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F'USION OF TWO SOLUTIONS
OF A PARTIAL DIFFERENTIAL EQUATION

Pierre Blanchet and Paul M. Gauthier

ABSTRACT. Several theorems are proved which give sufficient conditions for
melding two solutions of a partial differential equation, or inequality, on
“adjacent” domains. In particular, one obtains theorems concerning removable
singularities for harmonic functions, solutions of the heat equation, subharmonic
functions, and holomorphic functions of several variables.

1. Introduction

This work contains a number of recipes for melding two solutions of a linear partial
differential equation or inequality along a common edge. This problem belongs to the
field of removable singularities of solutions of PDE’s, a subject which has attracted
considerable interest in recent years (see the survey of J. Polking [11]). Some of our
results are closely related to work of R. Harvey and J. Polking [3]. Our methods
are elementary, modulo the use of standard results on smoothness of solutions of
(hypo)elliptic equations. The main differences with [3] are that our operators are
less general, which allows more to be said about their solutions, that our coefficients
and hypersurfaces are not assumed to be C°°-smooth, that our hypotheses are such
that one gets additional smoothness of the solution, that various explicit examples are
examined, and that some differential inequalities are treated as well.

In particular, we extend Theorem 5.2 of Harvey and Polking [3] for removable
singularities on C*°-smooth hypersurfaces to a result on removable singularities on
a Cl-smooth hypersurface for solutions of partial differential equations as well as
inequalities. As Harvey and Polking point out in [3], their Theorem 5.2 for C'*°-smooth
hypersurfaces can be reduced to (or deduced from) the hyperplane case by means of
local coordinate transformations. For our case of C'-smooth hypersurfaces it is not
so clear how to perform such a reduction, for in this context, the local coordinate
transformations which straighten the hypersurface are only Cl-smooth so that the
smoothness of the coefficients may be decreased by such coordinate transformations.

Most of the results of this paper were found while the first author was writing
his thesis at the Université de Montréal. Theorem 2.1 concerns solutions of elliptic
equations of second order and is a tool which the first author made use of in his
thesis [2]. This theorem was the starting point of this work and its proof has led to
the statements of the other results. These concern hypoelliptic equations (Section 3),
subharmonic functions (Section 4) and solutions of the equation du = f (Section 5).
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2. Elliptic equations of second order

We consider, first, solutions of elliptic equations with mild regularity assumptions on
the coefficients. We now introduce these solutions.

Let D be a domain of R™, m > 2. Consider the following linear partial differential
operator

ua 0? " 0
i,j=1 ¢ i=1 v

with real-valued coefficients a;; = a;; € C**(D), B; € C1*(D), c € C}(D), a € (0,1),
and¢,7=1,...,m.
We assume that L is of elliptic type in D. This means that

m

Z a,;j(l‘)fifj >0 (2.2)

i,j=1

for each £ = (&1, ...,&m) € R™\{0} and for each z € D.
An operator L given by (2.1) and whose principal part satisfies (2.2) enjoys the
following property.

Weyl’s Lemma. [6, page 199] Let f € C%*(D). If u is locally integrable in D and

satisfies

f u(@)L p(z)dV = / f(@)ple)dV (2.3)
D D

for every p € C(D), then u coincides almost everywhere in D with a function v in
C?%2(D).

Therefore if u € C°(D) satisfies (2.3) for every ¢ € C°(D), then at each point
x € D, u satisfies the equation Au(z) = f(z), where

Au(z) = ) %;mj(aﬁ(x)u(m»—zg’m—i(ﬁi(x)u<z>)+c<m>u(m> (2.4)

Let S be a hypersurface of class C' in D. If fi(z) = (ni(z),...,nm(z)) is a
continuous vector field normal to S, then, setting

vi(z) = Eaij(a:)nj(x), i=1,...,m, (2.5)
j=1
we define a continuous vector field #(z) = (v1(z),...,Vm(z)) on S and a first-order

differential operator as follows:
o " 0
% =p-V= ijz;l aijnj _6$z . (26)

If a;; = 6;j, then 7 = 7. By (2.2), 7 -7 > 0 and 7 is never tangent to S.
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‘We shall say that two disjoint domains D; and D are adjacent at a free hypersurface
S of class C* if S is a hypersurface of class C*! in dD; NdD; and if dist(z,dDg\S) > 0
for each z € S and each k = 1,2. If Dy and D, are two such domains, then for k = 1,2,
ug, € C1(Dy U S) will mean that uj, € C1(Dy) and that uy together with all its partial
derivatives of first order extend continuously to Dy US. Therefore, if ur, € C*(DUS),
then there exist m + 1 functions 19};, 1=20,1,...,m, continuous on Dy U S, such that
Y9 = ug and 9%, = Quy/0z; for i = 1,...,m on Dy. In that case we set, by abuse of
notation, uj = 99, Qu/0x; =V fori = 1,...,m, Vu, = (9},...,97). We denote
by ii* = (n¥,...,nk) the unit normal on S exterior to Dy, by 7% = (v¥,...,vF) the
corresponding vector field with components

m

k k .

VP = E aing, i=1,...,m, (2.7
i=1

and we set 0/0v* = i* - V, Ouy /Ov* = i* - (Ouy, /01, . .., Ouk/Ozm).
‘We may now state our first result.

Theorem 2.1. Let Dy and Dy be two disjoint domains of R™ (m > 2) adjacent at a
free hypersurface S of class C*, and let A be a partial differential operator of the form
(2.4) satisfying (2.2) in the domain D = D1 UDyU S, with coefficients a;; € C**(D),
Bi € CH%(D), c € CY(D), i,j =1,...,m, a € (0,1). Let f € C®*(D), uy € C*(Dy),
and uy € C?(Dy) satisfy Auy = f in Dy and Auy = f in Dy. Ifu; € CY(Dy US),
Uug € Cl(Dg U S), and
3u1 811,2

Uy = Uz, Sk = ok (2.8)
on S with k =1 or 2, then there ezists u € C**(D) such that Au= f in D, u=1u;
in D1, and u = ug in Ds.

Proof. Let u be the function on D; U Dy which equals ux on Dg. Then by (2.8) u
extends continuously to D = D; U D, U S. We show that u satisfies in D a relation of
the form (2.3)

/ (@)L o(z)dV = / f(@)p(@)dv (2.9)
D D

for every ¢ € C°(D). Let ¢ be an element of C2°(D). If the support of ¢ is in D;UDs,
then (2.9) is clear since in that case Au = f in a neighborhood of the support of ¢. If
the support of ¢ intersects S, then we consider a subdomain W C W C D containing
the support of ¢ and such that, for £ = 1,2, the boundary of W, = W N Dy, is of
class C'. By using the divergence theorem [12, page 100] and the hypothesis (2.8), we
easily obtain that

/D w(@) L o(z)dV = ; /Wk o(x) Aug(z)dV

and formula (2.9) follows. By applying Weyl’s Lemma, we see that u satisfies all the
conclusions of Theorem 2.1 and this completes the proof.
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3. Hypoelliptic equations

In this section, we consider an operator A of the form (2.4) having all its real-valued
coefficients of class C™, but we no longer assume that these satisfy (2.2). We denote
by D'(D) the set of all distributions T'in D and we let AT be the distribution defined
by AT(p) = T(Ly) for every ¢ € C(D).

By definition, the singular support of T € D'(D), denoted singsupp 7, is the set
of points in D having no open neighborhood to which the restriction of 7" is a C'*®
function. An operator A on D’(D) is then said to be hypoelliptic if

sing supp T’ = sing supp AT (3.1)

for every T € D'(D).

According to a theorem of L. Hormander [8, page 151], (see also [10, page 139]), the
principal part of a hypoelliptic operator A must be a positive or negative semi-definite
quadratic form. More precisely this means that for any point  in D

m m

either > a;;(2)6& >0 or Y ai(2)&é5 <0

i,j=1 1,5=1

for all £ € R™. We must beware of drawing the false conclusion (as Oleinik and
Radkevi¢ did) that if the principal part is positive semi-definite at one point then it
must be positive semi-definite at every point. In fact, Kannai gave an example of a
hypoelliptic operator with principal part z(92 +82)! This makes results like Theorem
3.1 below more striking.

Set

m

a(z,&,n) = Y aij(z)ém; (3.2)

i,5=1

for £ = (&1,..-,ém), n = (M,...,Mm) in R™ and assume (without loss of generality)
that, at a fixed point z in D, a(z,&, &) > 0 for all £ € R™. Then a(z,-,-) is a positive
semi-definite symmetric bilinear form on R™ and therefore satisfies the inequality
a(z,€,m)? < a(z, &, €)a(z,n,n) for all £,n € R™. In particular, if we choose z € 3,
¢ = fi(z) = (ni(z),...,nm(z)) normal to S, and n = e; = (0,...,1,...,0), the unit
vector along the j-th coordinate axis, this becomes

(Z aij(z)ni(z) ) (Zm: ai(z)n;(z)ng (z )) (ajj(a:)). (3.3)

i=1 7,k=1

Inequality (3.3) shows that the vector field 7 defined by (2.5) on the hypersilrface S in
D in terms of the coefficients of a hypoelliptic operator A is transversal to S (7-7 > 0)
at each point when ¥ does not vanish.

We may now state the following result which is nothing but an immediate corollary
of the proof of Theorem 2.1.

Theorem 3.1. Let D1 and Ds be two disjoint domains of R™ (m > 2) adjacent
at a free hypersurface S of class C*. Let A be a partial differential operator of the
form (2.4) with coefficients in C*°(D) and which is hypoelliptic. Let f € C*(D),
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uy € C*(Dy), and uy € C%*(Dq) satisfy Au; = f in Dy and Aug = f in Dy. If
U1 EOI(DlUS), U2 ECI(DQUS), and '
Our _ Ous
ovk vk
on S with k =1 or 2, then there exists u € C°°(D) such that Au= f in D, u=u; in
D1, and u = uy in Ds.

Uy = Uz, (34)

Proof. Let u be the continuous function on D which equals u; on Dy. By taking f
this time in C*°(D), we may repeat all the steps leading to formula (2.9) in the proof
of Theorem 2.1, and we obtain that T, (L) = T¢(p) for every ¢ € C°(D), where T,
and T are the distributions defined by v and f. This shows that singsupp AT, = ¢.
Therefore (3.1) implies that u is of class C™ in a neighborhood of each point of D.
Thus u satisfies all the conclusions of Theorem 3.1 and this completes the proof.

A new feature of Theorem 3.1 with respect to Theorem 2.1 is that it applies to
solutions of the heat equation

Agu(z,t) = Ou(z,t)/0t (3.5)

where © = (z1,...,Zm_1) and A, = 3277192 /022. In this case, (3.4) becomes

m—1 m—1

k 8u1 k 8“2
w=u, ) G = )
i=1 " t i=1 ?

If D; and Do are adjacent at Sy defined by ¢ = 0, then by Theorem 3.1, we can
extend two solutions u; and uy of (3.5) in D; and D2 to a solution u of (3.5) in
D1 UD5U Sy under the sole hypothesis that u; = us on Sp, since then nf = 0 for each
t1=1,...,m—1.

The above remark, obtained from Theorem 3.1, is a corollary of a result of Harvey
and Polking [3, Theorem 5.2] as well, since the heat operator (3.5) has normal order
one with respect to So (see [3, page 48]). It serves as a foretaste for our next result.
In order to state this result, we now briefly recall some basic concepts.

A vector £ € R™ is said to be characteristic for A at z € D if a(z,¢,£) = 0,
where a(z,-,-) is the bilinear form (3.2). We denote by char;(A) the set of all such
€. A hypersurface in D is called characteristic for A at « if its normal vector 7i(z)
is in char;(A). A hypersurface is called a characteristic hypersurface for A if it is
characteristic at each of its points.

We again consider two disjoint domains of R™ adjacent at a free hypersurface S,
and we set D = D; U Dy U S. We assume that S is given (locally) by an equation of
the form p(z) = 0 with

peC'(D), Vp(z) #0on S, .
Dy = {z:p(a) <O}, Dy = {z:p(a) > 0}, o

and that S is a characteristic hypersurface for A. This means that

m

Y aij(@ni(@)n;(z) = 0 (37

Cd,g=1
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for each z € S with i(z) = (n1(z),...,nm(z)) the normal vector. By inequality (3.3),
this implies that the components

vi(z) = Zaij (z)n;(z)

=1

of the vector field 7(z) vanish on S. We assume, moreover, the stronger condition (see
[1, page 74])

a(z, Vp(z), Vp(z)) =0, in D. (3.8)
The following result generalizes the preceding example.

Theorem 3.2. Let Dy and Dy be two disjoint domains of R™ (m > 2) adjacent at a
free hypersurface S of class C*, and set D = D;UD,US. Let A be a partial differential
operator of the form (2.4) with coefficients in C*®(D) satisfying (3.1). Assume that S
is a characteristic hypersurface for A defined by an equation p(z) = 0 with p satisfying
(3.6) and (3.8). Let f € C*°(D), us € C*(Dy), and uy € C?(D,) satisfy Auy = f in
Dy and Aus = f in Dy. Ifu; € CO(D1US), ug € CO(D2 U S), and uy = ug on S,
then there exists u € C°°(D) such that Au = f in D, w = u; in Dy, and u = uz in
Ds.

Using the terminology of Harvey and Polking [4, page 185], Theorem 3.2 can be
rephrased by simply saying that these characteristic hypersurfaces are removable for
continuous functions with respect to the hypoelliptic operator A.

In the proof of Theorem 3.2, we shall make use of the following identity [10, page 20].

Green’s Identity. Let W be a subdomain with compact closure in D and with c?
boundary OW . If u,v € C*(W), then

/ {v(z)Lu(z) — u(z)Av(z)}dV =/ [v(z), u(z)] (3.9)
w oW
with
() u(@)] = {o0) 252 — u@) 242 + enfahuta)o(o) | as,
where
en(z) = Z ei(z)ni(z),
ei(z) = Bi(z) — Y _ Oayj(z)/dz;, i=1,...,m,

i=1
and where n;(z) are the components of the unit normal exterior to W.

Proof of Theorem 3.2. Let u be the continuous function on D = D; U Dy U S which
equals ug on Dy. We show that T, (Ly) = Ty (p) for every ¢ € C(D).
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For &1 < 0 given, set S;;, = {z : p(z) = &1} and Df* = {z : p(z) < €1 }. Let
¢ € C°(D) and assume that the support of ¢ intersects S. On Se; we consider the
following surface integral:

J,

890 Bul
[u1790]€1 = ~/Sal (UIGT,_}I _(PBT(}I +en§1u190 dse,,

1

where
0 = 4 0 B i 1
2 i;l a”nm%j, h T i=1 -
and where nl = (nl,,...,nl ) is the unit normal on S, which is exterior to Di*.

If 1 is chosen sufficiently close to zero, then by (3.9) and the hypothesis, we have

/ [u1, ©le, =/ (ulLSO—SOAUl)dV=/
Se, D3t DS

1

ungadV—/ of dV. (3.10)
1 Dil

By (3.8), S, is characteristic and (3.10) becomes

/ €n1 U1 P dse, =/ u1L<pdV—/ pfdv. (3.11)
€1 Det Dot

Seq

Letting ; tend to zero in (3.11), we find

/ u1L¢dV=/en1u1gads+/ of dV. (3.12)
D; s D;

Now let e5 > 0 be given and set S., = {z : p(z) =2}, D3> = {z : p(z) > €2 }. Then,
as above, we have for ¢ sufficiently small,

/ [uQ,<p]52=/ uQLgodV—/ of dV.
Sey D3? D3?

Since S, is characteristic, this becomes

/ €nz_U2 P dse, =/ us L dV —/ pf dvV, (3.13)
. 2 D;Z D;2

Seq

where n2, is the unit normal on S., which is exterior to D5?. Letting €5 tend to zero
in (3.13), we find

/ usLpdV = / €n2Us g0d3+/ of dV. (3.14)
Do S D,

Therefore by using (3.12), (3.14), the hypothesis, and the fact that n! = —n? on S,
we have

Tu(Ly) =/

uiLodV + / usLpdV
D,

D,
= /Senlgo(ul —ug)ds + Tt(p) = T¢(p). (3.15)

From (3.15) and the hypoellipticity of A, we conclude that u satisfies all the conclusions
of Theorem 3.2. This completes the proof.
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Before ending this section, we present two additional examples of equations to which
the above theorems apply. The first one is in R? and the second in R3.
By setting ©1 = x — t, 73 = z + ¢, the equation 82u/dz? = du/dt becomes
0*u 0%u u  Ou  Ou
ottt = o (3.16)
0xy 0x10xe  Oz3 Oz 011
In this case the corresponding vector field 7 = (v, v3) = (n1 +ng, 71 +n2) will vanish
on any straight line where ny = —ngy. In particular, vy = v2 = 0 on the straight line
z1 = z2 and we can meld two solutions u; and us of (3.16) if u3 = ug on this line.
Let us consider Kolmogorov’s equation

0%u ou Ou

— — == f. 3.17
dz3 + o Oz Ot ! (3.17)
This equation is hypoelliptic (see [8, page 147]), and # = (nq,0,0) will vanish on the
planes t = 0 and zo = 0, but not on the plane z; = 0. We can therefore meld two
solutions of (3.17) on t = 0 or on z3 = 0 if these two solutions coincide there. However,
7 = (1,0,0) on the plane z; = 0, and (3.4) becomes u; = ug, Ouy/0r1 = Ous/Oz1.

4. Subharmonic functions

We now present a result on the “fusion” of two solutions of a partial differential
inequality. For simplicity, we consider only the case of subharmonic functions.

Theorem 4.1. Let D1 and D, be two disjoint domains of R™ (m > 2) adjacent at a
free hypersurface S of class C1. Let uy € C?(D1) and us € C?(Ds) be subharmonic
in Dy and Dy. Ifuy € CY(D;US), uz € CY(D2 U S), and

0’u]‘ auk
—J > _ 2
Onk = Onk

on S with 3,k = 1,2 and j # k, then there exists a continuous function u subharmonic
in D = D;UDyUS such that u = uy in Dy and u = uy in Ds.

U = Ug, (4.1)

In order to illustrate Theorem 4.1, let us consider the continuous function u(z)
defined in R3 by

-1 if |z| <1,
u(z) = :
=1/|z| if |z|>1.

Setting D1 = {z € R® : |z| < 1} and Dy = R3\ D, we conclude from Theorem 4.1
that v is subharmonic. Even if u; and us are in fact harmonic in D; and Ds, it is
clear that there is no hope for u to be harmonic. From this point of view, Theorem
4.1 can be seen as a “back door” to be used when Theorem 2.1 fails.

In the complex plane C, let us consider the continuous function u(z) defined by

0 if |2 <1,
u(z) = :
log|z| if |z|>1.

As in the preceding example, we see, by using Theorem 4.1, that u(z) is subharmonic
in C.
We now prove Theorem 4.1.
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As above we denote by AT the distribution defined by AT (p) = T(Ag) where
A =3Y" 0%/0z2. We shall say that AT > 0 if AT(¢) > 0 for every non-negative
test function ¢. We shall make use of the following result (see for example [9, pages
74 and 77]).

Theorem A. If u is a real-valued locally integrable function in an open set D in
R™ satisfying AT, > 0, then T, is a subharmonic function. Conversely, if u is
subharmonic in D, then u is locally integrable and AT, > 0.

In particular, u € C?(D) is subharmonic if and only if Au > 0. The function which
is —oo identically is excluded in Theorem A.

Proof of Theorem 4.1. Let u be the continuous function in D = Dy U Dy U S which
equals ug in Dy. We show that

AT, > 0. (4.2)

Let ¢ € C®(D), ¢ > 0. If the support of ¢ is in D; U Dy, the inequality (4.2) is
clear, since in that case, by Theorem A, Au > 0 in a neighborhood of the support
of . If the support of ¢ intersects S, then we consider a subdomain W ¢ W C D
containing the support of ¢ and such that for k£ = 1,2, the boundary of W, = W N Dy
is of class C'. Then there exist functions pr, € C'(R™) with Vpy # 0 on OW,
such that Wy = {z € R™ : pr(z) < 0}, (see for example (9, page 59]). We set
Wi ={z € R™ : pp(z) < €}, where € < 0. Then W, C W, for each & < 0, We /Wy
when € /' 0, and the family {W}}.<o is an exhaustion of Wj by domains having
boundaries of class C'. We denote by ¥ the unit normal exterior to Wg. Then we
have

AT, (p) = lim / u1 Ap dV + lim ug ApdV, (4.3)
e—0 Wi e—0 we

and by Green’s Identity

Oy Ouy,
ApdV = Aug dV — — p— | ds;.
Jyg ot = [ otmars [ (wih -t ) e

lim ur ApdV = up Ap dV
e=0 Jyye Wi

. Op Oug Op Ouy,
1 — —p— e = — — g
50 owe (uk onk 906n’g> ds ~/8Wk (uk onF P onk as,

we see that the limit

Since

and

lim pAurdV >0
e—0 W)?

exists and is equal to

Oy Ouy, )
up ApdV — U ds.
/W,c kEP Wy, ( Fonk (pank
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Thus, by (4.3),

Ouy,
) > — .
AT, (p) E /awk ( EpnE T Bn’c) ds, (4.4)

and (4.2) follows from (4.4) and the fact that by (4.1) we have

Ou;  Ouyg
75Tk >
/S“’(ank o’ )d 0

with 5,k = 1,2 and j # k. Therefore, by Theorem A, (4.2) implies that u coincides
almost everywhere with a subharmonic function v in D. But since u € C°(D), we
have v(z) = u(z) for each z € D, and we see that u is subharmonic in D and equals
u1 in Dy and ug in Dy. This completes the proof of Theorem 4.1.

A first corollary of the proof of Theorem 4.1 can be stated as follows. If D is a
bounded domain in R™ having a boundary of class C* and if u € C%(D) N CY(D),
then the limit

lim AudV
e—0 D.

exists. If moreover Au > 0 in D, then, by the monotone convergence theorem, we

have
/ AudV / AudV
D, D

when ¢ tends to zero, and then Au is integrable on D. Thus, for such a domain D, if
u € C?(D) N C*(D) is subharmonic, then Au is integrable on D.

5. Solutions of du = f

In this section, we consider complex-valued functions defined on subsets of the m-
dimensional complex number space

Ch={z:z2=(21,..,2m) 25 =2;+iy; €C, 1 <j<m}.

We first introduce some standard notations.

o _1(0 ,O0N ._, .
62_7‘_2 0£Bj 3yj P I T T
0 _1(0 ., 0) iy
07, oz; = Oy, I= 5™
dz; =dz; +idy;, j=1,...,m,
dz; =dz; —idy;, j=1,...,m,
dV(z) = (1/20)™(dzya Ndz1) A -+ - A (dZm N dzm)
=dxy Ady; A - ANdxy, A dyp,.
Ifa=(a,...,ap) € NP and = (B4,...,0;) € N? are multi-indices, then
dz® = dzq, N+ Ndzg,,
dz? = dzg, A+ Adzg,.
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If A and B are two ordered subsets of {1,...,m}, then we set ¢4 =signm if A = B
as sets and 7 is a permutation which takes A into B, and €4 = 0 in all other cases.
In order to state our result we now recall some definitions.
In a domain D of C™, m > 1, we consider the equation du = f, where

F= faydz® Ad2
oY

is in the class CD ;1 (D) of all continuous differential forms of type (p, ¢+1) on D. The
sum is therefore taken over all strictly increasing multi-indices o = (o4, ...,ap) € NP
and v = (71, ..-,%g+1) € NOT! with a;,v; € {1,...,m}. If

u= Zua,ﬁ dz® A dzﬁ
a?ﬂ

is in C} (D), then

m
3 § : E 6““5 = a =0
6U=j:1 aﬁ—a—_gdzj/\dz ANdz 5

where this time Za’ﬁ is taken over all strictly increasing multi-indices o € NP and
B € N7, and therefore

5u=(—1)f’z Zjﬁau‘*ﬁ dz* A\ dz7 (5.1)

o,y

where j =1,...,m and y € N¢*1, B
We shall say that u € C) (D) satisfies du = f in D if

”HZ% / uaﬁ dV / fay 0 dV (5.2)

for every o € C°(D) and each strictly increasing multi-index o € NP, v € Nt In
particular, if u € C} (D) satisfies (5.2), then

/ Buaﬁ dV = L fa'y © dV,

and therefore

(1 L s 5o () = feol2) (53)

7B

for each z € D and each a € NP, v € N?*'. The system (5.3) means (by (5.1)) that
the two forms Ou and f have the same coefficients and thus that v satisfies u = f in
D in the classical sense.

Our next result concerns solutions of du = f defined on adjacent domains of C™.

Two disjoint domains D; and Ds; of C™ will be said to be adjacent at a free
hypersurface S of class C! if S is a hypersurface of class C' in dD; N &Dy and if
dist(z, dDk\S) > 0 for each z € S, k = 1,2. If D; and D, are two such domains,
then we denote by C9 (D U.S) the class of all elements in C) , (D) whose coefficients
admit a continuous extension to D U S.
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Theorem 5.1. Let D1 and Dy be two disjoint domains of C™ adjacent at o free
hypersurface S of class C', and set D = Dy U Dy US. Let f € Coq+1( ),
ul € Clq(Dl) and u? € 031 (D3) be such that Ou' = f in Dy and Ou® = f in

Dy. Ifu' € C) (D1 US), v? € C) (D2US), and u' = u® on S, then there exists
ueCY,(D) such that Ou = f in D w=u' in Dy, and u = u? in Ds.

It is not possible in general to draw the conclusion that the form u, in Theorem 5.1,
belongs to Cpe (D) when f € Cp%y1(D). To see this, let v € Cp _1(D)\Cj ,_1(D)
and set u = Qv € Cp o(D). Then du = 00v =0but u ¢ Cpo, (D). However, when
u is a function satisfying du = f, then this follows from a known result (see [7, Cor.
2.1.6]). This observation leads us to the following.

Corollary 5.2. Let D1 and Dy be two disjoint domains of C™ adjacent at a free
hypersurface S of class C*, and set D = D;UDy U S. Let f € Cg,l(D) with £ > 0,
ul € CY(Dy), and u? € CY(Ds) be such that Ou' = f in Dy and du? = f in Dy. If
ul € CO(D,US), u? € C%(DyUS), and u' = u? on S, then there exists u € C*+%(D)
for each 0 < a < 1, such that du = f in D, u=u' in Dy, and u = u? in D,.

The corollary contains the classical result that a continuous function on an open set
D in the complex plane which is holomorphic in D off the real axis is holomorphic in
D. We refer to [3, Theorems 5.1 and 5.2] for generalizations of this. In addition, the
paper [5] contains results of this type for holomorphic functions of several variables.

As mentioned above, the corollary is an immediate consequence of Theorem 5.1.
However, in order to illustrate a different approach for this kind of problem, we shall
give a proof of the corollary which does not depend on Theorem 5.1 when £ > 1.

Proof of Theorem 5.1. Let u € C’g,q(D) be the differential form whose coefficients uqs
coincide with those (u’;ﬂ) of u* on Dy U S. We show that u satisfies

dp
DPFLN e /ua —_—dV=/ faypdV (5.4)

for every ¢ € C°(D) and each strictly increasing multi-index o € NP and v € N¢*1,
Let ¢ € C(D). If the support of ¢ is in D; U Dy then (5.4) follows immediately,
since in that case, du = f on a neighborhood of the support of . If the support of
¢ intersects S, then we consider a subdomain W C W C D containing the support of
o such that, for k£ = 1,2, the boundary of W, = W N Dy, is of class C!, and we show
that

/ uag 5 Lav = Z / “"dv (5.5)

for each j = 1,...,m and each strictly increasing multi-index o« € N’ and # € N?. We
have

80 Oy ouk
_/uaﬁa dv = — Z/ {;ﬁa_dv— Z/W {a- uf 5p) — 508 }dV
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These integrals exist since Bu’; 5 / 0z; admits a continuous extension to W . We denote
by 7* the exterior normal to Wj. By the divergence theorem [12, page 100], we have

Z/ (uaﬁgo )av = Z/ —{gouaﬁcos T, A1) — zgouaﬁcos(y], )}ds.

This is zero since n* = —n? on OW; N Wy, and (5.5) follows. Now (5.4) follows from
(5.5) since

op Uq
AT Ty zs,ﬁz e Boesay
Js

7,8

s Z/ 0 far @V = [ fuy V.
k=1"Wk D

and therefore we see that u satisfies the conclusion of Theorem 5.1. This completes
the proof.
Proof of Corollary. Our proof rests on the famous
Bochner-Martinelli Formula. [7, page 54] Let D be a domain of C™ with piecewise
C'-boundary. If u € C°(D) satisfies Ou = f € C3 (D), then for each z € D

ue) = [ w©OK(E) - [ fenKE) (56)

8D D

where K (£, z) is the Bochner-Martinelli kernel.

Let_ u be the continuous function on D = Dy U Dy U S which equals u* on Dy. Let
B Cc B C D be a ball centered at a point of S with a radius so small that S divides B
into two subdomains By C D; and By C D,. Consider the function 4 defined in C™
by

i) = [ woK / 1) AK(E,2)
—2 / HOK(E,2) /B FE) AK(E2). (5.7)

Since the kernel K (&, z) is of class C*°, we see that the integral over 0B in (5.7) is a
function of class C* in B. Moreover, by a result on the regularity of transformations
defined by certain singular integrals (see [7, Lemma 1.8.5]), the volume integral in
(5.7) belongs to C*+%(B) for each 0 < a < 1. This therefore shows that @ € C***(B)
for each 0 < < 1.

We now prove that 4 = u* on By. To do this, we first observe that, by (5. 6), we
have

Uk Zz) = ’U/k 2)— z .
(2) /a  HOKE?) /B O K (5.8)

for each z € By. In addition, it follows from Stokes’ theorem that

| woKen - / Q[ OKE )] = [ FONKEZ  (59)
0By By, By
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for each z € B; with j # k, since

d§ [uk(E)K(E: Z)] = 5{ [’U,k(g)K(é', Z)] = 5uk(€) A K(ga Z) = f(g) A K(f, Z)'
Thus by (5.7), (5.9), and (5.8), we obtain

2

i) =34 [ K- [ fonKe)

j=1 \/9B;

= [ w@KEn- [ 1OnKED =it
0By, By

for each z € By. This shows that u belongs to C*+%(B), and therefore to C*+%(D),
for each 0 < & < 1. If £ > 1, it is then clear that Ou = f in D. If £ = 0 then the
argument in the proof of Theorem 5.1 applies and we see that Ju = f in D in the
generalized sense. In each case we have shown that w satisfies all the conclusions of
the corollary and this completes the proof.
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