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HYPERASYMPTOTIC SOLUTIONS OF SECOND-ORDER LINEAR
DIFFERENTIAL EQUATIONS I

A. B. Olde Daalhuis and F. W. J. Olver

ABSTRACT. A sequence of re-expansions is developed for the remainder terms in
the well-known Poincaré series expansions of the solutions of homogeneous linear
differential equations of the second order in the neighborhood of an irregular
singularity of rank one. These re-expansions are in series of repeated integrals
of the generalized exponential integral, and the coefficients in these series are
the same as those of the original Poincaré expansions. Each step of the process
reduces the estimate of the error term by the same exponentially-small factor,
while increasing the region of validity.

It also is shown how to ensure that the process is numerically stable. A nu-
merical example is included.

1. Introduction and summary
The general homogeneous linear differential equation of the second order is given by
d*w dw
Y f(z)E +g(z)w=0. (1.1)
If, as we shall suppose, the point at infinity is an irregular singularity of rank one,
then the functions f(z) and g(z) can be expanded in power series

FR =30 g =)
s=0 s=0

that converge on an open annulus |z| > a. Not all of the coefficients fo, go, and g;

vanish, otherwise infinity would be a regular singularity.

In a recent paper [6], we showed how to improve the accuracy and extend the region
of applicability of the well-known Poincaré asymptotic expansions of the solutions of
(1.1) for large |z|. This was achieved by truncating the expansions at or near their
optimal stage (that is, as a rule, at or near their smallest term) and re-expanding the
remainder term in a series of generalized exponential integrals. In the present paper,
we show how to achieve additional improvement, both in accuracy and in the region
of validity, by further re-expansions of remainder terms.

We follow existing terminology [1,2,5,9] for these new types of asymptotic ex-
pansions. Thus re-expansions in terms of generalized exponential integrals are called
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ezponentially-improved or superasymptotic expansions. Further re-expansions are
called hyperasymptotic expansions. The levels of improvement are enumerated in the
following way. The original Poincaré expansions are regarded as being at level zero,
the exponentially-improved expansions are at level one, and the hyperasymptotic ex-
pansions are at levels two and above.

The paper is arranged as follows. In §2, we define and describe properties of certain
multiple integrals, the so-called “hyperterminants”, that are needed in subsequent
sections. In §§3,4, we show how to optimize the remainder terms in the well-known
Poincaré or “zeroth-level” asymptotic expansions for the solutions of the second-order
linear differential equation in the neighborhood of an irregular singularity of rank
one. This problem is well understood in the literature, but we introduce a somewhat
different form of proof that is to be used in later sections.

In §5, we re-expand the remainder terms that appear in §4, to obtain “first-level”
expansions. These expansions are in series of generalized exponential integrals, or first-
level hyperterminants, and are the same as those found in [6]. However, we now are
able to optimize this re-expansion and the outcome is perhaps somewhat surprising.
By taking approximately 2|z| terms in the zeroth-level expansion — that is, twice
the number used when we optimize at that level — and |z| terms in the first-level
expansion, the error estimate is improved from e~!#! times an arbitrary power of z~!
to e~2I7l|z|~ 2.

In §86,7, the process of re-expansion is continued to the second level and then
generalized. At the [th level, [ being arbitrary, the expansions of the solutions are in
terms of hyperterminants at that level and all preceding levels, and the coefficients at
each level alternate between the sets of coeflicients for the original pair of Poincaré
expansions. On optimizing, we find that the pattern described in the preceding para-
graph continues. Thus we require approximately (I + 1)|z| terms at level zero, [|z|
terms at level one, and so on, finishing with |z| terms at level [. The total number
of terms is approximately (I + 1)(I + 2)|z|, and the final error estimate is e=(+1)Il
times a power of z. Since [ is arbitrary, this means that, in theory, there is no limit
on the attainable exponential improvement. .

In §8, the numerical stability of the generalized asymptotic expansion is examined,
and it is demonstrated that instability, in the form of cancellation, begins when level
2 is included, and becomes severe at higher levels. It also is shown how to overcome
this difficulty by reducing the number of terms called for in the optimization process
that is used in §7. With the numerically stable form of expansion, the optimal error
estimate on stopping at the Ith level (I > 2) is (I + 1)~¢/*l times a power of 2. The
number of terms required also is less.

In §9, a numerical example is provided. In §10, it is shown how to extend the
sector of validity beyond | ph z| < 7 for the hyperasymptotic expansions of §7. This
is achieved via continuation formulas for the remainder terms. The sector of validity
can extend as far as |phz| < (I + £)m — 6, but as the sector widens the exponential
improvement diminishes. A similar, but less extensive, continuation can also be made
for the numerically stable hyperasymptotic expansions of §8.

In the concluding section, §11, comparisons of our new results are made with earlier
results obtained in an important paper by Berry and Howls [1]. Comments also are
made on the Stokes phenomenon and the numerical evaluation of the hyperterminants.
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2. Auxiliary functions

In [6] our re-expansions for the solutions of (1.1) were expressed in terms of the function
F,(z) defined by :

e~ ? oo e—zttp—l
= — —_— 2.
F(2) 27r/0 T b (21)

when Rp > 0 and |phz| < %ﬂ', and by analytic continuation elsewhere. This function
is directly related to the generalized exponential integral and the incomplete Gamma
function, and its relevant properties are summarized in §2 of [9].

In the present paper, we shall need the following generalizations of F)(z):

GO =3, (2.22)

" [ee] e~ttMo—1+w
G s Mo) = —dt, 2.2b
Oedto) = [ (22)

and, in general,

G (z; Mo, My,...,M_1) =

-1 dty_1-- - dtydt.

/Oo/oo e—t_tl—“'—t"ltMO"‘wtiVIl_‘"’ .. 't%12_2+(_)l—2‘*’tMl—1—1+(—)"1w
0 0 (t+2)(t1+t)(t2 +t1)"'(tl—1+tl_2)

(2.2¢)
Here, z and w are real or complex parameters and [, My, M;j,... are nonnegative
integers. By observing that
b+ttt >t 2<j<l-1, (2.3)
we see that these multiple integrals converge when |ph z| < 7 and
M;+ (=) Rw>0, 0<j<l-1. (2.4)

Elsewhere, the Gg) are defined by analytic continuation with respect to z and w.
Clearly, when (2.4) applies the only singularities of e (2; My, ..., M;_1) are branch-
points or poles at z = 0 and oo.

It will be observed that there is some degree of arbitrariness in the choice of the

parameter w and the integers My, M1, ..., M;_;. For example, from (2.1) we see that
Frtgrw(2) = (2m) " te 22 "Moo g (2 M), (2.5a)

but we equally well could write

Fatgrow(2) = (2m) te 2 Mo~ GD (20 My +1). (2.5b)

w—

In the present paper, this ambiguity is resolved by requiring that w is always deter-
mined by

W = 2 — U1, (2~6)
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where p; and py are defined in the next section. The functions Gﬁf) are closely
related to the “generalized terminants” or “hyperterminants” introduced in [1,2], and

some properties of the G follow directly from those of the K,y given in [1]. Other
properties are as follows.
From (2.2) we have immediately

e—tt]\/lo-i‘w

T GU VM, M_y)dt,  (27)

G‘(,_f)(Z;MO’ .. .,A/[l—l) = /
0

when [ > 1, and hence

e—zttx\/[0+w

P GU Pt My, Mi_y)dt,  (2.8)

GO (z; My, ..., M_y) = zM"“'/
0
provided that |phz| < %n‘. If we rotate the path in this integral through an angle 27
and subsequently replace z by ze~2™ then we obtain the continuation formula,
GO (ze™>™ My, ..., My_1) — GO (2; My, ..., My_1)
= 27rie_(M°+“’)"iezzM°+‘”Gg;U(ze“”; My,...,M_1), (2.9)

again valid when [ > 1.
An upper bound for G can be found from (2.2c) by use of (2.3) and the inequality

[t + 2| > |2|S(z), , (2.10)

where S(2) = 1if [phz| < 47, and S(2) = |sin(ph z)| if 37 < |phz| < 7. Again, the
integrals uncouple and we find that

« LMo+ Ro)T(M, — Rw) - T(My_1 + (-)! "' Rw)

GO (z; My, ..., M;_ , (211
l w (Z, 0, l l)I X IZIS(Z) ( )
valid when |ph z| < 7 and (2.4) applies.
For the closed sector | ph z| < 7 we give the following estimate.
Lemma 2.1. If Mo = |2| + O(1), then as z — oo in |phz| < 7
GO (2 Mo, ..., M)
= I(Mo + Rw)T(My — Rw) - T (Mi_1 + (=) 'Rw) O (27 %),
(2.12)

uniformly for all positive integers [.

Proof. Let & be a constant such that 0 < § < m. If |[phz| <7 — 6, then §(z) > sin,
and (2.12) is simply a weaker form of (2.11).
Next, in consequence of (2.5a) and [9, (2.9)], we know that

G (2 Mo) = O(e7 1Mo~ 1+%) = D(Afy + Rw)O (27 3), (2.13)

which proves (2.12) for [ = 1.
Now suppose that ! > 2 and 0 < phz < 7. On substituting into (2.2c) by means of
the identity »
1 _ 1 1
(t+2)(t+1t)  (t+2)(t+e™2) (t+e ™z)(t + t)

(2.14)
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and using (2.2b), we obtain

Gg)(z;Mo, M) = G(l)(z My + l)G(l 1)(e—”iz;Ml, e M)

My —14(=) " lw

Ooe—t ty——t - 1tM0-I—thM1 w tl Ny
- dty_y - - - dt,dt.
/ / (e mz)(t+0)(tat+t1) (1 +t_2) ' ° !

(2.15)

Analytic continuation extends the validity of this result to the sector 0 < phz < 27.
If we restrict 6 < phz < , then from (2.11) and (2.13) we obtain

Gc(ul)(z; MO + 1)G(_l;1) (6_7”'2' Ml, e Ml—l)
_ (Mo +1+Ro)T(M; - Rw) -+ T(My—1 + (=)' Rw)
z
=T(Mo + Rw)T(M; — Rw) - - T(Mi—1 + (=) " Rw)O (27 7).

The multiple integral in (2.15) may be estimated by analysis similar to that used to
establish (2.11). We find that

O(z_%)

dt;_q---dtidt

/oo“‘/oo e—t—tl"”—tl»1tMo+wtin1—w thll -1+ (=) e
(tl + e‘”z)(tl + t)(tz + tl) (t1_1 + tl_z)

=T(Mo + Rw)[(M1 — Rw) -+ - T(Mi_1 + (=) 7 'Rw)O(271),

as z — oo in § < phz < 2w — 6.
On substituting into (2.15) by means of the last two equations, we obtain (2.12)
for § < phz < 7. The proof of (2.12) for the sector —7 < phz < —§ is similar. 0O

3. Integral representations for the original remainder terms

As in [6], we may assume, without loss of generality, that the roots A;, Ay of the
characteristic equation

N+ fod+g0=0 (3.1)
satisfy
Ao — A =1. (3.2)

Then equation (1.1) has unique solutions w(z) and we(z) such that as |z| — co
0

wy (2) ~ eMZzM Z 2ol |phz| < gﬂ‘ -6, (3.3a)

s 9
s=0

o0
a 1 5
wy(z) ~ eM2FzH2 Z(—)s 22 3T +é6<phzg 3T~ 6; (3.3b)

s=0

28’

here and subsequently, 6 denotes an arbitrary small positive constant. The exponents
w1 and pso are given by
p1 = fid + g1, (3.4a)
p2 = —(fir2 + g1)- (3.4b)
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The coefficients are determined by ag1 = ao,2 = 1 and, when s > 1,

—sas1 = (8 —p1)(s —1—p1)as_1,1

S
+ Z {MFir1+ 941 — (5= 35— p1)fi}as—j1s (3.5a)
j=1

—8as,2 = (8 — p2)(8 — 1 — p2)as—1,2
S
=D Y {efir+gi — (s =5 — p2)fj bas—ja.
j=1

(3.5b)

Other solutions of (1.1) include w;(ze~?") and wa(ze*™%). We assume that the
coefficients C7 and Cs in the connection formulas

wy (2) = ¥ 1w, (2e72™) + Crws(z), (3.6a)

wy(z) = e~ 2 2y (2e2™) + Cow (2), (3.6b)

are known or can be calculated (see [7]). We also assume that C; and C» are nonzero.

The foregoing notation agrees with that of [6], except that we have replaced as o
by (—)%as,2. In [6], we also found it convenient to work with the functions

v1(2) = e M2y (2),  wa(z) = e Mz Ty (2),

in place of the actual solutions w;(z) and wz(z). For reasons of symmetry, we find it
more convenient in the present paper to employ the pair

uy(2) = e MF 2T Hy (2), (3.7a)

ug(z) = eH2TiA2Z zTH2 ) (2e™), (3.7b)

which we shall regard as the basic functions for equation (1.1).
From (3.3) we obtain

[eS) as
w(2) ~ ) 5, (3.82)
s=0
- Gs,2
up(2) ~ Y 22, (3.8b)
s=0

each of these expansions being valid when z — oo in | phz| < 27 — 6. In place of (3.6)
we now have

uy(2) = ug (267%™ + 2miK e e 2 up(ze ™), (3.9a)
ug(2) = ug (2677 + 2mi Ko™ e 2™ uy (267 ™), (3.9p)
in which w is defined as in (2.6) and
Ky = (2mi) " te*™Cy, (3.10a)
Ko = —(2mi) "1 Cs. : (3.10b)

11f, for example, C; = 0, then the expansion (3.3a) converges and can be handled quite differently;
compare [6], §2, Remark (v).
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We shall need the following transforms of Stieltjes type:

0 gmtp—ltw P u1(2)
—K SN - = :
u1(2) 1z'/P oy uo(t)dt 2 )i 1~ 2) dt, (3.11a)
® gmtp1-w z [ us(t)
=K ——uy (t)dt — — ———_dt 11b
u2(2) Qz/p et ORI e eri HE—2) (3.11b)

valid when |z| > p and |phz| < 7. Here p is an arbitrary constant such that p > a,
a being defined as in §1. In each of these equations, the path in the first integral is
a straight line and in the second integral is an arc of the circle |t| = p described in
the positive sense. The proof is based on equations (3.9) and is similar to the proof
of Lemma 3.1 of [6]. We omit the proof.

Let Rf’) (z; Np) and Rgo) (2; No) denote the remainder terms when the expansions
(3.8) are terminated after Ny terms, Ny being an arbitrary nonnegative integer; thus

No—1

u(z) =Y %l + RO (2 Ny), (3.12a)
s=0
No—1 a

ug(z) = Z 23—82 +R§0)(z;N0). (3.12b)
s=0

If we substitute into (3.11) by means of the identities

Ng—l S N, No
1 1 [ (=)Ne [t
- AT hd 3.13
t+z zg( )(z) Ry (z) ’ (3-132)
No—1 s No
1 1 t 1 /[t
t_z’";’z(;}) +t_z<;) : (3.13Db)
s=0
then, as in the proof of Lemma 3.2 of [6], we obtain the following integral representa-
tions

), _ N Kl Ooe—ttNo—l+w o

RO (25 No) = (-)% oL / (Vi + (55 No), (3.14a)
K. (o] e—ttNo—l—w

RO (2 No) = ()2 / ———ui(8)dt + ea(zi 55 o), (3.14b)

when |z| > p and | ph z| < 7, where

zl—No P€"i tNo—l
ex(z3 M) =~ / um, (3.15a)
pe—ﬂ"l
L1=No  pee™ ;No—1
eo(z; p; No) = — 5 / T ug(t)dt. (3.15b)
pe—ﬂ"l

We note that the functions e;(z; p; No) and e2(2; p; No) are analytic on the annulus
|2| > p. Furthermore, if A denotes the closed annulus |z| > p + §, then

e1(z; 0 No), €2(2; p; No) = O(p™oz~ ), (3.16a, b)

where the O-term is uniform with respect to z € A and all nonnegative integers N.
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[t—12l| =6

| AN . .
O'P |2| O'P \_/

[t—1z]| =6
FIGURE 3.1. t-plane. Path P when Ficure 3.2. t-plane. Path P when
|z| 2 p+6 and 0 < phz < 7. |z] > p+ 6 and —7 < phz < 0.

We further note that the process of substituting into (3.11) by means of (3.13) also
yields integral representations for the coefficients as,; and as 2. From these represen-
tations asymptotic expansions of a5 ; and a, o for large s can be constructed in inverse
factorial series. This result appears as Theorem 2.1 in [6], and for later reference we
record these expansions in the present notation:

ae1 ~ (=)°K1 Y ajol(s —j+w), (3.17a)
=0
e o)

a5z~ (=)°Kz Y ajiT(s —j —w). (3.17b)
j=0

The final step in this section is to modify the representations (3.14) in such a
way that they include the phases phz = £x. This is achieved by restricting z € A
and deforming the integration path by a semicircular indentation of radius 6 that is
centered at |z|, and passes above |z| when 0<ph z<7 and below |z| when —7r<ph z < 0;
see Figures 3.1 and 3.2. We denote the deformed path by P. Then by continuity we
derive

.. _ N, K1 e ttNo—14w o
Ry (2, No) = (—) OzNO_I/ g ug(t)dt + €1(z; p; No), (3.18a)
O (. o) = (—)No B2 e Mol -
Ry (z;Ng) = (—) OzNo—l/p P w1 (t)dt + e2(z; p; No), (3.18b)

valid when z € A and |phz| < 7.

4. Optimal expansions at level zero (Poincaré’s expansions)

Throughout this section, we suppose that | phz| < 7.

We seek to estimate and then optimize the remainder terms R§O)(z; Np) and
Rgo) (2; No) that appear in (3.12) by permitting Ny to be a linear function of |z|.
More precisely, we assume that

No = fo|z| + ao, (4.1)

where [y is a positive constant at our disposal and g is bounded.? Whatever the
choice of By and aq, we assume throughout that |z| is restricted in such a way that

No>1+|Rwl. (4.2)

2Typically, Ny = int[Bo|2]|], so that —1 < ap < 0.
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This is obviously achieved if we restrict z € Ay, where A is the closed annulus defined
by

|2| 2 (1 + [Rw| — 60)/Bo, (4.3)

&p being the lesser of 1 + |Rw| and liminf ayp.

In the representation (3.18a), we observe that because z € A, we have [t + 2| > §
everywhere on P. Since also uz(t) = O(1) as t — o0, it follows that the contribution
of the straight-line segments of P is estimated by

(/|z| -5 /|z|+5) -ttNo 1w ug(t)dt = I'(Np + Rw)O(1), (4.4)

uniformly with respect to z € AN Ag. On the semicircular arc we have

|z|+6 —tpNo—14w
/ Y T a(®)dt = Ofe (2] + )No- 149w, (4.5)
|2|—6 t+z

also uniformly on A N Ag. On referring to (4.1) and applying Stirling’s formula, we
see that
C_IZI(|Z| + 6)No—1+§Rw
['(No + Rw)

= e Fl(gfeeo) 272 0(1) = 0(272),

uniformly on A N Ag. The last step follows from the observation that /65 0e=fo > =1
for all positive values of fy. Accordingly, on combining (4.4) and (4.5) we have

K —ttNo—1+w
(=)™ zNol_l / e t+z uz(t)dt = T(No + Rw)O (21 °), (4.6)
P

uniformly on A N Ag.

The other contribution to Rgo)(z; No) in (3.18a), namely £;(z; p; Np), is estimated
by (3.16). Obviously, this contribution, too, may be absorbed into the right-hand side
of (4.6). We therefore have proved that

RO (2; No) = T(No + Rw) O (21 No), (4.7)
and, hence,
R (5 No) = (B )O3 +7), (4.8)

uniformly on A N Ay in both instances. And, in the same circumstances, we have, by
symimetry,

R{Y(z No) = T(No — Rw)O(s1 7o) = (8fre™)Fl0(z37%).  (4.9)

The estimates (4.8) and (4.9) apply for any value of the positive constant 3y, but
they are minimal when 5y = 1. Then letting z — oo we arrive at the main result of
this section: if z — oo in |phz| < 7 and Ny = |z| + O(1), then

R (2, No) = O(e“z|z%+m’), (4.10a)
R (2; No) = O (e #123-%), (4.10b)
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Remark. The estimates (4.10) can also be obtained by setting m = 0 in Theorem
2.2 of [6]. Indeed, in this way we find that they can be improved to

RO (2, Ny) = O(e™712%), (4.11a)
RO (2, No) = O(e™12127R), (4.11b)

We have included the analysis of this section for the following reasons. First, we wanted
to show that By = 1 is optimal by analysis of the remainder terms instead of the more
usual analysis of the actual terms. Secondly, we need some of the intermediate results
later. Thirdly, with a method similar to the proof of Lemma 2.1, with [ = 2, we can
obtain (4.11) directly from the integral representations (3.18).

5. Level one (exponentially-improved expansions)

Throughout this section, we suppose that |phz| < 7 and that p and 6 are chosen to

satisfy p — 6 > a.
In (3.12b), replace z by t and Ny by another arbitrary nonnegative integer N;. On
substituting the result into (3.18a), we obtain

) N Ni—-1 —ttNg s—14w
RO (35N0) = ()™ s Zasz/ S
K ttNo 1+w
O [T RGN, (6)

valid when z € A. To ensure convergencé of all integrals that appear below, we restrict
the choice of Ny and N; by condition (4.2) and also

Nl,N() — N1 1+ l?RLUI (5.2&, b)

When z € A, we may deform the integration path in (2.2b) into the union of P
and the interval [0, p] (thereby making (2.2b) valid when | ph z| < 7). On substituting
into (5.1) by means of this result, we obtain

Ni—-1
37 052GV (5 No — 5) + R (23 No, Ny),  (5.3)

s=0

K,

R (zNo) = (-)™° 5

where

N - Ni-1 e—tiNo—s—1+w
Ry (2 No, N1) = (=)~ ZNO 1 Zaszf t+z BT

K ttNo 14w
+ (=) zNol_l / t+z R (6 Ny)dt + e (23 No),  (54)

again valid when z € A.
Equation (5.3) is the desired re-expansion of R( )(z Np). We now seek to optimize

the new remainder term Rg )(z, Ny, N1) by assuming that (4.1) applies and also that
= ,Bllzl + aq, (55)

where 3; € (0,8p) is another constant at our disposal and «; is bounded. The con-
ditions (4.2) and (5.2) are satisfied when z € A, where A; is an unbounded closed
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annulus centered at the origin and of sufficiently large radius; compare (4.3). Obvi-
ously, A; C Ay.

We first observe that we cannot use the uniform estimates (4.9) for Rgo)(z; Np) to
estimate the integral along P on the right-hand side of (5.4). This is because (4.9),
with 2 = ¢ and Ny = Ny, does not apply to all values of t on P. Instead, we substitute
into this integral by means of (3.14b), with z, p, Ny, and ¢ replaced by ¢, p — 8, Ny,
and t,, respectively. This yields

00 _—tsNo—Ni+w ,—t14N1—1-w
D) No N = N0+N1K1K2// e 't et ;
R (Z 0, 1) ( ) 2No—1 s P P ul( 1)dt1dt
+S§1)(Z;N07N1)7 (56)

where

Ni1—-1

K
S (25 Noy Ny) = (=)Mo~

—ttNo s—14w
zNo—l asz/ —_—dt

t+ =z

Kl / —ttNo 14w

+ (=)Mo e P e2(t; p — 6; N1)dt + €1(z; p; No),

(5.7)

again valid when z € A;.
We first estimate .S’%l)(z; Ny, N1). To begin with, we have from (3.17b)

as2 = N 'T(N; — Rw)O(1),

uniformly for s =0,1,...,N; — 1 and all integers N; that satisfy (5.2a). Next, since
Ng — N; + Rw < No—s—l-i—iRw<N0—1+§Rw it follows that

14 e—ttNo—s—l-l-w No. -1
/0 1 #=00m"T), (5.8)

uniformly for s =0,1,...,N; — 1 and 2 € AN A, where p; = max(p,1). Hence, for
the sum on the right—hand side of (5.7), we have

N;-1

e~ ttNo—s—1+w
(=)Mo=t 0o / -t = p[" T (W - RW)O(1),  (5.9)

zNO ! t+z

uniformly on AN A;.
For the second term on the right-hand side of (5.7), we note that from (3.16b)

ea(t; p— 8;N1) = (p — )Mt~ MO(1) C Ot~ M), (5.10)

uniformly for ¢ in the annulus |¢| > p and all nonnegative integers Ni. Then, by use
of analysis similar to that used to establish (4.6), we obtain

o K1 e~ ttNo—1+w Ny 1-N.
(=) °zN0-1/ —ealtip — 8 Ni)ds = p N (N - Ny + Ru)O),
P

(5.11)

uniformly on ANA;.
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The remaining term in (5.7) is estimated directly by (3.16a). In consequence, it
may be absorbed into the right-hand side of (5.9). We may combine the foregoing
results into the following form:

S (2 No, N1) = {pNoT(Ny — Rw) + pMT(Np — Ny + Rw) JO(Z ), (5.12)
uniformly on A N A;.

We now turn our attention to the double integral in (5.6). In the inner integral, we
have |t; +t| > |¢| when t € P; also uq(t1) = O(1). Hence,

o0 e—tltNl—].—w
/ ) —tll—+—t——u1(t1)dt1 =¢t7IT(V, — Rw)O(1),
o

uniformly for ¢t € P. Accordingly, we have

_\Not+N, K1 K o gtgNo=Nitw g=trpl1—1-w e
=) No-1 uy (t1)dt,dt
270 Jpdoms Ptz t+t

=T'(Ny — N1 + Rw)[(N; — Rw)O (21~ No), (5.13)

uniformly on A N Aj; compare again the derivation of (4.6).
Let us now compare (5.12) with (5.13). It easily is seen that as a consequence of
(4.1), (5.2), and (5.5), each of the ratios

pr° pM

I'(Ny — N1 + §Rw)’ Ny — §Rw)’ (5-14)

is bounded on A N A;. In consequence, the estimate (5.12) for S’§1)(z;Ng, N;) may
be absorbed into (5.13). We therefore have proved that

R (2; Ny, Ny) = T(Np — Ny + Rw)T(N; — Rw)O(z1~No), (5.15)
uniformly on ANA;.

If we substitute into (5.15) by means of (4.1) and (5.5) and let z — oo, then with
the aid once again of Stirling’s formula, we find that

RV (2; No, Ny) = {(Bo — Br)Pe=Pre=Bo-BY I (gBre=B1)Flo(1). (5.16)

This estimate is minimal when 8y — 31 = 1 and 3; = 1, that is, when Ny = 2|z|+O(1)
and N; = |z| + O(1), and it becomes

R (25 No, Ny) = O(e™2), (5.17)

By analysis similar to the proof of Lemma 2.1, we can sharpen the estimate (5.17) by
a factor 22, as follows. When | ph z| <7 —6, we may use the inequality [¢+2|>|z|sin 6
in place of |t + z| > § in (5.13) to replace the term O(z!~™°) on the right-hand side by
O(z=No). When §<+ ph z<, we substitute by means of (2.14) and the corresponding
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form of (2.14) when e~™z is replaced by e™z. This yields

_ttNo —Ni4w _tltNl_l w
uy (t1)dtydt
/P/_ t+z L+t 1(t)dh

[e’s] —tltNl l1—w

= GS)(Z;NO — N1 + 1)/ ul(tl)dtl

p—6 t +e:F7riZ

P [0 o—tgNo—Nitw e tigi—1-w
_// Ly (t)dt dt

t+z t1 +eFTmz

—ttNo—N1+w e—tlt:]lvl—l—w
uq (t1)dt1 dt.
// s t1+eFriz ty+ 1 1(h)dty

The first term on the right-hand side can be estimated with the aid of (2.13). Moreover,
the resulting estimate for this term is found to dominate those for the second and third
terms. Thus, we have

K K. (e ] e—ttNQ—N1+w e—tltNl—l—w
(_)N0+N1—1—2// 1 ul(tl)dtldt
PJp

2No-1 _5 t+ 2z t1+1
=T(No — N + Rw)T'(N; — Rw)O(2770),

(5.18)

when 6 < £ ph z <7 and, hence, also when | ph z| < 7; compare the second sentence of
this paragraph. The other term in (5.6), namely S( )(z No, N1), is absorbable in this

new estimate because the ratios (5.14) are certainly O(z~ %) as z — 00. Accordingly,
we arrive at the main result of this section: if z — 0o in | phz|<m and Ny = 2|z|+O(1),
N1 = |z| + O(1), then

Rgl)(z; No,N1) = 0(6_2!7']2_%). (5.19)
By symmetry, in the same circumstances, we have
K, Ni—1
(2 N0) = ()" 5 2;) 051G (2 No — 5) + RSV (2 No, N1),  (5.20)
where
BV (2, No, Ny) = O(e721#1273). (5.21)

Remark (i). This result is similar to Theorem 2.2 of [6]. However, there is a sig-
nificant difference. In [6], we truncated each of the expansions (3.12) at (or near)
its smallest term and then re-expanded the remainder term in the form (5.3). In the

present notation, this sets By = 1. With this constraint, the error terms Rgl)(z; No, V1)
and Rgl)(z;No,Nl) are optimized when $; = %; compare (5.16). In full, we have

No = |2| + O(1), N1 = |z| + O(1) and
RV (2;No, Ny), RV (23 No, i) = O(27 e 1), (5.22a, b)

As expected, these estimates are weaker than (5.19) and (5.21). In other words, it
is more accurate to continue the expansions (3.12) beyond their smallest terms, 1n

fact, to take as many terms again and then re-expand the remainder in series of G
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functions (or equivalently F}, functions) until we reach the vicinity of the smallest term
of the re-expanded series.

Remark (ii). It should be noted that in sharpening the estimate (5.17) into (5.19),
we needed the condition Ny — N; = |z| + O(1) in order to be able to estimate

m(z No — N1 + 1) by means of (2.13). To put this another way, the sharpening
does not become available until the original estimate (5.16) has been optimized.

6. Level two

Throughout this section, we suppose that |phz| < 7 and p — 2§ > a.

Our purpose is to re-expand Ril)(z; Ny, N;) and Rgl)(z;No,Nl), and we proceed
in a manner analogous to the two preceding sections. We substitute into (5.6) by
means of (3.12a) and (3.14a), with z, p, Np, and t replaced by ti, p — 26, Na, and ta,
respectively, and refer to (2.2¢) with [ = 2, My = No — N1, M; = Ni — s. Again, Ny,
Ni, Ny are arbitrary integers. These substitutions are certainly valid when (4.2) and
(5.2) apply, and also

NQ, N1 1 + |§ROJl (6.13., b)
We arrive at
K K2 Ny—1
1
Ril)(z; N(),Nl) = ( )NO_I’N1 zNU 1 Z Qs, 1G( )(Z NO - Nl,Nl — S)
=0
+ R (2; No, N1, Vo), (6.2)

where

KIK
R§2)(z; No, N1, Np) = (—)No+Ni+Ne z};ﬂ f x

—t t1— tgtNo N1+th1 Ng—thg 14w
ug(to)dtadt, dt
./ / / 26 (t+2)(t1 +1)(t2 + 1) 2(a)dtadiy

+Sl (Z;N(),Nl,Nz) (63)

and

KK
S§2)(z; No,N1,N2) = (_)No+N1—1ZA}O_i «

Ng 1 p—6 e—t—t1zNo— N1+th1 s—1l-w
[
3_0 t+2)(t +1)
—t —t1+4No—N1+w Ni—1l-w
+ (=) N0+N1 K1K2// ¢ b e1(ty; p — 26; Na)dt1dt

2No—1 (t+2)(t1 +1)
+ 5% (2 No, V1), (6.4)

valid when z € A; compare (5.6) and (5.7).
Again, following the analysis of §§4 and 5, we seek to estimate, and then optimize,

the new remainder term R?)(z; Ny, N1, N3), by setting
No = Bolz| + ap, N1 =pilz|+ a1, No=felz|+as, (6.5)
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where 8y, 1, B2 are constants such that 0 < 82 < 81 < By and g, oy, as are bounded.
We restrict z € A, where A, is an unbounded closed annulus centered at the origin
and of radius sufficiently large to ensure that the conditions (4.2), (5.2), and (6.1) are
fulfilled. Thus, Ay C A; C A,.

We first observe that

os} —-t t1tNo N1+th1 s—1-w
@s 1/ / (t+2)(t + 1) dtrdt
=T(s))I(N; — s — 1 — Rw)pNo~M (1), (6.6)

where s; = max(s + Rw, 1), uniformly for z € AN Az and s =0,1,...,No — 1. If
s+ Rw < 1, then

T(s1))T(N; —s—1—Rw) <T(N; — 1 - Rw), (6.7a)
whereas if s + Rw > 1, then®
T(s))I'(N1 —s—1—-Rw)<T(V; — 1). (6.7b)
With the aid, also, of (6.1b), we conclude that

No—1

p poo e—t—tltNo—N1+“-’t{V1_s_1_w It d No—N. (N7 + |Rw|)O(1
+ t — 0—iV1 k]
E as,l‘/o v/O (t+2)(t1 +1) ' ’ o I |) ( )

(6.8)

uniformly on A N As. The rest of the analysis is similar to that of §5, and there is no
need to enter into all the details. Corresponding to (5.12) and (5.15), we find that

52 (2; Ny, N1, No) = {pNo MD(Ny + [Rw]) + p T (Ny — Ny + Rw)T(Ns + Rw)
+ N (No — Ny + R)D(Ng — Ny = Rw) pO(z174) + (1 (23 No, M),

(6.9)
and
R?)(Z‘No, Ni, Ny)
=T(No — N1 + Rw)T'(N1 — Ny — Rw)T'(NV2 + Rw)O(z 1_N"),

(6.10)

uniformly on A N As in both equations.
On substituting into the last result by means of (6.5), we obtain

B (230, Ny, Np) ={(Bp — )%~ =20 11
% {(51 _ ﬁz)ﬁl—ﬂZeﬁZ'—ﬂl}lz|(ﬁgze—ﬂz)lzio(z-—%-!-%w)’ (6.11)
uniformly on A N Ay and, in particular, as z — 0o. The minimizing choice is given
by o — 81 = 01— B2= 02 =1, that is, fp = 3, f1 = 2, B2 = 1. The corresponding
estimate for Rgz)(z;Ng,Nl,Ng) is obtained by replacing Rw by —Rw. Again, with

3In deriving (6.7b), we have used the inequality I'(z)['(y) < ['(z + y) when z,y > 1; see, e.g., [8,
Chapter 2, §1.6].



188 OLDE DAALHUIS AND OLVER

these choices for By, 51, B2, we can sharpen the minimal estimates with a factor z‘%;
compare (5.17) and (5.19). Thus we have the main result of this section: if z — 0o in
|phz| <7 and Ny = 3|z| + O(1), N1 = 2|z| + O(1), Ny = |z| + O(1), then

R(2)(z; No, N1, Ny) = O (e8Il p~ 148w 6.12a
1

and

R (2, No, N1, Np) = O(e73021,~1-Re) (6.12b)

7. General levels

The pattern of resubstituting into the successive remainder terms now is clear, and
the general results can be written down by inspection and verified by induction. To
facilitate the statement of the final theorems, we introduce the following notation
pertaining to the parity of I: v; = 0 or 1, according as [ is even or odd.

Theorem 7.1. Let | be an arbitrary nonnegative integer and Ngo, N1, ..., N; be
integers such that

Nj =,8jlz|+aj, j=0,1,...,l, (7.1)
in which the (B’s are constants that satisfy
0<Bi<Bi1<---<Bo (7.2)

and the a’s are bounded as |z| — co. Then

No—1 a K Ni1-—-1
,1 1
Ul(Z) = E % + (—)NOZ_NOTI E as,QG((dl)(Z; Ny — S) + ...
s=0 s=0

K].% (H‘VI)KZ% (I=w) y

+ (_)N0+N1+~~~+Nz—1

ZNo—1
N;—1
X Y as14,G(2; No — Nu,..., Ni—g — Ni—1, Ni—y — 9)
s=0
+ BRY (2, No, My, ..., N), (7.3a)
No—1 Qoo K2 Nl—l 1)
UZ(Z) = Z _ﬁ;_ + (__)No ZNo—1 Z as,lG—w(z; NO - 3) +...
s=0 z s=0
1w 3+
§ (=) Not N+ Nisy Ki™ TKj X
zNo—l
N;—1 .
X Z as,Z—UIG(—().u(Z;NO —Ni,...,Ni_o = Ni_1,Ni_1 — 5)
s=0

+RP(2;No, Ny,..., V) (7.3b)
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and as z — oo in |phz| <,

Ry)(za NOaNla .. '7Nl)

-1
= [H {(ﬂj _ 3j+1)ﬂj—ﬂj+1eﬂj+1—ﬂj}M] (ﬁlﬂte—ﬂz)IZIO(Z%(I—l)+y,+1gew),

7=0
(7.4a)

RY (2, No, Ny, ..., Ny)
-1
= [T (08 - payneion=) ] (g o 30-07w00m).
j=0
(7.4b)
In Theorem 7.1, the remainder terms Rgl) and Rgl) are not optimized. Optimization

is achieved on setting 3; =1+1—-3,j=0,1,...,l or, equivalently, N; = (I+1—j)N,
where N = |z| + O(1). This yields:

Theorem 7.2. Let

G+ON-1 L KB 3 G)
_ s, LiG+1+2nN 81 ]
u(2) = Z > T Z(_)ﬂu ) SN -1 x
s=0 j=1
(I+1-j)N—-1
x> as14,GP (5N, N, (I +2- )N =)
s=0
+RY(z;(1+ 1)N,IN,...,N), (7.5a)
(N1 l 3G—vs) g4y
as2 Liti KUK
up(z) = Y =2+ 3 ()N 2 z(l+1)N2—1 y
s=0 j=1
(I4+1—j)N—1 '
x> a2y, G (N, N, (142 = 5)N =)
s=0
+RY(z;(1+ 1)N,IN,...,N), (7.5b)
where N = |z| + O(1). Then, as z — oo in |phz| <,
RP(2; (1 + 1)N,IN, ..., N) = O(e~ ¢Vl mslvnie) (7.6a)
Rgl) (Z; (l + ].)N, lN, ey N) = O(e_(l+1)|z|z_%l_Vl+l§Rw). (76b)

Remark (i). When |phz| <7 — 6, we can improve the estimates (7.6) by a factor
2—3% for all values of I: we have only to retrace the analysis with the contour P freed
from the indentations indicated in Figures 3.1 and 3.2 and apply the inequality (2.10).

Remark (ii). Each time the level I increases by unity, the number of terms at each
previous level in the expansions (7.3) increases by |2| (approximately). In Remark (1)
at the end of §5, we indicated how to optimize the remainder term at level 1 whilst
constraining the number of terms at level 0 to be |z|. It transpired that 3|2| terms are
needed at level 1. This process may be continued. If we leave unchanged the number
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of terms at levels 0 and 1, then #|z| terms are needed at level 2 and so on, until we
reach 27!|z| terms at level I. Furthermore, the remainder terms then satisfy

RO (2 No, Vs, ..., Ny) = O (2~ Llele ol ;1 0-ttsa o) (7.7a)
RY (2 No, Ny, ..., N) = O (27 Mol 1717300 v, (7.7b)

where L = 2 — 217!, We observe immediately that L < 2 for all values of [; in
consequence the overall exponential improvement is limited to a factor e~7!?l, where
vy=1+2In2=2.386....

The pattern of remainder terms just described was discovered by Berry and Howls
(1] in a related problem. Some further observations on their paper will be found in
the concluding section §11.

8. Numerical stability

Theorem 7.2 is an elegant result. Its essential message is that we can generate a
relative error term whose asymptotic estimate for large |2| contains a factor e~ (12l
! being an arbitrary nonnegative integer, by taking (approximately) (I + 1)|z| terms
in the original Poincaré expansion, I|z| terms in the first level re-expansion and so on,
ending with |z| terms at the Ith level. Furthermore, the coefficients of the auxiliary
functions Gil, at successive levels alternate between the sets of coefficients in the
original Poincaré expansions. In applications, however, there is a potential source of
weakness. After we pass beyond the smallest term at any level, succeeding terms at
that level grow rapidly. If any rises in absolute value well above unity (unity being
the order of magnitude of u;(z) and ua(z)), then severe cancellation will take place in
summing the series (7.3) numerically, rendering the whole process unstable.

In order to demonstrate, and then overcome, this instability, we revert to Theorem
7.1 and permit the constants 8y, 01, ..., to be arbitrary, subject to (7.2).

Consider first the sum at the zeroth level for u;(z). From (3.17a), we have

as1~ (=)°KiT'(s+w), s—o0.

Accordingly (as we already know), as s increases, |as127°| decreases until s = |z],
approximately, and it then increases unboundedly. For s = Ny — 1 we have

ang—1,1 ~ (=)o K T(Ng — 1+ w) (8.1)
and, hence, by application of (7.1) and Stirling’s formula,

lan,—1,12'"°| ~ constant x (ﬂg")lzle_ﬂ"lzlz_%"“m’. (8.2)

This estimate obviously exceeds, or is less than, unity, according as ﬁg 0g=fo 21, that
iS, ﬁg 2 e.
Next, consider level 1. We have
GW (z; Mp) = T'(My + Rw)O(1), (8.3)

as z — oo in | ph z| <, uniformly for all values of My that satisfy Mo+ [fw|>1. This
result may be proved by the method used to establish (4.6). With the aid of (3.17b),
we see that

452GV (2; Ny — s) = T'{max(s — Rw, 1)}T(Np — s + Rw)O(1), (8.4)
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uniformly for s =0,1,...,N; — 1. From (7.1) and (8.1), we observe that at s = 0 this
estimate equals ay,—110(z). As s increases, the right-hand side of (8.4) decreases
until s = %NO, approximately, and then grows. Moreover, at s = N1 — 1 we obtain

aNl_l,zG‘(dl)(Z;No -1 71 + 1) = F(Nl -1- %w)F(No — N1 + 1+ §Rw)(9(1)
and hence by use of (7.1) and Stirling’s formula
any 126D (2: No = Ny + 1)t N0 = ple=ll0(1), (8.5)

where
by = (Jo — B)% .
Since Bo—B1 and B are both less then 3o, we have by < ﬁg °. Accordingly, the estimate

(8.5) is asymptotically small compared with (8.2).
At higher levels

GW(z;No — N1,...,Ni_g = Ni-1,Ni—1 — 3)
=T(No — N1 + Rw) -+ - T(Ni—2 — Ni—p + (—)!7Rw) x
x T(Nj_1 — s + (=) 1 Rw)O(1), (8.6)

as z — oo in | phz| < m, uniformly for s € [0,N; — 1]. As in the case of (8.3), this
result may be proved by the method used to establish (4.6), (5.13), and (6.10). Armed
with this estimate, we may show that the behavior of the terms at each level follows a
similar pattern. The first term is within a factor O(2) of the last term at the previous
level. As s increases the terms at level [ decrease to a minimum at s = %Nl_l,
approximately, and then grow in magnitude. Moreover, whether or not the series at
this level is terminated at this minimum, as long as 0 < §; < Bj-1, the last term is
asymptotically small compared with lany—1,121 N0l

A similar analysis applies to the expansion (7.3b); basically we have only to replace
Rw by —Rw throughout. We therefore conclude: whatever the value of the constants
B1, B2, ..., 01, as long as (7.2) applies, the summation of the series (7.3) is numerically
stable or unstable according as Bo S e.

In the remaining case, given by By = e, the growth (if any) of a No_l,lzl‘NO and
a No_l,gzl‘NO is algebraic rather than exponential; compare (8.2). Accordingly, we
may say that the summation of (7.3) is weakly unstable, in the sense that any numerical
cancellation that takes place will not be catastrophic in nature.

On returning to Theorem 7.2, we note that So = [+ 1. Hence, Theorem 7.2 leads
to a stable summation procedure only when [ = 0 or 1, that is, when the series (7.3)
are terminated at the zeroth or first level.

When [ > 2 we need to modify the optimization of the remainder term in order to
maintain stability. This means that with fo = e we need to minimize

-1

[H(ﬂj - ﬁj+1)ﬂj—ﬂj+leﬁj“_ﬂj} (8re=?);
j=0

compare (7.4). It is easily verified that this minimum occurs when

R

P = i=1,2,...
IBJ l+]. e J P ] 7la

and it equals (I +1)7°.
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We may summarize the findings of this section as follows:

Theorem 8.1 (Numerically stable expansion). Assume the notation of Theorem 7.1
and that 1 > 2. If

41— o
J - 1+1 elzl+0(1)7 ]_O>1a'--al, (87)
then as z — oo in |phz| <7
B (2 No, Vi, .., ) = O{ (1 + 1)< ha-D+veadio) (8.59)
R (2;No, Ny, ..., Ny) = O (1 + 1)W1 230D}, (8.8b)

Remark. When [ > 2 the overall exponential improvement yielded by Theorem 8.1
is less than that yielded by Theorem 7.2, especially when [ > 3. On the other hand,
fewer terms are needed in the expansions (7.3).

9. Example
We take as example the differential equation

w1 dw 1
E?+Q_”EZ‘£M“Q (9.1)

satisfied by e%zKo(%z) and e2? Ko 3ze”™), where K| is the modified Bessel function.
The values of A1, Az, p1, 2, and w are found to be A\; =0, Ao =1, py = pp = —%,
and w = 0. The basic functions u;(z), u2(z) and the coefficients a1, as2 are given
by*
u1(z) = ug(2) = ﬂ_%z%e%zk’o(zﬂ)

and
12.32... (25 - 1)?

455! ’
and the coefficients K and K3 in the connection formulas (3.10) are known to be

Ki=Ky=7"%

(9.2)

As,1 = As,2 = (_)s

see, for example, [8], Chapter 7, §84, 8, or we can take the limit as s — oo in (3.17)
above, using (9.2).

For illustration, we take z = 20. The squares in Figure 9.1 are the plot of the
logarithm to base 10 of the absolute value of each term in the expansions (7.3) against
its ordinal number.®

For [ = 0 we set Ny = 20, which terminates the original asymptotic expansions
(3.8) at (or very nearly at) their smallest term. For [ = 1 we set Ny = 40, N; = 20,
and for [ = 2 we set Ny = 60, N; = 40, Ny = 20. As expected, in the case | = 2
a few of the terms rise above unity in magnitude, indicating some instability in the
summation. For [ = 3 (not shown in the diagram) the instability would be much more

severe.

1
4 Another solution of (9.1) is e2® Io(%z), where I is the other modified Bessel function. Although
1 1 .
w%e%zlg(%z) has the same form of asymptotic expansion as —iﬂ'_?e?zKo(%ze'”), it should be
1
noted that it cannot be taken as ws(z) because 71'21'67210( %—z) is not a recessive solution of (9.1) in

the sector imw + 6 <phz< 27 — 6 (or for that matter in any sector).
2 2

5The terms were computed by the methods given in the Appendix of [1].
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Ordinal number of term
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FIGURE 9.1. Magnitudes of the terms in the three hyperasymptotic expansions.

The curve indicated by the triangles shows the modification of the case | = 2
consequent upon using the numerically stable form of expansion furnished by Theorem
8.1. We take Ny = 54, N7 = 36, N3 = 18. In this expansion all terms are below unity
in magnitude, but as expected the final accuracy is slightly less; see Table 9.1.

Next, the curve indicated by the circles is for the case | = 2, with Ny = 20, N; = 10,
Ns = 5. This corresponds to optimization with a fixed number of terms at each level.

level approximation exact—approx. | Ng | N1 | No
0 | 0.988139270254112817375114072700 1.8x1071° | 20
1 | 0.988139270438649159234772899885 3.4x10720 | 40 | 20
2 | 0.988139270438649159268429546441 6.1x1073° | 60 | 40 | 20
0 | 0.988139270254112817375114072700 1.8x10710 | 20
1 | 0.988139270438649159234772899885 3.4x10720 | 40 | 20
2 | 0.988139270438649159268429546437 1.0x1072° | 54 | 36 | 18
0 | 0.988139270254112817375114072700 1.8x10710 | 20
1 | 0.988139270438649118161993331991 4.1x10718 |20 | 10
2 | 0.988139270438649159281542952765 | -1.3x10720 | 20| 10| 5
exact | 0.988139270438649159268429546447 0
TABLE 9.1. Hyperasymptotic approximations to W‘%z%e%zKo(%z)

for z = 20.
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As we noted in Remark (ii) at the end of §7, when continued to higher levels the last
term can never be less than about e=20(1+21n2) = 9 » 10~21, This is approximately
108 times as large as the last term in the other two expansions with | = 2.

Lastly, we observe that the pattern of growth depicted by all the curves in Figure
9.1 is exactly that predicted in §8 for the general case.

10. Extensions of the regions of validity

The region of validity supplied by Theorems 7.1, 7.2, and 8.1 is the closed sector
|phz| < 7. Values of the analytic continuation of w;(z) and wo(2ze™) for any other
value of phz can be calculated by repeated application of the connection formulas
(3.6) or (3.9). Nevertheless, it is of some interest to ascertain whether the region of
validity in Theorems 7.2 and 8.1 can be extended beyond ph z = +, especially as an
extension to | phz| < gw — 6 was supplied in [6] for the unoptimized case at level 1.
We shall show in this section that such extensions can be made at all levels, although
at the cost of weakening the asymptotic estimates of the remainder terms. We shall
achieve this by constructing continuation formulas for the remainder terms.

From (3.9) and (3.12) we derive

REO)(z;NO) — Rgo)(ze_%i; No) = u1(2) — ug(ze=2™)

= 2miK e ¥ e 2% uy(ze ™). (10-1)
If 7 < phz < 37 and Ny = |2| + O(1), then from (4.11a) we have
Rgo)(ze‘%i;No) = O(e_lzlzm“’), (10.2)
whereas from (3.8b)
2miK1e™ ™ e 2 ug (267 = O(ezz%”). (10.3)
Hence,
RO(z;No) = 0(e°2™), 7 <phz< gw — 6. (10.42)
Similarly,
RY (z;No) = O(e*2™™), 7w <phz< gw -6 (10.4b)

Accordingly, the exponential improvement supplied by (4.11) deteriorates gradually
as we pass beyond ph z = 7w and disappears altogether as we approach phz = %77.

At the next level, we have from (5.3)

Ril)(z;No, Ny) — Ril)(ze_QWi;No,Nl) = Rgo)(z;No) - Rgo)(ze‘z”i;No)

N;—1
K .
+ (—)No_lﬁjlfl Z aS,Q{GEul)(Z; No = s) = G (ze™™; Ny — s)}.
s=0

(10.5)
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From (10.1) and (3.12b), with z and Nj replaced by ze~™ and Nj, respectively, we
obtain

N;-1
Rgo)(z; No) — Rgo)(ze_%i;No) = 27riKle_“7'iezz“’{ Z (—)sazs—;2 + Rgo)(ze_"i;Nl)}.

s=0

Also, from (2.9) with [ =1 and My = Ny — s, and using (2.2a), we have

N;—-1
N K1 X 1)/.. A)( . —2mi.
(_) zNO"l a’s,?{Gw (Z;NO - S) - Gw (Ze ,NO - S)}
s=0
N1—1 a
=21 K. —wni 2 W _\s s,2.
ik e ez ;( ) e

On substituting into (10.5) by means of the last two equations, we find that

R (z; No, Ny) — R(ll)(ze_Z’ri;No, Ny) = 27TiKle_“’"iezz“’R§0)(ze'”; Ny). (10.6a)
Once again, by symmetry

Rgl)(z; No,Ny) — Rgl)(ze_z"i; No, Np) = 27ring“’"iezz_“’R§0)(ze_’”; Ny). (10.6b)

Suppose that 7 < phz < 27, Ng = 2|z| + O(1) and N; = |z| + O(1). Then from
(5.19) we have

Ril)(ze"%i; No,N;) = (’)(e’ﬂz'z"%), (10.7)
and from (4.11b)
2miK e e 2 R\ (ze™™; Ny) = O (e~ 4. (10.8)

Combination of (10.6a), (10.7), and (10.8) yields
Rgl)(z;No,Nl) =(9(ez_|z|), 7 <phz<2m. (10.9)

Next, if 2r <phz< $7—6 and No = 2|2|+O(1), N1 = [2|+O(1), then (10.7) continues
to apply, but from (10.4b) we see that the right-hand side of (10.8) is replaced by O(1).
Accordingly,

R"(2; Ny, Ny) = O(1), 27 <phz< gw -6 (10.10)

By similar analysis we may show that the estimates (10.7), (10.9), and (10.10) also
apply to the remainder term Rgl)(z; Ny, N1) in the same ranges of ph z.

The process may be continued to higher levels and also to negative values of ph z.
With the aid of (2.9), (3.9), and (7.3), the generalizations of (10.6) may be verified to
be

(O _ pW®/, —2m,
Rl (Z,No,Nl,...,Nl) Rl (ze ,No,Nl,...,Nl)

= QWiKle_“’”iezz“’Rg_l)(ze_”; Ni,Na,...,Ny)

(10.11a)
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and
(l)(z No, Nl, . ,Nl) — Rg)(ze_%i; Ny, Ny,. .., Nl)
= QWingw”iezz_‘”Rgl_l)(ze—"i; Ny, No,...,Np).
(10.11b)
Then by induction we may establish the following result.

Theorem 10.1. If k = 0,1,...,, then as z — oo in kr < |phz| < (k + 1)7, the
remainder terms in Theorem 7.2 satisfy

RY(z 1+ 1)N,IN, . O (e=+k=t=Dle] %<k—l>+"t+1”*“'), (10.12a)
RY(z; (l+1)N,lN,.. O ezt bol=Dlzl 3 (=) —vn®w) - (10.19p)
Also, if z > 00 in (I 4+ 1)7 < |phz| < (I + 3)m — 6, then
R (z;(1+ 1)N,IN, ..., N) = O(en+i17 27+ %) (10.13a)
RP (z; (1 +1)N,IN, ..., N) = O(e"+i7z~mRe), (10.13b)

Remark. The sector of validity of Theorem 8.1 can also be extended in a similar
manner. However, because the estimates (8.8) involve the factor exp{—e|z|In(l + 1)}
instead of the more powerful factor exp{—(l + 1)|z|}, the increase is more restrictive.
We shall not enter into details.

11. Conclusions

There are several points of similarity between this paper and the paper of Berry and
Howls [1]. Thus the same hyperterminants appear in the expansions, and the coeffi-
cients of these hyperterminants are related to the coefficients at the lowest level. There
are significant differences, however. In the first place, the theory in [1] is purely for-
mal: it is based on Dingle’s re-expansions of remainder terms using Borel summation
and a “resurgence formula”, also due to Dingle [3]. Secondly, the asymptotic expan-
sions that are re-expanded in [1] are the Liouville-Green expansions. Only in certain
cases, for example, Airy’s differential equation, are these the same as the Poincaré
power-series expansions. Thirdly, the optimization process is carried out differently,
in that the number of terms at a given level is constrained not to change when higher
levels are incorporated into the expansion. As we saw in Remark (ii) of §7, this results
in there being (approximately) 277|z| terms at level j, and whatever the final level
! happens to be the overall exponential improvement in the estimate for the error
term is restricted to e~ (1121022l that is, e~(2:386--)I2l times a power of |z|. With our
method of optimization, there is no limit on the attainable exponential improvement,
even in the numerically stable form.

In earlier papers, for example [6], expansions at level 1 were regarded as providing a
smooth interpretation of the Stokes phenomenon, because of the behavior and analytic
nature of the individual terms in the neighborhoods of the Stokes lines. Since each
branch of each G function is analytic in its argument z (except at the origin),
the hyperasymptotic expansions also furnish a smooth interpretation of the Stokes
phenomenon. An added feature, however, is that these expansions apply to several
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Stokes lines simultaneously. Thus, for example, 2] Stokes lines are covered in this way
in the region of validity given by Theorem 10.1.

The practical implementation of the new expansions, in common with those of [1],
depends on the ability to compute the necessary hyperterminants either by means
of asymptotic approximations or by direct numerical methods. At the Ith level, the
hyperterminants are [-fold multiple integrals. The case [ = 0 is trivial, and for [ = 1,
algorithms and software packages exist; see [4, §5.7].5 Some progress on the problem
of computing hyperterminants at level 2 in the case when w is an integer is made in
Appendix B of [1], and these results were used in the numerical example given in §9.

Acknowledgement. The authors are indebted to the referees for helpful suggestions
in the presentation of this paper.
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