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INTERMEDIATE ROWS OF THE WALSH ARRAY OF BEST RATIONAL
APPROXIMANTS TO MEROMORPHIC FUNCTIONS

Xiaoyan Liu and E. B. Saff

ABSTRACT. We investigate the convergence of the rows (fixed denominator degree)
of the Walsh array of best rational approximants to a meromorphic function. We
give an explicit algorithm for determining when convergence is guaranteed and
obtain rates of convergence in the appropriate cases. This algorithm also provides
the solution to an integer programming problem that arises in the study of Padé
approximants.

1. Introduction

Let II,, denote the collection of all algebraic polynomials of degree at most m. A
rational function rp, » () is said to be of type (m, n) if for some p,, € II,, and q,, € II,,,

Tmn(2) = Pm(2)/qn(2), an(2) # 0.

If f is analytic at z = 0, then for each pair of non-negative integers (n, 1), there
exist polynomials P, ,(z) € II, and Qy,,(z)(# 0) € II, such that

Qn,u(2)f(2) = Popu(z) = O(z"H+H1) as z — 0.

The ratio P, ,(2)/Qn,u(2) is unique and is called the Padé approzimant of type (n, 1)
to f. We denote this Padé approximant by [n/u](z). Thus for each f there corre-
sponds a doubly-infinite array indexed by n and p which is known as the Padé table.
Concerning the row convergence of this table, we have the following classical result of
de Montessus de Ballore [5].

Theorem A. Let f be analytic at z = 0 and meromorphic with precisely p poles
(counting multiplicity) in the disk |z| < p. Let D denote the domain obtained from
|z| < p by deleting the u poles of f. Then for n sufficiently large, the Padé approzimant

[n/u)(2) to f satisfies
f(2) = In/ul(2) = O(z"**1) as z —0.

Each [n/p)(z), for n large, has precisely u finite poles, and as n — oo, these poles ap-
proach respectively, the u poles of f in |z| < p. The sequence {[n/p|(2)}32, converges
to f throughout D, uniformly on any compact subset of D.
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270 LIU AND SAFF

An analogue of Theorem A for best uniform rational approximants was established
by J. L. Walsh [10]. To describe this theorem, we first introduce some needed notation.
Let E C C be a compact set whose complement K (with respect to the extended plane
C ) is connected and possesses a classical Green’s function G(z) with a pole at infinity.
Let I';(0 > 1) denote generically the locus G(z) = logo, and let E, be the interior
of I'y. If the function f is continuous on E, then there exists for each pair (n,u) a
rational function W, ,(z) of type (n, ) which is of best uniform approximation to f

on E, in the sense that for all rational functions r, ,(2) of type (n, ) we have

En,u(f) = ”f(z) - Wn,;t(z)“E < ".f(z) - 7°n,u(2’)”E,

where || - |g denotes the sup norm over E. The W, ,(2) need not be unique, but
any particular determination of them will suffice for our purpose. The W, ,(z) form
a table of double entries known as the Walsh array. J. L. Walsh [10] has established
the following analogue of Theorem A for the rows of his array.

Theorem B. Suppose that the function f is analytic on E and meromorphic with
precisely p poles (i.e., poles of total multiplicity p) in E,, 1 < p < 0. If {rn,u(2)}22,
is a sequence of rational functions of respective types (n, p) which satisfy

limsup||£(z) = rau(2)F" < 1/p e

(a condition which, in particular, is satisfied by the (pu + 1)st row {Wy .(2)}52, of
the Walsh array of f on E), then for n sufficiently large, each ry ,(z) has precisely
w finite poles, which approach the p poles of f in E,, respectively, and the sequence
{rn.u(2)}32o converges uniformly to f on each compact subset of E, that contains no

pole of f.

We note that if f has multiple poles or several poles that lie on the same level curve
T',, then there are certain rows of the Walsh array for which Theorem B provides
no information on convergence. Consequently, there arises the following problem.
Let E be a compact set as above. If f is analytic except for yu poles in E, and is
meromorphic with N (> 2) poles (counting multiplicity) on I'y, what can we say
about the convergence of the rows (1 + 2) through (u + N) of the Walsh array? For
example, if f is analytic on E, (1 = 0) and has poles at the six points o, @s,...,as
on I', with respective multiplicities 71 = 12, r = 8, 713 =8, 74 =6, 75 = 35 and
r¢ = 1, what can be said about the convergence of the sequences {W, ,(2)}3, for
v=1,...,39? In the second author’s paper [7], the convergence of these “intermediate
rows” of the Walsh array was investigated for the special case when f has poles at just
two points on the boundary. Here we extend the method of [7] to the general situation
when f has poles in m points on I',. In a forthcoming paper [3], similar results for
multipoint Padé approximants are obtained.

2. Statements of main results

The analysis of the intermediate rows of the Walsh table requires further assumptions
on the compact point set E. Let A denote the logarithmic capacity (transfinite diam-
eter) of the point set E and assume that there exists a sequence of monic polynomials
wn(2z) that have n+ 1 zeros, respectively, all belonging to the boundary of E, and that
satisfy

|we(2)| < MA™, zonE,

2
|G(2) +1log A — n" ! log |wn(2)|| < Mn7", @
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for z on each compact set exterior to E, where M is a constant independent of n. We
summarize these assumptions by saying that FE has Property A. For example, if E is a
line segment or F is the closed interior of a finite number of mutually exterior smooth
Jordan curves Cy,Cy,...,Cy, then E has Property A (cf. [9]).

We now can state our main result. Its proof is given in Section 3.

Theorem 1. Suppose E has Property A. Let f be analytic on E, meromorphic with
precisely p (> 0) poles in E,, and analytic on T', except for poles in the m (> 1)
distinct points ai,0a,...,0m on 'y with respective orders ri,7o,...,7m (11 > 72 >

- > rm > 1). If none of {a;} is a critical point of G(z), then for “good” v
(0 <v<ri+re+--+ry) defined in Definition 1 below, the (p + v + 1)st row
of the Walsh array for f on E (i.e., the sequence {Wy ,4.(2)}5%,) converges uni-
formly to f on each compact subset of E, that contains no poles of f.

Furthermore, for fized good v and for n sufficiently large, each of the best ap-
prozimating rational functions W, .4, (z) has precisely p + v finite poles, p of which
approach the p poles of f in E,, respectively, and p,; of which approach the points o;
respectively, (the {p,;} are defined below and satisfy Y i, Pv,i = V), and

Enptv = Wnptv — fllg < An)‘/p", 3)
where A := maxi<i<m(ri — 2py,i — 1) and A is a constant independent of n.

The definitions of “good” v and corresponding p, ;, which were motivated by the
method in (7], are somewhat technical and require the introduction of further notation.
Let

ugj = |[(rs — rj41) /2], 1<i<j+1<m;

Wij 1= Ti — Tj41 — 2U4 5, 1<i<j+1<m
1-1

1= ) Wil-1, 1<1<m;

8= Z?;nl_l Wi, 2m—1, 1+m <1< 2m;

vg := 0,

v = Zﬁ=1uz~,z, 1<i<m-1

v = Z?;nl_l—l Ui 2m—1—1
+@2m —1—1)rom_

+Z_;'n=2m—l rjv m S < 2m;
I = [vi-1,v1), 1<I<m-1;
I, = ['Um—ly'vm],
Iy := (vi-1,ui), m+1<1<2m.

Here |z] stands for the integer part of z, and any empty sum is understood to have
the value zero. It is straightforward to verify that the integers v; satisfy

m
v S U1 S"’S'U2m—1:z7'i
i=1

and (0, v2m-1] = 12;"1—1 I;. The intervals I; are pairwise disjoint and some of them

may be empty.
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Definition 1. For fixed v, 0 < v < Vo1, let I}, | = I(v), be the unique interval
containing v. Set

ky == {%J and ¢q :=v—u_1—lk, ifl1<l<m

k= YUl and q:=v—uv_1—(2m-1)k, ifm+1<i<2m-1.
2m —1
We say that v is good if ¢ =0 or ¢y = ;. If v (0 < v < 1) is not good, we say
that v is bad.
Next, for good v, we specify the quantities {p, ;} mentioned in Theorem 1.

Definition 2. Given a good v, we first determine to which interval I; it belongs; then
for this I = I(v), we consider the two possibilities g = 0 or ¢; = s; in Definition 1.
Case l. ¢ =0

(a)If1<I<m,

Pui =k +uii-1, 1<¢<],

. (4)
Dv; =0, l<i<m;
(b)if m+1<1<2m—1,
Pvi = ki + U om—1 + Tom-1+1, 1Z3<2m—1, 5)
Du,i = T4, 2m -1l < i< m.
Case 2. g =95 #0
(a)if 1<I<m,
Do = ki +uji—1 + wii-1, 1<i<l, 6)
Pvi =0, I<i<m;
(b)ifm+1<I<2m -1,
Pu,i = ki + Ui 2m—i + Tom—i+1 + Wi 2m—1, 1<i<2m -1,
) (7
DPuji 1= Ti, 2m—-1l<i<m.

Remark 1. Definition 1 gives explicit conditions for deciding whether v is good. For
example, g3 = 0, so all v € I are good. The same is true for v € Iyp—1, and if v
is one of the v;’s for 1 < ¢ < m, then v is good. Furthermore, g, is either 0 or 1, so
if 71 — 79 is odd, then all v € I are good. In fact, it is a simple exercise to write a
program to compute all good v for a given input r1,72,...,7m.

Remark 2. For good v, Y ;" p,,; = v. Furthermore, for each t, 1 <t < m, we have
0<pyt <y, (8)
and for 1 <7 < m — 1, we have
Pu,i 2 Pujitl- 9)

The proofs of (8) and (9) are straightforward but technical. The reader may con-
sult [4] for the details.

As an illustration of Theorem 1, we consider the problem raised in the introduction.
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Example. For m =6, =12, 70 = 8,73 =8, 74 = 6, r5 = 5, and r¢ = 1, the
following table lists the good values of v and the corresponding p, ;’s.

v=0, po1=0, po2=0, p,3=0, posa=0, pos=0, pos=0,
v=1 p1=1 p12=0, p13=0, p14a=0, p15=0, p1e=0,
v= 2’ D21 = 2, D22 = 0, D2,3 = 0’ D24 = 01 D25 = 0, D26 = O’
v=>5, ps1=3, ps2=1, ps3=1 ps4a=0, p55=0, p56=0,
v= 9’ P91 = 4’ D92 = 2, D9,3 = 2, D94 = 1’ Do5s = 0, Do,6 = O’
v=10, po1=4, p02=2, P03=2, Pos=1 pros=1 pre=0,
v=14, pis1 =5 pu2=3, P13 =3, pus=2, pus=1, pue=0,
v=15, pi51 =5, DpP152=3, P153=3, P154=2, P155=2, P156=0,
v=19, p1=6, pro2=4, po3=4, P94=3, P9s=2, Pi19e6=0,
v=21, pni1=6, pa2=4, pusz=4, puns=3, pas=3, Pae=1,
v=25, ps1="7 Dps2=05 Dpw3s=>5 pwsi1=4, pss=3, psec=1
v=26, pp1="7, ©D2=5 DpPw63=29 ppw4=4%, Dws=4 Dpwe=1,
v=230, p3o1=8, p302=6, p303=6, pso4a=05, psos=4, P3oe=1,
v=31, p31=8, p32=6, p313=6, p314=95, p3a15=9 p3e=1,
v=235 p3s1=9, Dps2=7, P3s3=7, P354=6, p3s5s=95, Dp3se=1,
v=38, p3g1=10, p3g2=28, p3s3 =8, p3sse=06, p3ss=25 p3ge=1,
v=239, p3g1=11, p3g2=28, P393=28, P394=6, p3gs=5 p3ge=1,
v=40, pgo,1 =12, pa2=28, piwn3=8, piw4=06, piws=95, piwe=1.
An immediate consequence of Theorem 1 is the following result which certainly
agrees with one’s expectations.

Corollary 1. With the same assumptions on E and f as in Theorem 1, if r; =
Py = -+ =1, =7, then only v = mk, k = 1,2,...,r, are good v’s in the sense of
Definition 1. Furthermore, by Definition 2, for v = mk, there are pmi; = k poles of
W u+mk(2) that approach each of the points a;, i =1,...,m, and

En ytmk = "Wn,ﬂ+mk —flle < A""r_Zk_l/Pn'

Remark 3. Lin [2] and Sidi [8] have investigated the row convergence of the Padé
table. Under assumptions similar to those in Theorem 1, they obtained a sufficient
condition for the convergence of an intermediate row of the Padé table; namely, that
there is a unigue solution to the following integer programming problem: Given posi-
tive integers v,71,...,Tm,
m
maximize Z(riai —0?) over (01,09,...,0m)
i=1
™ (10)
subject to Zai =v and 0< o; <7y, 0; integers, 1 <i < m.
i=1
As we shall show, this uniqueness condition is actually the same as our conditions
for good v in Definition 1. In other words, the explicit formulas in Definition 1 give
the values of v for which this integer programming problem has a unique solution.

Proposition 1. There is a unique solution to (10) if and only if v is good in the sense
of Definition 1. For good v, the unique solution to (10) is 0; = p,;, 1 < ¢ < m, where
the p,;’s are given by Definition 2.

The proof of Proposition 1 is given in Section 4.
Concerning the rates of convergence of the denominator polynomials for the best
rational approximants, the following result is proved in [4].



274 LIU AND SAFF

Proposition 2. With the assumptions of Theorem 1, for fized good v satisfying 0 <
v < Uam-1, let go(2) be the monic polynomial denominator of Wy ,1.(2), m(2) be
the monic polynomial of degree . whose zeros are the poles of f in E,, and q(z) :=
7(2) [T, (z — a;)P»i. Then

llgn(2) — q(2)|]| = O(1/n) for 0 < v < vom—1;

limsup ||gn(2) — g(2)||¥/™ <1 forv=0 or v = vgpm_1. (11)
n—oo
In (11) the norm can be taken over any compact subset of C.
We remark that although the possible divergence of rows corresponding to bad v’s
is not investigated in the present paper, it is discussed in the forthcoming paper [3]
where it is shown that there are bad »’s for which the limit points of poles of the
corresponding row sequence can form an arc of a smooth curve.

3. Proof of Theorem 1

To prove Theorem 1, we apply some theorems from [7] along with two additional
lemmas. Hereafter, {wn(2)} will denote a sequence of monic polynomials of respective
degrees n+ 1, n =1,2,..., that satisfies (2).

Lemma 1. With the assumptions of Theorem 1, suppose that v is any fized integer
O0<v<ri+ro+---+ry) and that vy, 44.(2) is a sequence of rational functions of
types (n, u + v), respectively, which satisfy for some real T

I1/(2) = 7w (2)llE = o(n"/p™) asn — oo. (12)
Let gn(2) be the monic polynomial whose zeros are the finite poles of Tyt (2), mul-
tiplicity included, and set pn(z) := qn(2)Tn,u+v(2). If the finite poles of the rp pyv(2)
are uniformly bounded, then for any point o € ', and any integer N,
lim Pn(2)wn-n(2) =
n—oo N wp_N(2)
uniformly for z on each closed set exterior to I', (the Ty uy.(2) need not be defined
for every n).
The proof of this lemma is similar to the proof of Lemma 2 in [7] and therefore is
omitted.

Lemma 2. With the assumptions of Theorem 1, suppose that T, ;4. (2) is a sequence
of rational functions of types (n, u + v), respectively, satisfying

limsup ||f = " < 1/p. (13)
n—oo

Let g, (z) be the monic polynomials whose zeros are the finite poles, counting multi-
plicity, of Tn utv(2). Then for any subsequence of gn(2), the limit points of their zeros
maust include all poles (counting multiplicity) of f in E,.

The proof is just a slight modification of the proof of Theorem 1 in [10], so we
omit it.

Proof of Theorem 1. If v = ;" | r;, then the theorem follows from Theorem B. So
suppose ¥ < Y v, r;—1. If v € I; and v is good, set ps = py,s (s =1,2,...,m), where
Dv,s is defined in Definition 2. We first will assume and later will prove that

T —2p;j+1>mr;—2p;—1 (14)
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forl<j<landi=12,....mwhenl1 <[ <m,and forl <i<2m -1 and
i=12,...,mwhen m+1<1<2m— 1. We now can use an argument similar to
the proof of Theorem 10 in [7] to establish Theorem 1.

Let 7(z) be the monic polynomial of degree 1 whose zeros are the poles of f in E,,.
Write

"2 () = fo2) + Y Si(2),

where fo(z) is analytic on E,UT, and S;(z) = Y ;°; By,i(z—a;) % is the singular part
of m(z)f(z) at the pole a;. Let R,{f;(z), 0 < j <1, be the rational function of type
(m,3) which is defined by Theorem 2 in [7] with & = o; and F(z) = fo(z) + S1(z) for
i =1,F(z) = Si(2) for 2 < i < m. Furthermore, let an}i(z) be a best uniform rational
approximation on E of type (n,7;) to F(2) = fo(z) + S1(2) for : = 1, F(2) = Si(2)
for 2 < i < m. Note that by Theorem 1 in [10], there exists § > p such that

IRE, () = F(2)llz < Ao/6", (15)

where, as above, F'(z) is the corresponding function for each 7 = 1,2,...,m.
First, we consider the case v € I;, 1 <! < m. From (14) and Theorem 2 in [7], we
obtain the following inequalities (where 7=! denotes 1/7(z)):

Bnyits = Wat = 5 < || ZRE: voi— ]| S 40", 16)
where A := maxXj<i<m(r; — 2p; — 1);

-1
o =73 R,

‘ < E" st + “ -t ZRTE—VP,, - f“E S 2An/\/pn:

(17)
IIWnaﬂ+V -7 lRfLJ—}ij—l Z R V,p;
i=1,3%#j
< Enptv + ”f - W_er{mj—}u,pj—l(z) - z Rn—u Ps “ (18)
1=1,i5#j

< Alnrj —2pj+l/pn,

where we only consider those j = 1,2,...,l such that p; > 1. Then by [7, Theorem
2(i1)] and Lemma 1, we get

(REY, -1(2) + 0 i R, L (2))wnmu(as)

lim

n—co n"i =2t (z)
pj—1
=C; Y Bryok (s — aj)F= 5, (19)
k=0

uniformly on each closed set exterior to I'y, where the constant C; is not zero for
i=12,...,L

Next suppose that v € I; for m < ! < 2m. Then (14) holds for 1 < i < 2m —,
i =12,...,m. Furthermore, for 2m — | < ¢ < m, we have p; = r;, so the estimate
(15) holds. Combining these inequalities, we again get (16), (17), and (18). Thus (19)
is still true by Theorem 2 in [7] and Lemma 1 for j =1,2,...,m



276 LIU AND SAFF

Now suppose that the finite poles of {W,, .+, (2)}5¢ are uniformly bounded. Write
Wi utv(2) = Pu(2)/n(2) as in Lemma 1. Then the sequence {gn(2)}7Z, forms a
normal family in the whole plane. Let g(z) be any limit function of this sequence and
note that g(z) must be a polynomial of the form g(z) = 27 + c12" 1 + .-+ + ¢y, where
0 <7 < p+v. By Lemma 2, we know that (z) is a factor of g(2), and we want
to show that g(z) = 7(2) [[j=, (2 — @;)P/, where we only consider those p; such that
pj > 1. Let

bu() = (T Wi ()~ RE, 1 (2) = S0 REZ,,.(2)
i=1,i#j

% wn—u(aj)qn (Z)szj—}u,pj—l(z) Hi‘rr;l,i;éj Qj:li—}”ypi (Z)

nTj—ij +lwn—u (Z)

where Q,{f_},,ypi (2), Qij_}y’pj_l(z) are the monic denominator polynomials of Rfﬁy’pi (2)

and R,{l’_}u’pj_l(z), respectively. Since |wy, (aj)/wn(z)| < Ap™ /o™ for z on I, applying
the inequalities (16), (18) and the Bernstein Lemma (cf. [12, §4.6]), we get that the
sequence {¢n(2)}3%, is uniformly bounded on each I'; (¢ > 1) and hence on each
compact subset of K := C\E. By Lemma 1, Theorem 2 in [7], and (19), we see that

some subsequence of {¢,(2)}5%, converges to the function

m p;i—1
8(z) = —q(2)(z — a;)P 7 [ (2= @)PC; D Bryor,jlz — )" it
i=1,i#j k=0

for z exterior to I',. But the family {¢n(2)}32, is normal in K'\{co}, and hence
¢(z) must be analytic in this domain and, in particular, at z = a;. Therefore, since
B, j #0and C; #0, (z — ;)Pi must be a factor of ¢(2), j = 1,2,...,m. Because
> is1pj =, it follows that
m
q(2) = m(2) [ [(z = ey
j=1

If the finite poles of {Why u+v(2)}3, are not uniformly bounded, then there is
a subsequence of {Wp, ;1. (2)}3%9, Which we still denote by {Wa,ptv(2)} oo, With
the property that precisely 7 finite poles of Wy .ty (2) approach infinity while the
remaining 17 — 7 (or fewer) poles are uniformly bounded in modulus less than some
constant R. Let 6,,1,6n.2, . .., 0n, be the finite poles of Wi, u+v(2) which lie outside the
circle of radius R. Set g% (2) := qn(2) [Toey(=6ns) "%, D5 (2) := pn(2) [Tomy (—=6n,s) "
Then Wy utv(2) = P4 (2)/45(2). Clearly the polynomials {q;(2)}5>, are uniformly
bounded on compact subsets of C, so they form a normal family. Let g*(2) be any
limit function of this sequence. Then g*(z) must be a polynomial of the form g*(2) =
217 4...  where 0 < 77 < v+ p. Using g% () instead of gn(2) in the above reasoning,
we again get that 7(z) and (2 — a;)P/, j = 1,2,...,m, are all factors of q*(z). So
q*(2) = c(2)7(2) H;';l (z—;)P7, where c(z) is a polynomial. But Z;';l pjtpu=v+tp
is larger than the degree of ¢*(z). This contradiction implies that the finite poles of
Wi, utv(2) must be uniformly bounded.

We have shown that the only limit function of the sequence {gn(z)} is
7m(2) [1j=; (2 — ;). Hence

n(2) — 7(2) ﬁ(z —qj)?  asm—o00
j=1
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uniformly for z on each compact subset of the plane. Now from Hurwitz’s Theorem for
fixed good v and for n sufficiently large, each of the rational functions Wy, .+, () has
precisely p+v finite poles, p of which approach the p poles of f(2) in E,, respectively,
and p; = p,; of which approach the points o;, respectively. Furthermore, since the
sequence {W, .4, (2)}32, satisfies the conditions of Corollary 4 in [11] and has no
limit points of poles other than the poles of f(z), the first part of Theorem 1 follows.

What now remains is to prove (14) . Referring to the formulas for p; in Definition 2,
we will use that |(r; —;)/2] = (ri — 7 —w;—1)/2 and 0 < w;; < 1for 0 < 4,1 <m.

In part (a) of Cases 1 and 2 of Definition 2, when 1 <! < m — 1, we have by (4)
and (6),

T — T Fwj—
pj =k + —7—"— l;: =

p; =0 forl<j<m,

for 1 <j <,

where the F refers to Case 1 and Case 2, respectively. So, for 1 < j <! with k; < vy,
we obtain
T —2p;+1=r; — 2k —(’I‘j —7‘1:]:’!1)]‘,1_1)4-1
=r -2k + wj -1+ 1
> —=2uy>naa—1>2r—-1=r-2p;—1,
forl+1<i<m.For1<i,j<I,

2(p; —pi) = (rj = Fwji-1) = (ri — 71 F wi-1),
so we get
2pj —pi) <rj—mi+l<ri—ri+2.
This implies (14).

When [ = m, pj = k, + 2—

Tm;ij,m—1 for 1 <j<m,

2(pj —pi) =(rj—T™m F Wim—1) — (Ti = T"m F Wim—1) < i —T1i+2,

and so (14) is still valid for 1 < 4,5 < m.
In part (b) of Case 1 and Case 2 of Definition 2, it follows from (5) and (7) that

pj=ki+ L= sz-z+21 FWizml Tom—i1+1  for 1 <j<2m—1,

pj=7j for2m—-Il< j<m.

Similarly for 1 < 4,5 < 2m — [, we have 2(p; —p;) <rj — 73 + 2.
Next, for 1 <i<2m—1< j <m, with k; >0,

Ti —2p; — 1 =1 — 2k; — (75 — Tom—i41 F Wi2m—1) — 2T2m—141 — 1
< -2ki+1-rom_yy1—1
<l-romoyp1 <1—r;=7r; —2p; + L.

Thus (14) has been verified and the proof of Theorem 1 is complete. O

4. Proof of the equivalence to Lin and Sidi’s condition

We shall refer to the integer programming problem in (10) as the “IP(v) problem”.
Before proving Proposition 1, we state some results from [1] where the solution of
IP(v) was discussed. The following lemma combines Lemmas 2, 3, and 4 of [1].
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Lemma 3. Let r;, ¢ = 1,2,...,m, be as in Theorem 1 and v be a given integer
satisfying 0 < v < W := Y_1% ;. Let & := (61,62,...,0m) be a solution to IP(v).
Then

(a) X' = (ry — 61,72 — 82,...,Tm — Om) 1s a solution to IP(V') where v/ = W —v.
(Thus it is sufficient to treat IP(v) for 0 < v < [W/2].)

(b) With the change of variables

&i=ri/2—0;, 1<i<m; n:=W/2-y,

the problem IP(v) is equivalent to

m
minimize Zéf over (&1,€2,...,&m), & integers or half-integers,
=1
m (20)
subject to Zﬁi =n and -1;/2<&<71;/2,1<i<m.
=1
Let 2 := (£1,&3,...,€m) be a solution to (20).
D) Ifrm < <rsp1 <2n/m <71 < --- <11, then for the components of = we have

& =r1if2, for s < i < m. Furthermore, we can complete the solution by solving the
reduced problem:

s
minimize Z&f over (&1,€2,...,&s), & integers or half-integers,

=1
s L (21)
subject to Zf,- =n- 3 Z ri=:1n and —-1;/2<§& <71;/2,1<i<s.
i=1 i=s+1

(i) If n/m < 13/2 for 1 < i < m, then the components of Z must satisfy |€ — £]| <1
for all indices 1 < k, j < m.

(iii) Under the condition of (ii), define a = maxlsis,n{éi}. Then &; can take only
the values a, a —1/2, or a — 1, for 1 < i < m. Let us denote the total number of éi ’s
that equal a, a —1/2, and a — 1 by z, y, and z, respectively. Then a, z, y and z are
unique. If z = 0, the solution to IP(v) is unique. If z # 0, IP(v) does not have a
unique solution.

Proof of Proposition 1. By Lemma 3, we need only consider 0 < v < W/2. Since

m—1
Um = Z Uiym—1 + (M = 1)Tm + T

=1
1 m m
= 9 Z(Ti —Tm — Wim-1) + Z"'m
1& 1 w
=3 z(ri + Tm — Wiym—1) > 3 Z’ri =5 (22)
=1 =1

we need only deal with v € (0,vy) C U2y L1

First, assume that ¥ < W/2 is good in the sense of Definition 1. We will show that,
for the p, ;’s given by Definition 2, p := (py,1,Pv,2, - - -, Pv,m) is the unique solution to
IP(v).
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Let [ be an integer such that 1 <! < m and v € I; N (0, |W/2]]. We now make the
same change of variables as in Lemma 3(b), namely,
& =ri/2—py;, 1<i<m, n:=W/2-w
Then 0 < n < W/2, and by the definition, when ¢; := v — v;—; — lk; = 0,

&G=rif2—uj1—k
=7i/2—(ri =1 —wi_1)/2 = ki
=711/2+wi1-1/2 - ki, for1<i<l, (23)

& =r1i/2, for 1 < i< m;
or, when q; :==v —v;_1 — lk; = Zi;} wi -1 # 0,

&=rif2 —uji—1 —wi—1 — ki
=7/2—(ri —mi+wi—1)/2— ki

=711/2 - wii-1/2 - ki, for1<i<l, (24)
&= 1i/2, for [ <i<m.
Ifl <m,
!
2 W 2v W 2 1 1
DT _Z,Z ri—— 3 (ri =T — wiy)
m m m~ m m m& m &
!
=—Z7‘z+ Z(Tl+1+’wzl)>7”z+1>r,forl<z<m, (25)
i=l4+1 z_l

by Lemma 3(i), the (m —l)-tuple Z := (£41, - - .,&m) given by (23) or (24) is a part of
a solution to (20); if I = m, = does not exist and we can go directly to the next step.
The problem now is reduced to (21) with s = [. We need to consider two separate
cases: k; # 0 and k; = 0, where k; := [(v — vi—1)/1].
When k; # 0, we have v > v;_; +1 and

=Y

| —

l
22 '—'U[_l—l

3
II
NJI»-—I

||M~ lM;

1

=Z“%

=1

1
= 5 Z(T{ + wi,l_l) -l< l7‘1/2, (26)
=1

7‘@ - —wi1) =1

where the last step follows from w;;—; = 0and w;;—; <1 (1 <7 <[-1). Furthermore,
& — ék] < 1for 1 < j,k <1 from (23) or (24). By Lemma 3(ii), we know that
(é1,...,&) is a solution to (21). Noticing that only one of (23) and (24) is valid for a
given v, we see that z = 0 in the sense defined in Lemma 3(iii). Thus (¢1,...,&) is
the unique solution to (21); consequently, Z is the unique solution to (20).

When k; = 0, we cannot guarantee the strict inequality in (26). If ' < Ir;/2 is
true, then the above reasoning and conclusion still hold. So suppose that ' > Ir;/2.
This situation requires careful analysis. We define ¢t and t' to be two integers such
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that I > ¢ >¢ >0 and

re2r+2, =T =-c=Tp=7+1, Ty =Tpjo=---=1 (27)
(where the case t' =t > 0 means that 7; # r; + 1 for all ¢; the case ' > t = 0 means
rp=-=ry=71+1, 1y =---=r;thecaset’ =t =0 meansr; = --- = 1y).
Then

Wip1-1 = Wip21—1 =+ = Wy -1 = 1,
Wy1)1-1 = Werg2,1-1 = -+- =wy -1 = 0.

By (23) or (24),
Evy1=E&rqo=-=&=1/2=1;/2, fort' +1<i<L.

Again by Lemma 3(i), the (I —t')-tuple ({441, ...,&) is a part of the solution and the
original problem is reduced to (21) with s =¢t'. If ¢’ = 0, (&1,...,&m) is the unique
solution to (21), so we can stop here. Now, suppose t' > 0. Because v > v;_1, we have

77 =__V__ Z rz_2z7'z_'vl 1

z—t’+1
Zrz 2Z(n T — Wi 1)——— Z i+ Z(rz+w,z 1)
1.—1 =1 z—t’+1

d r+1 T4
2zrl+wzll)<t, 5 t'2t.
i=1
If < t'ry /2, using t' instead of I, by the same reasoning as before, we arrive at 2
being the unique solution to (20).
Suppose n' = t'ry /2. If ¢ = 81 # 0, v = v_1 + 81, then

i=t'+1
l
1 1 1
__Zrz__Z(Tz_rl Wi,1— 1) __EZ Ti+§l7’l—§81
i=1 z—l i=t/+1
1 1 1 1 1
= —§(l - t’)Tl + §l7’l - 581 = §t,’l‘tl - 551 75 §tl’l‘t1,

which is a contradiction. Thus, in this case, ¢g = 0. Furthermore, the &;’s are deter-
mined by (23), so we have

§t+1=§t+2=---=§t1=7'l/2+1/2=7'i/2, fort-l-lSzSt'. (28)

Again by Lemma 3(i), the (¢’ —t)-tuple (§¢41,. ..,&) is a part of the solution and the
original problem is reduced to (21) with s =¢. If t = 0, we are done. Now, assume
t > 0. Because v > v;_1, we come to a strict inequality:

t
’I7 =———l/—— Z r,_%;ri—vl_l

z—t+l
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for 1 <1 < t. Using t instead of I, by the same reasoning as before, we arrive at =
being the unique solution to (20).

Conversely, assume that, for a given v, IP(v) has the unique solution ¥ := (61, 62,

.,0m) (so (20) has a unique solution). We shall show that v is good and &; = p,.;,
1=1,2,....m

Let the solution of (20) be E := (£1,&,,...,6m) and set 7 := pIH & =W/2-v.
Because we only consider v € (0, W/2], it follows from (22) that we can find an [ such
that 1 <1 < mand v € I, When v € I, (25) still holds. So & =r;/2forl <i<m
by Lemma 3 (i). Let ' := E£=1 LE=W/2—v— S Tif2= 2£=1 ri/2—v.

To prove our statement, we need to examine two cases.
Case A. If v —v;_1 > [, then (26) is still true. This means 7'/l < y /2. Hence by
(i1) and (iii) of Lemma 3, &; can only take the values a := max1<l<l{§l} ora-— — for
1 <1 < 1. We need only to determine a. Since

1
;) o 1 _ Yy
n —;gi_m+y(a—§)—la—§
andl >z >1,l>y >0, we get
n n 1
L <cacLt 42
[Se<T Ty (29)
Let kl = I_(l/ —’Ul_l)/lJ. Then
r (v—u-1) _m r (v—u-1)
LA S it VAP SR _ .
2 T S5 k<3 .

no o (v-—v_1) mn (v- (i = —wig—1)/2)

2 l 2 l
1 1
_ (’I"i —’wi’l_]_) v _ 1/1 ) 1
‘; 2 1T 1(2 ;" v) 2%
_n_s
A
we get
n_’_l<ﬂ_y_vl'1 <77_"
1 2-2 l =1
Thus
,’7/ 1 Tl n/
<t i
r T3Sy Rl
Combining with (29), we see that
~l<a- (5 -k)<L (30)

Recall that o is an integer or half-integer and the same is true for r;/2 — k;. So
there are three situations:

omn 1 T o 1
a—2 k1+2, a—2 ki, a-—2 k 2"
We need to consider the original solution & = (81,82, ..,6m), 6; = (r:/2) — & for

1=1,2,...,m in order to determine a.



282 LIU AND SAFF

For the case a = (11/2) — ki, a —1/2 = (r1/2) — ki — 1/2, since the &;’s are integers,
they must have the following forms:

N T; T . . .
0; = 5’ - El +hk=u 1 +wii—1+ ki ifr; —rjiseven, 1 <i<lI;
. T 1 . . .
0; = 5 —2—+kl+-2- =u 1 +wi -1 +k ifry—risodd, 1< <
6;=0 for l < i < m;

m l

D 6i= (wigo1 +wig1 + ki)

=1 =1

!
=1+ sz’,z—l tlhi=v+s—aq,

i=1

where q; :=v —v_1 — lk;.
For the case a = (r1/2) — k1 + 1/2, a — 1/2 = (r1/2) — ki, similarly, we have

Ai=%—%+kl=ui,l_1+kl ifr; —rpiseven, 1 <i<lI;
ryoT 1 .
&i=5’—5’+k,—§=ui,,_l+kl if 7; —r is odd, 1 <4 < I

;=0 forl <i<m;

l

!
Y o= (wigo1+k) =v_1 +1k

=1 i=1
=ya+V-v-a1—-q)=v—q.

For the case a = (r1/2) — ki —1/2,a—1/2 = (ry/2) — k; — 1,

6i=%—%+kl+1=ui,l_1+k,+l if r; —rp is even, 1 < i < [;
o T3 Tl 1
Gi=g -y thts

=u-1+k+1 ifr;—risodd, 1 <¢<1;
;=0 forl <i<m;

!
i = (w1 +1+k)
i=1

=y g+tl+lkk>vu+l+vV-v_1-1l)=r

Q>

m
=1

This contradicts the fact that > ;- 6; = v, so a # (r1/2) — ki — 1/2.

Since IP(v) does have a unique solution, a must be one of (r1/2) —k; or (r1/2)—k;+
1/2. If both a and (r1/2) — k; are integers or half-integers, then a = (r1/2) — ki; if only
one of them is an integer, then a = (r1/2) — k; + 1/2. Additionally, if a = (r1/2) — ki,
then v = Z:’;l 6; = v — q + s;, and we conclude that ¢ = s;. In the other case,
a = (r1/2) — ki + 1/2, so we have v = Y _;», 6; = v — ¢ and conclude that ¢ = 0.
Thus, by Definitions 1 and 2, v is good in either, case and 6; = p, ;.
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Case B. IfO <v-1_1 <, then k; =0 and

=_ZT’_V> Zr,—vll—l—@-+ Zw”l l-l( - 1),
= (31)

l
1 Iy lrl l
5_2 i — Vl— 1——-—+ E Wi i—-1 = -I-2 -2-(7‘[+1).

If ' < lry/2, then the reasoning for Case A is still valid and we obtain the desired

result.
If n > 1r1/2, let t and ' be defined as in (27). Then, by Lemma 3(i),

ét’+1 = ét'+2 = =£l = ’l‘l/2 = 7‘,‘/2, fort' +1 << l.
If ' = 0, the desired conclusion follows as before. If ¢’ # 0, define

n" —n—— Z ri=n— (1 —t)r/2.

z—t'+1
Then we have

t'ry t'ry Sy t'

—-1<n"< < -
STStg s gn

where we have used the fact that s; = ELI Wig—1 = Zi__l wii—1 < t'/2.

If n < t'ry/2, then set a := maxi<;<¢{&}. Now if we use ¢’ instead of / in Case
A, then the reasoning there is still valid except that (30) becomes

l
7 <a-— 5 <1.

Hence the last situation for determining a is @ < 71/2—1/2 instead of a = 71 /2—1/2.
In this situation, we will still get .-, &; > v, which is a contradiction. Therefore,
we arrive at the same conclusion.

If " = t'ry /2, then by Lemma 3(i) again,

£t+1=ét+2="':ét'=Tt'/2=(rl+1)/2zri/2’ fort+1£i§l.

We change ' to t in the above reasoning and still get the same conclusion.
Since IP(v) does have a unique solution, we have checked all cases and verified that
v =1, OFr V =1 + §;; so v is good and &; = p,; by Definitions 1 and 2. Od
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