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ASYMPTOTICS OF COLUMNS IN THE TABLE OF ORTHOGONAL
POLYNOMIALS WITH VARYING MEASURES

Xin Li

ABSTRACT. For a given sequence of positive Borel measures {uz}3>; in the
complex plane C and p > 0, we study the asymptotic behavior of the sequence
of the nth degree monic polynomials with minimal L,(duy) norm as k — oo.
Applications to the frequency analysis problem and orthogonal polynomials are
discussed. In particular, a “Kp-result” is established for the R-process proposed
in the recent work by Jones, Njistad, and Waadeland [Continued Fractions and
Orthogonal Functions, Marcel Dekker, New York, 1994, pp. 141-152].

1. Introduction

Let M be the set of all finite positive Borel measures in the complex plane C, and let
® denote the set of all continuous functions defined in C with compact support. We
impose on M the weak star topology using ®. More precisely, the convergence of a
sequence of measures {u}72; to the measure y means

din [ fdue = [ sau

holds for all f € ®. The weak star convergence will be denoted by ux — p.
In this paper, all measures are assumed to be in M. The support of a measure p
will be denoted by supp(p). Let N := {0, £1,42,43,...} and Nt := {1,2,3,...}.
For measure 1, assume that supp(u) is compact. Let n € N+ and p > 0. Then an
L, (p)-extremal (monic) polynomial of degree n, denoted by P, (25 p) = 2" +--- € P,
(where P, is the set of polynomials of degree at most n), is a solution of the following
extremal problem:

) Pdy = i Pdy.
[1Pastipd= int [ lan(rdn

gn()=2" 4

It is well known that when p > 1 and supp(u) contains infinitely many points, such
L,(p)-extremal polynomial is unique for every n =1,2,.... If 1 > p > 0, then we do
not necessarily have uniqueness. We will use P, p(z; 1) to denote one such extremal
polynomial regardless of whether we have uniqueness or not.

Now, for p > 0 and a given sequence of measures {u}3>; with compact supports,
we can consider the following table of extremal (monic) polynomials with varying
measures:
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Piy(zip1) Pap(z3m1) oo Pup(zim)
Pip(zip2) Pop(zipe) o Pup(zipe)

Pip(zipk) Pop(zipe) -+ Pup(2spk)

TABLE 1. The table of orthogonal polynomials with varying measures.

where we have intentionally omitted entries Ppp,(2;u%) =1, k=1,2,.... So the kth
row are extremal polynomials associated with the measure ug, while the nth column
corresponds to the sequence of extremal polynomials of degree n with respect to various
measures ug,k =1,2,.... We will concentrate on the asymptotics of the entries in a
column of Table 1 when the sequence of measures converges in the weak star topology.
Our model case is when p = 2. It is well known that P, 2(z;pk) is the nth monic
orthogonal polynomial with respect to the measure pi. So when p = 2, Table 1 will
be referred to as the table of orthogonal polynomials with varying measures. Solutions
of these kinds of problems have already been pursued in several concrete situations
(cf. [1,4-10,13,16,17], also §3 below), and different special methods are applied in
such solutions. In §2 we will present a general and simple approach which works for
general measures. Our method uses only the extremality of P, ; and the fact that P,
is of finite dimension as a normed linear space. Then in §3 we use our results in the
solutions of some familiar applications as well as some new problems.

2. General theorems

Theorem 2.1. Assume p — u, and for some compact set K C C, supp(ux) C K.
Forn € Nt and p > 0, if P, p(2; 1) exists and is unique, then

Jm Py p (25 k) = Pop(23 1),
locally uniformly for z € C.

The proof of Theorem 2.1 is quite similar to that of the following Theorem 2.2, so
we will sketch the proof of Theorem 2.1 after the proof of Theorem 2.2.

Theorem 2.2. Assume p, — p and, for some compact set K C C, supp(ux) C K.
Assume further that u is a discrete measure, i.e., for some m € N'T,

m
n= Zajﬁcj, (aj > 0)
j=1

where (here and in the sequel) §; denotes the unit measure supported at the point .
Forn € Nt andp > 0, let {zjx = 2jx(n,p)}}=, denote the zeros of P, p(2; ui). Then
for n > m and with suitable arrangement of the zeros of P, p(z; pk), we have

lim ijk=<j, j=1,2,...,m.
k—oo »
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Proof. Write P, ,(z; pk) = Z;'l:o aj k2’ (note that a, ; = 1), and let

Pn,p(z; ,U‘k)

.P z)i=—
(2) maxo<;<n |@j,kl

Then | Py (z)| < Yo |29, Thus {P}g2, C P, forms a normal family on C. Let P(2)
be a limit function of this family, and let A be a subsequence of Nt such that

lim Py (2) = P(2),
k—o0
keA

locally uniformly on C. Now
! / | Py (2)Pdpi — / lf’(z)l”du!
|[arr - 1P

IA

+| [ 1P P - )

IA

e () mas| By — [P + \ [ PP - du)‘ ~0
as k — oo and k€ A. So

Jim, / |By(2) P, = / |B(2)Pdu. (1)
S

On the other hand, using the fact that maxo<;<r |ajx| > 1 and the extremality of
P, p, we have

/,Pk(z),pdﬂk < /,Pn,p(z§ pi) [P < / 2" ﬁ(z - Cj)}pduk,
j=1

SO

. ~ n— i ) p —
kll,nolo/lp’“(z)lpd“k < / 2" H(z - Q)‘ du = 0.
keA j=1

This, together with (1), gives
[1BGyran=o.

Thus P(¢;) = 0, j = 1,2,...,m. Now, from the definition of Py.(2), we know
that at least one of its coefficients is of absolute value 1. Therefore P(z) has
at least one coefficient whose absolute value is equal to 1, so P(z) # 0. Hence
P(z) = q(2) H;’;l(z — () for some 0 # g € Pn_m. Since P(z) is an arbitrary
limit function of the normal family {Py(2)}{2,, Hurwitz’s theorem now implies the
conclusion of the theorem. [J

We remark that when p > 1, it is known (cf. [20]) that all zeros of Py, p(-;pi) are
contained in the convex hull of supp(fx ), which, in turn, is contained in the convex hull
of K (which is still compact). It then follows that {Pnp(-;ux)}52, forms a normal
family, so there is no need to introduce P, when p > 1.
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Proof of Theorem 2.1. From the uniqueness of P,,(z; 1) we know that supp(u)
contains at least n + 1 points. Let Py(z) be defined as in the proof of Theorem 2. We
now prove that {maxo<;<n |a;|}32; is a bounded sequence. Assume, to the contrary,
that there is a subsequence A of Nt such that

li 0. 2
Jim - max |a k| = (2)
keEA

Then, since {Pk(z)},c y is a normal family, we can find a sequence A’ C A and

P(z) € P, with P(2) # 0 (recall that at least one coefficient of P(z) is of absolute
value 1), such that lim_, o ren’ Pi(z) = P(2), locally uniformly on C. As in the proof
of Theorem 2.2, we have

hm /|Pk |”duk—/|P )Pdp.

keA’

But the extremality of P, , yields

- P (z P IPng
/|Pk(z)ipd'u,k = / Prplz ) dux < AP dp
max [a;x| max |a; k[P
0<j<n 02 o
Letting k € A’ and k — oo in the above relation gives
nd,
[ippan s T
lim max lajkl?
k—oo 0<1<
ke’

which, together with the fact that supp(u) contains at least m + 1 points, implies
P(z) =0, a contradiction. Hence {ajk} is uniformly bounded. This tells us that the
sequence { P, p(z; pr)}32, itself is a normal family on C. Let P(z) be a limit function
of this family. All we need to do now is to show that P(z) = P, p(z; ). This is proved
by using the extremality of P, , as follows.

Take A C N'* such that hmk_,Oo n.p(2; i) = P(2). Note that

/ |Pap (25 ) P, < / |Qu(2)Pdpsi, for any Qu(z) = 2" +--- € Py

Letting k € A and k£ — oo yields
/'P(z)lpdli < /|Qn(z)]pd,u, for any Qn(z) = 2" +--- € Py.

Then the extremality and the uniqueness of P, ,(z; i) force P(z) = P, ,(z; ). This
completes the proof of Theorem 2.1. [J

3. Applications

3.1. The unit circle case. In this subsection, we consider measures supported on
the unit circle and apply our general theorems to the so-called Frequency Analysis
Problem.



226 LI

A (causal) signal is a sequence z = {z(m)}>_, of real numbers. Suppose we can
observe (or measure) a signal = exactly and suppose we know the signal is of the form

I
z(m) = Y a;e™™, m=0,12,..., (3)
j=—1
where I is a (known) positive integer, the (unknown) w;’s are called the frequencies
of the signal and satisfy 0 = wy < w; < -+- < wy < 7 and wj; = —w_j, and the
(unknown) coefficients «; satisfy o; = @—;. Then the classical frequency analysis
problem is to estimate the frequencies wi,ws,...,ws from the observed N-truncated

signal zy = {z(m)}n=' of signal z. There are various methods for solving this
problem (cf. [3,12,14,16]). Recently, a method developed from ideas of Wiener and
Levinson and using the theory of orthogonal polynomials on the unit circle (the so-
called Szegd polynomials) has been under investigation in [4-10,16,17]. The main
method and theory can be summarized as in the following theorem.

Theorem 3.1. Let Xy(z) := ZN\_l

meo Z(m)z=™ and

dibn (6) = %17\7|XN(61‘9)|2(10, 0<0<or

Forn € Nt let on(2) := @n(2;dn) be the nth monic orthogonal polynomial with
respect to the distribution ¢y on the unit circle, i.e., pp(z) = 2" +--- € Py and

2w
/ on (€)= 0y (0) =0, k=0,1,...,n—1.
0

Let L=0ifoag=0and L =1 if ag #0. Then for each firedn > 21+ L, the 2] + L
zeros of largest modulus approach the points i, L < |j| < I, as N — oo, and there
exists a constant K, € (0,1) such that the remaining n — 21 — L zeros are bounded in
the disk |z| < K.

We will obtain a new proof of Theorem 3.1 as a corollary of the following more
general result, Theorem 3.2. We first need to introduce some notations.

Let I' := {z : |2z| = 1}. For a measure p on I, let p/(6) = du(e*®)/df. We
say p satisfies Szegd’s condition if fOQW log u'(0)/df > —co. When p satisfies Szegé’s
condition, the following so-called Szegé function for p is well defined (cf. [21]):

2w 36
D) =exo{ g [ G log /(0)d9 |
and we also know that
a) D(z;p) is in H? and non-zero for |z| < 1,
b) |D(e¥; u)|? = 1’ (6) a.e. on [0,27], and
c) D(O;p) > 0.

Theorem 3.2. Let uy, and p be measures onI', and let py, = u. Assume further that
wri satisfies Szegd’s condition and p is a discrete measure of the form p = Z;n:l a;be;
with |¢j| =1, j = 1,2,...,m. Finally, assume that for j € N with |j| < m, there is a
constant C > 0 such that

[t~ [ ewdﬂ‘ <ODO;m), k=1,23,.... (4)
T T
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Then for n > m, the m zeros of P, a(z;uk) of largest modulus approach the points
¢, 3=1,2,...,m, as k — oo, and there ezists a constant K, € (0,1) such that all
remaining n — m zeros are bounded in the disk |z| < K,.

Remark. The quantity D?(0; ) is just the geometric mean

1 2T
G(u) := exp %/o log 11 (6)d6

of p, cf. [21, Chap. X].

Proof of Theorem 3.2. By Theorem 2.2, there are m zeros of P, 2(z;ux) approaching
the points (j, j = 1,2,...,m, as k — oo. Further, from the proof of Theorem 2.1, we
know that {P, 2(2; ttx) }k>1 is a normal family and every limit function of this family
is of the form Q(z) [T;L,(z — ¢;) with Q(z) = 2"™™ +--- € Pp_p. Since all zeros of
P, 2(2; ui) are contained in the open unit disk |z| < 1 (cf. [21, Theorem 11.4.1]), all
zeros of () must lie in |z| < 1. To finish the proof, it suffices to show that all zeros of @
are uniformly bounded away from the unit circle I'. Let us consider any such Q with
limy o0, ken Pr,2(2; ui) = Q(2) H;;l(z — ¢j), for some A C N'*, locally uniformly for
z € C. From [2, (1.20)}, we can derive

i 27 m i
H;'nzl (6 b - CJ) 0 |Hj=l(e b~ CJ)Pdl‘Lk
P, 2(e¥; k) f;” | P2 (€2 1) |2 dps,

Now, since [i.|T1(e —¢;)[2dp = 3 ax [T1(¢e — ¢;)12 = 0, by (4) there is a C' > 0 such

that .
/ 11 -¢)
;o

On the other hand, we have, using properties b), then a), of D(z; ug),

2
1 2

zm). (5

21 Jo

2
dpx < CD?(0; )

2T
/P P (€ 1) Py > / |Po (6% 1) PID (€ i) 6
0

21
- / P2 5(€%; 1) PID(; i) 26
> 21D*(0; uk)-

Here, in the equality, we have used the * operation on a polynomial p,(z) of degree
n: pk(z) := 2"pn(1/Z). So equation (5) yields

m o 2
(e~ )| ) OD*Om) _ C
P, o(€i; ug) = 2nD2(0; pg) 27
Now letting £ — oo and k € A gives
1o/ C
— ————df < —.
2vr/o Qe S 2

It follows from this that there is a constant K], € (0,1) depending on C but not on
@ such that all zeros of Q are in |z| < KJ,. An application of Hurwitz’s theorem will
then complete the proof. O

1 2T

27 Jo
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Proof of Theorem 3.1. We verify that assumptions of Theorem 3.2 are satisfied. It is
known that (cf. [5, Theorem 7])

1 : ) ;
iy (6) = 5| X (e)Pd0 UIZQ o 8 s () =: (). (6)

Let duy(z) := dyr(0) and du(z) := dip(0) with z = €. Then in order to finish the
proof we need to check that (4) holds for every j € N with |j| < m.
First, it is easy to see that

1 ; 1
D(0;dur) = D(0; =— | Xi(e”)[?d0) > |z(h)|——,
(0; dpx) ( 27Tk, k( )I )-—I ( )Im
where z(h) is the first non-zero term in the sequence {z(m)}3°_,. Next, as shown in
[10],

| . o ; 1
50 0 i50 !
/0 0| Xie )|2d0=/0 ¥ d( Dl P8 (e ")) +0(3) (k= o).

l7l1<1
Now it is clear that (4) holds for all j € A/. This completes the proof. O

The measure diyy(6) constructed in Theorem 3.1 (originally introduced in [5]) can
be thought as a Fejer type kernel (cf. Theorem 7 and its proof, in [5]). As is known,
the Fejer kernel is not the “best” in the sense that the convolution operator formed
by the Fejer kernel wouldn’t yield Jackson’s order of convergence [11, §§2.2 and 4.4].
So it seems there is room for other choices by taking different kernel functions. As an
example, let us consider the following kernel K (t):

2

?

N-1
Kn(t) := CNl Z ame ™"t

m=0

where @, := cos(m + 1)7/(N +1), m = 0,1,...,N — 1, and Cy' := Z,Nn;é a2, It

can be verified (for example, by using an argument similar to that in [11, pp. 75-77,
130-132]) that for a continuously differentiable periodic function f,
1

3= || FOKN(=0)d0 = £0) + O ) (N = o)

In particular, for every fixed n € A/, we have

1 o inf __ int 1y
'2? A € KN(t-—O)dé)_e +O(—ﬁ) (N-—? OO) (7)

Now define the following measure on the unit circle:

din (@) =S¥ | An(e) P8, N =1,2,...,
T

where Ay (z) := Zﬁ;é amz(m)z~™. A comparison between Ay(z) and Xy(z) in

Theorem 3.1 reveals that we “window” the original signal {z(m)}~N_} using {am}

before performing the z-transform. With diy (), it is easy to obtain the convergence
result from Theorem 3.2. We have
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Theorem 3.3. With all previous notations, let ©,(2) := @n(z; diby) be the nth monic
orthogonal polynomial with respect to the measure d1,/3k on the unit circle. Then for
each fired n > 21+ L, the 21 + L zeros of the largest modulus approach the point €7,
L<|j| <1, as k — 0.

Proof. Let dux(z) := dp(8) (z = €) and dp(z) := Yiji<r lajl?dbiw; (2). We first
observe that -

D(0;dug) = ( Zamm(m)e —imo d0)
> % OS(Z::IW) ~x(h){, (8)

where z(h) is defined as in the proof of Theorem 3.1.
Next we have, using (3),

27
/ emoﬂlAk(eio)lzde
0

= Z | J|20k/ e’

j=—1I

2w
+ Q] A Qg — / ein0+im(wj —9)—iq(wl—0)d0
Z J Z a9 0

J#l m,q=0

1 k—1
Z loyj |2 inw; +(9 (Za]a et {Zaq+naqeiq(wj-wz)}>ck’

j=-1 J#l q=0

k—1

Z ameim(wj —6)

m=0

2
dé

where in the last equality, we used (7). Writing

= %(ei<m+1)vr/<k+1> } eilm 41w/ (1))

and summing geometric series in the sum inside the curved brackets above, we can
see that the sum in the coefficient of C’{C is bounded.
Finally, note that limx_.o kC = (f, cos®(78)df)~! = 2. Hence

27
e . ‘ 1
ing Yk 16\)2 2 jinw; __
/o e §|Ak(e )|2d6 — Z |ovj|?ets _O(E)’ k — oo, (9)
lil1<I1
and (8) yields
o
D(0;d > —,
( ﬂ'k) \/E
for some constant C' > 0 independent of k. This, together with (9), verifies that

condition (4) holds. So an application of Theorem 3.2 completes the proof of
Theorem 3.3. O

The new measure diy(f) gives us the same order of convergence as the old
measure diy(6) in regard to estimating the frequencies w; from the m zeros of the
corresponding Szegé polynomials. It would be nice to know whether there exists
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a window function such that the order of convergence in estimating w;’s could be
improved.

From Theorem 3.1 and its proof we do not know if imy—c @, (2;den) exists
when n > 2I 4 L, although we know that every limit function of the normal family
{pn(2;d¥n)}%5-, can be divided evenly by ] r<pjj<r(z — e™“s). Examples are known
(cf. [17,18]) in which {¢, (2; dyx)} does not converge when n > 2I+L. In view of these
observations, it is interesting that Jones, Njastad and Waadeland [8] give an alternative
way of using Szegé polynomials so that the convergence is always guaranteed. Their
result can be stated in our notation as follows.

Let

16
Fu(x) = [ € +Zd»¢)N(a) N=1.2,....
0 e

Then for 0 < R < 1, the function Fy(Rz) is analytic and Re Fy(Rz) > 0 for
|z| < 1. Thus the function Fn(Rz) is a Carathéodory function, cf. [22], so it has
the following integral representation (see, for example, [22, Theorem IV.15]) for some
measure d& () :

27 ez9

F(Rz) = / Sk ), | <1

Theorem 3.4. ([8]) The limit

i li n(z;d Ry = Dn,
Aim lim o (zddN) = @n(2)

ezists, and for n > 21 + L the polynomial gZan(z) is of the form

—2I—-
ou(z)= [ (z—e™)- H e, (10)

2ES
where
M <1, j=1,...,n—2[-L, n=20+L+1,2I+L+2,....

In (8], the points z](") are called the “uninteresting” zeros. Theorem 3.4 tells us
that all uninteresting zeros lie on the closed unit disk. As is pointed out in [8], it is
desirable to know whether the “K,-result” — all uninteresting zeros are contained in
a smaller disk with radius K, (< 1) — holds as in Theorem 3.1. Using Theorems 2.1
and 3.2, we establish the “K,-result” for Theorem 3.4:

Theorem 3.5. For each n > 2I + L, there exists a constant K,, € (0,1) such that
|| < Ky, j=1,...,n—21-L,

where z( ") s the uninteresting zero, as defined in Theorem 3.4.

Proof. By (6), we have, for |z| <1,

27 _if 27 16
. ) e’ + Rz e + Rz
I}%FN(Rz) = Jim_ | Ew—d1/)N( )= / 0

dz/)(ﬁ) : F(Rz). (11)
Since F'(Rz) is a Carathéodory function, there is a measure di)¥(6) such that

2w 10
FRo) = [ S Zawm o), <1
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Actually, by the form of dy(6) in (6), it is easy to show that

eiwj +Rei9
dy"(0) = Z | * Ry (m) do. (12)

IJI<I

Note that (11) tells us that

2T z 2T g
im [ a0 = | & T ane), <t

N—oo Jo
It is easy to derive from this that
dyR(0) = dy (@) as N — .
By Theorem 2.1, this, together with supp(dy®) = [0, 27] from (12), implies that
Jimon (2 dyR) = nl2; dP"), (13)

locally uniformly for z € C. We note that (13) is also established in [8]. Therefore,
we have

: ; . Ry _ 13 . R
A lm on(zdgy) = lm on(z; dy™).

It is proved in [8] that limp_,1- ¢, (2;d9p®) exists, and the limit function is given by
(10). Now we will use Theorem 3.2 to show that |z§n)| <K,(F=1...,n—2I-1L)
for some K, € (0,1). We need only verify that all hypotheses of Theorem 3.2 are
satisfied. It suffices to establish the following three assertions.

(i) There holds dy)f(0)—di)(0) as R — 1™
(ii) Each measure dy® satisfies Szegd’s condition, i.e.,

/21r log(¥®)(6)dg > —co.
0

(iii) For each n € N, there is a constant C,, > 0 such that

2 . 2 )
/ e dp® () — / emadw(e)}sonDQ(O;dwR)-
0 0

Assertion (i) follows directly from the fact that
Rlinll_ F(Rz) = F(2), |z| <1
Now note that

2m ) 27 )
[ emanmo) - | el"0d¢(e>}=<1—R'nl)
0 0

so assertions (ii) and (iii) will follow if we can show that

2m .
/ ezn9d¢(0) ’ ,
0

D09 2 T s 3l (14

71T
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We have, using (12),

D205 =exp { - [ log(yy <o>d0}

[
{2 2”10g[ S leof'Re (S ) o}
{

il

(1+R2 Z 'af'z)de}

This establishes (14). [

We finish this subsection by proving a result which is a kind of converse of
Theorem 2.1 for the case when p =2 and K =T..

Theorem 3.6. If u; and p are unit measures with infinite support sets on T and if
there is a constant N > 0 such that

Um P, 5(2; k) = Pra(2; 1)
k—o0
for € C andn > N, then pur —— pu, as n — co.

Remark. Generally, the converse of Theorem 2.1 does not hold. See § 3.2

Proof. Since {uy} is compact in the weak star topology, let i be a limit with pj = i
as k — oo and k € A, for some A C N'*. Then, by Theorem 2.1,

lim P, 2(2; pt) = Po(z; ),
k—oo
oA

and

Jim [ 1P.a(ei )Pl = [ 1Paats P
kEA
So, using the hypothesis, we get

Ppa(z;) = Pao(2;2) for n > N. (15)

Now let ®,(z;v) denote the nth orthonormal polynomial associated with a unit
measure v on I', then

Pno(z;v)
(Jr |Pn2(z;v)[2dv) /2"
It is well known (cf. [15,19]) that |[®,(z;)|~2df/(21) = v as n — co. Thus,

Ll e asmo oo
@u(mpPer ’

Q,(2zv) =
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and at the same time,

1 do_ [o|Paa(zp)Pdpdd [ |Pa2(z;i)Pdis df

|®n (25 )| 2 |Pr2(zip)? 2w |Pr2(2; )2 2m
R T
G

as m — 00, S0 i = . Since j is an arbitrary limit of {u}, the whole sequence {ux}
must converge to 4 in the weak star topology. O

3.2. The real line case. In this subsection we will show that, in general, the
converse of Theorem 2.1 is not true and illustrate how the method used in the proof
of Theorems 2.1 and 2.2 can be employed in the situation when the supports of the
measures are not compact.

Let w(z) be a non-negative piecewise continuous function defined on R, p > 1, and

/ |z|"Pw(z)dz < 00, n=0,1,....

—0o0

Examples of such w(z) could be w(z) = e~*1*, o > 1. Assume z; € R and w(z;) > 0
for j =1,2,...,m. Denote
m
qo(z) :== H(x — ;).

Jj=1

Theorem 3.7. Assume p > 1, g.(z) € Py, for € > 0, and lime_oge(z) = go(x),
locally uniformly for © € R. Let dp. := w(z)dz/|qe(z)|P and du := w(z)dz/|qo(z)|P.
Then for n > m,

eli_l}?) P p(25 1e) = qo(2) Pr—m p(@; w(z)dr) = Pr p (5 1), (16)
locally uniformly on C.

Proof. We cannot apply Theorem 2.1 directly since the support of u. may not be
compact. But the method used in the proof of Theorem 2.1 can almost be repeated.

Let Prnyp(@; pie) = 3G 5., and let Pe(z) = Prp(; i)/ maXo<j<n [aj,e|- Then
{P.(z)}e>0 is a normal family on C. We now prove that {a;}7—q . is a bounded
sequence. Assume, to the contrary, that there is a sequence A of positive numbers
tending to 0 such that

lim ax laj,e| = oo. (17)
€eEA

Then, since {P.(z)}eso is a normal family, as in the proof of Theorem 2.1, we can find
a sequence A’ C A and P(z) € P, with P(z) # 0 such that lim,_, N’ P (z) = P(z),
locally uniformly on C. So for 0 < § < A < o0,

lim |Bu() [Pdpe = / |P(z)Pdp.
:E—'AO, 6<|go(z)|<A 8<lqo(@)|<A
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Now

o0

/ \Bu(z)Pde < /
6<|qo(z)|<A —00
_ ffooo | Pr,p (@5 te) [Pdpte < f—oooo |z" " ge () [Pdpe

P.(x) |p dpe

. |p - . _|P
022 [aj.c| onax [ajcl
© |z|(n=mIPy(z)dx
J oo Il
. |p
Jax ol

Letting € — 0 with ¢ € A’ and using (17) yield

J2o |zl mPw () da

|P(@)Pdp < =5 =0,
v/fSSIqo(w)ISA lim, max |a.c[”

eeN’

which implies P(z) = 0, a contradiction. Hence a; . is uniformly bounded. So the
sequence {Py, p(Z; fte) }e>0 is a normal family. Let P(z) be a limit function of this
family.

Take a sequence A of positive numbers tending to 0 in such a way that
limea? P, p(z; pe) = P(z), locally uniformly on C. Note that, for 0 < 6 < A < o0,

€

/ |P(@)Pdy = lim | Pap (5 1) [P dpsc
6<]qo(x)|<A ceA /<l (z)I<A
< limsup/ | P p (s pre) [Pdpse
12
< limsup/ |Qn—m(2)ge(z)[Pdpc
2 S
- / 1@ () [P(z)de, (18)
—00

for any Qp—m(x) =2~ ™ + -+ € Pp_m. This, in particular, gives

" Plolfu) z = z|(P=mPy (o .
/—oo |go(z)|P d S/_OOI I w(z)dz < co.

Since p > 1, |P(z)[Pw(z) must vanish whenever go(z) does. This and the assumption
that w(z;) # 0 imply that P(z;) = 0 for j = 1,2,...,m, so P(z) = qo(z)R(z) for
some R(z) =" ™ + -+ € Pp_m. Using this expression in (18), we get

/‘: |R(z)|Pw(z)dz < /Z 1Qnem()|Pw(z)dz

for any Qn_m(z) = 2™ + ---. Thus, by the uniqueness of the (n — m)th monic
extremal L,(w(z)dz) (p > 1) polynomial, we must have R(z) = Pp_m p(z; w(z)dz).
Hence, P(z) = qo(2)Pp—m,p(z;w(z)dz). This implies that {Py, p(2; fte) }e>0 has only
one limit as € — 0, so

!l_r)% P p(2; pe) = qo(z) P —m,P(m;w(x)d‘T%
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which proves the first equality in (16).

The second equality in (16) is based on the fact that any P,(z) € P, with
qo(z) 1 P,(z) must satisfy f_ |Pn(z)|Pdp = oo, because of the singularity at the
zeros of go(z). So, in particular, go(z)| Py, p(z; 1), and it then follows easily (as above)
that Ppp(2; 1) = qo(€) Po—m p(z; w(z)dz). O

In Theorem 3.5, choose w(z) so that supp(w) is compact, say supp(w) = [—1,1].
Then we get an example in which, for n > m,

im Py, (3 pie) = Pop(@; 1),

but, as can easily be verified, p. does not converge to u. Therefore the converse of
Theorem 2.1 does not always hold.

On taking gc(z) = [I;_,[(z — z;)* + €], we can get the following interesting
proposition which is used (when p = 2) in [1] to construct interpolatory quadratures
with prescribed node distribution. We remark that the proof in [1] relies on a result
on polynomials of H. Cartan.

Corollary 3.8. Let p > 1. We have, for n > 20,
w(z)dx
[Tzl —z)2 +

locally uniformly in C.

elgl(l) P,p (a:; ) H(x — ;)2 Pp20,p(z; w(z)dz),
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