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ASYMPTOTIC BEHAVIOR IN A CLASS OF INTEGRODIFFERENTIAL
EQUATIONS WITH DIFFUSION

Satoru Murakami

ABSTRACT. For a system of integrodifferential equations with diffusion, a sufficient
condition is given for each solution to tend to a steady-state solution as t — oo.

1. Introduction

In this paper, we consider a system of integrodifferential equations with diffusion

du; =
é—(t,x) = k;Au;(t,z) + ui(t,x){ai = biui(t,x) — ]Zz‘{/o ui(t -, Il:)df,;j(’r)},

t>0, z€Q, i=1,...,N. (1.1)

Here A = Zf=1 9%/82? and Q is a bounded domain in R? with smooth boundary

0. Moreover, k;, a;, and b;, 2 = 1,..., N, are positive constants, and the functions

fij» 4,3 = 1,..., N, are of bounded variation on R* := [0,00) with f;;(0) = 0. In

mathematical ecology, system (1.1) describes the growth of IV species alive in 2 whose

i-th population density at time ¢ and place x is u;(t,z), and the integral represents

the effects of the past history on the present growth rate (cf. [2,5-7,9-11]).
Together with (1.1), we consider the initial-boundary conditions

ui(O,-)=u0¢(~), i=1,...,N, inQ, (1.2)
Ou; .
o =0, i=1,...,N, on (0,00) x 89, (1.3)

where 0/0n denotes the exterior normal derivative to 9Q. A function u(t,z) =
(u1(t,x),...,un(t,z))T € C(R* x Q; RY) is called a (regular) solution of (1.1)—(1.3)
if for each ¢ = 1,...,N, j = 1,...,¢4, and k = 1,...,¢, Ou;/0t, Ou;/dx;, and
0%u;/0z 0z, belong to the space C((0,00) x Q), Gu;/On exists on (0,00) x 6L, and,
moreover, (1.1)-(1.3) are identically satisfied. In this article, we will investigate the
asymptotic behavior of solutions of (1.1)-(1.3) as t — co. Recently, Murakami and
Yoshizawa [7] have obtained some results on the asymptotic behavior of solutions
of (1.1)—(1.3) under the assumption that the diffusion coefficients k;, ¢ = 1,..., N,
are sufficiently large. The purpose of this paper is to discuss the asymptotic behav-
ior of solutions of (1.1)—(1.3) without any additional assumption on the size of k;
(cf. [5-6,9-11]).
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2. Fundamental hypotheses and main results

Throughout this article, we employ the following notation. For any row vector
(z1,...,2n), let (z1,...,zn5)T denote the transpose of (z1,...,zx). Let RY be the
space of all real N-column vectors and denote by |z| the norm of z € RY. For
any z = (z1,...,on5)7 € RY and y = (y1,...,y8)T € RV, 2 > y (y < z) and
z >y (y < x) mean that z; > y; and z; > y; for i = 1,..., N, respectively. If a

function f is locally of bounded variation on R, we denote by Var{f|j 4} the total
variation of f on [0, ¢], for each ¢ > 0.
We now impose the following condition on (1.1).

(H1) For each i,j = 1,..., N, the constants k;, a;, and b; are positive
and the function f;; is of bounded variation on R* with f;;(0) = 0.

For each i,j = 1,...,N, we define functions Fj;, FZ], F; on Rt by F;(0) =
F+( )= (0) 0 and
Fi;(t) = Var{fij 0 t]}
Fi(t) = (F(t) + fi5(1) /2,
F;(t) = (Fi(t) - fi;(1)) /2,
for t > 0. Then Fj;, Ffj', and Fi; are nondecreasing on R, and
G55 = Jim F3(t) < Cy, (2.1)
where Cj; := lim;_,oc Var{ f;|jo,q }. Moreover,
Fi-;"l'Fi;:FiJ" F}}T—Fingij’
and, consequently,

Cij = Cf; +C;;

350
fij(o0) := hm fl](t) =Cf _C—

We impose the following condition as well.

(H2) There exist some positive constants 6y, ...,8y such that

N
b151>205§], t1=1,...,N,
j=1

where C;; is the one in (2.1).
In what follows, we consider the N x N matrices B, C, C*, C~, f(co0) and the
element a € RY defined by
B =diag(by,...,bn), C=(Cij)nxn, C*=(CH)nxn,
C™ = (C;)nxn,  [f(0) = (fij(o0))nxn, and a=(a,...,an)",

respectively. In virtue of [1, Theorem 6.2.3], the condition (H2) is equivalent to the
condition that the matrix B — C~ is a nonsingular M-matrix; consequently, B — C~

(2.2)
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is inverse-positive [1, Theorem 6.2.3, (M3s5) = (N3g)]. Then (B —C~)7la > 0 :=
(0,...,0)7. Indeed, from [1, Theorem 6.2.3, (Mzs) = (I2g)] it follows that (B —
C~)z > 0 for some z > 0; hence we may assume that (B — C~ )z < a. Then one gets
(B—-C7)"ta >z >0, as required.

Together with (H1) and (H2), we consider the condition

(H3) a>CYB-C7)?

Prop051t10n 2.1. Suppose that (H1), (H2), and (H3) are satisfied. Then there exists
a unique v* > 0 in RN with the property

B+ ()" =a, (2.3)

where B, f(o0), and a are given in (2.2).

The v* = (vf,.. .,1/1*\,-)71 ensured in the proposition is the positive steady-state
solution of the system of ordinary differential equations
dv; .
dt’—yz( i Zf,] uj) j=1,...,N.

We now state the main result of this paper, which provides sufficient conditions for
the solution of (1.1)-(1.3) to tend to the steady-state solution as ¢ — oo, uniformly
on Q.

Theorem 2.2. Suppose that (H1), (H2), and (H3) are satisfied. If the initial function
in (1.2) satisfies up; € C1(Q) and ug;(z) > 0 (£ 0) inz € Q fori=1,...,N, then
the solution u(t,z) of (1.1)—(1.3) exists for all t > 0 and satisfies

limsup |u(t,z) —v*| =0, (2.4)
t—o00,z€Q

where v* 1is the one ensured in Proposition 2.1.

We remark that a result similar to Theorem 2.2 has been obtained in [7] under
a condition on the size of the diffusion coefficients k; and a stronger condition than
(H2), in the case where a; and b; are functions of ¢ and f;;(t) fo ij(s)ds for some
K;; € L*(R"). Also, Martin and Smith [6] have treated the equation with finite delay
of the form

auz(t z) = kiAu(t, ) + ui(t, x){al biu;(t, x) Z/— u;j(t + 7, z)dv;; 7-)}

j=1
t>0, z€Q, i=1,...,N,

instead of (1.1), where r > 0 is a constant and v;; is a bounded Borel measure. By a
method of Liapunov-Razumikhin type, they have obtained a result similar to Theorem
2.2 under the conditions that B — C' is a nonsingular M-matrix and that the v* in
Proposition 2.1 is positive. We remark that (H2) and (H3) yield that B — C is a
nonsingular M-matrix together with v* > 0, while the method in [6] is not valid for
the equation with unbounded delay.

Before proving the theorem, we will provide some examples to compare our theorem
with the results in [2,5,9-11].
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Ezample 2.1. Consider a scalar equation

¢
8—u=kAu+u(a—bu—/ u(t-—s,x)df(s)), t>0, z €, (2.5)
ot 0

where k, a, and b are positive constants and the function f is of bounded variation on
R+ with f(0) = 0. It is easy to see that (H1)-(H3) hold for (2.5) if and only if

b> tgglo Var{f]lo,t]}. (2.6)

It follows from Theorem 2.2 that under the condition (2.6), the solution u(t,z) of
(2.5), (1.2), and (1.3) satisfies lim;—, o, u(t, z) = a/(b+ f(00)) uniformly on Q. For the
scalar equation

t
Gu = Au+ u(a —bu — / h(t — s)u(s)ds), t>0,zeqQ, (2.7)
ot 0

which is a special case of (2.5), the condition (2.6) becomes
heL'(R*) and b> / Ih(s)|ds. (2.8)
0

Consequently, if (2.8) holds and if «(0, -) € C*(Q) with u(0,z) > 0 (£ 0) for z € Q,
then the solution u(t,z) of (2.7), (1.2), and (1.3) satisfies lim;—oc u(t,z) = a/(b+
fooo h(s)ds) uniformly on Q. Thus, as a special case of our theorem, one can obtain
the result due to Redlinger [9] (cf. [10, 11]).

Ezample 2.2. Consider the system

8u1 t i

— =kAu + (a —buy — [ wue(t—s,z)df1(s)+ [ u2(t-—s,z) df2(s)),
t t

% = koAug + us (c — dug — / ur(t — s,z)dg1(s) + / ur(t — s,:v)dgg(s)>,

(2.9)

where ki1, k2, a, b, c, d are positive constants, and f1, f2, g1, and g2 are bounded and
nondecreasing functions on R* with f1(0) = f2(0) = g1(0) = g2(0) = 0. One can
easily see that (H1)—-(H3) hold for (2.9) if and only if

bd > f2(00)g2(00), f1(00)(g2(c0)a +be) < (bd — f2(00)g2(0))a,
g1(c0)(ad + fa(oo)c) < (bd — f2(00)g2(00))c.

Then it follows from Theorem 2.2 that if (2.10) holds and if u;(0, -) € C*(Q) with
u3(0,2) > 0 (£ 0) in z € Q for ¢ = 1,2, then the solution (u(t, z),ua(t,z))T of (2.9),
(1.2), and (1.3) satisfies

. ad — cf(o0) . be — ag(o0)

1 = d 1 )= ———————

fhoe u(t,2) bd — f(00)g(0c0) and - % uz(t, 7) bd — f(o0)g(c0)
uniformly on Q, where f(0o0) = fi(c0) — f2(00), and g(o0) = gi(00) — ga(00). If
f1 =91 =0 on R, then the condition (2.10) is reduced to the condition

bd > fa(c0)g2(00)-

(2.10)
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On the other hand, if fo = go = 0 on R™, then the condition (2.10) becomes
ad>cfi(00),  be> agi(oo),

which is identical to the one imposed by Brown [2, Theorem 3.1] in the case where
(2.9) is the system without time delay.

Ezample 2.3. Consider the system

N t
Ou; .
8; = k;Au; + ui(ai — biu; — z%'/ u;(t — T,.’If)dgij(T)), i=1,...,N,
=1 0
(2.11)
where k;, a;, and b;, ¢ = 1,..., N, are positive constants, c¢;;, 7,5 = 1,..., N, are
nonnegative constants, and g;;, 7,5 = 1,..., N, are nondecreasing functions on R*

with g;;(00) = ¢;;(0) + 1. It is easy to see that (H1)-(H3) hold for (2.11) if and only
if

N
) Cija; .
a1>j§ b i=1,...,N. (2.12)

It follows from Theorem 2.2 that if (2.12) holds and if u;(0, - ) € C1(Q) with u;(0, ) >
0(2£0) forx € Q,i=1,...,N, then the solution u = (uy,...,un)T of (2.11), (1.2),
and (1.3) satisfies

lim |u(t,z) —v*| =0
t—oo

uniformly on €, where v* = (v},..., v}“V)T > 0 is the one which satisfies the relation
N
bil/;-i-ZCijll; =a;, 1=1,...,N.
j=1

Martin and Smith [5, Theorem 5.4] have also imposed the condition (2.12) to obtain
the same result as (2.11) except with finite delay. We remark that our result is valid
for (2.11) with unbounded delay, while the method in [5] is not.

3. Proof of the results

Proof of Proposition 2.1. Set v© = (B—C~)"1g and p(® = B~(a — C*v(). Then
v©® > 0, and, moreover, u(®) > 0 by (H3). Define the sequences {u(™} and {v(™}
in RN by the relations

But™ = o — CHym=1) 4 g ym=1),

m=12,.... 3.1
Bv™ = q 4 C7ym-1) _ gt pm-1), @)

Observe that Bu®) > a — Ctv(©® = Bu©® By® = (B~ C~Ww® + C-v® = a +
C~v® > ByM and Bv® > (B-C" )1 = ¢ > a — Ctv(® = Bu®; consequently,
p® > 40 50 > M) and (@ > 40, Furthermore, one can prove that

0<p@ <M< <pmc<pm < <y <0,
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Hence there exist the limits g = lim,,_ o p,(m) and v = limy,—c (™), and u and v
satisfy the relation

Bu=a—-Ctv+Cp,

3.2
Bv=a+C v—-Chy, (3:2)

together with v > 1 > 0 in RY. We claim that u = v. If the claim is true, then one
can take p = v as v* in the proposition. To establish the claim, we first note that

(B-=C)WO =(B-C~-CcH)(B-C)!
=a-CT(B-C")ta>0,

by (H3). Since v(® > 0, it follows from [1, Theorem 6.2.3, (I2s) = (A;)] that
det(B—C) > 0. Then v — =0, or u = v, because B(v — p) = C(v — p) by (3.2).

Next, we prove the uniqueness of v* > 0. To do this, it suffices to certify that
w = 0 whenever (B + f(co))w = 0. Let v = (di,...,dy)T. Then bid; >
Z;.\;l C;jd; for i = 1,..., N because, as shown above, (B — C)v(¥ > 0. Set |lu| =
max {|w;|/d; : i=1,...N}, where w = (wy,...,wy)T. Then |w| = |w;|/d; for some
i. Since bjw; = Y (C;; — Cif)w;, we obtain

| 3o5m (Cf = Cf) wil
(bid;)
Zj’v=1 |C’,; - C:;' d;
(bid;)
Yo Cigd;
(bid;)

I

< Jlwll

< lwl|
< Al

where A = max { (Z;V=1 Cy;d;j)/(bid;): i=1,...,N } < 1. Consequently, |[w|| = 0 or
w = 0, as required. []

Proof of Theorem 2.2. It suffices to prove the theorem in the case where 6§; = 1 for
i =1,...,N in (H2). Indeed, if we set @; = u;/6;, ¢ = 1,..., N, then the equation
(1.1) is transformed into the equation

Bu, (t z) = k;Ad;(t, z) + (¢, x){az — byt (t, z) Z/ @;(t — 7,2)dfi; (1 )}

t>0, z€Q, i=1,...,N, (3.3)

with b; = b;6; and fi;(1) = fij(7)8;. Clearly, the conditions (H1) and (H2) with
6; = 1 are satisfied for (3.3). Moreover, if B, C, C*t, C~, and f(oo), respectively,
denote the ones corresponding to the B, C, C’+ c- f(oo) in (2.2), then B = B§,
C+=0C%6,C~ =C6, f(o0) = f(0)8, and (B — C’ )7l =6"YB - C7)7L, where
6 = diag(61,...,6n). Then (H3) is also satisfied for (3.3), and the 7* ensured in
Proposition 2.1 for (3.3) is given by #* = §~'v*. Therefore, if one can prove the
theorem for (3.3), then the theorem would hold also for (1.1).
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In the following, assuming that
N
(H2') bi > Y C;;=Ci i=1,...N,
Jj=1

together with (H1) and (H3), we will prove the theorem. By virtue of (H1) and (H2'),
we see from [8, Theorem 3.4] that there exists a unique solution u(t,z) of (1.1)-(1.3)
defined for all ¢ > 0, and that the relation

0 <u(t,x) <(B,...,0)F, t>0, z€Q (3.4)

holds true, where 8 = max{a;/(b; — C;), sup equoi(z): i=1,...,N}.
Now, employing the argument in [9, pp. 138-141], we will establish (2.4). The proof
will be divided into the five steps.

Step 1. For each i = 1,... N, we consider the solution py;(¢) of the ordinary differ-
ential equation

d

Z7PLi = P (a; — bip1i + BC)

with p1;(0) = B. It is easy to see that p;; exists on R and it satisfies 0 < p1;(t) < 8
for all t > 0. We claim that

ui(t,z) < pu(t), t>0, z€Q, i=1,...,N. (3.5)

Indeed, this claim follows from [8, Theorem 3.4] because (0,p;), where pi(¢) =
(p11(t),- .., pin(t)), is a pair of lower and upper solutions for (1.1)-(1.3) (in the
sense of [8]).

Step 2. Observe that lim;o p1:(t) = (a; + BC;)/b; =: B1;- From (3.5) it follows
that limsup,_, ., {max,cqui(t,z)} < By; for all i =1,...,N. Let ¢ > 0. There exist
at; > 0 and a ty > t; such that

0 <wui(t,x) < Bri+e i=1,...,N, forallt>t; and z €, (3.6)
and
0L F;(t) - F;(t—-t1)<e, 4,j=1,...,N, forallt>t,. (3.7)
For each ¢ = 1,..., N, we consider the solution ps;(t) of the ordinary differential
equation
d N
P pzi{ai — bipai + ; Ci; (B +€)+ Nfﬁ}
with po;(t2) = B1; + €. We claim that
ui(t, ) <pu(t), t>ty, €, i=1,...,N. (3.8)

Suppose (3.8) is false for some i. Then there exists some (t3,23) € (t2,00) % 9)
such that u;(t3,z3) = p2i(ts) and u;(t,z) < pai(t) on [ta,t3) X Q. Set w;(t,z) =
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ui(t, ) — p2i(t). Then w;(t3,z3) = 0 and wi(t,z) < 0 on [ta,3) x ). Moreover, we
get ki Aw; — Ow; /0t + £y (¢, T)w; = g1(t, z) in (t2,t3] x Q, where

N ot
f1 (t, IZ)) =a; — biui(t, .’L‘) — Z/ Uj(t — 8, IZ)) dfij(s) — b,‘p%(t)
j=170
and
N t
g1(t, ) = po; (1) Z {Ci;(ﬁlj +e€) + / ui(t — s,z) df;(s) + eﬂ} .
=1 0
Note that f;(¢,z) is bounded on [t2,t3] X Q. Also, g (t,z) > 0on (t2,3] X £, because
t t t
—/ u;(t — s, 1) dfij(s) = —/ u;(t — s, ) dﬂj(s) -l-/ u;(t — s,2) dFJ(s)
0
tftl ° t
< / u;(t —s,z) dF;; (s) + / u;j(t —s,z) dF; (s)
0

t—ty
< (B + 5 (= ta) + B(Fy (1) - Fj (¢ - )
< (B + €)C; + Be

by virtue of (3.4), (3.6), and (3.7). Then we get a contradiction by the strong maximum
principle (e.g., [4, p.14, Corollary 1.1-9 and p.19, Remark 1.2-2]). Indeed, if z3 €
2, then w;(t,z) = 0 on [t2,t3] x Q by the strong maximum principle, which is a
contradiction because of wu; (t2, ) < Br; + € = py; (t2). We thus obtain z¢ € 8 and
w;(t,) < 0 on [ta, 3] X 2, and hence Ow;/0n > 0 at (t3,z3) by the strong maximum
principle again. But this is also a contradiction because of Ow;/On = Ou;/On = 0 at
(t3,z3). Thus we must obtain (3.8).

Observe that lim_, o po;(t) = (a; + NeB + Z;\;l Ci; (B + e))/bi. From (3.8) it
follows that

ai+ NeB+ 311 Cr(B1j +€)
b; :

limsup { maxw;(¢t,z)} <
HOOp{ max i(t,z)} <

Consequently,

a; + Z;VZ Ci;ﬂlj
b;

_1821', i=1,...,N,

limsup { maxu;(¢,z)} <
t——»oop{ zeQ z( )} -

because € is arbitrary.

Step 3. For each i = 1,..., N, we define the sequence {f,,;} by

_ 8+ 350 CiBmor
- ; ,

m=12 ...,

,Bmi
Boi = B.

Notice that 8 > a;/(b; — C;) for i = 1,...,N. Then it is easy to see that the
sequence {fOpm;} is nonincreasing and nonnegative. Hence there exists the limit ~; :=
limp, 00 Bms, which satisfies ; > a;/b; > 0 and b;y; = a; + Z;\;l Ci;’)’j for 7 =
L,...,N. Hence v := (v1,...,7)T = (B - C~)"la.
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Now, repeat the argument in Step 2 to obtain

hmsup{maxuz(t T } <PBmi, t=1,...,N, m=1,2,....

t—oo

Letting m — oo in the above, we obtain

hmsup{maxuz(t )} <~, i=1,...,N. (3.9

t—o0

Step 4. Take an ¢y > 0 so small that
a,>z S (v +e)+Nef, i=1,...,N, (3.10)
which is possible by (H3) Let € € (0,€p). By (3.9) and (2.1), there exist a t4 > 0 and
a ts > t4 such that
0<ui(t,r)<vi+e i=1,...,N, forallt>tsandze€Q (3.11)
and
0 Fi(t)—Ff(t—ts) <e, i=1,...,N, forallt>ts. (3.12)

Since 0 < w;(t,z), i = 1,...,N, for all (t,z) € (0,00) x €, by the strong maximum
principle, one can choose n > 0 so that

minu; (ts,2) > 2, i=1,...,N. (3.13)
119

Now, consider the solution of the ordinary differential equations

N
d
2% = Qi{ai —bigi— Y CH(vj+¢€) - Néﬂ}
=1
with ¢;(t5) = 1. Repeating almost the same argument as in the Step 2, we can see,
by (3.11)—(3.13), that
g(t) <ui(t,z), t>ts, z€Q, i=1,...,N. (3.14)

Since lim;—oo ¢i(t) = (a; — Z;\l:l Cif (vj + €) — NeB) /b; by (3.10), (3.14) implies that

+¢€) — Ne
hmmf{mlnul(t z }> E] = O3 (5 +) — ﬂ, i=1,...,N.

t—oo cQ b2

Letting € — 0T in the above, we obtain that

N
i — S Cyj
liminf { minw;(t,z)} > .___Z_J_:l__ﬂzj_

m inf { min 5 , i=1,...,N. (3.15)

Step 5. Set (B—C~)"la=v® = (V... .7 and B~1(a — C*v®) = p© =
(ugo), )T, and consider the sequences {u™} and {v(™} defined by (3.1). From
(3.9) and (3.15) we see that

©) < lim inf{min u(¢ <lims axu(t < (0 316
p® <liminf{minu(t o)} < Iimsup{maxu(t,)} <@, (316)
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where lim inf,_,oo {min, g u(t,z)} and lim SUp;_, oo {max,cq u(t,z)} denote the vec-
tors in RY whose i-th components are lim infy .o {ming cq u;(¢,2)} and limsup,
{max,cqu;(t, z)}, respectively. Since 0 < u(® < 1) as noted in the proof of Propo-
sition 2.1, one can choose an €; > 0 so small that

N N
a<u” and 0> Y CHUO +e) - D CHWY —e)+2Nap  (3.17)
foralli=1,...,N. Let € € (0,¢;). By (3.16) and (H1), there exist a g > 0 and a
t7 > tg such that
u§°’ —e<uy(t,z) < Vi(o) +€ i=1,...,N, (3.18)
for all (t,z) € [ts,00) x 2, and

0< Fij(t) - Fij(t - te) <€, 0< C,‘j - Fij(t - te) <, (319)

1,7 =1,...,N, for all t > ¢;. For each i = 1,..., N, we consider the solutions Pi(t)
and g;(t) of the ordinary differential equations

N N

d _ _ -

P = e —bp + Y C5 00 4+ 0= 3 — o) + 2Neg},
Jj=1 J=1

N N

d_  _ _ -

7%= Qi{ai —big; — ZC;;(yJ(-O) +€) + Z Oy (,u§0) —€) — 2Neﬂ}
j=1 j=1

with §;(t7) = l/i(o) + e and g(t7) = ,LLZ(O) — €, respectively. Repeating the argument in
Step 2, we can see by (3.17)~(3.19) that
7(t) <wi(t,z) <ps(t), t>t7, €, i=1,... N. (3.20)

Since

N N
0<a;— ZC’{;(VJ(O) +e€)+ ZC’,-;(,ug.O) —€) — 2Nep
=1 i=1

N N
<a;+ ZCZ(V;O) +e)— ZC’{'JT(,LL?) —€) + 2Nef
Jj=1 j=1
by (3.17), we have

N
Jim 2t) = (o + 3 05 (4"
Jj=1

and

N
+€) — ZC{;(uJ(.O) —€) + 2N€,3)/bi
=1
N ]N
Jim gi(t) = (0= 3 CE W +¢) + 305 (1 — o) - 2NeB) /b:.
j=1 j=1

Then it follows from (3.20) that

t—oo

N N
. -/ (0) 0) .
lim sup{rgleas%cui(t, z)} < (ai + jE=1 C5 (z/]( +e€)— E C{'}(#j —€)+ 2Neﬂ) /bl

j=1
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and

t—o0

N N
liminf{migui(t,m)} > (ai - Z C;JF.(,/](,O) +e)+ Z%(/é") —€) — 2Ne;6) /bi
TE - ;
j=1 j=1
foralli=1,...,N. Letting € — 0% in the above, we have
p) < ﬁﬁl’é‘f{ﬁ%“(t’ z)} < liﬁi}p{r;lggu(t, z)} < v,

Repeating the above argument, we can derive that

p™ < litm inf{minwu(t,z)} < lim sup{mas%cu(t,ac)} < v(m (3.21)
—o0 Tzed t—oo  TE
for m = 1,2,.... Then (2.4) follows from (3.21) because, as noted in the proof of

Proposition 2.1, lim,, 2™ = limpy, oo vm =p*. O
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