^ 0 in (5.1c) whereas 
the second case occurs when K = 0. Since the behavior of ui as x —> XQ is not yet 
known, the function ^i is not completely specified. To determine the behavior of Ui 
as x —> #o, we must construct an inner expansion near De. 

In the inner region, we write y = e_1(rr — rro) and v(y,a,/?,e) = u(xo + ey,a,/3,e). 
Then from (5.1a,c) we obtain 

A^ + e2AF(7;,/5) = 0,    y <£ Dn    duv + «v = 0,    y e dD1. (5.5) 

Here Ay, 9^ denote derivatives with respect to y and Di is the domain De in the y 
variable. 
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The inner expansion is written in terms of other unknown gauge functions /^(e) as 

v(y, a, /?, e) = /io(e)vo(2/, a, P) + Mi(e)^i(y, a, /?) + ^(e)^^, a, /?) + ••• .   (5.6) 

Substituting (5.2) and (5.6) into (5.5), and assuming that /io(e) > 0(e2)5 we find 

AyVo = 0,    y £ Dn    dj.vo-\-KVQ = 0,    y e dDx. (5.7) 

Equations for the higher-order inner corrections can be obtained in a similar way. 
The inner and outer expansions must be asymptotically equal in some overlap 

domain within which y is large and X — XQ is small. Omitting the dependence of u and 
v on a and /?, we write the matching condition as 

UQ(X) + v^eju^x) + V2{e)u2{x) H  

~ [J<o(e)vo(y) + Me)ui(2/) + ^(^{y) + ■ • • • 

To derive expressions for the coefficients in the asymptotic expansions of the cubic 
fold point parameters, we proceed as in §2. Retaining only the leading-order correction 
terms, we find 

Pc(e) ={3o + vi(e)Pi + • • ■ ,    Pi = -Xla/Xoa^ (5.9a) 

Ac(e) = Aco + ^i(e)Aci + • • • ,     Aci = Ai + /3iAo/3. (5.9b) 

Here A0/3 and Xoap are given in (2.17) and (2.18). The coefficients Aci and Pi in (5.9) 
are to be evaluated at ceo, Po> 

5.1. Two dimensions. We first consider the case when K = 0. In this case, a 
solution to (5.7) is an arbitrary constant. By choosing fio(e) = 1 and vo(y) — ^0(^0), 
the leading terms on the left and right sides of (5.8) are matched. To calculate further 
terms in the inner region, we choose ii\{e) = e and /12(e) = e2. Then upon substituting 
(5.6) into (5.5), we obtain 

A^i = 0,    y^D^ (9^1 = 0,    yedDu        (5.10a) 

AyV2 = -\oF(uo(xo),0),    y $ D^       dvV2 = 0,    y e dD^        (5.10b) 

By expanding UQ(XQ + ey) for e <^ 1 in the matching condition (5.8), we find that the 
far field behaviors of v\ and V2 are 

vi(y) ~ dXiuo(xo)yi,    V2(y) ~ -dXidXjuo(xo)yiyj,    as   y -* 00.       (5.11) 

^From [14], the solutions to (5.10), (5.11) have the following asymptotic forms as 
2/->oo: 

v^y) ~ dXiuo(xo) ^+    |y|2    + as ?/ ^> 00, (5.12a) 

^2(2/) ~ -dx^jUoixo^iyj + ^log \y\ + • • • ,     as 2/ -> 00. (5.12b) 

Here E1 is defined by 

^^^Mzo),/?], (5.13) 

where P^- is the polarizability tensor of .Di and Ai is the area of Di. 
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Using (5.12a,b) in the matching condition (5.8), we find ^i(e) = e2 and that ui has 
the following singular behavior as x —► XQ: 

u^x) - dxM*o)Pi&J ~ uj) + E^S k - ^o|. (5.14) 
\x - Xo\z 

To match the as yet unaccounted for term of order 0(e2loge) in (5.8), we must 
insert the switchback term E(e2 log e) into the inner expansion (see [10] for a general 
discussion of switchback terms). 

We now determine Ai and AIQ, at ao, PQ from the solution to (5.4), (5.14). To 
determine Ai, we apply Green's identity to (5.4) and (2.10) in the region D \ Da 

where -D^- is a small circle of radius a about XQ. Letting a —> 0 then yields 

Ai(F0, Uoa) = - lim  /      (uoadvUi - uxd^uoa) ds + \oa(F0, ui).      (5.15a) 
a^0 JdDa 

To determine Aia, we differentiate (5.15a) with respect to a to obtain 

Aia(F0,Woa) = -Al(F0,W0a)a " Um   /        (lloadi/^l " U^U^a ds 

+ \oaa(F0,U1) + \oa(F0,U1)a. (5.15b) 

Substituting (5.14) into (5.15a,b), and evaluating the resulting identities at ao, Po, 
where Aoa = ^oaa = 0, determines Ai and Aia as 

Ai(-F0,tzoa) = 27r[Euoa(xo) - dx.uo^x^Pijdx.uvixv)], (5.16a) 

Aia(jP   ,iX0a) = —Al(F   ,lX0Q:)a 
(5.16b) 

+ 27r[(-Btzoa(^o))a - (^ixoa^o^i^-wo^ojjj. 

Setting (a,/3) = (ao,^o) in (5.16), we find from (5.9) that /?i and Aci are given by 

~EuQa(xo) - dx.uoaixojPijdx.unixo) 
Pi = —^- 

AQQ;/? (F°,Uoa) 
(5.17a) 

x             0    [Fuoa(xo) - dxiUoa(xo)PijdxjUo(x0)] /ri7U\ 
Aci = JTT —^ r h PlAQp. (5.17DJ 

Here the constant E, defined in (5.13), is to be evaluated at ao, A)- Then substituting 
(5.17) in (5.9), we obtain a two-term expansion for pc(e) and Ac(e) which we summarize 
as follows. 

Proposition 5.1. For dimension m — 2, assume K, = 0 in (5.1c).  Then 

Pc{e) =Po + e2Pi + • • • ,     Ac(e) = Aco + e2Aci + • • • . (5.18) 

We now consider the case where K, > 0 in (5.1c). In this case, (5.7) has a solution 
v(y) with the asymptotic behavior 

v(y) = log \y\ - log[d(«)] + • • • ,    as    \y\ -^ oo. (5.19) 

When K = oo, d(oo) is called the logarithmic capacitance of Di. Using the matching 
condition (5.8), we obtain z/i(e) = /io(e) = —l/log[ed(tt)], vo(y) — uo(xo)v(y) and 
that ui has the following singular behavior as x —> XQ: 

UI(X) ~ uo(xo) log |a; - a;o|. (5.20) 
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We now determine Ai, Aia at ao, flo from the solution ui to (5.4), (5.20). Substi- 
tuting (5.20) into (5.15a,b) we obtain at ao, /?o> that 

Xi{F0,uoa) = ZKUQ (xo)uoa(xo), (5.21a) 

Xia(F0^oa) = -X1(F
0
:uoa)a + 2ir[uoaoi(xo)uo(xo) + (uQa(xo)) ]. (5.21b) 

Using (5.21) in (5.9) determines /3i and Aci at c^o, A) as 

8  -      27r 
Pi — - 

Aoa/3 

wo(a;o)woa(^o) 

(i^.UOa) 

27rMo(a;o)Moa(a;o) 

Then substituting (5.22) in (5.9) we obtain a two-term expansion for /3c(e) and Ac(e) 
which we summarize as follows. 

Proposition 5.2. For dimension m = 2; assume K > 0 in (5.1c).  Then 

(5.23) 

Ac(e) = Aco + I — -—r  „, x-, ) Aci H . 
V   log[ed(K)]J 

Both Pi and \ci, determined by (5.22), are to be evaluated at ao, PQ. 

We note that we can simplify (5.23) when ft = e/^o, where K,Q is independent of e. 
In the limit ft —► 0, we apply the divergence theorem to (5.7) and (5.19) to derive 
log[d(ft)] ~ —27r/I/ift, where Li is the length of dDi. Then with ft = efto, the 
leading-order corrections to the unperturbed cubic fold point parameters are found by 
replacing (—l/log[ed(ft)]) in (5.23) by eLiKo/2'ir. 

When F is sufficiently smooth and ft > 0, the result (5.23) can be extended to 
higher-order in powers of (—l/log[e<i(ft)]). By following a similar procedure as in 
[15], where the case of a simple fold point was considered, it can be shown that the 
expansions of (3c(e) and Ac(e) start with infinite series in powers of (—l/log[ed(ft)]). 
These expansions have the form 

Ac(e) = Aco + y^-;—r   ,,  xn ) ^V   logM(ft)]y 
oo     , 

Aci + * • •  > 

(5.24) 

where the coefficients pi and Ac; are independent of e, of ft, and of the shape of the 
holeDi. 

5.2. Three dimensions.    We first treat the case where ft = 0 in (5.1c). This case is 
very similar to the corresponding case in two dimensions and so we omit most of the 
details. In the inner region, we expand the solution as v = uo(xo) + evi + e2V2 H , 
where vi and V2 satisfy (5.10a,b), (5.11). From [14] the far field behaviors of vi and 
V21 in analogy with (5.12a,b), are 

vi(y) ~ dx.uo(xo) as y —> oo, (5.25a) 
\y\ 

1 E v2(y) ~ ■^dXidx.uo(xo)yiyj - T-T + • • • ,    as y -> oo. (5.25b) 
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The constant E is given in terms of the volume Vi of Di by 

E = 
A-K 

■-F[uQ{xQ)y0\. (5.26) 

Using (5.25a,b) in the matching condition (5.8), we find ^i(e) = e3 and we require 
that ui have the following singular behavior as x —► XQ: 

u^x) ~ dx uofa)-^—-—nr^ 
\x — XQ]

6 

E 

\X — XQ\ 
(5.27) 

Using (5.27) in (5.15a,b), where Dp is a small sphere of radius a centered at XQ, we 
can calculate Ai and AIQ, at ao, /?O- Then, in analogy with (5.17), we find at ao, A) 
that 

/Ji = 
47r EU^XQ) - dXiuoa(xo)PijdXjuo(xo) 

(F^Uoa) 

_      [Euoa(xo) - dXiuoa(xo)PijdXjuo(xo)] 
Aci = 47r 

(^0^0a) 
+ i9iA, 0/3- 

(5.28a) 

(5.28b) 

Here the constant E, defined in (5.26), is to be evaluated at ceo, Po- Using (5.28) 
in (5.9), we obtain a two-term expansion for /3c(e) and Ac(e) which we summarize as 
follows. 

Proposition 5.3. For dimension m = 3, assume K, — 0 in (5.1c).  Then 

Pc(e) =Po + e*p1 + • • • ,     Ac(e) = Aco + e3Acl + • • • . (5.29) 

We now consider the case where K > 0 in (5.1c). In three dimensions, (5.7) has a 
solution v(y) with the asymptotic form 

„(!/) = 1-_lifi+... (5.30) 

Here C(K) is a constant depending on K and the shape of the domain Di. When 
K = oo, C(oo) is the capacitance of Di, Matching the terms in (5.8), we find that 
/io(e) = 1, vo{y) — uo(xo)v(y), and ^i(e) = e. Moreover, ui has the singular form 

ui(x) ~ — UO(XO)C(K)/\X — Xo\,     as x —>■ ^o- (5.31) 

The problem for ui and Ai is given by (5.4) and (5.31). 
We now determine Ai and AIQ, at ao, PO from (5.15a,b), where Z)a is a small sphere 

of radius a centered at XQ. Substituting (5.31) into (5.15a,b), we find at ceo, Po that 

\        A   n(  NWo(^o)'Woa(^o)       x A   n<  \ Ai = 47rC(^)—;—o r—,     Aic = 47rCf(^) 
Uo{xo)uoa.{xo) 

[F^Uoo) 
(5.32) 

Using (5.32) in (5.9), we can write P\ and Aci as /?i = C{K)P\ and Aci = Cr(/^)A*1 

where 

i8i=- 
47r ^o(^o)^Oa(^o) 

Aoa/3 [      (^^Oa) 

. * ^o(xo)^oa(xo) 

(^u,lt0a) 

Then substituting (5.33) in (5.9), we obtain a two-term expansion for pc{e) and Ac(e) 
which we summarize as follows. 
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Proposition 5.4. For dimension m = 3, assume K, > 0 in (5.1c).  Then 

/?c(c) = A) + eC(/0# + • ■ • ,    Ac(c) = Aco + €C(/^)A:1 + • • • . (5.34) 

The expansions in (5.34) can be simplified as K, —> 0 by using C(K) ~ SIKQ/ATT, 

where 5i is the surface area of dDi. Thus, if K = €KQ with KQ independent of e, the 
leading-order corrections to the cubic fold point parameters are found by replacing 
eCfa) in (5.34) with e25i^o/47r. 

6.  Comparison of asymptotic and numerical results 
for interior perturbations 

We now show how to evaluate the coefficients in the asymptotic expansions of Ac(e) 
and /?c(e), given in Propositions 5.1-5.4, for a circular cylindrical domain or a spherical 
domain, each of radius one, containing a small hole. The hole, which may be either 
cooling (ft > 0) or insulating (ft = 0), is located at a distance ro (with 0 < ro < 1) 
from the origin. 

The coefficients in the expansions for Ac(e) and /?c(e) depend on quantities associ- 
ated with the unperturbed solution at ao, /3o. We consider unperturbed solutions UQ 

that are radially symmetric in the circular cylindrical or spherical geometry. Thus, 
in Propositions 5.1-5.4 we replace UQ{X) by UQ(r) and no(^o) by 'Uo(^o)- Here iio(r) 
is computed numerically from (3.3)-(3.4). The asymptotic results also depend on 
various constants that are associated with the hole geometry and the boundary con- 
dition for u on the hole. In the two-dimensional case, we must determine <i(ft) and 
the tensor P^-, defined from (5.7), (5.19) and (5.10a), (5.12a), respectively. If D\ is 
a circle of radius a, then <i(ft) = aexp[—1/fta] and Pij = a26ij. If Di is an ellipse 
with semi-axes a and a-1, then d(oo) = (a + a-1)/2. Numerical values for d(/c) for 
other hole shapes were computed previously in [15] and the results are summarized 
in Appendix A. In the three-dimensional case, we must determine C(ft), defined from 
(5.7), (5.30), and the tensor Pij, defined from (5.10a), (5.25a). If Di is a sphere of 
radius a, then C(ft) = aft/(l + aft) and P^ = a36ij/2. The capacitance C(oo) also is 
known explicitly when Di is an ellipsoid. 

In the limiting cases of concentric circular cylinders or concentric spheres, the 
asymptotic results for Ac(e) and /?c(e) will be compared with corresponding numerical 
results obtained from the full problem (5.1). In both cases, the inner radius is taken 
to be e. For these geometries, the cubic fold point parameters Ac(e) and /3c(e) for the 
full perturbed problem are determined from the numerical solution to 

u" + ^m~   'uf + \F(u, /?) = 0,     € < r < 1, 

ri (6.1) 
u'(l) + lm(l) = 0,     €u'(e) - Ku(e) = 0,     a = 2m-17r /   u2^'1 dr. 

To locate the cubic fold point for (6.1), we proceed by writing the extended system 
for (6.1) in analogy with (3.3). This system is solved numerically using COLSYS 
with care taken to resolve the boundary layer near r — e. For fixed e, the cubic fold 
point parameters Ac(e) and /?c(e) are determined by appending the side conditions 
Aa = Aaa = 0 to the extended system. Then using a simple continuation in e the 
curves Ac(e) and /3c(e) are obtained. For illustration purposes, the computations below 
are done for the combustion form F(u,f3) = exp[u/(l + /3u)]. Similar results can be 
obtained for other nonlinearities associated with cubic fold point behavior. 
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To Aci(5.22) ft(5.22) Acl(5.m) ft (5.17a) 

.10 3.9043 0.1067 xlO-1 10.883 0.0239 

.30 3.0094 0.3865 xlO"2 5.521 -0.0342 

.50 1.7092 -0.1679 xlO"2 -1.288 -0.0455 

.70 0.6151 -0.1531 xlO-2 -5.440 0.0154 

.90 0.0636 -0.8865 xlO"4 -6.331 0.0253 

TABLE 5a. The coefficients Aci and /?ci, when b = oo, for a cooling 
rod or insulating rod of circular cross-section located at a distance rg 
from the origin of a circular cylindrical domain. 

b Aci(5.22) ft(5.22) Aci (5.176) ft (5.17a) 

00 4.0299 0.01179 11.667 0.03485 
10.0 3.3397 0.01207 7.9647 0.03075 
5.0 2.8468 0.01208 5.6779 0.02759 
3.0 2.4049 0.01104 3.8810 0.02176 
1.0 1.6151 0.00543 1.2791 0.00586 

0.50 1.3541 0.00277 0.6002 0.00175 
0.25 1.2186 0.00136 0.2866 0.00047 

TABLE 5b. The coefficients Aci and /3ci for a cooling rod or insulat- 
ing rod of circular cross-section centered at the origin of a circular 
cylindrical domain. 

6.1. Two dimensions: circular cylindrical domain. In the case of an insulating 
rod (K = 0), the expansions of Ac(e) and /3c(e) are given in Proposition 5.1, where the 
coefficients Aci and Pi are given in (5.17). In order to evaluate these coefficients 
numerically, we will consider only insulating rods of circular cross-section and radius 
e for which P,. Ulj. In the case of a cooling rod (K > 0), the expansions of Ac(e) 
and /?c(e) are given in Proposition 5.2, where the coefficients Aci and /3i are given in 
(5.22). These coefficients are independent of K and of the shape of the cross-section 
of the rod. 

When b = oo, in Table 5a we give numerical values for Aci and /?i for a cooling 
rod and for an insulating rod of circular cross-section located at various distances 
ro from the origin. When ro = 0, in Table 5b we give numerical values, at various 
Biot numbers, for Aci and /?i for cooling rods and for insulating rods of circular 
cross-section. By combining the results in Table la and Tables 5a,b, and by using 
the numerical values for d(/c) given in Appendix A, the coefficients in the two-term 
expansions for Ac(e) and /3C(e) are known for various ft, &, and hole shapes. 

Suppose that an insulating rod of circular cross-section is centered at the origin. 
Then for b = oo, in Table 6 we compare the two-term asymptotic result (5.18) for 
Ac(e) and /3c(e) with corresponding numerical results obtained from the full problem 
(6.1). From this table we observe that the asymptotic results for Ac(e) and /?c(e) are 
within 3% of the corresponding numerical results even when e = .15. Similar close 
agreement between the asymptotic and numerical results for Ac(e) and /3c(e) is found 
for other Biot numbers b. 

Now consider the case of a cooling rod of circular cross-section centered at the 
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e Ac(5.18) Ac(6.1) /?c(5.18) /?c(6.1) 

0.005 3.0066 3.0066 0.24210 0.24211 
0.010 3.0075 3.0075 0.24210 0.24211 
0.025 3.0136 3.0136 0.24212 0.24213 
0.050 3.0355 3.0351 0.24219 0.24219 
0.075 3.0719 3.0706 0.24230 0.24227 
0.100 3.1230 3.1198 0.24245 0.24238 
0.125 3.1886 3.1827 0.24264 0.24251 
0.150 3.2688 3.2595 0.24288 0.24264 

TABLE 6. Comparison of asymptotics and numerics for an insulating 
rod concentric with a circular cylindrical domain with b = oo. 

origin with K; = oo. Then when b = oo, a three-term expansion for Ac(€) and /3c(e) 
was given previously in Lange and Weinitschke [11]. For this special geometry, they 
showed, using a different asymptotic method from that given in §5, that 

Ac(e) = 3.0063 + Am97(--^—) + 4.4250 (--!-')   + 
V   loge/ V   loge/ 

f3c(e) = 0.2421 + O.Ollsf-—^ - 0.0023f--^—) 
V   loge/ \   loge/ 

+ ■ 

(6.2a) 

(6.2b) 

Note, from Table 5b, we have obtained the slightly different result Aci = 4.0299. This 
very minor discrepancy is probably a result of a small error, of unknown origin, in 
numerically computing Aci. By adapting the analysis in [15], where the case of a 
simple fold point was analyzed, it can be shown that the expansions of Ac(e) and /3c(e) 
for a cooling rod of arbitrary cross-section, with K > 0, start with infinite logarithmic 
series of the form given in (5.24). The coefficients XCi and Pi, for i > 1, in these series 
are independent of e, of ft, and of the shape of the cross-section of the cooling rod. 
Therefore, by replacing e by e<i(ft) in (6.2), the three-term results of [11] also apply 
when a cooling rod of arbitrary cross-section, with ft > 0, is centered at the origin. 
For this geometry, we now show how to obtain even further terms in the expansions 
of Ac(e) and /?c(e). 

6.2. Two dimensions: summing the logarithmic series. Suppose that a cool- 
ing rod of arbitrary cross-section, with ft > 0, is centered at the origin of a circular 
cylindrical domain. We now formulate a certain related problem whose solutions are 
asymptotic to the sum of the logarithmic series for Ac(e) and /3c(e) written in (5.24). 
The method we use to sum these logarithmic series is very closely related to the 
method used in [15] to sum a similar series resulting from an expansion of a simple 
fold point. 

We begin by defining X*(z) and P*(z) as functions asymptotic to the sum of the 
terms written explicitly on the right side of (5.24), namely 

K(z) Ac0 + ^(i^)^ 
oo 1 

i=l 

(6.3) 

Here the parameter z is defined by z = ed(ft). The key observation, derived by 
formally extending the analysis in §5 to infinite-order in powers of — l/log[e<i(ft)], is 
that X*(z) and P*(z) correspond to the cubic fold point for the full 'outer' problem 



340 WARD AND WOLF 

(5.1a,b,d) in which the hole is now replaced by a certain singularity condition at 
r = 0. The condition (5.Id) also is replaced by a — ^TT JQ u2rdr. Thus, to retain all 
the logarithmic corrections to the unperturbed cubic fold point parameters Aco and 
/?o, we avoid expanding the 'outer' solution in powers of — l/log[ed(«)]. 

The form of the singularity condition for the solution to (5.1a,b,d) is found af- 
ter constructing an infinite-order logarithmic expansion for the inner solution in the 
vicinity of the cooling rod. The far field behavior of this infinite-order expansion for 
the solution in the 'inner' region then yields the following singularity condition for 
(5.1a,b,d): 

u = A(l- ip^) + o(l),     as r -> 0. (6.4) 

The constant A , which depends on a, ft and z is to be determined. Then the related 
problem is to determine the solution u*(r,a,P,z), A*(a,/?,z), and A(a,l3,z) to 

i r1 

u*" + -u*' + A*F(u*,/3) = 0,    0 < r < 1;    a = 27r      [vTfrdr,       (6.5a) 
r </o 

ix*/+6w* = 0,     onr = l;     u* = A(l - ■^-\ + o(l),     as r -► 0.      (6.5b) 
V       los; z J 

Here z is a parameter. For fixed z, the sums A*(z) and /3*(^) are the values of A* and 
j3 at which the related problem (6.5) has a cubic fold point. To determine the location 
of this cubic fold point, we simply append the side constraints A* = A*^ = 0 to (6.5). 
We refer to the curves A* (z) and /3*(z), obtained from (6.5), as 'universal' curves 
since they can be used for a cooling rod of arbitrary shape centered at the origin. To 
determine numerical values for X*(z) and /?*(£) corresponding to a cooling rod of a 
certain size and shape, we need only evaluate the product z = ed{K). Thus we have 
formulated a hybrid asymptotic-numerical method which has the effect of summing 
the logarithmic series (5.24) for the cubic fold point parameters. We emphasize that 
our method to treat these logarithmic series completely circumvents having to first 
compute all the coefficients \Ci and j3i in (6.3). 

There are several advantages in solving the related problem (6.5) numerically rather 
than proceeding with a direct numerical attack on the full problem (5.1). Foremost is 
that, for a cooling rod of arbitrary cross-section centered at the origin, A*{z) and I5*(z) 
are obtained by solving a boundary-value problem for ordinary differential equations. 
For this geometry, the 'exact' values Ac(e) and /3c(e) can only be found by solving 
the partial differential equation (5.1). In addition, the curves \*c(z) and /?*(£) can be 
re-used for a different hole geometry or a different value of ft simply by re-computing 
a single constant d(/c). In contrast, once K or the hole geometry is changed in the 
full problem (5.1), the entire curves Ac(e) and (3c(e) must be re-computed by varying 
e. Finally, we observe that (5.1) and (6.1) become increasingly difficult to solve as e 
decreases. In contrast, after introducing the new variable v by 

u* = -^(?r1-logr)+?;, (6.6) 
\ogz 

the related problem (6.5) is not inherently stiff and can be easily solved for small 
values of e. 
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To solve the related problem, it is more convenient to parameterize (6.5) by A 
rather than a. Substituting (6.6) into (6.5a,b), we obtain 

1   / (6.7a) v   +-v' + A*F*0 = 0,     0 < r < 1;     v' 4- bv = 0,     on r = 1, 
r 

v = A(l-- )    and    t;'= 0,     at    r = 0. (6.7b) 
V       W z / logz^ 

Here we have defined F*0 by 

F*0 = F[v + A^1 -logr)/logz,P]. (6.7c) 

Next we form the extended system for (6.7) by taking derivatives of (6.7) with respect 
to A. The cubic fold point for (6.7) is determined by appending the side constraints 
A^ = \*AA = 0 to this extended system. Then the resulting problem, which is not stiff 
for small values of e, is solved using COLSYS. 

Finally, to estimate the error made in approximating Ac(e) and /3c(e) by A*[ed(ft)] 
and /?*[ed(/€)], we must retain further terms in the far field expansion of the inner 
solution. A simple analysis shows that 

Ac(e) = A*[ed(«)] + 0 
log[ed(«)] 

,    0c(e)=fi[ed(K)] + O 
log[ed(/c)] 

(6.8) 

We now give some results of the numerical computations for (6.1) and (6.7) when 
F(u,l3) = exp[u/(1 + Pu)]. 

In Figure 2a we plot the universal curves l3*(z) versus z, obtained from (6.7), for 
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FIGURE 2a. Circular cylindrical domain containing a cooling rod of 
arbitrary cross-section centered at the origin: Plots of the universal 
curves l3*(z) versus z for several Biot numbers b. 

several values of b. The corresponding curves \*(z) versus z are plotted in Figure 2b. 
Using the values of d(«) given in Appendix A, /?*[ed(ft)] and A*[ed(ft)] then are known 
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FIGURE 2b. Circular cylindrical domain containing a cooling rod of 
arbitrary cross-section centered at the origin: Plots of the universal 
curves A* (z) versus z for several Biot numbers b. 

explicitly for various K and hole shapes. 
In particular, consider an annular domain with inner radius e and with K — oo for 

which d(oo) = 1. Then in Table 7a we compare the results for /?c(e) obtained from the 
related problem (6.7), the full problem (6.1), and the two- or three-term expansions 
derived from (6.2). A similar comparison for Ac(e) is shown in Table 7b. From these 
tables we conclude, in general, that the sums A*(e) and /?*(e) of the logarithmic series 
are a better determination of Ac(e) and /3c(e) than are the three-term expansions given 
in (6.2). However, we note that when e — .1259, the three-term expansion for Ac(e) 
is in closer agreement to the numerical result for Ac(e) than is A*(e), although this is 
probably fortuitous. 

e £00(6.1) /3*(e)(6.7) /?c(e)(6.2&)2 terms /3c(e)(6.26)3 terms 

0.0009 0.24364 0.24364 0.24378 0.24377 
0.0109 0.24426 0.24426 0.24471 0.24460 
0.0259 0.24457 0.24457 0.24533 0.24515 
0.0509 0.24484 0.24486 0.24606 0.24580 
0.0759 0.24501 0.24505 0.24667 0.24633 
0.1009 0.24514 0.24522 0.24724 0.24680 
0.1259 0.24523 0.24538 0.24779 0.24725 

TABLE 7a. Comparison of asymptotics and numerics for /?c(e) in the 
case of a cooling rod concentric with a circular cylindrical domain 
with b — oo and K = oo. 

For an annular domain with inner radius e, the results for the cubic fold point 
parameters obtained from the related problem (6.7) also agree very closely with results 
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e Ac(e)(6.1) A;(6)(6.7) Ac(e)(6.2a)2 terms Ac(e)(6.2a)3 terms 

0.0009 3.6803 3.6798 3.5809 3.6709 
0.0109 4.1486 4.1486 3.8981 4.1148 
0.0259 4.5023 4.4990 4.1093 4.4408 
0.0509 4.9656 4.9421 4.3596 4.8586 
0.0759 5.3907 5.3215 4.5693 5.2349 
0.1009 5.8136 5.6636 4.7633 5.6044 
0.1259 6.2494 5.9728 4.9510 5.9814 

TABLE 7b. Comparison of asymptotics and numerics for Ac(e) in the 
case of a cooling rod concentric with a circular cylindrical domain 
with b = oo and K = oo. 

obtained from the full problem for a wide range of K. When b = oo, in Figure 3a we 
plot the curves /3*[ed(ft)] versus e obtained from (6.7) for several values of K. For this 
geometry d(«) = exp[— 1/ft]. The selected numerical results for /3c(e) obtained from 
the full problem (6.1) also are plotted in this figure. A similar comparison for Ac(e) is 
shown in Figure 3b. The close agreement between the results from the hybrid method 
and the results from the full problem for a wide range of K and for moderately small 
values of e is evident from these figures. 
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FIGURE 3a. Annular domain with inner radius e and b = oo: Plots of 
the curves /3* [ed(tt)] versus e for several values of ft, where /3* [ed(ft)] = 
(/?*[ed(ft)] — .24) x 103. Corresponding numerical results computed 
from (6.1) at selected values of e are also shown. 

For cooling rods of arbitrary cross-section centered at the origin, we anticipate a 
similar agreement between Ac(e) and A*[ed(tt)] and between /?c(e) and /3*[ed(K,)] as 
for the case of an annular domain.  Some related work in non-concentric geometries, 
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FIGURE 3b. Annular domain with inner radius e and b = oo: Plots 
of the curves A*[ed(Ac)] versus e for several values of AC. Also shown, 
at selected values of e, are the numerical results for Ac(e) from (6.1). 

b A*! (5.33) /?i*(5.33) Acl(5.28&) ft (5.28a) 

00 11.167 0.04464 37.728 0.18787 
10.0 8.3447 0.04134 23.058 0.14464 
5.0 6.4455 0.03704 14.648 0.10986 
3.0 4.9063 0.02911 8.8069 0.07072 
1.0 2.7132 0.00996 2.2530 0.01227 

0.50 2.1449 0.00444 0.9745 0.00312 
0.25 1.8766 0.00203 0.4468 0.00077 

TABLE 8. The coefficients for a cooling pellet or a spherical insulating 
pellet centered at the origin of a spherical domain. 

0.16 

which compared numerical results for (5.1) with the sum of a logarithmic series for a 
simple fold point, was done in [15]. 

6.3. Three dimensions: spherical domain. In the case of a spherical insulating 
pellet of radius e, the expansions of Ac(e) and /?c(e) are given in Proposition 5.3. The 
coefficients Aci and /3i in these expansions are given in (5.28), in which the tensor 
Pij is given by Pij = Sij/2. In the case of a cooling pellet, the expansions of Ac(e) 
and /?c(e) are given in Proposition 5.4, where the coefficients X^ and /3* are given in 
(5.33). These coefficients are independent of AC and of the shape of the cooling pellet. 

In Table 8 we give numerical values for the coefficients in the expansions of Ac(e) 
and /3c(e) when a cooling pellet or a spherical insulating pellet is centered at the 
origin of a spherical domain. By combining the results in Table lb and Table 8, the 
coefficients in the two-term expansions for Ac(e) and /5c(e) are known for various AC, 6, 
and hole shapes. 
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e Ac(e)(5.29) Ac(e)(6.1) /3c(e)(5.29) &(e)(6.1) 
0.010 5.0411 5.0411 0.23880 0.23880 
0.025 5.0417 5.0417 0.23880 0.23880 
0.050 5.0458 5.0457 0.23882 0.23882 
0.075 5.0570 5.0565 0.23888 0.23887 
0.100 5.0788 5.0767 0.23899 0.23896 
0.125 5.1148 5.1088 0.23917 0.23908 
0.150 5.1684 5.1549 0.23943 0.23925 

TABLE 9. Comparison of asymptotics and numerics for an insulating 
pellet concentric with a spherical domain with b = oo. 

Suppose that a spherical insulating pellet of radius e is centered at the origin. Then 
for b — oo, in Table 9 we compare the two-term asymptotic result (5.29) for Ac(e) and 
/?c(e) with corresponding numerical results obtained from the full problem (6.1). From 
this table we observe that the asymptotic results for Ac(e) and /3c(e) are within .27% 
of the corresponding numerical results even when e = .15. 
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FIGURE 4. Concentric spheres with inner radius e and b = oo. For 
several values of ft, we compare the asymptotic results Ac(e) versus e 
from (5.34) with the numerical results for Ac(e) from (6.1). The solid 
lines are the asymptotic results. 

Now suppose that a spherical cooling pellet of radius e, with ft = oo, is centered 
at the origin. For this geometry, we have C — 1. Then when b = oo, in Table 10 
we compare the two-term results (5.34) with numerical results obtained from the full 
problem (6.1). The asymptotic results are not as good as for the case of an insulating 
pellet, but they are still within 5.6% of the numerical results even when e = .15. 
In Figure 4 we use the asymptotic result (5.34), and C(ft) = ft/(l + ft), to plot the 
curves Ac(e) versus e for several values of ft. In this figure we also have shown selected 
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e Ac(e)(5.34) Ac(e)(6.1) /Jc(e)(5.34) /3c(e)(6.1) 

0.002 5.0634 5.0635 0.23889 0.23889 
0.005 5.0969 5.0973 0.23902 0.23901 
0.010 5.1528 5.1541 0.23924 0.23922 
0.025 5.3202 5.3287 0.23991 0.23978 
0.050 5.5994 5.6354 0.24103 0.24057 
0.075 5.8785 5.9642 0.24215 0.24123 
0.100 6.1577 6.3183 0.24326 0.24178 
0.125 6.4368 6.7012 0.24438 0.24225 
0.150 6.7160 7.1165 0.24549 0.24266 

TABLE 10. Comparison of asymptotics and numerics for a cooling 
pellet concentric with a spherical domain with b = oo and K, = oo. 

numerical results for Ac.(e) obtained from (6.1). From this figure we observe that when 
e < .10, the asymptotic result for Ac(e) closely approximates that for the full problem 
over a wide range of hi. A similar agreement is found for /3c(e). 

Acknowledgments. We would like to thank Prof. Joseph B. Keller for his helpful 
comments on the manuscript. 

Appendix A.  Computation of the logarithmic capacitance d(tt) 

The constant d(«) is defined in terms of the solution to 

At; = 0,    y £ Di;    dnv + KV = 0,    y £ <9Di, 

v = log \y\ - log[d(ft)] + o(l),     as \y\ 00. 
(A.1) 

Here dn is the inward normal derivative to Di and Di contains the origin y = 0. For 
simplicity we restrict ourselves to star-shaped domains Di where Di = {y : r = \y\ < 
g(0)}. Here g(6) > 0 is a smooth 27r-periodic function and 0 is the polar angle. After 
transforming (A.l) to a bounded domain, the constant d(tt) was computed in [15] for 
elliptical and leaf-type domains whose boundaries are given by 

9(0) = a 

g{6) = o[l + (a4 - 1) sin2^)]"1/2,    a > 0; 

ellipse with semi-axes a, a-1, 

4 
[(3 - a2)1/2 - V2a} sm2(n6),    0 < a < 1; 

leaf with 2n leaves 

(A.2a) 

(A.2b) 

In (A.2b), n is a positive integer.  For both classes of domains the area of Di is TT. 

The results for d(«) found in [15] are summarized in the following tables: 

K a = 1.0 a = 2.0 a = 2.5 

OO 

1 
1.000 
0.368 

1.250 
0.562 

1.450 
0.724 

TABLE A.l. Logarithmic capacitance d(ft) for the elliptical domain (A.2a). 
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K n a-= .25 cr=.75 

00 2 1.267 1.068 
00 3 1.332 1.096 
1 2 0.634 .4417 
1 3 0.723 .4962 

TABLE A.2. Logarithmic capacitance d(«) for the 'leaf domain (A.2b). 
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