
Methods and Applications of Analysis © 1996 International Press 
3 (1) 1996, pp. 46-79 ISSN 1073-2772 

LAGRANGE INTERPOLATION IN THE ZEROS OF BESSEL FUNCTIONS 

BY ENTIRE FUNCTIONS OF EXPONENTIAL TYPE 

AND MEAN CONVERGENCE 

Georgi R. Grozev and Qazi I. Rahman 

ABSTRACT. Let JQ, be the Bessel function of the first kind of order a > —1. Then 
Goi(z) := z~aJa(z) is an entire function whose zeros are all real. We note that 
under appropriate conditions, the Lagrange interpolant of / : R —*• C in the zeros 
of Ga(Tz) where r > 0 is an entire function of exponential type r. We denote 
it by LT,a(/;2) and study the mean convergence of LTja(f'r) to / as r —> oo. 
We obtain a theorem which is analogous to two well-known results, one due to 
J. Marcinkiewicz and another due to R. Askey. Some of the lemmas which we 
need for our proof of the theorem are results of independent interest; for example, 
Lemma 13 is an extension of the Whittaker-Shannon sampling theorem. 

1. Introduction and statement of the main result 

For each n G N, let a system of n distinct nodes 

-1 < #n,n < * * * < Xnik < '" < Xn± < 1 (l) 

be specified. Let Ln_i(/; •) denote the polynomial of degree < n—1 which interpolates 
/ at the given nodes. It was shown by Faber [10] that for some / G C[—1,1], the 
sequence {Ln(/;x)} does not converge uniformly to f(x). 

Let QOJ QI, • • • be an orthogonal system of polynomials on [—1,1] corresponding to 
some non-negative weight function w belonging to L1[—1,1]. It was proved by Erdos 
and Turan [9] that if the points in (1) are the zeros of <2n, then for each / G C[—1,1] 
and p = 2 

r»l 

\f(x) — Ln(f;x)\pw(x) dx —» 0    as    n —» oo . (2) £ 
At about the same time as Erdos and Turan, but independently of them, Marc- 

inkiewicz [19] proved the following 

Theorem A. For each n G N, let 

2k7r 
0n,k := TT—r        fc = 0, ±1, ±2,..., ±n, 

2n + 1 

and denote by tn(f\ •) the trigonometric interpolatory polynomial of degree not exceed- 
ing n with 

tn(f',Qn,k) = f(0n,k) • 
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// / : R —► C is a continuous, 2TT-periodic function, then for every p > 0 

/»27r 

lim   /     \m-tn(f;O)\Pd0 = O. (3) 
n-^00 Jo 

It may be added that limsupn_00 |/(0) - tn(/;0)| = oo for every 9 if the continuous 
and 27r-periodic function / is suitably chosen [14, 20]. 

Note that the case w(x) = (1 — x2)-1/2 of (2) is contained in (3). 
Askey [2, 3] looked for values of p > 2 for which (2) holds and observed that it was 

not possible to find such a p for all weights. In the positive direction, he proved the 
following 

Theorem B. [3, Theorem 10] Let w(x) := (1 - x)a(l + x)0 and P^ be the corre- 
sponding orthogonal (Jacobi) polynomial of degree n. If the points in (1) are the zeros 
ofPZ'P, then for each f G C[-l,l], 

lim   /   |/(, x) - Ln{f;x)\p{l - x)a{l + xfdx = 0 (4) 

for p < 4(a + I)/(2a + 1) when 
(i)a,/?>-l/2, or 
(ii) |a-fc| < 1 + /3,-l< 0<-^2k = 2,3,... . 

For further results about the mean convergence of Lagrange interpolation based on 
the zeros of Jacobi polynomials, see [23] and some of the papers cited therein. 

We consider Lagrange interpolation of non-periodic functions in an infinite set of 
points on R. Polynomials or trigonometric polynomials are clearly not suitable for 
such a purpose. According to a well-known result, a complex-valued function t is a 
trigonometric polynomial of degree n if and only if it is the restriction to R of an entire 
function of exponential type n which is periodic with period 27r. Thus, it is natural 
to use (non-periodic) entire functions of exponential type to interpolate non-periodic 
functions in an infinite set of points on R. If so, what kind of points on R would be 
suitable for interpolation by entire functions of exponential type and for obtaining a 
convergence theorem like the one of Marcinkiewicz? In this paper, we shall see that 
multiples of the zeros of Bessel functions of the first kind of order a > — 1 are such 
points. 

The Bessel function of the first kind of order a > -1 can be defined by [33, p. 40] 

2u 

'.M-G'JB-^Hifelj- (5) 

Note. Here and elsewhere in the text (a, ( / 0 will mean exp(alogC) where the 
logarithm has its principal value. 

In view of (4), it is interesting to note that according to a classical formula [31, 
Theorem 8.1.1], if a, /? are real, then 

z x      /I 
lim n-aP^(cos-) = l-z)      Ja(z) , (6) 

uniformly in every bounded region of the complex plane . 
From the coefficients in the expansion (5) for J^z) it is easily seen that 
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is an even entire function of order 1 type 1 [5, Theorem 2.2.10] and so is of exponential 
type 1. It may be mentioned that 

J^ cosz    if a = — | 
Ga(z) = \    rrsinz    ,r -, 

z 2' 
According to a theorem of Lommel [33, p. 482], the function J^z) has only real 

zeros if a > — 1. They are all simple with the possible exception of z = 0. Arranging 
the positive zeros of Ja in increasing order of magnitude, we shall denote the /rth zero 
by ja,]* or simply by jfc, if there is no ambiguity. For each k G N, the zero — ja^ of JQ, 

will be denoted by j^-k or by j-k. 
From (6) it follows that if — 1 < xn,n < • • • < xn^ < 1 are the zeros of P"'^, and if 

we write xn,k = cos8n^, 0 < 9n^ < TT, then for a fixed k > 1 

Qnk ~ —        as n —^ oo . 
n 

To / : M —» C, we formally associate 

which interpolates / at the points jfc/r, (A; G Z \ {0}). Note that r does not have to 
be an integer. 

In order to state our main theorem, we need to introduce a couple of definitions. 

Definition 1. Given p > 1, we denote by ^^(6) the set of all measurable functions 
/ : R -> C satisfying 

f(x) = O (l/(\x\ + 1)"+*+*+')        x G R, (8) 

for some 5 > 0 and by F"* the union [Js^^^i6)- lt is clear that if / e ^P, 

then |x|a+^/(x) G LP(M) for all p > 1 when a > -| and for 1 < p < -^^ when 

-l<a<-l/2. 

Definition 2. Let 7£ be the set of all functions / : R —> C which are Riemann 
integrable on every finite interval. 

Our analogue of Theorem A now may be stated as follows. 

Theorem 1. Let a > -1/2, p > 1 or -1 < a < -1/2, l<p< j2^+T\'  Then 

sa+*(/(a:)-Lr,a(/;aO)    <&)      ^ 0    as r ^ oo 

(9) 

iff€Fa'pf)K. 

Note that the integral of \xa+i (f(x) - LTjQ.(/; x)) |p over (-1,1), and so a fortiori 
over (—oo, oo), may not be defined if a € (—1, —1/2) and p > j^pn- 

Remark 1. We shall show that if a > —1/2, then 

sup|a;a+i(/(a;)-Lr,a(/;rc))| 

may not tend to zero as r —> oo if / satisfies (8). 
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Remark 2. The case a = -1/2 of Theorem 1 was treated in [27]. 

Remark 3. In the case a > —1/2, we may replace (9) by 

\f{x) - LTia{f; x^lxf^dx -+ 0       as r -> oo (g7) 
J — c 

ifp> 2. 

1.1. Why the weight |a:|2a+1 in (9')? Let {An} be an increasing sequence of real 
numbers, An ^ 0, A_n = -An, and for large n, 0 < An < n + a/2 - 1/2. According to 
a result of Boas and Pollard ([6] or [5, Corollary 9.6.14]), if / is an entire function of 
exponential type satisfying 

\yff(x + iy)e-irM-+0,        \y\-> oo, 

and a<P, then f(z) = 0 if /(An) = 0 for n = ±1, ±2,... . 
Using some of the facts about the zeros ja^i which are listed in the next section, it 

easily can be concluded from the preceding result of Boas and Pollard that if an entire 
function of exponential type a < r vanishes at the zeros of Ga(Tz), then it must be 
identically zero; here a = r is inadmissible as the example Ga(rz) shows. This means 
that an entire function of exponential type a is completely determined by its values at 
the points ja,k/T if cr < r, but not necessarily so if a = r. However, the quadrature 
formula [11, 13] 

/. 
^VM^^Ej^f/^) do) 

k= — oo 

holds for all entire functions of exponential type 2r if the integral on the left exists in 
the sense of Lebesgue. 

Since (10) correctly evaluates the integral for all entire functions of (exponential) 
type 2 times r, we see it as a Gaussian quadrature formula. We find it interesting that 
the weight |X|

2Q:+1
 and the nodes ja,k/T involved in (10) play the same role in (9') as 

the corresponding quantities (1 — x)a(l + x)P and the zeros of P^'^3, involved in the 
Gauss-Jacobi quadrature formula, do in (4). It is for this reason that we consider (9') 
to be an analogue of (4). 

2. Auxiliary results 

2.1.  Relevant facts about Bessel functions and their zeros. The asymptotic 
formula [35, p. 368] 

Ja{z) - (h)1/2 {(cos(* - T - IO (1+0{z~2)) 

+ (8m(*-^-J))0(z-1)} (11) 

holds for 121 large and | arg^l < TT. From (11) follows the auxiliary result [11, Lemma 1] 

Lemma 1.  There exists a positive constant ci = ci(a) depending only on a such that 
for all large R of the form (N + f + \)7r where N G N, we have 

| Ja{Beie)\ > c™ • eH|sin01 ,        6 E M . (12) 
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Since Ja(z) — (~) cos(2: - a| — ^) is regular and of exponential type in D\t z > 0 
and is 0(x~3/2) as a; —>• oo by (11), it follows from Lemma 2 below that 

J'a(x) = -(^ysm(x-^-^+0(x-V2)     as    x -> oo . (13) 

Lemma 2. [15, p. 198, Lemma 14] /// is of exponential type in D\tz > 0, and if for 
some A £ M, 

/(#) = 0(a;A)        a5 a; —> oo , 

/'(x) = 0(xx)        as x —> oo . 

For all large m £ N, the number of zeros of Ja in the interval (0,ra7r + (f + |)7r) 
is exactly m [33, p. 497]. 

According to a result of McMahon ([22]; also see [21], [33, p. 506]) the fcth positive 
zero is given by 

•      -(h     I    _u 4Q
2
-1 (4a2-l)(28a2-31) 

Ja* - (k + ^     i)^     87r(A. + !<*_!)       3847r3(A: + |a - |)3 

(4a2 - l)(1328a4 - 3928a2 + 3779) 
153607r5(&+ia-i)5 '"' (    ' 

Thus, ja,k+i — 3(x,k ~ TT for all large k.  Since for all k £ Z \ {0} the zeros ja^ are 
simple, it follows that if jo := 0, then 

ja.fc+i - JcL.k >h= 5i(a) , (15) 

ia.fc+l - ja.fc < ^2 = ^(a) , (16) 

where 5i, 82 are positive constants depending only on a . 
Formula (14) implies that for all large k 

1 .   /.       a-K     7r\,        1 

\^--2--i)\>-m' V2 
Hence, by (13), there exists k^ £ N such that 

1^M1> *    ,! if|*|>*d. (17) 

The zeros of JQ, are all simple and so J'a{\jk\) ^ 0 for all k ^ 0. Therefore, from (17), 
it follows that for some positive constant C2 = C2(a) depending only on a, we have 

K(li*l)|> r^r       fc = ±l,±2,... , (18) 

and so 

l^fc)|-
1^>i-^T        ^±1^2,.... ,(19) / 

In addition, we shall need 

Lemma 3. For all a > — 1, 

fj^o. 
/o    ^  — Ji 
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Proof. According to a known formula ([1, formula 11.4.5] or [33, pp. 426-427', formula 
(11)]), we have 

Jo 

where Ia is related to Ja by ([1, formula 9.6.3] or [33, p. 77, formula (2)]) 

Ia(z) = raJa(iz) , 

and La to the Struve function ([1, p. 496] or [33, p. 328]) 

(20) 

(21) 

Ha(*) =  ( ^ * 

a+l   oo 
(-i)fc(H 

2k 

Ij'r(fc + |)r(fc + a + |) 

by the formula ([1, formula 12.2.1] or [33, p. 329, formula (11)]) 

It is clear that if C = iji + £ where £ > 0, then 

(22) 

(ja(C)-MC)) 
TT 

2^a+l  V   avw avw/ 2(ij1)«+1 

Besides, it is easily seen that as £ —» 0, 

r00   Ga(^) 

(/afe'l) - Lafo'l)) as f -> 0 . 

/ 
dx 

^2 + C2 

In order to prove this, we note that 

Ga(x)        ,        f00 G«{x) 

f Jo 

Ggjx) 
x2 - jl 

dx (23) 

/ Jo z2 + (iji+£)2 
dx 

r Ga( 
Jo    x2- 

=/ Jo 

dx 

Ga(x) 
-dx 

Let £ > 0 be given. There exists a £3 > 0 such that for all 6 < ^3, 

Jo 

ga(aO 
a;2 - i^ 

I f^+s Ga(x) 
\Jjx-6    x        Jl 

dx 
e 

<3 

dx . 

(24) 

Since Ga is an entire function, in the neighbourhood of ji, we have 

so that for all real £ 

V(^-ji)2 + r 

Hence, there exists a ^4 > 0 such that for all (5 < ^4, 

Jji-6 

1 Ga(aO 
-6    E + jl - *£ X - ji + i£ 

dx 
r3i+6        1 

~ jh-6 l^ + i 
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Furthermore, 
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/ 
Ga(x) Ga(x) 

J[o. 

dx 

< 

ooACh-tf.ji+tf) 

Ga(x) 
x1 - ft 

i + lih 

52 / 
Ga{x) 

dx 

x2 - jf 
dx 

e 
<3 

(26) 

if 6 :— minf^s,^} and ^ is sufficiently small.   The estimates (24), (25), and (26) 
readily imply (23). Hence, (20) holds also for C = iji, i.e., 

Ga(x) 

Jo     * 
2-jl 

dx -(Ia(ijl) -Lafe'l)) • 
2fe'i)-+1 

According to (21) and (22), respectively, we have 

Ia(iJi) = raJa(JieTi) = 0   and   L^ih) = r^HaUie**) 

Consequently, 

G.W^_(-l)-»», 
/ Jo x2 - jl 

dx -HaO'ie") • 
2jT+1 

Hence, the Lemma holds if and only if 

We shall show that (27) is indeed true. 
Case 1. — 1 < a < — ^. 
In this case, 0 < ji < f. According to a known formula [33, p. 328] 

(Ha+1 

(27) 

Hat*) .3^_3V(1 + ^)) r(|)r(a + |) 
where 

Thus, 

|^)|<-exp- 
lla+fl       /' 

\e{- -M<\^{^\-i}A-*$-i)<**m 

i.e., |1 + 0(-.7i)| > 0.1588 and so H^^'ie^) ^ 0. 
^      „      1 1 Case jg. -- < a < -. 

2 2 
In this case, f < ji < TT and ([1, formula 12.1.6] or [33, p. 328, formula (1)]) 

Since sin^'i^) > 0 for 0 < t < 1, the integral is (strictly) positive and so H^jie7™) ^ 0. 
Case 5. a > |. 
It is known [33, Section 10.45] that 

Ha(ff) > 0       for x > 0. 
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Therefore, 

However, H*   is an even function, so H*(x)   >  0 for all x  G  M.    In particular, 
H;(jiewl") > 0 and 

Ha(jie,ri)=(~Ji)       H^^e^^O. 

a 

2.2. Relevant facts about functions of exponential type. In addition to Lemma 
2, we shall need some other facts about functions of exponential type. They are 
contained in Lemmas 4-9. 

Lemma 4. If g is regular and of exponential type for x > 0 and jQ \g(x)\pdx < oo 
for some positive p, then [4] 

Jo 
\g(x + iy)\pdx < oo (28) 

/o 

for every real y, and g(x) —► 0 as x —> oo. In case g is an entire function of exponential 
type r and J^ \g(x)\pdx < oo, p > 0, then ([25] or [5, Theorem 6.7.1]) 

aoo \ l/p /   poo \ I/P 

IpCar + ti/)!"^)       <eT^n     \g(x)\Pdx\       . (29) 

Lemma 5. [4], [13, Lemma 1] Let {Xk} be an increasing sequence of positive numbers 
with Xk+i — Afe > 8 > 0. If g is regular and of exponential type in the open right 
half-plane such that 

nOO 

/     \g(x)\dx < oo , (30) 
Jo 

then 
oo 

X>(A*)I   <   oo. (31) 
fc=l 

Lemma 6. [5, Theorem 5.6.8], [15, Lemma 9] Let g(z) be regular and of exponential 
type < TT, |arg2:| < /3 < f, h(0) := limsup^^ log'^x^ < 0. Then we can write 
gi^z) = gi(z) +p2(^) where gi(z) is an entire function of exponential type less than TT 

such that gi(x) = O (l/\x\) as x —► —oo, while g2(z) is regular and of exponential type 
in | arg2;| < /3 satisfying g2(x) = O (l/x) as x —■> +oo. 

The preceding result is really due to Macintyre [18], although it was not stated in 
this form by him. 

Remark 4. The restriction on the exponential type of g is redundant. Indeed, if g is 
of exponential type r > TT, then g (-^z) is of exponential type ^ . 

Lemma 7. If g is an entire function of exponential type r, and if g G LP(M.), p > 0, 
then 

)l/p /  poo \ I/P 

<rU     \9(x)\pdx\       . (32) 
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The case p > 1 of this inequality is classical [5, Theorem 11.3.3]. That it holds also 
for 0 < p < 1 was proved in [26]. 

Lemma 8. // g is holomorphic and of exponential type in the open right half-plane 
and belongs to Lp(0, oo) for some p > 1, then g' G Lp[e, oo) for every e > 0. 

Proof Since g £ Lp(0, oo), ^(a:) —> 0 as x —> oo by Lemma 4 and so, in particular, 
h(0) < 0. By Lemma 6 applied to g(z.+ e), g(z) = gi(z) + g2{z) where gi is an entire 
function such that gi(x) = O (l/\x\) as x -^ —oo and ^2 is regular and of exponential 
type in ZRtz > e satisfying g2(x) = 0(l/x) as x —> +00. Hence, gi G Lp(—00,e], 
^2 € I/P[s, 00). Since # e Lp(0,00), by hypothesis, gi = g — g2 belongs to Lp[e, 00), 
so ^1 E LP(M). By Lemma 7, p^ belongs to Z^(M). Next, we note that the function 
z92(z), which is of exponential type in fRzz > e, is bounded on [s, 00). Hence, by 
Lemma 2, its derivative xg^x) 4- ^C^) is also bounded on [e, 00), so ^2(a:) — ^ (l/^) 
as x —► +00; in particular, ^ ^ ^p[^? o0)- ^ follows that gf = gf

1 + ^2 ^ -^[^J 
00)-    EU 

We also need the following result due to Lindelof. 

Lemma 9. [16, Theorem 18.3.5] Let g be holomorphic and bounded in the upper half- 
plane. If g is continuous at all finite points of the real axis, and g(x) —> a when 
x —> +00, then 

lim g{z) = a (33) 
Z—MDO 

uniformly in any sector 0 < argz < TT — 6, 0 < 6. 

2.3.  Additional lemmas. The next two lemmas play an important role in our work. 

Lemma 10. [32, Theorem A] Let {ak}kez denote any sequence of numbers such that 
the series 

00 

£   \ak\p P>1 (34) 
k= — 00 

is convergent, and let 

1     00 

6« := I E rr^Vr (35) TT /-^   k + n + 9 

/or all values ofn. Then, the series ]r \bn\p is also convergent, and there is a number 
Np depending only on p such that 

00 00 

£   \bn\p<Nr   £   lonl". (36) 
n= —00 n= — 00 

Lemma 11. [25, p. 135 (Lemma 7)] Let {uk}kez denote any sequence of numbers 
such that the series 

00 

J2   Wk\p P>1 (37) 
k= — 00 

is convergent,  and let {t^^z be a sequence of positive numbers such that t  := 

EZUo **<«>•# 
00 

Vn :=   Yl  ^-klukl , (38) 
k=—00 
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for all values of ny then 
oo oo 

£   vl < t*   £   \uk\r . 
n= —oo k=—oo 

3. Proof of the main result 

3.1. Preparatory lemmas. 

3.1.1. Properties of the interpolant Lr5Q,(/; •). 

Lemma 12. Let a > -1, p > 1, r > 0. // 

55 

E 
fc = — OO 

jfcV 2 , /"jfe 
< OO , (39) 

then the series for Lr)a(/; z) converges absolutely and uniformly on all compact subsets 
ofC and defines an entire function of exponential type r. 

Proof. Let E be an arbitrary compact subset of C and NE the smallest integer such 
that \z\ < \JNE for all z G E. For z G E, N^tye Z, iVi < ATs, we have 

I, C^-A)7 (?) I * ^■•*) • B<N-W^)    (4o) 
fc^O 

where 

k=Ni 

/(j*/r) 

^0*) 
p\ i/p 

k=Ni 
fc#0 

9\ 1/9 

p-1 

By (19) 

Clearly, 

1 
A(NUN2)<-1 ^ 

iV2 

L7ib 
ia+ 2   -f i ^^ m p\ i/p 

B(^1,^2,Z)< E +    E 
Ifcl^iV^      ATjs + l^lfcKoo' 

Ga(Tz) 
rz-jk 

Q\ 1/9 

(41) 

(42) 

The first sum on the right-hand side of (42) may be estimated as follows. Let 6i be as 
in (15) and draw circles of radius |^ around each of the points ^j/, |{| < A^^, I ^ 0. 
On each such circle \z — ^ji\ = |^, we have 

Ga(Tz) 
TZ-Jk 

< —     max     |GQ(T2)| 
\z- • 

3 

51   l*-^ll = j}: 

- T       max «    1^(^)1 -• —F^- 61 l<l<»^»> * 
(43) 
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Since -^f^L is an entire function, it follows that the preceding estimate also holds 

inside each of the circles. If z E E but does not belong to any of the disks \z- ± ji \ < &■, 
I'l <NE,l^ o, then \TZ - jk\ > |- and the estimate (43) holds trivially. Hence, for 
all z G E 

E 
\k\<NE 

GgJTZ) 
TZ - jk *<™ffi (44) 

Further, for z G E 

E 
AfE + l<|fc|«X) 

Ga(Tz) 

TZ - jk 
< (ME)q       Yl 

1 

(\3k\-\3NB\)9 

1 
NE + l<lk\<oo 

< (ME)"       V         

q        OO 
/   iv± tr   ' 

< (MEV  f>  J_ 

Thus, 

MNuN2,z)< (*£2)i2NE3* + )H,+ £^} 
1/9 

(45) 
A:= —oo 

In view of (39), it follows from (40), (41), and (45) that the series 

2s  Ty 
Ga(Tz) ( Jk 

k= — oo 
k^O 

G'a(jk)(Tz-jk)
J \T 

converges absolutely and uniformly on E, so its sum Lr,a(/; z) defines an entire func- 
tion. 

Since Ga(Tz) is an entire function of exponential type r, for each e > 0, there exists 
a constant C = C(e) depending on e such that 

\Ga(rz)\ < CetT+eM        zec. 

By the definition of JV^, we have T\Z\ < JNE for all z G E, so if E := {z E C : |z| < R}, 
then ri? < J^JE;. Since jk+1 -jk > 6i, there cannot be more than [^] positive zeros in 

(0,rii], therefore, NE < ^f. From the above calculations, it follows that for \z\ < R, 
R > 0, we have 

1   /   ^ 
\LrAf;z)\<^(    "£ 

fe= — oo 

\jk\a+h (f 
p\ 1/p 

where ^ is as in (16). This implies that ir,a(/; •) is of exponential type r. 

V? 

□ 
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Lemma 13. Let f be an entire function of exponential type r > 0. // there exists 
6>0 such that |x|a+i/(a;) G Lp(R\(-6,6)) for some a > -1 and some p>l, then 

f{z) = Lr^U\z). 

Remark 5. In particular, we can claim that if / is an entire function of exponential 
type r satisfying the conditions of Lemma 13, then it cannot vanish at all the zeros 
of Ga(Tz) without being identically zero. 

Proof. Consider the integral 

lN{z)'-=hi /«) :<*C 
Tcr, (* - C)Ga(TC) 

where CN is the circle |C| = RN ■= {N + f + 3)7. and N is a large positive integer. 
By the residue theorem, 

if |^| < RN, Z / ifc/T. Hence, the desired result will follow if we show that as TV -» oo, 
IN(Z) -^ 0 uniformly for all z belonging to any compact set E C C. 

By Lemma 1, there exists a positive constant ci = ci(a) such that for all large AT, 
say N > No = iVb(Q;), we have 

By Lemma 4, the assumption \x\a+^f{x) G i7(M\ (-5,5)) implies that 

\x\a+^f(x)—>0       as       x^±oo. (47) 

Hence, there exists a constant Mi such that 

|x|a+*|/(a:)|<Mi    for    |a:| > 1 . 

Let M2 := maxN<i |/(z)|, M := max{Mi,M2}. Consider the function 

^(^) := (T(Z + ^o))a+*/(^)    where    zo~l + i' 

Clearly, (f is regular and of exponential type r in the closed upper half-plane, and for 

xGR, 

\<p(x)\=Ta+H{* + l)2 + l)ilaH)\fW\ 
<UV5Ty+i \f(x)\ ifN<i, 

" \(\/5r)a+i|x|a+2 |/(x)|    if \x\ > 1. 

<  Mo 

where MQ := (>/5T)a+iAf. By a well-known result [5, Theorem 6.2.4], 

\<p(x + iy)\ < MoeTy    for   x 6 R,    0 < 7/ < 00 . 

Now let 

It is regular and of exponential type in the upper half-plane. Since |^(x)| = \<p(x)\ < 
Mo for all x e R and ftp(|) = ^(f) - r < 0, it follows [5, Theorem 6.2.4] that 

|fl(x 4- iy)\ <M       for       a: € M,    0 < y < 00 . 
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By (47), we have 

lim \g(x)\ = lim \<p(x)\ = 0 . 
x—>oo x—^oo 

Hence, the function g satisfies the conditions of Lemma 9 with a = 0, so 

lim g(z) = 0 

uniformly in the sector 0 < arg^ < ^L. Given e > 0, there exists Ni > No(a) such 
that for all N > Nx and 6 e [0, ^f], we have ^(fl^e^)! < e, i.e., 

Ir^^ + l + Ql^^/^e^l 
PTRN s\n6 <e 

Thus, 

(r^-v^))"4"^/^^^)! 
gr-Riv|sin0| < e (48) 

for all N > Ni and 0 G [0, ^J. The same reasoning applied to the function <p(—z) 
shows that (48) holds for all 6 G [j ,7r] as well, and therefore, for 0 G [0, TT]. Changing 
the value of ZQ to 1 — i in the definition of tp and applying the above considerations 
to the function <p(z), we conclude that (48) is true also for 9 G [—7r,0) and N > Ni. 
Hence, (48) is satisfied for N > Ni without any restrictions on 9. 

Now let E be an arbitrary compact subset of C.  For all sufficiently large TV, say 
N> N2 >iVi, 

RN 

\RN 
<2. (49) 

Using (48), (49) in (46), we see that as N —* oo, l-f/v^)! —» 0 uniformly for all 
z G E. D 

Remark 6. The results contained in [7], [11, Lemma 3], [17], [28], and [34] may be 
seen as being relevant to Lemma 13, but they do not contain it. 

Lemma 14. Let a> — i, p > 1 or — 1 < a < — \, 1 <p < ,l+2a| ■  If 

E 
/c=—oo 

3k 
a+ 

Jfc 
< OO (50) 

then there exists a constant Batp depending only on a and p such that 

I" \xa+l*LTa{f;x)Pdx<BPaj>-  Y    —^ / (^] 
k=—oo 

(51) 

Remark 7. This is an analogue of a classical inequality of J. Marcinkiewicz [19, 
Theorem 10] for trigonometric polynomials, and perhaps is the most nontrivial part 
of the paper. 

Proof. Without loss of generality, we may assume r = TT. Let 

fk := G'a(jk)f{Z)' 
fc = ±l,±2,. 
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Then, by (19), 

k= — oo 

p      oo 

ElAMi) E 
k= — oo 

59 

(52) 

'^n" 
C2 

fc=—OO 

a+i 2 fl3k 

< oo 

by (50), Hence, the right-hand side of (51) is finite. 
Clearly /^ \xa^L^M^)\Pdx = EZ-oo^n where 

Zn:=  r   2 \xa+iL^a(f',x)\Pdx,        n = 0,±l,±2,... 
in-1 

Denote by ki the smallest integer such that jk > 2 for k > ki. Then, 

r4  I      ^-1 

|fe|>fei 

0~U\k=X^       2(*xn.X-jk)h+X        («)-  ^*x-3uh 

fc^O 

do; 

<2p- dx 

+ a: X'H-S i Jailtx) |P 

?-   E U^)a I -) \k^kl li*. - 2 

i       xP 

TT  1,/fc 

< 2P-M (2fci - 2)^-!     ^     I  /     xa+5 
I f I.      I   1     V J — n    I 

Jai-Kx) 

fc=-fci+l 
(^"(TTX-jfe) 

^      |/fc|- 

'L .a+i Ja(7rx)|P 

E lifcl-f 
P-l 

P-l 

lfcl>fcl 

If a > -|, then for all p > 1, whereas if -1 < a < -|, then for 1 < p < jiq^y, there 

exists a constant cs = c^a^p) such that 

J — o     I 

Ja(nx) 

(7rx)a(7rx-jk) 

The condition on p also makes sure that 

dx < cs       for       fe = ±1, ±2,..., ±(fci - 1) . 

/ (7Tx)a ar^a dx 

exists.  Its value depends on a and p; we denote it by C4 = C4(a,p).  From (14), it 
follows that if p > 1, then the series 

E 
|fc|>fcl 

likl-f 
P-i 
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converges. Denote its sum by C5 = c5(a,p). Thus 

fci-i 

Jo <2P-1[(2fc1- 2)"-%    £    |/fc|P + C4.(C5ri  Y,  lAPJ 
k=-k1-\-l |/c|>fci J 

<C6    fl    IMP 

k= — 00 
ib#0 

(53) 

where 

Now we proceed to estimate Yln^-ooZn- Let 

Then, obviously 

ce = c6(a,p) := max{2p-1(2fci - 2)*-1c3,2
p-1c4 • (cs)^1} 

I to estimate Y^L-ooTn. Let 

Cn:=       max       b^+ii^/;^)!,        n^O. 

2„ < >CP,        n ^ 0 . (54) 

Let £„ be a point in [-i, |] such that 

*^n (n + €n)a+$LVia(f;n + €n) 

Then, 

r  — 
7rQ;+3/2 

/fc V^ + enVaWn + fn))    V 
«;= —CXD ^'i TT 

(55) 

At this stage we need to obtain estimates for l^/TrxJJirx)] and \\/nxJo'^ 1. From 
iv \ / I IV ffx—Jk   I 

the asymptotic formula (11), we have 

JaW        /2     1 
 -TCOS(Z- — - -) + 0    —-3- for    ze 
nza+2 2       4/ \za+2J 

z —* oo. 

Consequently, 

Jafc) < 
2       1 

-7= ,  ,   , 1 for        2; G M,     2: —> ±00. 

^(g) The function -f^2 is entire, so, if c? := min{7r, ji}, there exists a constant c7 = c7(a) 
such that 

\x\a+* 
Ja(x) 

<c7       for   x e R \ 

Thus, 

r   d d 
2'2J 

d    d 

From (15), we have 

7rxJa(7rx)\ < c7        for    xeM\ ,—1 
L   27c   27rJ 

jk+i - jk > 2*6',        S' = ^- . 
ZTT 

(56) 

(57) 

Since y/irzJa^z) is holomorphic and of exponential type in JKe z > ~, it follows from 
(56) that for z e Aa := {z = x + iy: x > £, \y\ < 6'}, we have [5, Theorem 6.2.4] 

\y/ifzJa(^z)\ < Cg 
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where eg = cs(a) is a constant. For each k G N, let Dk{6f) := {z : \z— ^| < ^'j. Then 
for all z in AQ, \ Dk{8'), we have 

-Jaivz) 
irz- 

nz-jk 
< — =: C9(Q{) = Cg . (58) 

In particular, (58) holds for z belonging to the boundary of the disk Dk^1) on and 
inside which the function y/itz ^z-j 'ls holomorphic. Hence, by the maximum modulus 
principle, (58) holds also for z G Dk(8'), i.e., it is true for all z G Aa. 

Amongst the points {!^}A.eZ5 there are possibly two which are closest to n + £n. 

Let ^ be (any) one of them. In view of (57), we have 

™ + £n- 
3k 

Now, let us return to (55) and write 

1 1 

>8'       for       keZ\{kn}. 

Ik   _  U _  C       i     1 

(59) 

+ 
n + &.-£      n-fc + i     (n + fn_ik)(„_A.+ i) 

So, by (56) 

£»< 
C7 

7^+3/2 E //C 

A;=—oo ^ 
MO 

+ 
fc= —CX5 

7ru^2 7r(™-f £n) - Jife n — k-\- fk 

Using, in the second sum on the right, the estimate (58) for k = kn and (56) for all 
other A;, we obtain 

£n< 
C7 

^+3/2 
Eh 

n-k + ± 
k= — oo * 

+ C9 

TT^+i 

^fcn 
^n       sn "T o 

^       ^n "T" 2 
| An | 

fe^O 

+ C7 

7ra+3/2 E 
fc= —OO 

l^-fc-^n + ^l 
\n + Zn-f\-\n-k + 771-f* (60) 

fe#0,fc. 

From (16), it follows that |n + ^n - ^ 

I^En. - b    -p    J_ I 
I   ^ ^n       Sn T" 2 

< ^ := IJ; and 

< 1 + 1i ,     . 1.   < 1 + 25", 
I ^       rCn   T" 21 I ^       "'n ~r 21 

since n, kn G Z. Again, from (14), it follows that if /?*. := jfe/^r — &, then 

\$k\ < cio 

for some positive number cio = cio(a) and 

TT Z 
< Cio + 1 • 

Using the last three inequalities in (60), we obtain 

Ai < |M + \Vn\ 

(61) 

(62) 

(63) 

(64) 



62 GROZEV AND RAHMAN 

where 

b ■=   C7    v     fk 

"'     7r«+3/2    2^   n-k+l> 
k=—oo I 

,„;^a+2nl/tJ+2^tl)gJn_t_A+^lln^+il,Al, 
fc#0,fcn 

Defining ao = 0, ak := (c7/7ra+3/2)f_k for fc ^ 0, we write bn in the form 

£ Efcl-oo F^TX where' in view of (52)5 E^l-oo la^lp converges. Lemma 10 implies 
that 

oo oo 

E IM^^yy" E IM' (65) 
fc=-oo fc=-oo 

where iVp is a constant depending only on p. We write vn in the form Efcl-oo ^n-fcl^^l 
by putting 

«o = 0,        uk = fk    for    fc^O;        tB_fcn = C9(1 + f "^        tn = 1, 
7rQ!+2 

._  C7(C10 + 1)      1 . , 
V.--^T37^-|/Z_^_^U|A,+ I|        far        ^n,,-A;n. 

Referring to (52), we see that ££L_oo Mp < oo.  Further, using (59) and (62), we 
conclude that t := X^-oo t^ < oo, so Lemma 11 may be applied to obtain 

n=-oo k=-oo 

oo 

r 

By (64), we have 

o< 

n= — oo \n=—oo n=—oo / 

Combined with (54), this gives 

oo /      oo oo \ 

E  ^<2p      E   l6»lP+   E   KIP (67) 
n= — oo \ n=—oo n=—oo / 

oo 

^2P(^(^)P+^) E IMP 

A;=—oo 

by (65) and (66). Now recalling the bound for I0 from (53), we get 
/oo   . oo 

-oo n= —oo 

oo 

^+2P(<^)P+<)) E IMP. 
k= — oo 

A;^0 
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which is equivalent to (51). □ 

3.1.2. Approximation by step functions. 

Lemma 15. (i) Let \x\a+2 f(x) E LP(R) for some a > — ^ and some p > 1. // 
/ E Lp( —1,1), then for every e > 0, there exists a step function Q with compact 
support such that 

(/>>- 

I/P 

n(x)\pdx )      < e, f       xa+Hf(x)-Q(x)) 
J\x\>l 

\   I/P 

dx )       < e .   (68) 

(ii) Let -1 < a < -\, 1 <p < If f E T^iS) for some 8 > 0, then for 2' ~ ^ ^ \l + 2a\' 
every e > 0, there exists a step function ft with compact support such that 

I/P 

^\xa+Hf(x)-n(x))\pdx)       <e, 

J\x\>l 
x) - Q(x)) 

\ I/P 
p     \ 

dx (69) 

max 
/    n3 x   1/P 

(  /      \xa+i(f{x -U)- n{x - U))\pdx ) <£. 

Proof (i) Since / E Lp(—1,1), there exists a step function f^i vanishing outside (—1,1) 
such that [29, p. 118, problem 14] 

i x I/P 

^\f(x)-nl(x)\pdx)      <e. 

The assumption |x|a+2/(x) E LP(E) implies that for some YQ > 1 and all Y > IQ, 

J     \xa+2f{x)\i>dx<£-,        j_     \xa+*f{x)\vdx<-. 

Clearly, / E Lp(l,Yo) and / E Lp(—YQ,— 1).  Hence, there exists a step function Q2 
vanishing outside [—FQ? — 1] U [1,^O] such that 

Qf(x)-n2(x)\^x<-^. 

Thus, if 

'fii(x)    for x €(-1,1), 

Q(x) := I 0 for a; € (-00, -FQ) U (YQ, 00), 

^2^)    forarel-ro.-llUll.yo], 
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then clearly 

(J  |/(a;)-fi(a;)|p^      <e, 

/      \xa+l(f(x)-n(x))\pdx= [' 0\x^f(x)\pdx+ r\x«+if(x)\pdx 
J\x\>l J-oo JYQ 

+ /    |a:a+i(/(x)-n(a;))|pcfa+ / * \xa+* (f {x) - Sl(x))\Pdx 
J-Yo Jl 

c c o o 

4       4       4       4 

i.e., 
i/p 

( f    \xa+1Hf(x)-n(x))\pdx 
\J\x\>l ) 

(ii) Let f}p := '^^j^1 and note that pp > 1, \p(a + |)|/^ < 1. Further, let 

7aiP := (y    a^+i'^d*) 

and set 

where M := sup^^^ |/(a?)| < oo. 
There exists a YQ > 1, ^o e (0,1) such that 

(70) l~Y0\x^if(x)\Pdx < | ,     jT |^*/(x)|pifa < f , 

/        |/(x)|pcfa<^        for|y|>ro, (71) 
JY-3 & 

f0 \f(x)\Pdx < p \xa+tf{x)\pdx < I . (72) 

Clearly, / belongs to Lp(-Fo, -1) and to Lp(l, YQ). Hence, there exists a step function 
fix vanishing outside [-YQ, -1] U [l,lo] such that 

y"1i/w-^wr^<f. y^i/^-^wp^f'    (73) 
so a fortiori 

f1\x"+Hf(*)-toi(*))\P*°<J>    £0\x«+Hf(x)-n1(x))\pdx<e-±.    (74) 

Since / belongs to Lp(-1, -SQ) and to Lp(^o, 1), there exists a step function ^2 van- 
ishing outside (-1, -60] U [5o, 1) such that 

I J/(x) - fla^l^ < f ^f^1 ,    yj/(x) - n2(x)\pdx < £f6^ .    (75) 
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Consequently, 

fS0\xa+Hf(x) - n2(x))\pdx < | ,    J\x"+i(f(x) - n2(x))\pdx < I .    (76) 

The step functions fii, ^2 may be chosen such that 0 < fij(x) < M, j = 1,2, at 
points where /(a:) > 0, and -M < ilj(x) < 0 when f(x) < 0. Now put 

{0 for \x\ > Yo or |x| < <5o, 

fii(x)    for 1 < |a;| < Yb, 
1^2(x)    for 5o < |a;| < 1 . 

From (72) and (76), it follows that 

ai XVP      /O\1/P 

whereas (70) and (74) imply 

If      \xa+i(f(x)-n(x))\pdx 
\J\x\>l 

For all u € R, 
/.3 

< I 5 )      £i < e ' 

i/p 

f   \xa+i(f(x-u)-n(x-u))\pdx 

= [  "     |TiH-t|p(a+i)|/(t)-n(t)|pdt 
«/-u-3 

-u+3 \ i//5?      /   r-n+3 p/3 \  -\- a-u+3 \ V^P      /   r-n+3 p/3 \ 
^ + t|p(a+|)/3p^j .  /    / \f(t)-Sl(t)\^dt\ 

u-3 

^ 

Since |/(t) - fi(t)| < M for all t, we have 

/       l/^J-n^Jl^^dt^M^-1 /       |/(t)-n(t)||,dt<M^-1 

by (71)-(73) and (75). Hence, 
a 3 N1/? i |9p-l 

|xa+^(/(a:-^)-Q(x-^))|Pda; <7^pM^£1
/3p    <£ 

-3 / 

a 
3.1.3. i4n auxiliary function and its properties. Given / : R —* C and a. > —1, we 
define for each r > 0 the function 

Ga(T(z-t)) 
STM^-jf^J®} '(T(z-t))l-jl 

where A := /^ G^t)/^2 - j?)cft; A ^ 0 by Lemma 3. 
For real z, we also may write 

dt 

"""rt-iLti'^ffik*- 
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Lemmas 16-19 contain facts about ST,a(f; •) which we need for the proof of our the- 
orem on the mean convergence of Lria(f; •). 

Lemma 16. (i) Given a > -|, p > 1, let \x\a+if(x) G LP(R) and f e Lp(-l,l). 
Then, for r > 1 

115, -,a(/;-)ll«,i> := (y00 \xa+lST,a(f;x)\''dx 
I/P 

< CaJ (^ |/(x)r^   " + (/ >i \x
a+h(x)\pdx^1 "I    (77) 

where Ca,p is a constant depending only on a and p. 
(ii) // -1< a < -\, 1< p < ]2^fif, and f e ?"*{$) for some S > 0, then 

I/P 

||5T|a(/; ■JHa.p < C^j ^ i l^+i/^)!^ (78) 

where Cf
ap is a constant depending only on a and p. 

Remark 8. The estimate in (78) holds if \x\a+if(x) e LP(R) except that 

\ I/P 
max /   \xa+if(x-u)\pdx\ 

may possibly be +oo. 

Proof (i) Since \x\a+*f(x) G LP(R) and / G LP(-1,1), the function / must belong 
to LP(R). Set S(^) := Ga(z)/(z2 - jf). Then 

/     /•OO /"OO P \ 

ll5r,a(/; OIL,,, = ^ (y_     a:a+i /     /(*)B(r(a: - t))dt    dxj 

/    pOO poo P \ 

= T(/      a;a+i /     f(x-t)B(Tt)dt   dxj 

fOO /   fOO \  1/p 

P     \ i/p 

I/P 

by the generalized Minkowski inequality [24, p. 21, Section 1.3.2]. Now, using the fact 
that 

H + H)A< 
|a|A + |&|A ifO<A<l, 

2A-1(|a|A + |&|A)    ifl<A<oo, 
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we obtain 

poo /  poo \ i/p 

ll^a(/;-)L,p <jJ_jB(rt)\ (j_J(x + tr^f(x)\Pdx)      dt 

< jm^{l,2a-"} r m-rt^U00 ((\x\a+l +\t\a+i)\nx)\y dx}      dt 
/oo /   poo 

\B(Tt)\    /     \xa+*f{x)\*dx 
-oo \J — oo 

/oo \ 1/p 
|/(a;)|pda;J      dt 

< ^maX{l,2«-5}21-?|00 |JB(rt)| { (| J^+i/^)^)   " 

+ ^(J00 \f(x)\pdx\      jdt.        (79) 

If r > 1, then 

/     T|fl(Ti)Ht|a+i<ft= /     |5(«)| - d«</     \ua+iB(u)\du, 
J-oo J-oo T J-oo 

SO 

||5Tia(/;-)||      <imax{l,2a-5} ^^imaxj T |B(«)|du, r K+iB(W)|d«} 
'^ iT. \J — OO J—OO ) 

roo \ 1/P        /   /-oo \ l/p' 

Clearly, 

r |/(x)|^ <  /' |/(a;)|^+ /       \xa+tf(x)\pdx , 
J-oo J-l «/|a;|>l 

/"l^+i/Wl^^  /   |/(x)|pda:+ /      \xa+if(x)\pdx, 
J-oo J-i Jkl>i 

so 

||5T,Q(/;-)|L   K^maxil^-iy^^'maxi H \B(u)\du, H \ua+iB(u)\du 
a,P A {J — OQ J—oo 

x Uj Jxa+if(x)\pdxyP+ (Ij/^rdx)   P| , 

i.e., (77) holds. 
(ii) From (79), we have 

||5r,„(/;-)|LiP < id// >1) \B^ (/ J(z + *)a+i/(s)r<k)   "* •   (80) 
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Now, we note that 

J   iBirt^U^Kx + tr+ifix^dx)   Pdt 

<J\B(Tt)\ (J\(x + tr+if(x)\pdx\     dt 

r1 f r     f    iril^+ll    \p      , \1/p 

+ /-|B(Tt)l(L((WHT)^) l^'^H   d' 
/•I /   ft+2 \ 1/P 

</    \B(Tt)\l \xa+zf(x-t)\pdx)      dt 

+ 2 f   \B(rt)\( f      \xa+12f(x)\pdx)     dt 
J-l \-'|x|>2 / 

< J max ( f  \xa+*f{x - u)\vd^\ 

+ 2(J      \xa+lf(x)\pdx)   P\ j    \B(Tt)\dt.        (81) 

Furthermore, 

/ \B(Tt)\ (r \(x+t)a+if(x)\pdx)l'dt 
J\t\>l \J-oo / 

= /      \B{rt)\([ \(x + tr^f(x)\pdx 
J\t\>l \-/|x+t|<l 

+ Ma+5l/(aOl) (b)     dt 

\ i/p 

f^^\B{Tt)\^f2Jx^f{x-t)\Pdx 

|a;a+i/(a:)|pda:)     dt 

^ >i |B(rt)|| ^f\x^f{x - t)\pdx^ 

+ (2|*| + l)|tt+5l fp |a;a+*/(»)|pda:)     jdt 

<max( /   |a;Q+5/(a;-w)rda;)       /      |B(rt)|* 

( H \xa+l*f{x)\pdi\   " f     (2\t\ + iya^\B(Tt)\dt.    (82) + 

The estimates (80)-(82) imply (78). D 

Lemma 17. If f : K -> C is measurable and f(x)/(\x\ + l)a+§ £ LP(R) for some 
a > — 1 and some p > 1, iften 5T)a(/; •) is an entire function. Furthermore, if a > — |, 
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|:r|a+2 /(#) G LP(R), and f G Lp(—1,1), ^/ien 5r>a(/; •) zs o/ exponential type r.  The 
same can be said if — 1 < a < —\, 1 < p < ,2Q

2
+1[; and / G JrQ!'p(6) /or some 6 > 0. 

Proo/. Let 

tfaM := 
Ga(Tw) 

A (Tw)i-jr 

which is an entire function of exponential type r. Then, 
/oo 

-oo 

Now, consider the function 

Sr.afc) = 5r?Q:(2;;a,6) :=   /   f(^)Ka(z 
Ja 

■£)<% 

where —oo < a < b < oo. Take any point z G C and choose R := 2 + max{|z — a|, 
|z —6|}. The function X^ is entire, so there exists a constant MR such that 1^(^)1 < 
MR on \w\ = R. Hence, for \h\ < 1, we have [8, pp. 72-73] 

STia(z-{-h) - ST>a(z) 

ft (»- a* 

"/(or-'-^*'-^-0-^.^)^ h 

Ka(w) 
dw 1 dt; 

\w\=R(w-z + ^)2(w-z + ^-h)      I 

< \h\MRR j \m\dZ, 
J a 

which tends to zero as h —> 0 since, clearly, / G L1(a,6). Hence, sr5Ck(-;a, 6) is entire. 
Consider the sequence {^njneN where 

Jo 

Note that for any given z, Ka(z — C) is an entire function of exponential type r in the 
variable £. From the asymptotic formula (11) for Ja, it follows that, if L is any given 
positive number, then for some constant CL depending only on L, 

\Ka{x-Z)\< m + ir+i 
for all x e [-L, L], £ e K. The function F(C) := (C + i)Q+5^(a; - C) is holomorphic 
and of exponential type r in the upper half plane. Besides, 1^(01 £ CL for all 
x £ [-£,£], £ € M. Hence [5, Theorem 6.2.4], 

\F(Z + iy)\ < CLeTy,       xe[-L,L],    £eR,    0<2/<<X), 

i.e., for x € [—L, L], y < 0, and all £ £ ffi, we have 

CLeTM 
\Ka{x + iy-Z)\ < 

|4 + t(l + M)|«+* 
(83) 
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Clearly, the same estimate also holds for x e [—L,L], f G R, y > 0. Hence, there 
exists a constant C£ such that 

\Ka(z-Z)\< ncl^,a,s        for        \ntz\<L,    \3mz\<L,    {eR.       (84) 
(Kl + i) +2 

Since /(0/(|f| + l)a+3/2 <E LP(R), it follows from Holder's inequality that 
So f(QKa(z - O6^ is convergent and defines a function \I/. Given any compact 
set E C C, we can find L > 0 such that E C {z = x + iy : -L < x,y < L}, so (84) 
holds for all z £ E and all f G R. This allows us to conclude that *n(^) —► *(*) 
uniformly on £. The functions \I>n being all entire, the same can be said about 

*(*) := /o00 f(OK*(z - Odf- Similarly, /^ f^K^z - 0^ defines an entire func- 
tion, so Sr,a(f; •) must be entire also. 

Now, let a > -| and suppose that for some p > 1, |a:|a+i/(a:) G I/P(R) and 
/ G LP(-1,1). Then, / G LP(R). Note that Ka(w) G L«(R) for all q > §. Hence, for 
any fixed 2 = x + iy, Holder's inequality gives (q := -^j) 

I/»oo 

/    /(0tfa(a;-£ + *yR 

JfiOm) [J_      \Ka(l;+iy)\0dl; 
a 00 \ 1/p   /   poo \ 1/g 

by Lemma 4, i.e., «S'r,a(/; •) is of exponential type r. 
Finally, let -1< a < -|, 1< p < ^p^, and / G ^^(8) for some 5 > 0. Then, 

for |x| —» 00, 

(kl + l)A 

where A := a+i + i+6 > 0. Hence, / € Z/(R) for all p > £. Choose p > max{l, ^}. 
Then for any fixed z = x + iy 

a°° \1/P  /   poo \ 1/g 

where g := ^j, from which it follows that 5r>a(/;-) is of exponential type r, as 
above. □ 

Lemma 18. If a > -|, |x|a+2/(x) G LP(R) /or some p > 1, and f e LP(-1,1), 
then 

/OO 

|a:a+*(/(aO - STta(f;x))\Pdx = 0 . (85) 
-OO 

The same conclusion also holds when a G (-1, -|) andp G (l, |2tt+i|) *// € ^^{S) 
for some 6 > 0. 
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Proof. First, we prove (85) for the characteristic function x 0f the interval [0,1]. 
Clearly, 

-f Ah 

-x+l 
dt 

Ga(Tt) 

Ga(t) ,, ,   1   r(1-x) Ga(t) 
AJ0    *-jf+Ah ^l!dt- 

There exists a constant ja such that |«/«(£)| < 7a if |^| > ji- Hence, for x > ji + 1 
and r > 1, we have 

\x(x)-STia(x'ix)\ = \STia(x',x)\ 

J_ fTX      Ga(t) 
\A\JT r(x-l) t2-3l 

dt 

< 

< la T 

i  rx      i 
T(x-l)-jl) JT^U t+j 

■dt 

\A\      {T(x-l))aU.T(x-l))*-j*)- 

Given e > 0, there exists, therefore, a number Ya^(e) > ji + 1 such that 

j    \xa+Hx(x)-ST,a(x^))\Pdx<£
l 

if X > Ya,i(s). Similarly, there exists a number Ya^{£) > ji H-1 such that 

/     \xa+Hx(x)-ST,a(Kx))\Pdx<2 
J—oo ^ 

(86) 

(87) 

if X > Yai2(e). Let Ya := max{Yr
aji, 1^,2}. 

From the definition of ^4, it follows that for every 6 > 0, there exists a positive 
number TQ(8) such that 

A J0 

Ga(t) 1 
< -       for all T > To(<5) 

Since 

1 r Ga(t) 
dt 

is a continuous function of u which tends to | as -u —> 00, it follows that for all u e R, 

1i r ^w * 
/o   ^--Ji 

where iia is a constant depending only on a. 

<Ha 
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Now, let r] be any given positive number not exceeding | such that 

Xa+z dx < 
4(l + 2^a)P ' 

Then, for x G [77,1 - rj] and r > ±To(<S), both rx and r(l - x) are larger than To(5), 
so 

(S'r.ate^) -l|  < 1   r(1"X) gqft) ^    1 <6 

Similarly, if x > 1 + rj or if x < —TJ, then for r > -To(5) 

\STAX;X)\ < i r|a:| ^w.^ i 
A l o      <2-ii2"     2 

+ 
A Jo 

<s 

Thus, if Ev := {x : \x\ < rj or \x - 1| < 77}, then 

IxW-^Cx;^)! <5       for all a; € K \ £7, 

if r > ±jTo(6). Now, setting 

/ ^ ^ 1/P 

4/_y  |a;tt+5Na;y 

we obtain 

/ jc^+i (x(x) - 5T,a(x; x))Pdx<8P- f a \xa+i \pdx = £- 
'[-Y^.Y-clXS, 

for all T > ^To(S) =: Ti(e). Furthermore, 

(88) 

/    xa+i(x(x) - STta(x;x)) Pdx<(l + 2Ma)p f   \xa+i\rdx < £- 
JEr, JE„ 4 

(89) 

It follows from (86)-(89) that (85) holds for the characteristic function on [0,1]. A 
similar argument applies to the characteristic function on [1,2]. The result then easily 
extends to the characteristic function of any finite interval, and indeed to any step 
function with compact support. 

Now, let a > -\ and |a;|a+2/(a;) G LP(M) for some p > 1. Furthermore, let 
/ G Lp(—1,1). Given s > 0, there exists, by Lemma 15, a step function Q with 
compact support such that (68) holds. As explained above, it is possible to choose TI 

such that for all r > TI, we have 

P     \1/p 

xa+z(n{x)-sr,a(n;x)) dx)    <6 (90) 
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Now, we note that 

xa+1Hf(x)-sT,M;x)) dx 
I/P 

xa+Hn(x) - 5T|a(/;x)) 

xa+*sTia(f-n',x) 

I/P 

dx )      + 

I/P 
a: xa+*(f(x)-n(x)) dx 

I/P 

dx + 

(£ 
a: 

dx 

p    \1/p 

xa+*(n(x)-ST,a(n;x))    dx\ 

1/p 

xa+Hf(x)-n(x)) 

< CaJ (J1 \f(x) - n(x)\*dx\      + (J      |x0+i(/(x) - n{x))^d^j   P 1 

4- 
(/: 

xa^2(n(x)-sT^(n;x)) 

xa+Hf(x)-n(x)) dx 

dx 

1/p 

since / — Q clearly satisfies the conditions of part (i) of Lemma 16. By (68) and (90), 
we conclude that 

I/P 

(/: 
Xa+*(f{x)-Srta(f'>*)) dx )      < CaiP -2e + £ + 2£ 

Since e is arbitrary, (85) holds for the case under consideration. 
Finally, let -1 < a < -£, 1 < p < j2^T\^ and / e ^a'p^) ^ some 6 > 0. This 

time, by Lemma 15, there exists a step function Q with compact support such that 
(69) holds. Since / — fl satisfies the conditions of part (ii) of Lemma 16, using (78), 
we obtain 

xa+i(f(x)-STta(f;x)) dx J 

sc-{(/-', xa+*(f(x)-n(x)) 
1/P 

dx)      + 
M>i 

xa+*(f(x)-n(x)) dx 
I/P 

( f3 
max     / + max xa+i(f{x-u)-n{x-u)) 

P     \ 
dx J 

+ 

+ 

P     \1/p 

xa+i(n(x)-Sr,a(n;x))    dx) 

(/"j^+HfW-nW) dx 
I/P 

I/P 

By (69) and (90), we get 

/   poo p       \i/P 

U      xa+z(f(x)-ST,a(f',x))    dx)      <C'aiP-3e + e + 2e, 

which completes the proof of Lemma 18. 

Remark 9. Lemma 18 seems to be a result of independent interest. 

□ 
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Lemma 19. According as a belongs to [—^, oo] or to (-1, —|), let f be in J70"^ fl IZ 
for somep in (1,oo) or in (1, T^TU), respectively. If f*(x) := f(x) — S(T^(f;x) where 
a > 0, then 

^   g ^ -^-i   f^j        /W^j     =  /     l^+i/^a;)^.        (91) 

Proof. By Lemma 17, the function 5<75Q!(/;-) is entire and of exponential type.   By 
Lemma 16, xa+^S(Tia(f'^) belongs to LP(R) and, therefore to 1/(0, oo). Since W(^) 
:= z"** S(Tia(f; z) is holomorphic and of exponential type in the open right half-plane, 
it follows from Lemma 8 that Wf £ £p[a, oo) for every a > 0. 

Let C be such that 
C 

xa+if(x) for some 6 > 0 and all x G 
(|a:| + l)'+J 

Given e > 0, we choose Xe in [(l2Cp/<5p£:)     P,oo) large enough to have 

/ xa+lf(x)Pdx<-^, 

f \Wf(x)\pdx<    1       6 

J\x\>Xr 2P-I    24 ' l\x\>X£ 

If / = Z(T) is the largest integer such that ji/r < Xe, then 
p 

(92) 

(93) 

(94) 

E 
fc=i+2 

Jfc - Jk-1 jk\a   2 , /^ifc Jfc —Jk-1 
1+Sp 

<CPTSp   I        —lnrdx= — -\-   I       <   ,„ 
Jh+ix + p      6

P v 

since (r/^+i)'5p < (1/Xe)
6p < 8pe/l2CP. Similarly, 

<-t — T  k=i+2Uk/r) 

T   \Sp      e 

-1-2 

E 
k= — oo 

3k -Jk-i < 
12 

For each k € Z, let £& € [jk-i/^^jk/^] be such that 

p^ = -7fc   ■7fc~1 • |VF(6)IP • 

(95) 

(96) 

(97) 

Then 

E ^fc  - Jfc-l 

< 2p-1 E 

Wl — JA; -Jk-1 w (^) - w(a) + wfo) 

k=l+2 T W        \TJ I 

v-1 E 
fc=/+2 

^fc -Jfc-l 
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by (97). Clearly, 

/ T W'(x)dx    <  / T   \W'{x)\pdx-     / T   ldx\ 
Sfc r \ r / 

Jk - Jk-l 

SO 

Jfc -Jk-l y^  Jfc - j 

fc=/+2 
W 

Jk 

< v-1 E Jfc -Jik 
— )    / T i \W'{x)\*dx -f / T i |W(a;)|pda; 

<2P-I 
^XP    ,00 

/   i |W(x)|',(te+ /.   i |W(a;)|pda;        [by (16)] 

< 2P-1 ((—\    r \W'{x)\pdx+ r \W{x)\*da\ <  ^ 

by (93) and (94), if r > 82. Similarly, 

-1-2   . 

E 
fc = —CO 

Jk -Jk-l 
W I — <^ ifT>S2. 

(98) 

(99) 

It is clear that |xa+2 f(x)\v and |W(x)|p both belong to 11. Hence, taking note of (92) 
and (93), we can claim that 

i+i 
Jk -Jk-i E ^ 

k=-l-l 

a+J 

/(f)-^,J/;f (100) 

/  e   a;
Q+5(/(a;)-5ff,a(/;a;)) 

J-xe 

dx < 1± 
12 

for all large r. The desired result follows from (92), (93), (95), (96), and (98)-(100). 
□ 

3.2.  Proof of Theorem 1. Let a > 0, and consider 

By Lemma 17, 5a?a(/;-) is an entire function of exponential type a and so 

(:ra+2 50-5Q;(/;X))
P
 is regular and of exponential type in the open right half-plane. 

Furthermore, by Lemma 16, /^ |£a+25<TjQ!(/;a;)|pdx < oo. Hence, by Lemma 5, 

oo /   ■     \   a+2 

Y, \   T   i 
k= — oo \  '   / 

k^O 

&a,a I J'-) 
Jk 

< OO, T > 0 . (101) 
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Since the function / obviously satisfies (39), it follows from (101) and Lemma 12 that 
the series for Lr^(f* + Sa^if', •)>z) '1S absolutely convergent. Hence, for r > cr, 

LT,a(f;z) = LTta(f:+S<,ta(f-r);z) 

— LT^a(f(T] z) + LT^a(Saia(f] •); z) 

= LT,a(fcz) + Sa,a(f;z) 

by Lemma 13. Therefore, 

f(z) - LTM z) = f*{z) - LTM; z) 

and 

\ 1/p 

xa+Hn{x)-LTM\x)) 

< 2^~
1
)/P ^+5/;(x) 

da; j 

dx J      + 

In view of the hypothesis on / and (101), we have 

E 
&= — oo 

a+ 

/; 
* / Jk 

xa+2Lr,a(f:;x)) 

< 00, 

so, by Lemma 14, 

J—(. Ta+iG'a(Jk) 
xa+l*LT,a(f;;x))\Pdx<B^p?-   £ 

k= — oo 

oo 
^     DP        ^        V^    Jk-Jk-1 

■/; 

7^ 

a+i 

,5iC2,'£—' r 
k= — oo 

k^O 

by (19) and (15). Now, it follows from Lemma 19 that 

/oo p poo 

xa+*LTM;x))    dx<B%—\      xa+*f;(x) 
-oo ^1^2 J_oo 

f* * ( Jk 

dx . 

Hence, 

lim ( r 

lim 
r-^-oo 

xa+Hf(x)-LT,a(f;x)) dx 

x°+*(fXx) - LTM-x)) 

1/p 

da; 
i/p 

-i)/p/] 
\S1C2J 
s.-\ 1/p 

xa+>f;(x) dx 
i/p 

(102) 

Now let e be any positive number. In view of Lemma 18, the right-hand side of 
(102) can be made less than e by taking a large enough. With this, the theorem is 
proved. □ 
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3.3. Justification of Remark 1. If X denotes the Banach space of all continuous 
functions / : M —> C which vanish outside [0,1], then / —> Lria(f; •) defines a bounded 
linear transformation ATjQ! from X to the normed linear space C[—1,1] of all continuous 
functions </> with \\(j)\\ := max-i^^i |0(a;)|. For all large r, we have 

HA   11 >   V        lG^jl)l 

>i\Ga{M    E    #4fT        PV(19)] 

since ji > 7r/2 for a > —1/2. Using the asymptotic formula (14), we easily conclude 
that 

||Ar,a|| > CnlogT 

where en = cii(a) is a positive constant depending only on a. Thus, supr || AT,a || = oo. 
Hence, by the Banach-Steinhaus theorem [30, p. 98], there exists a function /* £ X 
and so satisfying (8) such that 

max   |/*(a?)-LT,a(/*;a:)| 

does not remain bounded as r —> oo. This idea has been used before in a similar 
situation [12]. 

3.4. Justification of Remark 3. For p > 2, we obviously have 

/      \f(x)-LT,a(f;x)Wa+1dx< f      \xa+i(f(x)-LT,a(f;x))\Pdx, 
J\x\>l J\x\>l 

so it is enough to check that 

/   \f{x)-LT,a{f;x)\P\x\2a+1dx^0        asr-^oo. (103) 

Going through the proof of Theorem 1, we need to show that if r > a and cr —► oo, 
then 

/. 
x\2a+1\f(x) - S.Mx^dx -* 0 , (104) 

j   \x\2^l\Lr^U:\x)\pdx^^. (105) 

As regards (104), it can be established in a manner analogous to Lemma 18 by 
first proving it for step functions, which involves verifying it for [0,a], [a, b\ where 
0 < a < b < 1; the argument can be completed as before with the help of Lemma 15 
and the following (easy to prove) modification of Part (i) of Lemma 16. 
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Lemma 16'. If f satisfies the conditions of Part (i) of Lemma 16, then for r > 1, 
we have 

I/P 

+ (/c>iN
2a+1i/wr^)1P} 

where C^p is a constant depending only on a and p. 

In order to verify (105) we first observe that 

\x\2a+1\LT>M:^)\Pdx<B^p-   Y^ L k=—oo 

1 ./•* ( Jk 

ra^G'aUkya\r 

which can be proved the same way as (53). Then we apply Lemmas 19 and 18 as in 
the proof of Theorem 1. 
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