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ASYMPTOTIC BEHAVIOR IN A CLASS OF INTEGRODIFFERENTIAL 

EQUATIONS WITH DIFFUSION 

Satoru Murakami 

ABSTRACT. For a system of integrodifferential equations with diffusion, a sufficient 
condition is given for each solution to tend to a steady-state solution as t —* oo. 

1. Introduction 

In this paper, we consider a system of integrodifferential equations with diffusion 

N 
duj 

at (t,x) = ki&Ui(t,x)+Ui(t,x)lai-biUi(t,x)-yY^ /   ^j(* - T,x)dfij(T) i, 

t>0,    xen,    i = l,...,N. (1.1) 

Here A = ^_1 d
2/dxf and ft is a bounded domain in R/ with smooth boundary 

dQ. Moreover, ki, a^, and &*, i = 1,..., N, are positive constants, and the functions 
fiji hi — 1T-'->N, are of bounded variation on R+ := [0, oo) with fij{0) = 0. In 
mathematical ecology, system (1.1) describes the growth of N species alive in ft whose 
i-th population density at time t and place x is TX;(£,#), and the integral represents 
the effects of the past history on the present growth rate (cf. [2,5-7,9-11]). 

Together with (1.1), we consider the initial-boundary conditions 

u*(0, ■) = uoii •),    i = 1,..., TV,     in Q, (1.2) 

—2=0,    z = l,...,iV,    on(0,oo) xdft, (1.3) 

where d/dn denotes the exterior normal derivative to dQ. A function u(t,x) = 
(ui(t,x),..., uN(t,x))T € C(R+ x Q; IlN) is called a (regular) solution of (1.1)-(1.3) 
if for each i = l,...,iV, j — !,...,£, and k = 1,...,^, dui/dt, dui/dxj, and 
d2Ui/dxjdxk belong to the space C((0,oo) x fi), dui/dn exists on (0, oo) x dfl, and, 
moreover, (1.1)-(1.3) are identically satisfied. In this article, we will investigate the 
asymptotic behavior of solutions of (1.1)-(1.3) as t —> oo. Recently, Murakami and 
Yoshizawa [7] have obtained some results on the asymptotic behavior of solutions 
of (1.1)-(1.3) under the assumption that the diffusion coefficients &$, i = 1,...,7V, 
are sufficiently large. The purpose of this paper is to discuss the asymptotic behav- 
ior of solutions of (1.1)-(1.3) without any additional assumption on the size of ki 
(cf. [5-6,9-11]). 
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2. Fundamental hypotheses and main results 

Throughout this article, we employ the following notation. For any row vector 
(ffi,..., XN), let (#1,..., xN)T denote the transpose of (xi,..., xN). Let RA be the 
space of all real iV-column vectors and denote by \x\ the norm of x £ IlN. For 
any x = (x1,...,xN)T <E R^ and y = (y1,... ,yN)T e R^, x > y (y < x) and 
x > y (y < x) mean that Xi > yi and Xi > yi for i = 1,..., N, respectively If a 
function / is locally of bounded variation on R+, we denote by Var{/|[0it]} the total 
variation of / on [0, £], for each t > 0. 

We now impose the following condition on (1.1). 

(HI)        For each i,j = 1,..., JV, the constants fc;, a^, and 6^ are positive 
and the function /^ is of bounded variation on R+ with fij(Q) = 0. 

For each i,j = 1, ...,iV, we define functions i^-, i^t, F^ on R+ by ^(0) = 
i^(0) = i^(0) = 0and 

^uW = Varj/^l^]}, 

i^(t) = (i;ii(t) + /ii(<))/2, 
^7W-(^(0-/^W)/2, 

for t > 0. Then i^j, F+, and F^ are nondecreasing on R+, and 

Cfj := lim ^(t) < dj, (2.1) 

where C^- := lim^oo Var{/^|[0jij}. Moreover, 

and, consequently, 

fij(oo):=l\mfij(t) = C±-C-j. 
t—>-oo J J 

We impose the following condition as well. 

(H2)        There exist some positive constants 8i,..., Sjy such that 

N 

3 = 1 

where C^ is the one in (2.1). 

In what follows, we consider the N x N matrices B, C, C4", C-, /(oo) and the 
element a G R^ defined by 

jB = diag(6i,...,^),    C = (Cij)NxN,    C+ = (C±)NxN, 
(2.2) 

C~ = (C^j)NxN,    f(oo) = (fij(oo))NxN,    and   a = (ai,... ,aN)T, 

respectively. In virtue of [1, Theorem 6.2.3], the condition (H2) is equivalent to the 
condition that the matrix B — C~ is a nonsingular M-matrix; consequently, B — C~ 
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is inverse-positive [1, Theorem 6.2.3, (M35) => (Ns*)]- Then (B - C")"^ > 0 := 
(0,...,0)T. Indeed, from [1, Theorem 6.2.3, (M35) =» (hs)] it follows that (B - 
C~)x > 0 for some x > 0; hence we may assume that (B — C~)x < a. Then one gets 
{B — C~)~1a > x > 0, as required. 

Together with (HI) and (H2), we consider the condition 

(H3) a>C+(B-C-)-1a. 

Proposition 2.1. Suppose that (HI), (H2), and (H3) are satisfied. Then there exists 
a unique v* > 0 in TlN with the property 

[B + /(oo)K = a> (2-3) 

where B, f(oo), and a are given in (2.2). 

The 1/* = (i/J6,... ,v%)T ensured in the proposition is the positive steady-state 
solution of the system of ordinary differential equations 

iV 

= Vi \ai - biUi - ^2 fiji00)^)     j = 1,'-',N. 

We now state the main result of this paper, which provides sufficient conditions for 
the solution of (1.1)-(1.3) to tend to the steady-state solution as t.—► 00, uniformly 
on Cl. 

Theorem 2.2. Suppose that (HI), (H2), and (H3) are satisfied. If the initial function 
in (1.2) satisfies UQI G Cfl(fi) and uoi(x) > 0 (^ 0) in x £ ft for i = 1,..., N, then 
the solution u(t,x) of (1.1)-(1.3) exists for allt>0 and satisfies 

limsup \u(t,x) - i/*| = 0, (2.4) 
t—>oo,x€Q 

where v* is the one ensured in Proposition 2.1. 

We remark that a result similar to Theorem 2.2 has been obtained in [7] under 
a condition on the size of the diffusion coefficients ki and a stronger condition than 
(H2), in the case where ai and hi are functions of t and fij{t) = f0 Kij(s)ds for some 
Kij G L1(i^+). Also, Martin and Smith [6] have treated the equation with finite delay 
of the form 

-^-{t,x) = kiAui(t,x) +Ui(t,x)lai -biUi(t,x) - ]P /    Uj(t + T,x)dvij(T)\, 

t>0,    x G ft,    i = l,...,iV, 

instead of (1.1), where r > 0 is a constant and vij is a bounded Borel measure. By a 
method of Liapunov-Razumikhin type, they have obtained a result similar to Theorem 
2.2 under the conditions that B — C is a nonsingular M-matrix and that the v* in 
Proposition 2.1 is positive. We remark that (H2) and (H3) yield that B — C is a 
nonsingular M-matrix together with 1/* > 0, while the method in [6] is not valid for 
the equation with unbounded delay. 

Before proving the theorem, we will provide some examples to compare our theorem 
with the results in [2,5,9-11]. 
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Example 2.1. Consider a scalar equation 

-^ = kAu + ufa-bu- /  u(t - s, x) df (s)\    t > 0, x E O, (2.5) 

where ft, a, and 6 are positive constants and the function / is of bounded variation on 
R+ with /(0) = 0. It is easy to see that (H1)-(H3) hold for (2.5) if and only if 

b> limVar{/|[(Ml}. (2.6) 

It follows from Theorem 2.2 that under the condition (2.6), the solution u{t,x) of 
(2.5), (1.2), and (1.3) satisfies lim^oo u{t,x) = a/(6 + /(oo)) uniformly on Cl. For the 
scalar equation 

-^ = Au + u(a-~bu-  /   h(t - s)u(s)ds\    t > 0, x G O, (2.7) 

which is a special case of (2.5), the condition (2.6) becomes 
/•OO 

/*e£1(R+)    and   6> /     \h(s)\ds. (2.8) 

Consequently, if (2.8) holds and if u(0, •) G C1^) with u(0,x) > 0 (^ 0) for a; G fi, 
then the solution u(t,x) of (2.7), (1.2), and (1.3) satisfies limt^ooufax) = a/(b + 
JQ

00
 h(s)ds) uniformly on ^. Thus, as a special case of our theorem, one can obtain 

the result due to Redlinger [9] (cf. [10,11]). 

Example 2.2. Consider the system 

O pt ft . 

^ = kxAui + uAa - bui - I   U2(t-s,x)df1(s) +      U2(t-s,x)df2(s)), 

= k2Au2 + U2\c- du2 - /   ui(t-s,x)dgi(s)+      ui(t - s,x)dg2(s)j, du2 
~dt 

(2.9) 

where fti, ft2, a, 6, c, d are positive constants, and /i, /b, <7i, and #2 are bounded and 
nondecreasing functions on R+ with /i(0) = /2(0) = ^i(0) = ^(0) = 0. One can 
easily see that (H1)-(H3) hold for (2.9) if and only if 

bd > /2(oo)02(oo),    /i(oo)(^2(oo)a + be) < {bd - /s(00)22(00))a, 
(2.10) 

g1(oo)(ad + f2(oc)c) < (bd - J2(00)^2(00))c. 

Then it follows from Theorem 2.2 that if (2.10) holds and if ^(0, •) G C1^) with 
Ui(0,aO > 0 (^ 0) in x G Vt for % = 1,2, then the solution (^i(^, J:),^2(^^))

T
 of (2.9), 

(1.2), and (1.3) satisfies 

ad-cf(oo) . .     N bc-ag(oo) 
hm wi(t,a;) = 73—,,       / N    and     hm ^2^^) = T^—77—TT—r 

uniformly on fi, where /(oo) = /i(oo) - /2(oo), and g(oo) = gi{oo) - 22(00). If 
/1 = Pi = 0 on R+, then the condition (2.10) is reduced to the condition 

bd> f2(00)92(00)' 
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On the other hand, if /2 = #2 = 0 on R+, then the condition (2.10) becomes 

ad> c/i(oo),        6c>a5fi(oo), 

which is identical to the one imposed by Brown [2, Theorem 3.1] in the case where 
(2.9) is the system without time delay. 

Example 2.3. Consider the system 

N 

—j- = ki&Ui +Ui[ai- biUi - y ]dj I   Uj(t - r,x)dgij(T)),    i = 1,..., JV, 
j = l J0 

(2.11) 

where &$, a^, and 6^, i = 1,...,^, are positive constants, Qj, i,jf = l,...,iV, are 
nonnegative constants, and gij, i,j = l,...,iV, are nondecreasing functions on R+ 

with gij(oo) = gij(0) + 1. It is easy to see that (H1)-(H3) hold for (2.11) if and only 
if 

ai>jrC-^-:    i = l,...,N. (2.12) 
3 = 1       J 

It follows from Theorem 2.2 that if (2.12) holds and if ^(0, •) € C1^) with ^(0, a;) > 
0 (=£ 0) for x e fi, i = l,...,iV, then the solution u = (u1,...,uN)T of (2.11), (1.2), 
and (1.3) satisfies 

lim \u(t,x) — u*\ = 0 
t—>oo 

uniformly on Q, where v* = (z/J1,..., z/j^)    > 0 is the one which satisfies the relation 

iV 

biU-  + ^ CijVj  = aii      * = 1, • • • , iV. 
i=i 

Martin and Smith [5, Theorem 5.4] have also imposed the condition (2.12) to obtain 
the same result as (2.11) except with finite delay. We remark that our result is valid 
for (2.11) with unbounded delay, while the method in [5] is not. 

3. Proof of the results 

Proof of Proposition 2.1. Set i/W = (B-C-^a and ^(0) = B^ia-C+vW). Then 
z/0) > 0, and, moreover, //^ > 0 by (H3). Define the sequences {/x(m)} and {z/m)} 
in R^ by the relations 

B/i,™ =a- CV™"1) + C"^"1"11, 

BvW = a + C-z/—1) - CV^^,    m = ^ 2'""' ' ^'^ 

Observe that B/a^ > a - C+i/W = B/i(0), B^(0) = (B - C')^ + C-^ = a + 
C-z/0) > Bz/^1), and £z/0) > (JB - C-)zy(0) = a > a - C+z/^0) •= B^- consequently, 
^ > ^0\ v^ > z/^1^, and u^ > /i^. Furthermore, one can prove that 

0 < /x(0) < /x(1) < • • • < ^ <       < vim) <"< z/(1) < z/(0). 
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Hence there exist the limits fi = limm_^00 n^ and u = limm^oo v(m\ and fi and u 
satisfy the relation 

BfjL = a- C+v + C~fi, 
(3.2) 

together with z/ > /i > 0 in R^. We claim that /A = v. If the claim is true, then one 
can take fi = v as v* in the proposition. To establish the claim, we first note that 

{B - OW = {B - C- - C+)(B - C")-^ 

= a-C+(B-C-)-1a>0, 

by (H3).    Since v^  > 0, it follows from [1, Theorem 6.2.3,  (hs) => (^i)] that 
det(S - C) > 0. Then u - /x = 0, or fi = v, because B{y - fi) = C(i/ - /x) by (3.2). 

Next, we prove the uniqueness of z/* > 0. To do this, it suffices to certify that 
w = 0 whenever (B + f(oo))w = 0. Let j/0) = (di,... ,dN)T. Then ^^ > 
Z]j=i Cijdj for z = 1,..., N because, as shown above, (B — C)^0^ > 0. Set ||it;|| = 
max{\wi\/di : 2 = 1,.. .TV}, where w = (wi,... ,WN)

T
. Then \\iv\\ = \wi\/di for some 

i. Since biWi = ^=1 (C^ - C£)WJ, we obtain 

EjLi^-C^)!!;, 

<IM 

<A|H|, 

where A = max { ( ^2j=1 Cijdj)/{bidi): i = 1,..., TV } < 1. Consequently, \\w\\ = 0 or 
w = 0, as required.    □ 

Proof of Theorem 2.2. It suffices to prove the theorem in the case where 6i — 1 for 
i = 1,..., TV in (H2). Indeed, if we set Ui = m/Si, i = 1,..., Ar, then the equation 
(1.1) is transformed into the equation 

r)~ N    P1 

-jrj-{t,x) = kikUi{tiX)+Ui(t,x)\ai -biUi(t,x) - ^   /    Uj(t-T,x)dfij(T)j, 

t>0,    xeQ,    i = l,..., TV, (3.3) 

with ^ = 6j^ and /^(r) = fij{T)6j. Clearly, the conditions (HI) and (H2) with 
6i = 1 are satisfied for (3.3). Moreover, if B, (7, C"1", (7~, and /(oo), respectively, 
denote the ones corresponding to the JB, C, C+, C~, /(OO) in (2.2), then i3 = B8, 
C+ = C+8, C- = CS, /(oo) = /(oo)*, and (S - C")-1 = tf"1^ - C")"1, where 
8 = diag((5i,...,^).. Then (H3) is also satisfied for (3.3), and the z>* ensured in 
Proposition 2.1 for (3.3) is given by u* = S^v*. Therefore, if one can prove the 
theorem for (3.3), then the theorem would hold also for (1.1). 
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In the following, assuming that 

N 

(H2') h > YF*=-Ci    i = l,...JV, 

together with (HI) and (H3), we will prove the theorem. By virtue of (HI) and (H2'), 
we see from [8, Theorem 3.4] that there exists a unique solution u{t,x) of (1.1)-(1.3) 
defined for alH > 0, and that the relation 

0<u{t,x) <(/?,...,/3)T,    t>0,    xetl (3.4) 

holds true, where /? = max{a;/(6; — Ci), supxGQ UQi(x) : z = 1,..., A^}. 
Now, employing the argument in [9, pp. 138-141], we will establish (2.4). The proof 

will be divided into the five steps. 

Step 1. For each i — 1,... iV, we consider the solution PH(£) of the ordinary differ- 
ential equation 

-TV\i = Vu (ai - biPu + 0Ci) 

with pii(0) = j9. It is easy to see that p^ exists on R+ and it satisfies 0 < Pii(t) < (3 
for alH > 0. We claim that 

Ui(t,x)<pli(t),    t>0,    xGQ,    i = l,...,iV. (3.5) 

Indeed, this claim follows from [8, Theorem 3.4] because (0,pi), where pi(t) = 
(PII(0J---» Piiv(£))j is a Pair of lower and upper solutions for (1.1)-(1.3) (in the 
sense of [8]). 

Step 2. Observe that limt_+ooPiiOO — {ai + 0Ci)/bi =• Pu- From (3.5) it follows 
that limsup^^ {maxxGQ Ui(t, x)} < flu for all i = 1,..., iV. Let e > 0. There exist 
a ti > 0 and a ^ > h such that 

0 < Ui(t,x) < fti + e,    i = l,...,iV,    for all.* > *i and x G ^, (3.6) 

and 

0 < Fr^t) - Fr^t - h) < e,    ij = !,...>,     for all t > t2. (3.7) 

For each i = 1,...,^, we consider the solution feW of the ordinary differential 
equation 

N 

P2i = Pli^CLi - biP2i + Y^ Cij(0lj + e) + Ne/3} 
d_ 
dtl 

3 = 1 

with P2i(t'2) = flu + e. We claim that 

Ui(t,x) <p2i(t),     t>t2,     xefi,     2 = l,...,iV. (3.8) 

Suppose (3.8) is false for some i.   Then there exists some (£3,2:3) G  (£2,00) x fi 
such that Ui(t^xs) = p2i(t3) and Ui(t,x) < P2i(t) on [£2^3) x ^- Set Wi{t,x) = 
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Ui{t,x)-p2i(t). Then w^x^) = 0 and w^x) < 0 on [t2,t3) x ti. Moreover, we 
get kiAwi - dwi/dt + f1(t,x)wi = g1(t,x) in (t2,t3] x fi, where 

/i(*, x) = Oi - ^^(i, x)-J2      uj(t - s, x) dfijis) - biV2i{t) 
7 = 1 ,/0 

and 

AT 

5i{t,x)= p2i(t) J2 ICy (Ai +e) + Juj(t-s,x) dfij(s) + e/31. 

Note that /j^a:) is bounded on [fc,*,] x fi. Also, ^(t.a:) > 0 on (t2,t3] x fi, because 

-^ uj(t~s,x)dfij(s) = -^ uj(t-s,x)dF±(s) + J*uj(t-s,x)dFir:(s) 

< Uj (t - s, x) dFr (s) + f     UJ (t - s, x) dFr (s) 
JQ Jt-t! 

< (Pn + e)^7(< - h) + (3(Fr(t) -Fr(t- t,)) 

<(01j+e)Cr.+/3e 

by virtue of (3.4), (3.6), and (3.7). Then we get a contradiction by the strong maximum 
principle (e.g., [4 p.14, Corollary 1.1-9 and p.19, Remark 1.2-2]). Indeed, if x3 e 
12, then Wi(t,x) = 0 on {t2,t3} x fi by the strong maximum principle, which is a 
contradiction because of u^x) < fa + e = p2i(t2). We thus obtain x0 6 OQ and 
w^x) < 0 on [t2,t3] x Q, and hence dwi/dn > 0 at faxs) by the strong maximum 
principle again. But this is also a contradiction because of dwi/dn = dm/dn = 0 at 
(t3,x3). Thus we must obtain (3.8). 

l^HSt*hat limt^P2iit) = (ai + NeP + ^U <?«(&; + e))/^-  From (3.8) it 

limsuplmax^^,,)} < ^ + ^ + E.f=1 Q(^ + e) 

follows that 

] 

Consequently, 

limsup{maxMi(^)} < ^ + ^ ^^ ^ ^    i = 1>_>JV> 

because e is arbitrary. 

Step 3. For each i = 1,..., N, we define the sequence {/3mi} by 

_  CLi + Ej=l Cj'jPrn-lj 
Prnz ,       m=l,2,..., 

Poi = P. 

Notice that /? > a,/^ - Q) for i = 1,...,7V. Then it is easy to see that the 
sequence {/3mi} is nonmcreasing and nonnegative. Hence there exists the limit 7; := 
lim^oo/?™, which satisfies 7^ > a^/^ > 0 and ^7^ = a* + ^^1 C"7- for i = 

1,...,7V. Hence7:-(7i,...,7n)T = (5-C-)-1a. '        *' 
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Now, repeat the argument in Step 2 to obtain 

limsup { max u;(£,£)} < /3mi,    i = 1,..., TV,    m = 1,2,... . 

Letting m —* oo in the above, we obtain 

limsup{max'U;(£,x)} < 7i,    i = 1,... ,iV. (3.9) 

Step 4. Take an eo > 0 so small that 

^>EC5(^+eo) + 7Veo^    i = l,...,tf, (3.10) 

which is possible by (H3). Let e G (0,€o). By (3.9) and (2.1), there exist a t^ > 0 and 
a £5 > £4 such that 

0 < Ui(t,x) < 7^ -he,    z = l,...,iV,    for all t > t4 and a: G n (3.11) 

and 

0 < F*(t) - F±{t -U)<6,    i = 1,..., N,    for all t > tb. (3.12) 

Since 0 < Ui(t:x), i = 1,...,N, for all (t,x) G (0,00) x fi, by the strong maximum 
principle, one can choose 77 > 0 so that 

min^(t5,a;) >2?7,     2 = 1,..,, AT. (3.13) 
xen 

Now, consider the solution of the ordinary differential equations 

N 

j»- = n; < n.A — h; n^ — 
dt 

H N 

—qi = qi^di - biQi -^C+j (jj + e) - iVe/?} 
3=1 

with ^(^5) = rj. Repeating almost the same argument as in the Step 2, we can see, 
by (3.11)-(3.13), that 

qi(t) <Ui(t,x),    t>t5,    xeCl,    2 = 1,...,JV. (3.14) 

Since lim^^ q^t) = (^ - ^;f=1 C± (7^ + c) - Ne/B)/^ by (3.10), (3.14) implies that 

limml \ mm^(t, x) \ > ^ ,     z = 1,..., iv. 
t—00     xen bi 

Letting e —» O"1- in the above, we obtain that 

liminf{min^(t,x)} > -—^'=1    ij'7\    i = l,...,N. (3.15) 
t-^00   ^ ^^Q J bi 

Step 5. Set (B - C")"^ = i/(0) = (^0),..., ^0))T and B'^a - C+z/0)) = ^(0) = 

(lii   ,..., z^jv )T> an(^ consider the sequences {n^} and {z^^771)} defined by (3.1). From 
(3.9) and (3.15) we see that 

//(0) < liminf{minw(*,a;)} < lim sup {max u(t,x)} < z/(0), (3.16) 
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where limmf^jmin^^z)} and limsup^jmax^u(t,x)} denote the vec- 
tors m R whose i-th components are lim inf^ {mmxeCi m (t, x)} and lim sup^ 
{maxx€o Uiit, x)}, respectively. Since 0 < M(0) < M(i) as noted in the proof of Propo- 
sition 2.1, one can choose an d > 0 so small that 

N N 

ei</40)   and a, > ]>>^f + Cl) - j^Cy^f - Cl) +2Ne1p     (3.17) 
3=1 j=l 

for allz = 1,...,7V. Let e € (O.ci). By (3.16) and (HI), there exist a t6 > 0 and a 
tr > t6 such that 

M-0) - e < «<(*, a;) < z/}0) + e,    i = 1,..., N, (3.18) 

for all (t,x) e [<6,oo) x Q, and 

O^Fi^-Fijit-t^Ke,        OKCij-Fijit-^Ke, (3.19) 

*, j = 1,..., N, for all i > tr. For each i = 1,..., N, we consider the solutions p^t) 
and qi(t) of the ordinary differential equations 

.7 = 1 j=l -' 

!«. = ftja, - ^ - E^C-f + «) + E^^f - e) - 2Nep} 
J=I J=I J 

with ftto) = i/f > + e and %(i7) = Mf
) - e, respectively. Repeating the argument in 

Step 2, we can see by (3.17)-(3.19) that 

Qi(t)<ui(t,x)<pi(t),    t>t7,    xeQ,    i = l,...,N. (3.20) 

Since 

°<"i-ltc?MO)+e)+jrCrj(4
)-e)-2Ne0 

3=1 j=l 

< « + E Cfj (,i0) + e) - f; CJO*}0) - e) + 2Nef3 
3=1 j=l 

by (3.17), we have 

/ N N 

lim Vi(t) = fa-- 4- 

and 
AT JV 

lim ft(0 = (a, + E^(-i0) + e) - E^^f _ e) + ^A 
3 = 1 j=l '' 

l™m=(ai-tc±(^+e)+YlC-j(^-e)-2Ne(3)/b, 
3=1 j=l 

Then it follows from (3.20) that 

N N 

h™T{^Ui{t>^ - (ai + E^(^f + e) - E^(^f - 0 + 2Nep) lb, 
3=1 3=1 J' 
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and 
N N 

limmf{min^(t,x)} > (a* - ^^(z/f + e) + ^Cr.frf) - e) - 2Ne(3)/bi 

3=1 3=1 

for alii = 1,..., N. Letting e —> 0+ in the above, we have 

/x^1^ < liminf{minix(^,x)} < limsup{maxn(t,a;)} < v^. 

Repeating the above argument, we can derive that 

/x(m) < liminf{minw(t,x)} < limsup{maxw(t,x)} < z/(m) (3.21) 

for m = 1,2,... .   Then (2.4) follows from (3.21) because, as noted in the proof of 
Proposition 2.1, limm^oo )Li(m) = lim™-^ z/m) = ^*.    D 
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