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GENERALIZATIONS OF MONTESSUS’S THEOREM ON THE ROW
CONVERGENCE OF RATIONAL INTERPOLATIONS

Xiaoyan Liu

ABSTRACT. In this paper, we investigate the convergence of the rows (with fixed
denominator degrees) of the rational interpolations to a meromorphic function.
We give an explicit algorithm for determining when convergence is guaranteed and
obtain rates of convergence in the appropriate cases. Furthermore, we show some
applications of our results to the zero distribution of orthogonal polynomials.

1. Introduction

Let IT,,, denote the collection of all algebraic polynomials of degree at most m. A
rational function 7, ,(2) is said to be of type (m,n) if, for p,, € I, and g¢,, € II,,,

Tm,n(2) = Pm(2)/qn(2), gn(2) £ 0.

If f(z) is analytic at z = 0 (in this paper, when we say f(z) is analytic at zo, we
mean that f(z) is analytic in a neighborhood of zj), then for each pair of non-negative
integers (n, i), there exist polynomials P, ,(z) € II, and Qn ,(2) (Z 0) € II, such
that

Qnpu(2)f(2) = Py p(z) = 0" asz — 0.

The rational function P, ,(2)/@n,.(2) is unique and is called the Padé approximant of
type (n, ) to f(z). We denote this Padé approximant by [n/u](z). Thus, for each f(z),
there corresponds a doubly-infinite array known as the Padé table. Concerning the row
convergence of the Padé table, we have the following classical result of de Montessus
de Ballore [4].

Theorem A. Let f(z) be analytic at z = 0 and meromorphic with precisely p poles
(counting multiplicity) in the disk |z| < p. Let D denote the domain obtained from
|z| < p by deleting the p poles of f(z). Then for n sufficiently large, the Padé approz-
imant [n/p](z) of type (n, k) satisfies

£(2) = [n/p)(2) = O(=z"++).
Each [n/u)(z), for n large, has precisely p finite poles and, as n — oo, these poles

approach, respectively, the u poles of f(z) in |z| < p. The sequence {[n/u](z)}oo
converges to f(z) throughout D, uniformly on any compact subset of D.

Padé approximation is the interpolation at the point z = 0. The generalized Padé
approximation is called a multipoint Padé approximation, i.e., rational interpolation.
Let us have the definition first. Let
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be a triangular system of points (not necessarily distinct). Define the associated
polynomials

41
! ! ! !
wi(z) :=H(z—ﬁ](-)) on A(l):= {ﬂg), é),..., l(+)1 , 1>0.
j=1

If f(2) is analytic in A(n+ p) for each pair of non-negative integers (n, 1), then there
exist polynomials p, , € II, and gy, (# 0) € II, such that

f(z)q'n,u(z) — Pn,u(2)
Wntu(2)

is analytic in the set A(n 4+ p). We call the rational function pn ,(2)/qn,.(2) & mul-
tipoint Padé approximant of type (n,p). It is unique and denoted by R, ,(z) =
Ruu(fiA(n+ p); z). For multipoint Padé approximant, we have an analogue of The-
orem A due to Saff (cf. [8]).

In this paper, we will extend Theorem A and its analogue to the general case where
the degree of the denominator of the interpolation does not equal the number of poles
of the approximated function f(z). We will state our main theorem and give notation
in Section 2. The proof of the main theorem will be given in Section 3. The divergence
in the complement set is discussed in Section 4. For the rational interpolation rows not
satisfying our criteria, we will give an example in Section 5 to explain the complexity
of convergence. Furthermore, an example of an application is shown in Section 6.

2. Results on the multipoint Padé approximants

Here we will study the behavior of rational interpolation on a more general point set
FE than on a disk. We assume that E' is connected and equal to the closure of the
interior of a finite number of mutually exterior Jordan curves Cy, Cs,...,Cy. Each C;
is of class A, i.e., each C; can be represented parametrically in terms of arc length s
by z = z(s), y = y(s) where z(s) and y(s) possess second derivatives with respect to
s which satisfy a Lipschitz condition of some positive order in s. We summarize these
assumptions by saying that E has Property A. Furthermore, let G(2) be the Green’s
function of K := C \ E having a pole at infinity, A be the logarithmic capacity for
the point set E, and set
I, :={%G(2) =logp}, E,:=int (T,), H(z):= _8_?;;5_) +i8g—?§z).

Theorem 1. Suppose E has property A. Let p be a fized positive number, f(z) be
analytic on E, meromorphic with precisely p (> 0) poles (counting multiplicity) in
E,, and analytic on T, except for poles in the m distinct points ay,0s,...,an onT)
of respective orders r1,79,...,Tm (r1 = T2 = -+ > Ty). Let the triangular schemes
(1) have no limit point exterior to E and satisfy the relations

lwn(2)] < MA™ for z € E;
|G(2) +log A — n™ ! log lwn (2)]| < Mn~t,

uniformly in z on each closed bounded subset of K. If none of {c;}:=T is a critical
point of G(z), then for “good” v (see Definition 1 below) and for all n sufficiently large,
there exists a unique multipoint Padé approzimant Ry, y1.(2) == R(f, A(n+p+v); z)
of type (n, n+v), which interpolates to f(z) on the set A(n+ p+v). Each Ry ;y0(2)
has precisely p+v finite poles, p of which, as n — oo, approach the p poles of f(z) in
E,, respectively, and p,; of which approach the points o;, respectively (the {p,;} are

(2)
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defined in Definition 2 and satisfy > ;v pui = v). Let D, denote the region obtained
from E, by deleting the p poles of f(z) in E,, then the sequence {Rn, u+.(2)}5%,
converges to f(z) throughout D,, uniformly on any compact subset of D,, and

An?

pn

where A = maxj<i<m{ri — 2p; — 1}. Furthermore, if we let q,(z) denote the monic

denominator of Ry, ,4.,(2) and let 7(z) denote the monic polynomial of degree p having
w poles of f(2) in E, as its zeros, then

1£(2) = Bnss (2| 5 < (3)

an(2) — 7(2) H(z 7

=1

L SC/n. (4)

Before stating Definition 1, we introduce some needed notation. Here [z] stands for
the integer part of  and an empty sum is defined to be zero. Let

i g = [(ri = 1541)/2], 1<i<j+1<m
Wi,j 1= T = Tip1 = 2Uij, 1<i<j+1<m
-1
s = Zwi,l—l, 1<1<m;
i=1
2m—1
8y = Z W; 2m—1, 14+m <1< 2m;
=1
Vg = 0,
!
vp:Zui,l, 1<I<m-1;
=1
2m—Il—1 m
v = Z Ui om—1-1 + (2m —-1— 1)7"2m—l + T, m <1< 2m;
i=1 , j=2m—l
I := [vl—11vl)a l<ism-1;

Im = [vm—17 ’Um],

I := (vi—1, w1, m+1<1<2m.
It is straightforward to verify that the points v; satisfy vg < vy < -+ < vop—1,
Vam—1 = 27;1 ri, and [0, vam—1] = 12;"1'1 I}, where the intervals are pairwise disjoint.

We remark that some of the intervals I; may be empty.

Definition 1. For a fixed v, 0 < v < vgp—1, let I;,l = I(v), be the unique interval
containing v. Set

k= [(1/ — vl_l)/l], q:=v—uv_—lk, if1<I<m
k= [(v—u-1)/@m-1)], a=v-—v_1—2m—-Dk, fm+1<1<2m-1.

We say that v is good if ¢ =0 or ¢ = s;. If 0 < v < vgp,—1 is not good, we say that
v is bad.

Next, for good v, we specify the quantities {p, ;} mentioned in Theorem 1.
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Definition 2. Given a good v, we first determine the number [ such that v € I;
then, for this [ = [(v), we consider two cases in Definition 1.

Case 1. ¢; = 0.
(a) If 1 <1< m, then

_Rtug, 1<i< (5)
Pri = 0, l<i<m

) ifm+1<1<2m—1, then

kit uigmoitramoiy1, 1<0<2m -1 (6)
Puii: Ty 2m -1 <i<m.
Case 2. ¢ = s; # 0.
(a) If 1 <1 < m, then
) Rituigitwige, 1<K (7)
Pri =1, I<i<m

(b) if m+1<1<2m—1, then

i = ki + ui2m—1 + Tom—t41 + Wigm—1, 1<4<2m—1 (8)
B 2m—1<i<m.

We have some remarks about our definitions.

Remark. We assume that f(z) has p poles in E, and v2m—1 poles on I', in our
Theorem 1. The analogue of Theorem A guarantees that the rational interpolation
rows {R, .(2)}52 and {Rn ptvem_, (2)}32 converge. Here, for 0 < v < vop,—1, we
are trying to find which “intermediate” row {Rp ,+.(2)}5% converges or which v is
good. We divide the integer interval [0, vam—1] into 2m — 1 intervals {I;}. Each non-
empty interval has at least one good v. Definition 1 gives explicit criteria for whether
v is good or not. For example, ¢y = 0, so all v € I; are good. The same is true for
v € Ig;n—1. And if v is one of v; for 1 < i < m, then v is good. Furthermore, if 7, — 79
is odd, then all v € Iy are good. In fact, it is simple to write a program to compute
all good v and to verify if a given v is good or bad for the input r1,79,...,7p,.

3. Proof of the main theorem

To prove Theorem 1, we need a Lemma first. We will let Ly 4. (R(2);2) denote
the unique polynomial of degree < n+ p+ v which interpolates h(z) on the set
An+p+v).

Lemma 1. Let E be the same as in Theorem 1. Let F(z) be analytic on E, mero-
morphic with precisely p (> 0) poles in E,, and analytic on T, except for a pole at o
of degree T, H(a) # 0. Let gn(2) := Lnyptv(F(2);2). Then

_ (“D*H(a)"**B,

: —(r+k) (k) —
IF() — gn(a)] < L@ |22 E) | por iz o, (10)
Wntpts (@)

where L(z) does not depend on n.
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Proof. Write

F(z) = u(z) + iBi(Z -a)™,

i=1
where u(2) is analytic on T'p. Let $n,5(2) := Lpps ((z — @) 7% 2),4=1,2,...,7, and
Ontptv(2) = 1/wniptuv(2). From the definition of s, ;(z), we see that
i Wntptv(2)Dn,i(2
(2= 0)7* = an(s) = “etzInsle) (1)

where p,, ;(2) is a polynomial of degree ¢ — 1. The equivalence of (11) with

Wn4ptv (Z) [0n+#+u(z) — P, (Z)]
(z — o)

sn,i(z) =

implies (since sy i(2) has no finite pole and « is not a zero of wp4u+.(2)) that p, ;(2)
interpolates 6,(z) in the point o considered of multiplicity . This property of inter-
polation also is possessed by the polynomial

i-1
tn,i(2) =) 09(a)(z — @)?/4!,
=0
and since both py, ;(2) and ¢, ;(2) are of degree ¢ — 1, we have p,, ;(2) = gn,i(2). Thus

i—1

Wt pto(2) (0n+l-b+l/(z) — 2.=0 9$3—p+u(0‘)(z - O‘)t/t!)

oo . (12)

8ni(2) =
From (2), we get
nl-l->ngo n*lw;+u+,,(z)0n+y+u(z) = —H(Z),

uniformly on each compact subset of K, and by induction, we can prove (proof of
Theorem 1, [7]) that

. - k
Jim n " (2)032,4,(2) = H(2)F,

(13)
. - k
Tim 1 F 0l (st (2) = (1P H(2)Y,
uniformly on each compact subset of K. Thus, we get
Jim 0= (0)65),, (@) = (<) H(a)*H. (19)
Furthermore, by (12), we get for k > 0 that
' _1)k itk
lim n~ @R ) (o) = (=1) H(a) i=1,2,...,7. (15)

n—00 ’ - (i-1)(E+k)’

Now let sp,0(2) := Ln4ptv (u(z);z) and

T
gn(2) = sno(2) + Z Bisni(2);
i=1
then g,(z) interpolates F'(z) on the set A(n + p + v). Using (15) for ¢ = 0,1,...,r,
one obtains
(_l)kH(a)T+kBr

T-Dlr k) (16)

n]-_i_'ngo n—(’r+k)g$lk) (a) —
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To prove (10), we use (12), (13) and get, for z # a,

|F(z) - gn(z)| < |u(z) - snyo(z)| + Z|Bi| |(z —a)"t - sn,i(z)l

< |WntutriZ) (2) [1 + Z |B; IZ I“’"+u+u(a)9n+u+u(a)(z - a)t—zl}
wn+u+v(a i
< ""n+ﬂ+1/(z) L(z)n'r—l
Wn+ptr (@)
where L(z) does not depend on n. O

Note. Define gn k(2) := Lniutr((z2 — @)F 711 F(2);2) for k = 1,2,.... Then, by the
same reasoning, for k =1,2,...,r — v,

(_l)jH(a)r—k+1—v+jBr
r—k+1-v—-Dl(r—k+1—-v+j)
If £ > r — v, then (z — @)*~!*”F(z) has no pole at z = a. If k = r — v + 1, then
(z — a)*"1*YF(2) is analytic and not zero at z = a, thus we have

lim n—(r—k+1- "+])91(3,) (a)=(

n—o0

£0.  (17)

lim n=CFHg, (0) = lim g (@) = By #0, (18)
lim p~("—k+1- ”"’J)g(’) (o) = lim n ’g(]) (@) =0, forj>D0. (19)

n-—00

If k > r—v+1, then (2 —a)*~1*¥F(z) is analytic and has a zero of order k— (r—v+1)
at z = a. Hence, there exits a ¢ > p such that (z — a)*~'*¥F(2) is analytic in E,.
By the Hermite formula,

ni(2) = (2 = @) = o [

Thus

Wntputw(2)(E — O‘)k_H-VF(t) dt, z¢€E,.
Wntputw(t)( — 2)
lim nTg,(fgc(oz) =0 forj=0,1,...,k—(r—v+1)—1, and any real 7.  (20)
n—oo
Proof of Theorem 1. By the assumption of Theorem 1, f(z) has p poles inside E, and

m different poles oy, a0,...,an, on the I', with multiplicities ry,72,...,Tm, respec-
tively, (H(as) #0, 4= 1,2,...,m). Now, since m(z)f(z) is analytic in E,, write

w(z)f(z) fO(z +ZZsz z ;

i=1j=1
m
(z—ay)* 1P [ (2 - cu)in?(2)f(2)
i=1,i#j
ri—k+1—p; —2p;
=:u;(2) + Z Ciji(z— )+ Z Z Cuji(z — L
=1 i=1,i#j I=1

J is an integer such that p; > 0 and 1 < j < m, where fo(2), u;(2) are analytic on
E,; if any r; —k+1—pj, 7; — 2p; is less than 1, then the corresponding sum is empty.
We define any empty sum to be zero.
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Let spn;,j(2) = Ln+“+y((z - aj)";z), (G =12,...,m,1l >0). Then by (11),
we get

(D( = 1) (= g D)z = )"0 = s (2) = 3 ( ) W= ()

s=0
X Zefgw ()t =)t =1 —1)--(t=1—s+1)(z— )75 /11 .

We cannot guarantee the existence of the limit with My < |wntp40(04)/Wntptv ()] <
M, and o; # a; when ¢ # j; however, we have

lim sup n_(l_1+‘=")|s£2,j(ai)| = |Myq;: H 4 (i), i J. (21)

n—0o0

For ¢ = j, we expand the right side of (12) in a neighborhood of «; and differentiate

sa0=3 5 (9)

s=0t=q—s
W) ()0 (@)t — 1) -+ (£ — g + 5+ 1)(2 — o) 7
t+1)! ’

thus, we obtain

( s) (I+s)
lim n‘(l+q)3(Q) ;(a;) = lim n—(l+q)2q: q ”q'*/‘*"’(z)o""'ﬂ“'”(ai)d
n— oo 1, n-—0o0 S (l + S).

s=0

_ (=D)9IH ()
TN #2)

For j =1,2,...,m, define
Ink,j(2) = Lntpto ((z — a)FT 1P H (z — ;) ?Pir?(2) f(2); Z),

i=1,i#j
fork=1,2,...,p;,

g +1(2) = L ([[ 2 = a)®2(2)f(2);2).
i=1

Then, since j is an integer such that p; >0and 1 < j < m,

rj—k+1—p; m Ti—2p;
9n k,j (z) = 8n,0,j (z) + Z Cl,]]sn 1,j z) + Z Z G ,jisn,l z(z)
i=1,i#j I=1

where 85,0,7(2) = Lnu+v (uj(2);2) ( =1,2,...,m). Combining this with (18)-(22),
ifrj—k+1-p; >r;—2p;,i=1,2,...,m, 1 < k < pj, then

lim n~(ri—k—Pitlts), (s) kj(Qg) = Ns{lﬁ < oo, (23)
n—00
limsup n~ max{(?"j-k—mﬂ),(ri-2Pi+s)}|gr(f;c,] (ai)| = |Ns{§3| < oo, 1#]. (24)

n—0o0
With all these preparations, now we are ready to consider the multipoint Padé ap-
proximation of type (n,v) for f(z) and good v, 0 < v < 3°7*, ;. We will examine
three cases separately.
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Case 1. 0 < v < [(r1 —r2)/2]. All v’s are good in this case. Set p; := p,1 = v,
pj=py;=0,7=2,3,...,m. Thenr, —2v >r;,i=2,3,...,m, and (23) becomes

Iim n —(r1—k— u+1+s) (s) (Ol ) =B 1 (_l)rl_k_u+1Hr1_k_u+l+s(al)
e n,k,1 T (rl—k—l/+1)!(1’1—k—ll+1+3)

= N# < oo, (25)

If v = 0, the theorem is true according to Saff (cf. [8]).
We now discuss the case v > 1. Suppose y = 0. Let

v
4n(2) = Za‘") D 00)” and ha(2) = Y057 9n,k(2) + gnwsa (2);
k=1

then hn(2) =t Lnts(qn(2)(z — @1)” f(2);2). We shall choose the proper coefficients
agc"), 1 < k < v, so that the polynomial (z—a; )" is a factor of h, (z). For this purpose,

we need to find a non-trivial solution (a$™,al™,...,a{™)T for the linear system
Za“‘)gfgi o) = =69 (1),  §=0,1,...,u—1. (26)

To save space, we denote Mixs = (Myk);_10 4 k=12,.,s [OF @ matrix with ¢ rows
and s columns. Let

— 1)
Anyxv = (gnk (al)) =1,2,...,0; k=1,2,...,0
A* P n—u(rl u)A

n,wUXv * n,VXv

=( —(r1—v+j—1— k+1)g7(i yl)( 1))] el 2, (27)

1
Yy : (gv(zju+)l 1(0‘1))]‘ 1,20

Yy o= (nm o2t DgUl 1)) jc12,.0
Noticing that r; — 2v > ro > 0 and r; — v > v by (25), we obtain

lim 77717 det(An x0) = lim det(A7,x,) = Dy #0,

n—00
— {V+1}
nll,nolo Yy = (N -1 11)]=1,2,,,,,,,
where the specific form of the constant d, and the non-zero determinant D,, are given
in [5]. Thus, for n large enough, det(A4, ,x,) # 0. Hence, the linear system (26) has

the unique solution for sufficiently large n. Furthermore, X := (n”aﬁ"), n”‘lagn), e,

nla,(,n)) satisfying A% ., Xx = Y;¥, and it has a finite limit

E} ~{k e
u—k+1a§cn) . d DI H ()2

D, < 0, for k=1,2,...,v, (28)

where d,{,k} and D.{,k} are constants depending only on k and v. From this, we see that
for each compact set @ of the plane

||qn(z) —(z— al)"“Q < C/n. (29)

Now set Ry, ,(2) := hn(2)/{gn(2)(z — a1)”}. Then, by our choice of the coefficients
a}c") ’s, we know that R, , () is a rational function of type (n,v), and g,(z) is not zero
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inside E for n large enough from (29). Hence, R, ,(z) must interpolate f(z) on the
set A(n + v). Moreover, from Lemma 1

hn(2)
an(2)(2 — a1)”
Zk o ||z = 1) £(2) = ga k()] + (2 = @1)* £(2) = gnura (2)]
|n(2) (2 — 1) |
< Mn 21" /pn for z on E, C E,,.

f(z) -

We have proved the results for p = 0.
Next, suppose > 0 and 71,72, . . - , V4 are poles of f (2) inside E, with |y1] < |v2| <
-+ < |u|- Define mj(z) :=[T]_1(z— %), s =1,2,...,p, and mo(z) := 1. It is obvious
that m,(2) = 7(z). Define

Wn,s(2) = Lgpto (Ts—1(2)7(2) (2 — 1) f(2);2)  fors=1,2,...,p
Let

an(z) = Zb( Ire—1(2)(z — a1)” +Zag>(z-a1)k Ir(2) + (z — a1)7(2).

s=1

Then
hn(z) = Z b(n)wn s(2) + Z ak gn k,1(2) + gn,p+1(2)

= Ln+.u+v (qn(z)ﬂ'(z)(z —a1)” f(2); z).

Now we need h,(2) = 7(2)(z — a1)”dn(z) where d,(z) is a polynomial of degree < n.

n,LXp n,pXV )r ), E C
( g g ) n n ( )

Vn,uxp. An,ux;z

where the entries are as follows. Suppose we have ¢ different +’s, the multiplicities are
ilai2’ 5T, reSPeCtively (Zl +ig 4414, = P‘) Let n = _gn,u+l(71) ey Yy =
(zL—l

_g7(:1u+ )(71)’ coey Yigtiotti 1 +1 = _g‘n,V-I»l('Yp,), coey Yigdiotti, = —9Gp vl (fy#)
Yp+k = g,(,,,,_H(al) for k=1,2,...,v;

Xn = (b(") M, .,bft”),agn),ag"),...,a,(,”))T;

Y, = (yl’yZ:""y/,uyu+1’-'-)yprl-V)T;
wn,l (711) wn,z(’h) e wn,u(’h)
wiy ”(7) wiy ”(7) “l“%)
Cruxp = :
Wn,1 (’Yu) wn,2 (W) e wn,u (V)
(h 1)(%) w(h D(’)’u) ’wv(:fu (’Yu)
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gn,l(’h) gn,2(’71) gn,u('yl)
g&”w)g“”w>-~9m”w)
Un,uxu =
gn,l(')’p) gn,Z('Yu) c gn,u(’)’u)
ol 1>(7”) gl 1)('m) gy 1)(’m)/

-1
Vn,uxu: ( (J )(al))J =1,2,... w; k=1,2,...,n.°

and A, ,x, is defined as in (27). It is obvious that Cy, ,,x, tend to a lower triangular
matrix with non-zero diagonal elements as n tends to infinity, det(Cp ux,) # 0 for n
sufficiently large.

If we let X} = (n’b&"),n’bgn),...,n"'bf,"),n"agn),n”‘lagn),...,naf,"))T for some
positive constant 7, it satisfies

Crixn Vix) yu gy
V> A*

n,UXp n,VXU

where Uy .\,
Vi uxy 18 Obtained by multiplying the kth row of V;, ., x,, with n

is defined as before; and

is obtained by multiplying the kth column of Uy ,x, with p(T—v—1+k),
—(r1—2v+7+k-1). A*

n,VvXv

—(r1— —(ri—v— T
Y'r:= (nfylanry%'“vnfyllfvn (m 2V)yl-l+17"'vn (ri=v l)y +V) :

Because all gn k,1(2)’s are analytic and tend to zero at ;’s, by (20), we see that U .,
tends to a zero matrix as n — oo for v and any real . Furthermore, by the same
reasoning as the proof of (17), we know that

lim n (r1—2u+])w(1) (Ot ) (_l)jH(al)rl—2u+jBr1ﬂ's—1(041)77(@1)

for 2v < 71.
Rl (= 20 —)i(r, — 20+ §) oravsm

Thus limp—00 Vi« w = Voxu which is a finite matrix for 7 = 0 and a zero matrix for
7 >0 and
: v+1 +1 +1
Tim Y = (0,0,...,0, NI NI L N )

By the previous proof for u = 0, we know that for n large enough, det(A} ,.,) # 0,
hence the linear system (30) has a unique solution and lim,_,., X} exists and is
bounded. That means h,(2)/{m(2)(z — a1)"qn(2)} is a rational function of type
(n, p+v) which interpolates f(z) on the set A(n+p+v) and (4) is true. Furthermore,
we have the estimate

2) — hn(Z) — wn+p,+y(z)
&) = oG —a ~ @) - a)
H(al)r1—2u—1nr1—2V—lBr1
wn+M+V(al)Du(r1 —2v—1)!

with a non-zero determinant C,,. Hence, (3) holds for both 1 =0 and p > 0.

{C,+0(1)+0(n™ )} (31)

Case 2. vi_1 <v<ywhen2<I<m-—-1orvy,_1<v<v, whenl=m. Ifvis
good, set p; = p,;, i = 1,2,...,m; then by Definitions 1 and 2, we get (cf. [6] for the
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proof)
rj—2p;+1>mr —2p;—1 forl1<j<landi=1,2,...,m. (32)
Thus (17)-(20) become
lim n~ (kP gl () = NI} k=1,2,...,p5, 5=1,...,1, (33)

n—00 8,377

where, for j =1,...,1,

¢ —“1)H(a. Tj—k+1—Pj+3BT. .
( ) (aJ) ' 3] , lkaT]—pJ,
(rj—k+1-—p;—1l(r; —k+1—-p;+5s) s=0,1,...,0;;
Brj,ja ifk= ri —pj+ 1,
{k} _ s =0;
845 ) ! (34)
0, lfk='l‘j—pj+1,
s=1,...,p;
0, ifk>7‘j—pj+1,
\ S=0,1,...,pj.
Notice that p; =0 for [ +1 < i < m; let
w’n,s(z) = L"H'/—H'V (H(Z - ai)2pi7rs__1(z)7r(z)f(z); z)’ s=1, 27 sy
i=1

and construct
l

I Pj
w(®) =YY a)z-a)*" [ (z-a)n(2)

j=1k=1 i=1,itj
I l l
+ Z b7, _1(2) H(z — ;)P +7(2) H(z — ;)P
s=1 =1 =1
I pj |
hn(2) =3 3 69k (2) + 3 b w6 (2) + g pr41(2)-
j=1k=1 s=1

We want h,(z) = Hi=1 (2 — a;)Pim(z)dn(z) where d,(2) is a polynomial of degree < n,
so we have

M’n,l+1 xl+1Xn =Y, (35)
where Mn’[+1xl+1 is a matrix of matrices with entries
(9 _
Mn’j’i T (g"»k»i(aj))s=0,1,...ypj—1;k=1,‘2»...»Pi’ b= 1’ ' ,l’
M ji41 = (w'fl?c(aj))s=0»1,...,Pj—1;k=1,2,...,/—" §=1...5
In1im)  n2i(m) 0 Gngpii(m)

o -
gl ¢ P ) o g )

My i1, = : : : i
In () Gn2i(V) o Gnpei(Tw)

i—1 -1 i1
gv(z,l,i)(’)'u) 97(:,2,1')('7#) gv(z,pi,i)(’)'#)
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Mn,l+1,l+l = Cn,p,xp,;

T
Xp = (a8, el el b )
/ -1
= (= n+1(01), =G a1 (@), -, —0 T 1 (),
/ -1
--‘a_gnyp1+1(al)a_gn,pl-l-l(al)’"”_ 7(32,1_!_)1(0(1),
(i1-1) _(i1=1) T
~9Gn,p1+1 ('71)7 AR _gn,p1+1(71)7 L) —gn,p1+1('7/,¢), sy " Onpr+1 (’Y;L)) .

Let Nl+1 x1+1 be a diagonal matrix of matrices with diagonal entries N; ;, let Wl+1xl+1
be another diagonal matrix of matrices with its diagonal elements W;; where, for
i=1,2,...,1
n—(ri—2pi)
n—(ri—2pi+1)
N;i= .. )

)

= (ri—pi=1)

n_pi
n—p1+1
Wii= . ’

y
n—l

Niyig41 := n"I,, (I, is the identity matrix of order u), and Wit1141 = Nl-_+11,l+1'
Then

M i1 = Nivixat1 - Mngpixir - Wiy,

*x __ 1i7—1 * NI
X, = Wl+1><l+1 - Xn, and Yy = Njixit+1Ya

satisfy
My s X = Y5 (36)
Let M}, = lim,_o My ; ;. By (33), we obtain, fori =1,...,1,
det(M};) := lim det(M; ;) = lim n™? 7P det(Mn,i ) = dp i Dp,s # 0. (37)
Similar to the reasoning in the proof of Case 1, we obtain for any 7 > 0,
M)y = nlg{.lo mgdt1 = Vjxus i=1..0 (38)
My, = nll_{x;o M 141, = Opxpss 1=1,...,1

As for the limits of M, ; ; where i # j, we need further discussions. If r; — 2p; < 0 for
1<i<mandr; —p; —k+1<0, then gn,k,j(2) interpolates an analytic function.
Furthermore, the interpolated function (z—a;)*=1*#s [TL, (2 —a;)**7(2) f(2) has
a zero of order k — 1 —r; + p; at z = a; and a zero of order 2p; — r; at z = o, @ # J,
1 <i < m. Hence, we have

lim n—(r,~—2p,-+pj—lc+1+s)g(8) () =0, (39)

n—00 n,k,j

by (20) for s = 0,1,...,2p; —r; — 1 and by (18),(19) for s > 2p; — r;. On the other
hand, if r; —2p; < 0for 1 <4 < m and r; —p; —k+1 > 0, then the interpolated
function has a pole of order k — 1 —r; — p; at z = ;. If one of r; — 2p; > 0, then all
r; —pj —k+1>0for 1 < k < p; according to (32). The interpolated function has at
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least one pole. Hence, the elements of M)} .. may not tend to zero; however, they are
bounded. By (32), we get

T =2pi+12>7;—2p; 21 —2p; —1 forl1<4,5 <1,

1j1i

so we have three possibilities: r; —2p;+1 =1 —2p;; 7, —2p; =1, —2pj; i —2p; — 1 =
r; — 2p;. Let us study them one by one.
(a) s — 2p; + 1 =r; — 2p;. In this case

max{(r; — 2pi +s),(rj —pj —k+s)} =r; —p; —k +3,

ma,x{(ri —pi—k+s),(rj —2p; + s)}

_ ri_pi_k"_s fOI'].SkSpi_la
ri—2pj+s=ri—2pi+1+s fork=ps:

Thus by (24), the elements of M ., tend to a limit:

n,j,

: —(r;—2p;+pi—k+1+s) (5) 1 —(ri=2p;+1+pi—k+1+s) (s)
nllvngon (ri—2p;i+p )gn,k,i(aj)—nli{{;on (ri—2p Pi )gn,k,j(aj)

= lim n~2p~(ri=Pi=k+s) o) () =0, 1<k<pi ©#7];

n—00 n,k,i

on the other hand, the elements of My ; ; are bounded:

lim sup n~(ri—2pi+p;—k+1+s) Igg;” (e)| = limsup n—(1i=2p;=14p;—k+1+s) Igw(lf}c i(a)|
n—oo

n—oo

= lim sup n_(”‘pj_k"'s)|gf:3c,j(a,~)| = |N{k} 1<k<pj, t#].

ENAE
n—oo
This means that

. * _ . * % P * _*
lim M7 ;i = Opyxpi,  limsup My, ; = Upp,, lMminf My, ;=V5.,,, (40)

n—0o0 n—0o

* * D . . . .
where Uy, ,,, and V%, are finite matrices and Opxq is a zero matrix.

(b) For the case r; —2p; — 1 = r; — 2p;, we only need to exchange the positions of
i and j. ,
(c) ri — 2p; = r; — 2p;. In this case
max{(r; —pi —k+3),(rj —2pj +s)} =ri—pi —k+s for 1<k <p;,
max{(r; —2pi +s),(rj—pj —k+s)} =rj —pj —k+s for 1 <k<p;.
Thus,
lim n—(i—2pitpi—k+1+s) (5) (o) :nli_{lgon-(n--gpi+pi—k+1+s)gflfiyi(aj) =0, i#j,

00 gn,k,i
Tim =2k g0) () = lim (iRt TRO G0 (0) = 0, i .
Hence, if r; — 2p; = r; — 2p; and i # j, then

lim M;,j,i = Opj XPpiy lim M;:,i,j = OPiXPj‘ (41)

n—0oo n—oo

Generally speaking, we are not sure of the existence of lim, oo My ; . for i # j.
However, for every subsequence there exists a convergent sub-subsequence. Let M;;

be one limit of {M,’;”} Furthermore, let M, ., be one limit of {M}, . ;.1 }.
Then all entries of M}, ;. are bounded; some are zero matrices. We state that

!
det(Myy1xi11) = [ ] det(My;) - det Cux- (42)

i=1
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To verify this statement, we let ¢; = r; — 2p; for 1 < i <1, and by (32), they satisfy
-1<¢—-¢; <1 for1<i,5<1.

Without loss of generality, we assume that (we can always rearrange ci,cCs,...,c in
such an order that)

c—c1=1,...,s—c1=1,c041—c1=0,...,cg—c1 =0,

where ¢ is a number between 1 and ! and ¢ = 1 means all ¢;s are the same. In fact, if
cg —cy =1, then ¢; — ¢; # —1 because cg — ¢; # 2. Thus, the above group of relations
is valid. If ¢ = 1, then all M}; = O, xp; for i # j; we are done with our verification.
If t > 1, for this arrangement, M}, = Op,xp, for j =2,...,1 by (40) and (41). Thus

* *
M2,2 2,1
det(M[y1x41) = det My det | ;| det Cuxp
MZ2 e M
Since
C3 — C2 =0, ,ct—02=0,ct+1 —02=—-1, cee 4y Cl— Cp = —1,

M3 ; = Op,xp; for j =3,...,1 by (40) and (41). Thus

) Mgy - Mg,
det(My1y;41) = det My, det M3, det | ¢ | detCuxp-
Mgy - My
By repeating these steps, we get (42). Hence,
1
Jim det(My 1 11x141) = Jim Hdet(M:{,i,z') ~det Cruxpy # 0 (43)

=1

Notice that the limit is the same for every convergent subsequence and {M:;l ixis1)
is a bounded sequence. Thus, the above limit is true for the whole sequence. We
conclude from (43) that (35) has a unique solution for n large enough,

hn(2)
I (2 — @)Pin(2)gn(2)’

which is the rational interpolation of type (n, s + v) to f(z) on the set A(n + p+v).
Furthermore, we have the estimations for the coefficients:

lim nfbgc") =0 for k=1,2,...,u, any 7,
{k} Dk} i Yo—pi—1 (44)
lim n”i_k"'la;c"i) _ %o Dy H(e) for k=1,2,...,p;,
neo ' dp; Dy,

where dp,, and D,, are constants only related to p;, H(c;), and B, ;, and d{f} and

D{f} are constants only related to k, p;, H(e;), and By, ;; ¢ = 1,...,1. Thus (4) is
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. !
true. Since v =) ,_; p;, we have

gn(2)7(2) [Ty (2 — )P4 £(2) = ha(2)
gn(2)7(2) [Tiy (2 — )P

f(z) - Rn,u V( )
_ 1
Gn(2)(2) TTizy (2 — )P

" l
x { 3 b [H(z — o) s () (2) - wn,l(z)]

=1 i=1

l
23 a e T - e — gnia )

i=1 k=1 =1,
!

+[[(z - 0i)in?(2) f(2) - 9n,p1+1(z)}

i=1

Wntptv(2)

()7 (2) [Tica (2 — i)
Cpi ,ini,inri—Qpi -1 Cp’ ‘zn)\ + o0
8 { Z (z — oy 3t Z (2 = a)wntpv (i) (1)}

1<i<l = i )wnpt (@) ri—2pi—1=A>0

Hence, (3) is true for A = maxi<;<; {r; — 2p; — 1} = maxi<i<m {ri — 2p; — 1}.

Case 3. vy <v<yq;,m+1<1<2m—1 Set p; =p,; fori =1,...,m. Then
pi=r;fori=2m—1+1,...,m, and (cf. [6])

ri—2pi—1<r;=2p; <7; —2p; +1 for 1<i,7<2m—1. (45)

Construct the same g,(z) and h,(2) as in Case 2 for [ = m. Similarly, we want
hn(z) = [Ti% (2 — ;)Pim(2)dn(2), where d,(z) is a polynomial of degree < 7, so we
have

Mn,m+1 xm+1Xn =Y, (46)
where Mn’m+1>(m+1, X,,, and Y,, are the same as in Case 2 for [ = m. Furthermore,

M;,m+1xm+1 = Nm+lxm+1 . Mn,m+lxm+1 : Wm+1xm+1,

Xy =Witixmer - Xns Y} = Nmiixmt1 - Ya
satisfy
My, miixms1 X = Yo (47)
Here det Cy, ;1 x, still tends to a nonzero limit, and we still have
j*,m+1 :=n1LngOM Jm+1—Vp,><u7 i=1...,m, )
1 = nlingo M i1 = Opxpss i=1,...,m.

We only need to study My ; ; now. It is easy to check by Definition 2 that
ri—2p; <0 for1 <i<m.

Thus, if 2m —  + 1 < j < m, the gn k ;(2) interpolates an analytic function. Further-
more, the interpolated function (z—a;)*~ %25 [T, (2 — a;)?*m(z) f(2) has a zero



ROW CONVERGENCE OF RATIONAL INTERPOLATIONS 457

of order £k — 1 at z = o; and a zero of order 2p; — 7; at z = a;, i # j, 1 < i < m.
Hence, for elements of M, ., (39) is true. This gives us

16,3
limM;ij=Opixpj fOI‘ 2m—l+1§]§m,1§z§m,z;ﬁ]
n—o00 )
As for a fixed j < 2m—1, M, ; ; may not tend to a zero matrix, but they are bounded.

In fact, gﬁfi j(z) interpolates an analytic function when r; — p; — &k +1 < 0. For this

situation, the above reasoning is still valid. That means

: ~(ri—2pi+p; —k+1 s
nlgglon (ri=2pitp;—k+ +3)gf$1’;gyj(ai) =0,

0<s<pj-1, 1<i<m, i#j, k2>rj—pj+1
When 1 < k <r; —p; + 1, the interpolated function

(z—a;)f712 ] (2= c)*7(2)£(2)
t=1,t#j
has only one pole at z = a; of order 7; — p; —k+ 1, and (23) and (24) are true here.
For 1 <i < 2m —1, (45) is true; for 2m — [l < i < m,
i —2p;—1<1;— 2[kl + Uj2m—1 + 7'2m—l+1] -1
<rj—2k — (rj —rom—ig1 — 1) = 2rom_ip1 — 1
= =2k — Tom—1+1 < ~Toam-14+1 < —1; = 1; — 2p;.

Hence,

lim supy,_,op 1= (71— 2Pi+Ps—k+1+2) | gﬁ:.zc,j(ai)‘

R T —(ri—2pi—rj+2p;+1), —(rj—pj—k+s)| (5)
_117Ilrlsolcl>pn (ri=2pi=rj+2p;+1)y ~(rj —; )|gn,k,j(ai)| < 00,

for0<s<p;—1, 1<i<m, i1#j, k<r;—p;+1. We conclude that for any
convergent subsequence,

* *
Mn,l,l e Mn,1,2m—l
lim det(M = lim det :
N0 ( n,m+1><m+1) =00 €
* *
Mn,?m—l,l e Mn,2m—l,2m—l
*
Mn,2m—l+1,2m—l+1 i
x det K *
Mn,m,m
Cruxu

Applying reasoning similar to that in Case 2 to the matrix in the first determinant,
we deduce that (42) is still true. For the second determinant,

B,,;; whenk=s+1,
0 when k # s+ 1.

n—o0

lim n~ (73 mPs TRt g0 () = (kAL 00 (o) = {

Thus, (37) still holds here. We come to the conclusion

det(M1*rz+1><m+1) = nlg{.lo det(M;,m+1xm+1)

= lim Hdet(M,;:’i,i) - det CTL,[J.X# # 0.
i=1

n—oo

Thus, all conclusions in case 2 are still valid for this case. This means that (46) has
a unique solution for n large enough, hn(z)/([Tiz; (2 — 0:)Pi7(2)gn(2)), Which is the
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rational interpolation of type (n, 1 +v) to f(z) on the set A(n+ p+v). The estimates
(44) for the coefficients are still true. Since v = - | p;, we have

1)~ Rraelt) = e S

R .mTi—2pi—1 A
% { Z Cp:,ilips i Z Cp;,in +0(1)}.

+
1<igmot B T )wnburv(0a) © o (2 0w (ad)

Hence, (3) is valid for A = maxi<i<m {r; — 2p; — 1}.

The proof of Theorem 1 is completed. O

4. Other results

Corollary 1. Let f(z) be as in Theorem 1. Suppose that v is good by Definition 1,
and R, ,+.,(2) is a rational function of type (n,p + v) interpolating f(z) on the set
A(n+ p+v). Then, except for a finite number of points, the inequality

Ry pto (2)0™
n* exp(nG(z))

holds for each z exterior to T',. Consequently, the sequence {Rn ;4. (2)}32 can con-
verge in at most a finite number of points exterior to T',.

lim sup >0

n—00

Proof. Assume v is good; according to the proof of Theorem 1, we get

m ri—2p;—1
F(2) = Ry i (2) = Wntptv(2) Cy,in +o(1) ",
(2) = R (2) e m}

gn(2)7(2) H:i1 (2 — ay)P — )Wt ptv ()

where, if v < Y -, 7;, then at least one C,; #0, ¢ =1,2,...,m. Thus,

<A

[£2) = Bt (2)]an (z)%

for any compact set exterior to I'y. We conclude that the functions inside the absolute
value form a normal family. Consequently, there exists a convergent subsequence.
Because (for at least a subsequence)

m Ti—2pi—1—A
Jm >0 Sntprd®)) _ o(s) 2o,
i=1

(z = i)wnipto (i)
and

Wn+p+tv (1) _

nlggo f(2)an(z) ntpin (20

for z exterior to I',, we obtain
lim sup |Rn,p4v(2)p" exp(—nG(z))n_’\I >0 except in a finite set.
n—oo
This means that { Ry, .+, (2)}52 is divergent in C\ E, T, except at finite points. [J
Remark. If we let ﬁi(") =0for 1 <i<mn+1,all n, then wp(z) = 2"}, E =

{z : |2| < 6} satisfy the assumptions and the multipoint Padé approximations become
Padé approximations. Hence, our results also can be applied to Padé approximations.
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5. An example for “bad” v’s

In this section, we give a proposition about “bad” v’s. The investigation on the poles
of {[n/1](2)}32, for the function f(z) with exactly two different simple poles (cf. [1],
p.239) has been done. We point out that the limit point set of the poles could make
up a continuous curve.

Proposition 1. Let E = {z: |z| < 1/2}, E, be the open unit disk, and

9(2)
f(z) = (z—a)(z—b)

where |a| = |b] = 1 and a # b, and g(z) = Y ory gnz™ is analytic on |z| < 1 with
g(a) # 0 and g(b) # 0. Let ¢ = arg(b/a) and [n/1](z) be the (n,1) Padé approzimant
of f(2). Then, if ¢/ is a rational number t/s (t and s have no common factors), the
sequence {[n/1](z)} has at most 2s distinct poles; if ¢/ is irrational, the limit point
set of poles of {[n/1](2)} make up an arc of a circle in |z| < 1. Let O be the closure of
the set of poles of {[n/1](2)}, then {[n/1](2)} s uniformly convergent on any compact
subset of E,, \ O.

Proof. The function f(z) is analytic on E, and analytic on I', except at 2 points
z1 = a, z2 = b. The function f(2) and E satisfy the assumptions, so we can apply
Definitions 1 and 2. Since m = 2, r; = 1, 72 = 1, good values of v are 0 and 2. The
value v = 1 is “bad”. Now, let us calculate the Padé approximants {[n/1](z)} and
their poles.

We consider first g(z) = 1. Because the Taylor expansion of f(z2) is

| 1 1 .,
76 = 3o = 3 gy (e — )

n=0

for each n, with f-1:=0,

n j f f'—l
i G _ o furific1 + fafp)?

[n/1)(z) =
1 4 —fn+1z+ fn
det (fn+1 fn)

 (faniz + f2) D5 f37 + fan
- _f'n,+1z + fn '

When f, # 0, it is a non-degenerate case. Furthermore, when f,11 = 0, there is no
pole; when fr41 # 0, the pole of [n/1](2) should be

1 1 1
o fn _ b—a(a"+1 B b"+1)
P fa+1 1 ( 1 B 1 )
b —a an+2 bn+2
a(1 = eibe—(m+2id)
1 — e—(nt2)id

where e~ := a/b. If ¢/r is rational, then there will be finite distinct poles {2, ,}.
For the special case ¢ = 7, the Padé approximant [n/1](z) is either a degenerate
case or has a constant denominator, so there is no pole. On the other hand, if ¢/7
is irrational, by a result due to Bohl, Sierpinski, and Weyl (cf. [10]), {e¥*¢}%2 is
uniformly distributed on the unit circle, i.e., the sequence is dense on the unit circle.
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Thus, if ¢/7 is irrational, then the limit point set of {z,p} consists of points of the
form
a(l — et%e?)
2 = T 6 € [0, 27].
Generally, if
__ 902
0= G-aeD

where g(z) = Y oo gn2™ is analytic on |2| < 1 and g(a) # 0, g(b) # 0, similar
to before, then for the non-degenerate case and f,4+; # 0, the pole of the Padé
approximant [n/1](z) of f(z) is

n 1 1 1
i fr _ Zk:ob a \ gntl-k = pnFl-k 9k
P fn+1 n+1 1 1
2 k=0 b a \ gnt2—k — pnt2—k 9k

a " lg(a)+ e, — b7 1g(b) — &,
a""2g(a) + €nt1 — b7 "2g(b) — €ns1

a(r — e?e~("2id) 4 o"H+2(¢, —¢,)/g(b)
7 — e~ (n+2)id 4 qnt2(e, 1 —e,11)/9(b)
where 7 := g(a)/g(b) (recall g(b) # 0) and

ni=a "1 (Z gra® — g(a)) — 0,
k=0

€ni=b"""" (Z gkb* — g(b)) — 0
k=0

as n — 0, since |a| = 1, [b| = 1. For convergent subsequences,
a(r — e*%eif)

r — et
Notice that if |r| # 1, then f, # 0 for n large enough; thus [n/1](2) is a non-degenerate
case for n large enough. If r = €' for some 7 € [0,27), then the only degenerate
cases are in the subsequence {[n;/1](z)} for n;’s satisfying e¥ = e~("+1)i  For
n;’s satisfying e’ = e~("+2)%  the subsequence {[n;/1](2)} has no poles because all
denominators are constants.

For the same reason, if ¢/ is rational, then there only will be finite distinct poles
{znp}. Obviously, if we write ¢/m := t/s where t and s are integers having no
common factors, then there will be at most 2s distinct poles. On the other hand, if
¢/m is irrational, then the limit point set of {zy,} is made up of points of the form

a(r — e*®ei?)

r— et

Zn;p for mj; — oo andsome 6 € [0,2m).

zg = R RS [0, 271'].

Since w = 9% is a M6bius transformation on the complex plane, it maps a circle
not passing through its pole to a circle and a circle passing through its pole to a
straight line. For our problem, the circle being mapped is the unit circle, so if |r| = 1,
the image set or point set {(z(0) = Re(zg), y(8) = Im(2¢))} is a straight line passing
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through zero. For |r| # 1, since we can find a @ such that |zp| < 1, (e*® # 1), a part
of the circle {(z(0) = Re(2q), y(6) = Im(zg))}, or an arc, is inside |z| < 1. Now
_ i if
O={z: |z| < 1; z=?(r—6.:-—) for0§0§27r}
r—e

is the closure of the set of poles of {[n/1](2)}5%,. Because the Padé sequence {[n/1]
(2)}52, converges on |z| < 1 except on the limit points of the poles, our proposition
is true. O

6. An example of applications

One application of our results is to Szego polynomials associated with Wiener-Levinson
filters [3].

Definition 3. Doubly-infinite sequences z = {z(m)}5°__ of real numbers are called
(discrete) signals. Here we consider N-truncated causal signals zy = {zy(m)} since
we can get only finite data, where

z(m), f0<mMm<N-1

zy(m) := )

0, otherwise

and zn(0) # 0. The Z-transform of zy is given by Xn(z2) := Zﬁ;(l) zy(m)z™™.
For the absolutely continuous distribution function ¢x(8) given by

1 i0
Fn(60) = 5-|Xn ()
the inner product is defined by

gy = [ F(E)a@dén(8),  fog € Co.

-7

", -m<o<m,

We denote by {pn(z) = pn(dn; 2)}3, the sequence of monic Szegd polynomials or-
thogonal with respect to ¢, and denote the reciprocal polynomials by

pn(2) := pr(dn; 2) == 2"pn(dN; 1/2), n=0,1,2,... .
With these definitions, we have a theorem by Jones et al. [3].
Theorem B. Let
Dn(2) = +zn(0) J] (z—2) [ (1—2k2)
[2x |21 [zx]<1

where the z},s are all zeros of the polynomial zN~1Xy(z), and the sign is chosen so
that Dy (0) > 0. Define Fn(2) := 1/Dn(2)Dx(z). Let M denote the degree of Dn(z),
0 < M < N -1, and let [n/M] be the classical Padé approzimant of type (n, M) to
the rational function Fn(z). Then there exists a polynomial Qv (2) (of degree < M)
such that

pn(2)
n/M|(z) = ———F. 49
(n/MI(2) = o (49
Now we can use our theorem for this case. Because all poles of Fy(z) on |z| =1
have even degrees, r1,72,...,7y in Theorem 1 are all even numbers. If the number

of poles of Fn(z) in |2| < 1 is u, then the number of poles of Fy(z) on |z| = 1 is
2(M — p). By our Definitions 1 and 2, we can verify that v := M — p is good. Thus,
we have a corollary.
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Corollary 2. With the hypotheses of Theorem B,

- . pn(2) 1
lim [n/M](z) = lim —= =
MG = i, o ) T DreIDR )
locally uniformly on the set {|z| < 1} \ {zeros of D}(2)}. Moreover, the degree of
Qn,m(2) is exactly M, and the M zeros of Qn p(2) approach the M zeros of D ().

Next, let us study the limit function outside {z : |z| < 1} when D(z) has at
least one zero on |z| = 1. Note here that E = {2 : |2| < 1} and H(z) = —z~L.
Write Dy (2) = aum(2) [[;=,(z — ;)% where 7(z) is a polynomial with all zeros inside
|z| < 1 and {o;}2; are all on |z| = 1. Let b, = @, [];~,(—&:)*; then by calculating
all constants in (31), we have for z€{a1,az,...,am},

n(2) = Qn,m(2) ZrtM & m(os)(=1)% s
Pnl) = Dn(2)Dy(z)  cbuDy(2)n = (o) (2 - o)t

From this estimate, we see that the Padé approximant sequence is divergent outside E.
Because we are interested in the asymptotic behavior of Szeg6 orthogonal polynomials,

+o(n71).

we need the following estimate for p,(2) if 2€{a1,a2,...,an},
ntM : z 1 mo x (=1 s;i—1 : n+M+1
pn(Z) — _ Q ,M( ) + = Z ™ (a )( ) SiQ; +0(’I’L_1). (50)
D} (2)Dn(z)  ebuDn(2)n P m(a;)(z — a;)

With this asymptotic formula, we can study some interesting behavior of p,,(z). We
will focus the rest of this section on a discussion of the zero distribution of {p, (2)}52 ;.
We can get the same theorems as Szabados [9]. However, our proof is much simpler.
We will use the notation Z(Fy) for the set of cluster-points of the roots of the p, (2)’s.

Proposition 2.
Z(FN)ﬂ{z 2zl >1} =0.
Proof. By (50), we get

e MDR()
D) = 5 D @)

The function 2 /Dy (z) has no zero in |z| > 1+ ¢ for any € > 0. Thus, by Hurwitz’s
theorem, 27 "p,,(2) has no zeros in |z| > 1 + ¢ for n large enough. O

for |z2| >1 asn — oo.

We need a deep and general theorem of Erdds and Turan [2] for the proof of next
proposition.
Theorem C. If &,&,...,En are Toots of the polynomial ag + a1z + - + ayz™
(ao,an #0), then for any 0 < a < B < 27, we have

S 1N a)an| <16y /Nog(S) jasl/VimllanT).  (51)

a<arg{<p

Proposition 3.
{z:|z| =1} C Z(Fn).

Proof. By the same reasoning as in the proof of Theorem 4 in [9], we know that for any

€ > 0, there exists a subsequence {nj};?‘;o of integers such that for some p, 0 < p < m,

p—M-—1

lim o) = o}
j—oo

forl=1,2,...,m.
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Hence (50) implies

o 8 1
hm n 7;pn, (2)Dn(z) = e Z (wzc)x(,)(lz)— az) for |z|<1-—e.  (52)

By Hurwitz’s theorem, this limit means that for j sufficiently large (7 = ji(€)), the
polynomial p,,(z) has at most m — 1 zeros in |z| < 1 —¢. On the other hand,
by Proposition 3, for sufficiently large j (j > j2(€)), Pr; (2) does not have zeros in
|z| > 1—¢. Hence, pn,(2) has at least n; —m+1rootsin1l—e < |2| < 1+ ¢ provided
that j > ja(€) := max{i(e), ja()}-

The next step will be to prove that n; —m + 1 roots of py;(2) are asymptotically
uniformly distributed in angles with vertex at 0. Here we will apply Theorem C. Hence,
we need to calculate Z " o lajl/+/lacllan] for pn(z). Obviously, the value is the same

for pn(2) and p%(2). Let hy(2) = c[Tiz, (2 — ;)% (2)p};(2). Since |oi| =1, Z o lajl
is bounded by (n + M)M multiplying the sum of the absolute value of coefficients of
ha(2).

From the proof of Theorem 1, we have that

® m 83
ha(2) = 36 waa(2) + 3D 00k (2) + gner41(2)

=1 i=1 k=1
M m +M n+M n+M
SO SIS S ILED IR IR oS
=1 =1 k=1 3=0 j=0 =0

where the bl(")’s and agfi) ’s satisfy (44). Furthermore, wn,(2) and gn k,i(2) are n+Mth
truncated Maclaurin’s series of

m—1(2)7(2) H(z — ;)% Fy(2)
i=1
and

72(2)(z — oa)f 7% ] (2 — 0y)* Fn(2),
Jj=lj#i
respectively. Since m;_1(2)m(2) [ix, (2 — ;) Fn(2) is analyticin |2| <o and 0 > 1,
|d§l)| are bounded for all j and I. Thus, because of (44), for any 1> 6 > 0,

M
Z b§n)d§l)

=1

<6/(n+1) for n large enough, 1 < j <n+ M. (53)

For the second sum, let

72(2)(z —aq)* 1 [ (- ;) Fn(2)
G=1, 5
_ w(2) 1 (k) 3
a#b#ﬂ'*(Z) (z _ ai)k—l+8i H:T:l,j;éi(z a])sj = Iy i%

It is obvious that for some constant C,

|e§{?| <CG+8) 1< Cn+s) ! for0<j<n (54)
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According to (53) and (54), for n large enough and a constant L,

S| S+ 33 ok

Jj=0 i=1 k=1
<6+ E zlafc’fi) |C(n + ;)" "+ < L. (55)
i=1 k=1

We are almost finished except for finding a lower bound for hfﬁz - From (52), we see
that there is a subsequence {n;}$2; and an integer p such that

(n5) 1§~ (ea)(=1)%siof
Jlirgloh nj v = hm 0 7P, (0)Dn(0) = % ; () # 0.
As for A{™, it goes to a non-zero constant D} (0)/Dy(0). Since A niM = Can and
h(()") = cm(0)(—a)®ag, combining these with (55), we obtain, for n large enough (at
least for a subsequence {n;}52;),

log (Z 51/ vaalla] ) < log(n + M)+ = (3 + 1) log(n+ ). (56)

j=0
Let any & € |z| = 1, 6y = arg&p, and choose N such that

16v/M + 1y/nlog(n + M) < ne/(2m) whenever n > N(e).
Then
(22) 16VM +1y/nlogln+ M) < > 1
| arg z—6o|<e
(7;26) + 16V M + 14/nlog(n + M).

“

Hence, if we let j > N, then p; (2) has at least nje/(2m) — m + 1 roots in the
neighborhood” of the point éy: {z : 1 —¢ < |2| < 1+¢, |argz — fg| < €}, which
means that £, € Z(Fy). By the arbitrariness of & € |z| = 1, we conclude that
{z:|2| =1} C Z(Fn). O
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