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LAGRANGE INTERPOLATION IN THE ZEROS OF BESSEL FUNCTIONS
BY ENTIRE FUNCTIONS OF EXPONENTIAL TYPE
AND MEAN CONVERGENCE

Georgi R. Grozev and Qazi I. Rahman

ABSTRACT. Let Jo be the Bessel function of the first kind of order & > —1. Then
Ga(2) := 27*Jo(2) is an entire function whose zeros are all real. We note that
under appropriate conditions, the Lagrange interpolant of f : R — C in the zeros
of Ga(7z) where 7 > 0 is an entire function of exponential type 7. We denote
it by Lr,«(f;2) and study the mean convergence of Lr o(f;-) to f as 7 — oo.
We obtain a theorem which is analogous to two well-known results, one due to
J. Marcinkiewicz and another due to R. Askey. Some of the lemmas which we
need for our proof of the theorem are results of independent interest; for example,
Lemma 13 is an extension of the Whittaker-Shannon sampling theorem.

1. Introduction and statement of the main result
For each n € N, let-a system of n distinct nodes
1< 2pn < <Tpp<---<Tp1 <1 (1)

be specified. Let L,,—;(f;-) denote the polynomial of degree < n—1 which interpolates
f at the given nodes. It was shown by Faber [10] that for some f € C[-1,1], the
sequence {Ly(f;x)} does not converge uniformly to f(z).

Let Qo, @1, - .. be an orthogonal system of polynomials on [—1, 1] corresponding to
some non-negative weight function w belonging to L![—1,1]. It was proved by Erdés
and Turdn [9] that if the points in (1) are the zeros of @, then for each f € C[-1,1]
and p =2

[ 1@ - La(filPut@)ds 0 as n—oo. @

At about the same time as Erdés and Turdn, but independently of them, Marc-
inkiewicz [19] proved the following
Theorem A. For eachn € N, let

2k
Ok = 5037

and denote by t,(f;-) the trigonometric interpolatory polynomial of degree not exceed-
ing n with

k=0,+1,+2,...,+n,

tn(f?‘gn,k) = f(‘gn,k) .
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If f : R — C is a continuous, 2m-periodic function, then for every p > 0

2w
Jm [176)~ tu(i0)pd =0 ©

It may be added that limsup,,_,o, |f(0) — tn(f;6)| = oo for every 6 if the continuous
and 2m-periodic function f is suitably chosen [14, 20].

Note that the case w(z) = (1 — 22)~1/2 of (2) is contained in (3).

Askey [2, 3] looked for values of p > 2 for which (2) holds and observed that it was
not possible to find such a p for all weights. In the positive direction, he proved the
following

Theorem B. [3, Theorem 10] Let w(z) := (1 — z)*(1 + )P and P3P be the corre-
sponding orthogonal (Jacobi) polynomial of degree n. If the points in (1) are the zeros
of P2P then for each f € C[-1,1],
1
lim If(z) = Ln(f;2)P(1 — 2)*(1 + z)Pdz = 0 (4)
n—oo [ 4
forp<4(a+1)/(2a+ 1) when
(i) o, B> -1/2, or
(ii) o — k| <1+ B8,-1<B<-12k=2,3,....

For further results about the mean convergence of Lagrange interpolation based on
the zeros of Jacobi polynomials, see [23] and some of the papers cited therein.

We consider Lagrange interpolation of non-periodic functions in an infinite set of
points on R. Polynomials or trigonometric polynomials are clearly not suitable for
such a purpose. According to a well-known result, a complex-valued function ¢ is a
trigonometric polynomial of degree n if and only if it is the restriction to R of an entire
function of exponential type n which is periodic with period 27. Thus, it is natural
to use (non-periodic) entire functions of exponential type to interpolate non-periodic
functions in an infinite set of points on R. If so, what kind of points on R would be
suitable for interpolation by entire functions of exponential type and for obtaining a
convergence theorem like the one of Marcinkiewicz? In this paper, we shall see that
multiples of the zeros of Bessel functions of the first kind of order @ > —1 are such
points.

The Bessel function of the first kind of order o > —1 can be defined by [33, p. 40]

ne= (L) S ;
ol#) =\ 9% rd VT(wv+a+1l)’ (5)
Note. Here and elsewhere in the text (%, { # 0 will mean exp(alog() where the
logarithm has its principal value.

In view of (4), it is interesting to note that according to a classical formula [31,
Theorem 8.1.1], if a, 3 are real, then

: —a pa z 1 -
nan;on PP (cos E) = <§z) Ju(2) (6)

uniformly in every bounded region of the complex plane .
From the coefficients in the expansion (5) for J,(2) it is easily seen that

Go(2) == 27%Ju(2)
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is an even entire function of order 1 type 1 [5, Theorem 2.2.10] and so is of exponential
type 1. It may be mentioned that

2 foa=-—1
\/:cosz if o =—3,

Ga(2) = > sinz

o=l
ifa=3.

T oz
According to a theorem of Lommel [33, p. 482], the function J,(z) has only real
zeros if o > —1. They are all simple with the possible exception of z = 0. Arranging
the positive zeros of J,, in increasing order of magnitude, we shall denote the kth zero
by o,k or simply by ji, if there is no ambiguity. For each k € N, the zero —j, 1 of J,
will be denoted by jo,—x or by j_g.
From (6) it follows that if —1 < zp n, < -+ <z, < 1 are the zeros of P,‘z‘"g, and if
we write &, = cosOp i, 0 < 0, < 7, then for a fixed k > 1

On. i ~ Jk asn — 0o .
n
To f: R — C, we formally associate

Jv
Lra(f;2) Z = (JV (Tz_ AR (;) >0, (7)

vV=—00
v5#£0
which interpolates f at the points ji/7, (k € Z\ {0}). Note that 7 does not have to
be an integer.
In order to state our main theorem, we need to introduce a couple of definitions.

Definition 1. Given p > 1, we denote by F*?(§) the set of all measurable functions
f : R — C satisfying

F@) =0 (1/(z] +1)"H54)  ser, ®)
for some § > 0 and by F*? the union (Js5, F*P(6). It is clear that if f € F*P,
then |z|**% f(z) € LP(R) for all p > 1 when o > —2and for 1 <p< ﬁ when
-l<a<-1/2.

Definition 2. Let R be the set of all functions f : R — C which are Riemann
integrable on every finite interval.

Our analogue of Theorem A now may be stated as follows.

Theorem 1. Leta > —1/2,p>1lor-1<a<-1/2,1<p< ﬁ Then

|V—qummm=([:xw

if f € FoPR.

Note that the integral of [z2+% (f(z) — Lr.o(f;z))[P over (—1,1), and so a fortiori
over (—00,00), may not be defined if @ € (—1,—1/2) and p > ﬁ

(o) - L-r,oz(f;x))r da:) v —0 asT— 00
9)

Remark 1. We shall show that if o > —1/2, then
swéglw““”% (f(@) = Lra(f;2))|

may not tend to zero as T — oo if f satisfies (8).
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Remark 2. The case @ = —1/2 of Theorem 1 was treated in [27].

Remark 3. In the case a > —1/2, we may replace (9) by

/°° (@) = Lra(f;2)Plz]***ldz - 0 asT— o0 (9"

if p>2.

1.1. Why the weight |z|?**! in (9')? Let {\,} be an increasing sequence of real
numbers, A, # 0, A_, = —Ap, and for large n, 0 < A, < n+ /2 —1/2. According to
a result of Boas and Pollard ([6] or [5, Corollary 9.6.14]), if f is an entire function of
exponential type satisfying

lyl? f(z +iy)e™™™ -0, |yl - oo,

and a < 3, then f(2) =0if f(A\,) =0for n=41,42,....

Using some of the facts about the zeros j, x, which are listed in the next section, it
easily can be concluded from the preceding result of Boas and Pollard that if an entire
function of exponential type ¢ < 7 vanishes at the zeros of G,(7z), then it must be
identically zero; here o = 7 is inadmissible as the example G (72) shows. This means
that an entire function of exponential type o is completely determined by its values at
the points jo /7 if o < 7, but not necessarily so if ¢ = 7. However, the quadrature

formula [11, 13]
2 .
Jaok
£(22) (10)

oo ) el
[l = s Y
- k=—o00
k£0
holds for all entire functions of exponential type 27 if the integral on the left exists in
the sense of Lebesgue.

Since (10) correctly evaluates the integral for all entire functions of (exponential)
type 2 times 7, we see it as a Gaussian quadrature formula. We find it interesting that
the weight |z|>**! and the nodes j, /7 involved in (10) play the same role in (9') as
the corresponding quantities (1 — 2)*(1 + z)? and the zeros of P38, involved in the
Gauss-Jacobi quadrature formula, do in (4). It is for this reason that we consider (9')
to be an analogue of (4).

1
Golljakl)

2. Auxiliary results

2.1. Relevant facts about Bessel functions and their zeros. The asymptotic
formula [35, p. 368]

’Ja(z) = (%)1/2 {(cos(z - 0;—7( - %)) (1+ O(z“2))

holds for |z| large and | arg z| < 7. From (11) follows the auxiliary result [11, Lemma 1]

Lemma 1. There exists a positive constant ¢; = c1(a) depending only on o such that
for all large R of the form (N + § + %1)71' where N € N, we have

|Ja(RE™)| > 61% eflsmbl - geR. (12)
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Since Jo(2) — (£) 1/2 cos(z —a§ — §) is regular and of exponential type in Rez > 0

and is O(z=%/2) as z — oo by (11), it follows from Lemma 2 below that

T ™

Jc'!(af:)=—<%>%sin(x—7—z)+0(w_3/2) as T —00. (13)

Lemma 2. [15, p. 198, Lemma 14] If f is of ezponential type in Rez > 0, and if for
some A € R,

f(z) = 0(z*) as T — o0,
then
f'(z) = O(z?) as T — 00.

For all large m € N, the number of zeros of J, in the interval (0, mm + (% + 1))
is exactly m [33, p. 497].
According to a result of McMahon ([22]; also see [21], [33, p. 506]) the kth positive

zero is given by
B 40% -1 3 (4a? — 1)(28a2 — 31)
8r(k+3a—1) 384m3(k+ ta—1)3
_ (40® —1)(1328a* — 39280° 4-3779)
1536075 (k + $o — 1)5
Thus, Jo,k+1 — Ja,k ~ 7 for all large k. Since for all k € Z \ {0} the zeros j, r are
simple, it follows that if jo := 0, then
ja,k+1 _joz,k >0 = 61(0‘) 3 (15)
Jak+1 — Jak < 82 = 82(a) , (16)

where 61, 62 are positive constants depending only on « .
Formula (14) implies that for all large k

ja,k = (k+ %Ol - i)ﬂ'

(14)

'sin(' —ﬂ—z)l > 1

Je— 1 N

Hence, by (13), there exists kp € N such that
1

JL(gD)| > ——=

[allieh] > 5=y

The zeros of J, are all simple and so J/,(|jx|) # 0 for all k # 0. Therefore, from (17),
it follows that for some positive constant co = ca(@) depending only on «, we have

if [k| > ko - (17)

| iD|> —=  k==£1,%2,..., (18)
|7k|2
and so
, Ja (ldx])] c2
G _ WalleDl k=41,42,... . 19
|G (i) | 7k ™ |k |ot3 I (19)
In addition, we shall need
Lemma 3. For alla > -1,
® Gu(z)
d .
o 2—j} @70
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Proof. According to a known formula ([1, formula 11.4.5] or [33, pp. 426-427, formula
(11)]), we have

* Galz) T
/0 x2+<.2dx:2Ca+1{Ia(C)_La(C)}a a>_ga me<>0a (20)
where I, is related to J, by ([1, formula 9.6.3] or [33, p. 77, formula (2)])
I (2) =i7%Ja(i2) , (21)

and L, to the Struve function ([1, p. 496] or [33, p. 328])

1\t & —1)k (12)%*
) 5 (=1 (32)

Ha(z) = <§Z T(k+ 3)(k+a+3)

k=0
by the formula ({1, formula 12.2.1] or [33, p. 329, formula (11)])
La(2) = i7* 'H, (32) . (22)

It is clear that if { = ij; + £ where £ > 0, then
T T . .
W(Ia(C)_La(C)) - W(Ia(wl)—La(m)) as £ —0.

Besides, it is easily seen that as & — 0,

% Ga(z) ® Galz)
A z2+€2da:—>/0 :vz—jfdx' (23)
In order to prove this, we note that
oo o0
| et - [ Sl
o 22+ (i +§) 0o Z¥—Ji
s 1 (e ° (s
=/ L Gul® g, [T Gul®)
o THp—€ T—j1+1€ o T—J1

Let € > 0 be given. There exists a 3 > 0 such that for all § < é3,

18 Q. (z) €
/j'1_6 .’l:z—ji?dw’ < g . (24)

Since G, is an entire function, in the neighbourhood of j;, we have
Ga(2) = ar(z = j1) + O(lz = j1l?), a1 := GL (),

so that for all real £
__|Ga@)l
(x —j1)? + €
Hence, there exists a 8, > 0 such that for all § < 8,4,

j1+6 1 j1+6
[ ot < [T A WG f )
-6 THJ1—i€x — g1+ -6 |2+ 01l /(x = 51)% + €2 3

< laa| +O(lz = j1l) -
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Furthermore,
/ Ga(T) _ Gaq(z) d
2 _ 2 2 5| 0T
[0,00\(1=8,51+8) 1Z° = J1 T2 +(
_ / Ga(z) | £+ 213,
* JoeonGi—site) |22 =T |22 = 5T + €2 + 25
< §€+25) Ga(2) |
T8 JpeonGi-sa+e |2 5T
(3
<3 (26)

if § := min{é3,64} and & is sufficiently small. The estimates (24), (25), and (26)
readily imply (23). Hence, (20) holds also for ¢ = ij1, i.e.,

According to (21) and (22), respectlvely, we have
I,(i51) =i7%Jo(j1e™) =0 and Lga(ij1) = i ¢ Hy(j1e™) .
Consequently,
Hence, the Lemma holds if and only if
H,(j1e™) #0. (27)

We shall show that (27) is indeed true.
Case 1. 1< a< —%.
In this case, 0 < j1 < §. According to a known formula [33, p. 328]

a+l1
Ha(2) = —(—)———(1 +0(2))

TE)(a+3)
where
41ef?
pa— 4 —
|0(z)|<3exp{la+%| }
Thus,

2 1,12 ) 2
0(=31)| < —exp{ ;lhl§| - 1} < gexp <”—8— - 1) < 0.8422,
2

ie, |1 +0(—j1) >0. 1588 and so H, (j1e™) # 0.

Case 2. —5 << 5
In this case, 5 < j; < and ([1, formula 12.1.6] or [33, p. 328, formula (1)])

H,(jie™) = —L;ﬂ—/ (1-1) a=3 sin(j1t)dt .
Lo+ 3HT(3)
Since sin(j;¢) > 0 for 0 < ¢ < 1, the integral is (strictly) positive and so H, (j1€™) # 0.
Case 3. o > 1.

It is known [33, Section 10.45] that
Hy(z) >0  for z > 0.
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Therefore,

Hy ()
(Fa)+
However, H7, is an even function, so H(z) > 0 for all x € R In particular,
H,(j1e™) > 0 and

H (z) := >0 for z > 0.

) ' )
Ho(j1e™) = (_Ejl) HY(j1e™) #0.
Od

2.2. Relevant facts about functions of exponential type. In addition to Lemma
2, we shall need some other facts about functions of exponential type. They are
contained in Lemmas 4-9.

Lemma 4. If g is regular and of ezponential type for z > 0 and [;° |g(z)Pdr < oo
for some positive p, then [4]

/000 lg(z +iy)|Pdz < o0 (28)

for every real y, and g(z) — 0 as z — 0. In case g is an entire function of exponential
type T and [ _|g(z)[Pdz < 0o, p > 0, then ([25] or [5, Theorem 6.7.1])

(J o riwpar) " s ([ gpas) (29

Lemma 5. [4], [13, Lemma 1] Let {\x} be an increasing sequence of positive numbers
with Ag+1 — Ay > 6 > 0. If g is regular and of ezponential type in the open right
half-plane such that

/ " lo@)ldz < oo, (30)
then

> lg()] < oo (31)

k=1

Lemma 6. [5, Theorem 5.6.8], [15, Lemma 9] Let g(z) be regular and of exponential
type < 7, |argz| < B < %, h(0) := limsup, lo—glgﬂ < 0. Then we can write
9(z) = g1(2) + ga(2) where g1(z) is an entire function of ezponential type less than
such that g1(x) = O (1/|z]) as * — —o0, while go(2) is regular and of exponential type
in |arg z| < B satisfying g2(z) = O (1/z) as z — +o0.

The preceding result is really due to Macintyre [18], although it was not stated in
this form by him.

Remark 4. The restriction on the exponential type of g is redundant. Indeed, if g is
of exponential type 7 > 7, then g (%z) is of exponential type 7 .

Lemma 7. If g is an entire function of exponential type 7, and if g € LP(R), p > 0,

then
()" wora) " <= ([~ o) )
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The case p > 1 of this inequality is classical [5, Theorem 11.3.3]. That it holds also
for 0 < p < 1 was proved in [26].

Lemma 8. If g is holomorphic and of exponential type in the open right half-plane
and belongs to L?(0,00) for some p > 1, then g’ € LP[e, 00) for every e > 0.

Proof. Since g € LP(0,00), g(z) — 0 as £ — oo by Lemma 4 and so, in particular,
h(0) < 0. By Lemma 6 applied to g(z + ¢€), g(z) = g1(2) + g2(z) where g; is an entire
function such that g1 (z) = O (1/|z|) as * — —oo and gs is regular and of exponential
type in Rez > ¢ satisfying go(z) = O (1/z) as ¢ — 4oo. Hence, g1 € LP(—o0,€],
g2 € LP[e,00). Since g € L?(0,00), by hypothesis, g1 = g — g2 belongs to LP[e, c0),
so g1 € LP(R). By Lemma 7, gi belongs to LP(R). Next, we note that the function
zg2(z), which is of exponential type in Rez > ¢, is bounded on [¢,00). Hence, by
Lemma 2, its derivative zgs(z) + g2(z) is also bounded on [e, ), so g4(z) = O (1/z)
as £ — —+oo; in particular, gy € LP[e, 00). It follows that ¢’ = g} + g5 € LP[e,00). O

We also need the following result due to Lindeldf.

Lemma 9. [16, Theorem 18.3.5] Let g be holomorphic and bounded in the upper half-
plane. If g is continuous at all finite points of the real azis, and g(xr) — a when
z — +o00, then

lim g(z) =a (33)

zZ—00

uniformly in any sector 0 < argz <w— 6, 0 < 6.
2.3. Additional lemmas. The next two lemmas play an important role in our work.

Lemma 10. [32, Theorem A] Let {ar}rez denote any sequence of numbers such that
the series

D lal p>1 (34)
k=—oc0

is convergent, and let

by 1= 1 Eoo' % (35)
™ k+n+i
k=—00

for all values of n. Then, the series Y |by|? is also convergent, and there is a number
N, depending only on p such that

o0 (o ]
S fonP<NZ > anl . (36)
n=-—00 n=-—oo

Lemma 11. [25, p. 135 (Lemma 7)] Let {ux}rez denote any sequence of numbers
such that the series

o0
> lusl? p>1 (37)
k=—o00

is convergent, and let {t,}.cz be a sequence of positive numbers such that t :=
> ooty <00, If

Vo= Y taklusl, (38)

k=—00
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for all values of n, then
o0

Z v <P i |ugl? .

n=—0oo k=—o0
3. Proof of the main result
3.1. Preparatory lemmas.

3.1.1. Properties of the interpolant Ly o(f;-).

< o0, (39)

Lemma 12. Leta > —-1,p>1, 7> 0. If

00 . a+% . p

Jk Jk
> (%) (%)
k=—00

k0
then the series for Ly o(f; z) converges absolutely and uniformly on all compact subsets
of C and defines an entire function of exponential type 7.
Proof. Let E be an arbitrary compact subset of C and Ng the smallest integer such
that |z| < -}jNE for all z € E. For z € E, N;, Ny € Z, N; < Ny, we have

(r2) Ik
< A(Ny,N3) - B(Ny, N, 40
o(Jk) (Tz—Jk)f<T) (N3, M) - BN, 1, 2) “0)
Ic;éO
where
N2 . 1/p
I (k/T) p)
A(Ny, Ny) := - ,
(N1, Na) (I;V G Gie)
k0
No a\ 1/q
_ Calr2) o
BN, Nz, 2) == <k§1 TZ = Jk ) ’ q_pTl'
k0
By (19)
No . p\ 1/p
1 . jatd] Tk
< = 2lf(k .
AN < (;;N e (2)]]) (a)
k£0
Clearly,

q) v . (42)

The first sum on the right-hand side of (42) may be estimated as follows. Let §; be as
in (15) and draw circles of radius 2L around each of the points 1j;, |I| < Ng, I # 0.

B(Nl,Nz,Z)S((Z"‘ > )’%({72%

|k|<Ng Ng+1<|k|<oco
k#0

On each such circle |z — Ljj| = gl we have
M < ._3_ |G (Tz)l
TZ = Jk b1 |Z_%jl|"3.r
3 3M
< max [Ga(re)| = E (43)

1 i s o1
o< et D)
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Gqa(rz)
TZ—Jk

Since is an entire function, it follows that the preceding estimate also holds

inside each of the circles. If z € E but does not belong to any of the disks |z— L) < %‘T-,

/| < Ng, 1 #0, then |72 — ji| > %l and the estimate (43) holds trivially. Hence, for
allze E

Gu(12)]? 3SMr\?
> % < (2NE)( 5 E) : (44)
|E|<NE Tk 1
k#0 "
Further, for z € E
Y | conr »
—| < (Mg ———
Ne+1<|k|<oo T2~ Jk Ng+1<|k|<oo ('Jk' - ']NE')q
1
SUAIND 5 p——
Ne+1<[k|<oo (Ik] = Ni)as]
ME>q s 1
< | — —_
( b1 k;oo ||
k0
Thus,
Mg s 1 1/q
S

In view of (39), it follows from (40), (41), and (45) that the series

2 Gao(72) Jk
kg;nGauwvz—juf(T>

k#£0

converges absolutely and uniformly on E, so its sum L, o(f; 2) defines an entire func-
tion.

Since G4 (72) is an entire function of exponential type 7, for each € > 0, there exists
a constant C' = C(e) depending on ¢ such that

|Ga(T2)| < CelTozl e .

By the definition of N, we have 7|z| < jn, forall z € E, soif E := {zeC:|z| <R},
then TR < jn,. Since jri1 —jir > 61, there cannot be more than [%] positive zeros in
(0, 7R], therefore, Ny < %. From the above calculations, it follows that for lz2]| < R,

R > 0, we have
-\ |P\ 1/p
. atd ]_k
urets (2)])

e(T+e)(R+62+—gJ;) 2R e 1 1/q
q R
oA (&) 2 )

where 65 is as in (16). This implies that L (f;-) is of exponential type 7. O

oo

1
ILT,a(f;Z)I < g( Z

k=—o00
k#0
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Lemma 13. Let f be an entire function of exponential type 7 > 0. If there exists
§ > 0 such that |z|**z f(z) € LP(R\ (=6,6)) for some e > —1 and some p > 1, then

f(z) = Lr,a(f; Z) .

Remark 5. In particular, we can claim that if f is an entire function of exponential
type T satisfying the conditions of Lemma 13, then it cannot vanish at all the zeros
of G4 (7z) without being identically zero.

Proof. Consider the integral

SR S G i (O N
In) =5 Z{:N G-0C.r 0%

where Cy is the circle [¢] = Ry := (N + £ + })Z, and N is a large positive integer.
By the residue theorem,

IN(Z) = —

6, v 1)
Ga(T2 , — Y@ (5
if |2| < Ry, 2 # ji/7. Hence, the desired result will follow if we show that as N — oo,
In(2) — 0 uniformly for all z belonging to any compact set EcC

By Lemma 1, there exists a positive constant c; = c1 (a) such that for all large N,
say N > Np = Ny(c), we have
1 [" |rRw|°t%|f(Rne®)|  Rw
I < -
| N(Z)l = 21cy /_ﬂ_ eTRn|sinb)| |RN _ |ZH

do . (46)

By Lemma 4, the assumption |z|*+3 f(x) € LP(R \ (=6, 6)) implies that
lz|*t3f(z) — 0 as =z —Foo. (47)
Hence, there exists a constant M; such that
|z|* ¥ |f(z)] < My for |z|>1.
Let M> := max|; <1 lf(2)|, M := max{Ml, Mg}. Consider the function
o(2) = (T(z+ zo))“+%f(z) where zp:=1+14.

Clearly, ¢ is regular and of exponential type 7 in the closed upper half-plane, and for
z € R,

lo(z)] = 2+ ((z +1)? + 1) 3+ f(z)|

- {(x/gr)“%lf(wﬂ if |z| < 1,
=\ (VBT R |zt E | f()| if o] 2 1.
< My

where Mo := (vV57)+2 M. By a well-known result [5, Theorem 6.2.4],
lo(x +iy)| < Mpe™ for z€R, 0<y<oo.

Now let

' 9(2) = p(2)e™* .

It is regular and of exponential type in the upper half-plane. Since |g(z)| = |o(z)| <
M for all z € R and hy(Z) = hy(%) — 7 < 0, it follows [5, Theorem 6.2.4] that

lg(z+iy)| <M for z€eR 0<y<oo.
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By (47), we have
lim |g(z)| = lim |o(z)[=0.
T— 00 r—o0
Hence, the function g satisfies the conditions of Lemma 9 with a = 0, so
lim g(z) =0
Z2—00

uniformly in the sector 0 < argz < %”. Given € > 0, there exists N; > Np(«) such
that for all N > N; and 0 € [0, 3%], we have |g(Rne®)| <, i,

|r(Rue® +1+0)|* | f(Rye®)|

eTRn sinf <e

Thus,

(r(Ry = VD)™ }|(Rue)| _

eTRn|siné| (48)

for all N > N; and 6 € [0,3F]. The same reasoning applied to the function ¢(—z)
shows that (48) holds for all § € [],7] as well, and therefore, for 6 € [0, 7]. Changing
the value of zp to 1 — 7 in the definition of ¢ and applying the above considerations
to the function ¢(Z), we conclude that (48) is true also for § € [—,0) and N > Nj.
Hence, (48) is satisfied for N > N; without any restrictions on 6.

Now let E be an arbitrary compact subset of C. For all sufficiently large N, say

N > N; > Ny,

Ry
_N <9, 49
B T )
Using (48), (49) in (46), we see that as N — oo, |In(2)| — 0 uniformly for all
ze E. O

Remark 6. The results contained in [7], [11, Lemma 3], [17], [28], and [34] may be
seen as being relevant to Lemma 13, but they do not contain it.

Lemma 14. Let a > —%, p>lor—-1l<a< —%, I<p< ll+22a[' If

() ()

then there exists a constant B, depending only on a and p such that
* 1 Jk
+iow (s i

—o0 T 2Ga(.7k) T

Remark 7. This is an analogue of a classical inequality of J. Marcinkiewicz [19,
Theorem 10] for trigonometric polynomials, and perhaps is the most nontrivial part
of the paper.

P
< o0, (50)

[e o]

2

k=—00
k#0

°° P
a+i L p T

z 2Lm(f,w)‘ dz < B~ Y

k=—00
k#0

(51)

Proof. Without loss of generality, we may assume 7 = m. Let

1 Jk
=——f(2),  k=+41,42,....
fi Ga(ak)f<vr>
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Then, by (19),

59
> r<(3) X
k;;go k=—o00

O\ [P
. v+l ‘.]_,i
Ur)*72f (W)
k40
i\ & (jk)mr% (jk) ’
- ( €2 ) k=2—oo T d
by (50), Hence, the rlght -hand side of (51) is finite
Clearly [*7 |z22 Ly o(f;2)|Pdz = 3

(o]
ne—oo In Where
n+1
I, :=/
n

|$a+2L1r a(f> )| dz,
_2

D=

(52)

k#0
< 0

n=0,x1,+2,... .

Denote by k; the smallest integer such that jx > 2 for k > k;. Then,
% k1—1
To = /

>

Jo(TT) at+1 Ja(TT)
2 T Gapma gt
k#0

p
Z dz
(mz)® k| >k J’“
1 k-1
< 21’-1{/2 i gorh Jolmo) I "o
- Y (rz)*(rz — jk)
k0
1
2 1 J
([ b5 ) (2w )
([ z e
k1—1 1 p
D VI I T e K L
2 P e
k#0
1 _2_\ p—1
2 1 Ju(mx p-1
+ / pots L{} ( ) Z |7xlP b .
-3 (mz) SSi, ikl =3 K[> ks
If @ > —1, then for all p > 1, whereas if -1 < a < — then forl<p< |1+22 £ there
exists a constant cg = c3(a, p) such that
1
2 1 Jo(mz) P
z*t2 2 —| dr<c for
/ (r2)*(rz — i) ’

k=4+1,+2
The condition on p also makes sure that

(k1)

1
2
zot
1
2

exists. Its value depends on o and p; we denote it by ¢4 = ca(c,p). From (14), it
follows that if p > 1, then the series

2 ( : )H
| -z
iz Nkl =3

%Ja(wx) pd(L‘
(rz)*
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converges. Denote its sum by ¢5 = ¢5(, p). Thus

k1—1
1052”“{(%1—2)"-%3 PRI ETNCI ) 'fk'p}

k=—k1+1 k[ >ky
k#£0
(o)
<co Yy |fulP (53)
k=—o00
k#0

where
ce = co(a,p) := max {271 (2k; — 2)P"1c3, 2P ey - (c5)P71}.
Now we proceed to estimate Zﬁi;(?o Z,. Let
n
Ln= max |[¢°t3L, . (f;2), n#0.

n—}<z<n+}

Then, obviously
T,<L0,  n#0. (54)

Let &, be a point in [—1, 1] such that

n = ’(n + ﬁn)a-i-%L?r,a(f; n+¢&n)

Then,
Ly = a+3 —ar372 | V(0 + &n) Ja(m(n + £,)) k_z (55)
k;né(‘Jx> W

At this stage we need to obtain estimates for |\/7zJ,(7z)| and |\/7z L) fr‘;(_"fk” From
the asymptotic formula (11), we have

Jo(2) 2 1 ar T 1
el 7—rza_l_%cos(z—7—z)+0 e for zeR, 2z— oco.

Consequently,

1
\/_|z|°'+2

The function J‘;—,(f) is entire, so, if d := min{~, j1}, there exists a constant c; = ¢c7(a)
such that

Ja (z) for z€R, 2z— +foo.

|zt ‘L;—Ef) <e¢r  for zER) [—g, g-] .
Thus,
|Vrzdo(rz)| < e for zeR\ [ d d ] (56)
- o’ 2r
From (15), we have
Jk+1 — Jk = 271'6’, & = ;5—71‘_ . (57)

Since /mzJy(72) is holomorphic and of exponential typein Rez > 2—"’7;, it follows from
(56) that for z € Ay :={z =z +iy:z > L, |y| < ¢}, we have [5, Theorem 6.2.4]

|[VTzJo(72)| < cg
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where cg = cg(a) is a constant. For each k € N, let Dy(8') := {2 : [z — 2| < §'}. Then
for all 2z in A, \ Dg(8"), we have

'\/__J w(72)

Tz — Ji

In particular, (58) holds for z belonging to the boundary of the disk Dy(§') on and

inside which the function /72 J‘*(";) is holomorphic. Hence, by the maximum modulus
principle, (58) holds also for z € D(6"), i-e., it is true for all z € A,.

Amongst the points {2}, <z there are poss1b1y two which are closest to n + &,.

68 =: Cg(a) =C9 . (58)

7r6

Let Ztn 2 be (any) one of them. In view of (57), we have
‘n+§n-———‘>6l for  keZ\{ks}. (59)
Now, let us return to (55) and write

1 1 k¢ +3
— = + - .
nté—% n—k+i (n+&-L)(n—-k+3)

So, by (56)
cr fr
Ln = ra+3/2 ; n—k+ %
k£0
N i 1 Vr(n + &) Ja(r(n + &) ) & k—&, + 2f
B rots m(n+ &) — Jk n—k+ 2 k
k0

Using, in the second sum on the right, the estimate (58) for k = k,, and (56) for all
other &k, we obtain

o< - Ik Cy jk" —kn
"= pat3/2 k_z_: n—k+% +7r°‘+% n—ky -i-1 !fk !
E;ec()x’
Ilﬂ-& —k- £n
; 60
7T°‘+3/2,9_X_:001n+€n—%|'ln k+2||f! (60)
E#0,kn
From (16), it follows that |n + &, — ’—’;}) <& = £ and
Jkn o 1 _ Jkn
. €"I+2|§1+———|n+§" ’{|31+25”, (61)
In — kn + 3] In — kn + 5]
since n, k, € Z. Again, from (14), it follows that if G := ji/m — k, then
18] < c10 (62)
for some positive number cig = clo(a) and
1
- —k &+ ‘<010+1 (63)

Using the last three inequalities in (60), we obtain
Ly < |bp| + |vn] (64)
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where
b T 7r0¢+3/2 Z + 10
k#O
crlcio+1) 1
Up 1= + .
n )lfknl Tot+3/2 k;w In_k_ﬁk'l'gnl'ln—‘k-l-%llfkl
E#£0,k,,
Defining a9 = 0, a; := (C7/7r°‘+3/2)f k for k # 0, we write b, in the form
L - mb:r where, in view of (52), >_72 _  |ax|P converges. Lemma 10 implies
that
o0
> P <N (=25) 3 Lk (65)
FRat? FR?

where N, is a constant depending only on p. We write v, in the form Y e oo bk |uk|
by puttlng
_ 09(1 + 25”)

ug =0, up = fr, for k#0; tn—k, oy t, =1,
T 2

67(010 + 1) ) 1
mot3/2 I = Brp + &nllu + %I

Referring to (52), we see that 372 |ug|P < oo. Further, using (59) and (62), we
conclude that ¢ := o2 p=—oo0 tu < 00, 80 Lemma 11 may be applied to obtain

Z lonlP < 17 Z |flP . (66)

n=—oo k=—00

ns0 k£0

ty = for w#En,n—k,

By (64), we have

> zzszp( > P+ > lvnv')
n=—oo n=-—oo

n#0 n;éO n#0
Combined with (54), this gives

> In§2”< Dbl > lvn|p> (67)

n=—oo n=—oo n=—oo
n#0 n#0 n#0
<2 (N (5m) +7) Z | fel?
k=—o00
k#0

by (65) and (66). Now recalling the bound for Z, from (53), we get

/oo za+%L,r,a(f;w)4pd:c= i Tn

n=—0o

oo

- (c6+21’ (N ( a(-;-73/2) "'tp)) > P,

k=—00
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which is equivalent to (51). O

3.1.2. Approzimation by step functions.

Lemma 15. (i) Let |z|**2 f(z) € LP(R) for some a > —3 and some p > 1. If
f € LP(—1,1), then for every € > 0, there exists a step function Q0 with compact
support such that

([ or-owra) "< ([,

(i) Let -1<a<—3,1<p<

» 1/p
za+%(f(x)-9(x))‘ da:) <e. (68)

2
1 +—2a|' If f € F*P(6) for some § > 0, then for
every € > 0, there exists a step function Q with compact support such that

(/_11 |2+ 3 (f(z) - ﬂ(w))l”dsv) " :

(L

max (/33 |z*+3 (f(z — u) — Qz — u))lpda:) v <e.

» 1/p
T3 (f(z) —Q(m))‘ dw) <e, (69)

u€R

Proof. (i) Since f € LP(—1, 1), there exists a step function ; vanishing outside (-1, 1)
such that [29, p. 118, problem 14]

(/_11 If(z) — Ql(m)|pdm> v <e.

The assumption |z|**% f(z) € LP(R) implies that for some Yy > 1 and all Y > Yp,

P -Y P
T [ eepa <

g 1
/ 2+ (o) Pdz <
Y 4 —00

Clearly, f € LP(1,Yp) and f € LP(—Yp,—1). Hence, there exists a step function Qg
vanishing outside [—Yp, —1] U [1, ¥5] such that

P

" () [Pd c
/1 (@) = (@) de < e
-1 P
/ {f(fl}) - Qz(l:)'pdli < m .
Yo gygiets

Thus, if

Qi (z) forze (-1,1),
Qz):=40 for z € (—o0, —Yp) U (Yo, 00),
Qo(z) for z € [-Yy, —1] UL, Y],
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then clearly

( /_ 11| flz) - Q(m)lpdx) v <e,

1 -Yo 1 oo 1
‘/'z'21|$04+5(f(-'1’) - Q(x))lpdx = ‘/_oo l$a+§f(l‘)|pd$+/y |$a+§f($)|pdx

()
Yo

-1
+ [ et - aE)Pis [ - o)

el P gP €P
<Z+Z+Z+Z’

ie.,

1/p
(/‘ml>l|x°‘+%(f(x) - Q(ac))|pd:c> <e.

(ii) Let Bp := It DIEL 51 g note that Bp > 1, |p(a+ %)I,Bp < 1. Further, let

— Ip(2a+1)]
3 1/Bp
Yo,p = (/ s”“"fé)ﬁpds)
-3

. : BT
€1 = mln{((,ya’p)l/le/ﬂp) 75}

where M := sup g |f()] < o0.
There exists a Yy > 1, & € (0,1) such that

and set

_Yo L sp o0 1 sp
/ |z2*% f(z)|Pd < =, / |22tz f(z)[Pde < 2, (70)
—00 5 Yo 5
Y+3 &.P
/ f@)fde <2 for [V] > Yo, (1)
Y-3 9
bo b0 1 Ep
/ |f(@)"de < / o2 f(2)["do < - - (72)
—50 —60 5

Clearly, f belongs to LP(—Yg, —1) and to LP(1,Y)). Hence, there exists a step function
€); vanishing outside [—Yp, —1] U [1, Yp] such that

-1 » &P Yo » eP
[ r@-m@re<, [The-ae@le<t @)
so a fortior:
-1 1 el Yo 1 e?
/ |e2+2 (f(2) — nu(2))[dw < 5, / 2% % (f(z) - Qu(2))[dz < 5. (74)
-Ys 1

Since f belongs to LP(—1,—8) and to LP(&, 1), there exists a step function §23 van-
ishing outside (—1, —8o] U [60, 1) such that

—bo p 1 p
/ (@) - ula) P < Agglor, /5 |F@) ~ (@) iz < LH L (75)
0
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Consequently,

—bo P 1 \ v4
/1 |2+ (f(@) ~ (o)) Pdo < /6 |2+ (7(a) ~ a(e))Pdo < L. (76)

The step functions ©;, Q2 may be chosen such that 0 < Q;(z) < M, j = 1,2, at
points where f(z) > 0, and —M < Q;(z) <0 when f(z) < 0. Now put

0 for |z| > Y} or |z| < bo,
Qz) := ¢ Q(z) for 1< |z| <Y,
Qo(z) for §p < z| < 1.

From (72) and (76), it follows that

([ b - ﬂ(z»l”dz)w < (2)”” e <,

whereas (70) and (74) imply

1/p
(/ |2+ % (f(x) - Q(96))|pd$) <e.
e|>1
For all u € R,

3
/_3|x°‘+%(f(z —u) - Qz —u))|[dz

—u+3
= [ s - apae
—-u—3
—u+3 1/Bp —u+3 5 Bl
s(/ |u+t|f’<a+%>f’pdt) (/ |f(t>—9(t>|2’%dt) ’
—u—3 —u—3
Bp—1
u+3 3 —%—
ma,p-max(/ |f(t>—ﬂ<t)|%dt) ’
u€R u—3

Since |f(t) — Q(t)| < M for all ¢, we have

u+3 P u+3
/ F(5) — Q)P dE < MF / I7(t) = QO)Pdt < MFTeP
u u—3

-3
by (71)-(73) and (75). Hence,

uER

1/p 1 Bp—1
</ !x°‘+2 (f(z —u) —Qz - u))|pdz) < vﬁ,pMFlEel—%”_ <e.
O

3.1.3. An auziliary function and its properties. Given f : R —» C and a > —1, we
define for each 7 > 0 the function

Ga("'(z ))
where A := [ Gq(t)/(t? — j2)dt; A ;é 0 by Lemma 3.
For real z, we also may write

Sralf;d) = % / flz+t (3)2(”) dt .
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Lemmas 16-19 contain facts about S; o(f;-) which we need for the proof of our the-
orem on the mean convergence of L, o(f;-).

Lemma 16. (i) Given a > -1, p > 1, let |z|°*2 f(z) € LP(R) and f € LP(—1,1).
Then, for T >1

) . 1/p
100 (fs My o= ( | liseas z)|ﬂdx)

—00

< c{ (f eras) " ( L. o o)) 1/,,} (77)

where Co p 15 a constant depending only on a and p.
(i) If-1<a<-31<p< |2a+1|’ and f € FP(8) for some § > 0, then

1 . 1/p
100 e < Cop{ ([ 1o+ @) P ) (79

1/P 3 l/p
ot atd (g
+</|le1 |z f(m)l”da;) +max (/_3 |zot2 f(z u)l”dm) }

where C,’x,p is a constant depending only on « and p.

Remark 8. The estimate in (78) holds if |z|*+2 f(z) € LP(R) except that

1/p
g ([ Je=sta - )

may possibly be +o0.

Proof. (i) Since |z|**2 f(z) € LP(R) and f € LP(—1,1), the function f must belong
to LP(R). Set B(z) := G4(z)/(2? — j2). Then
1/p
gt / f@®)B(r(z — t))dt dz)

ISratriMay =5 ([
T (/oo pdm>1/p
—/ |B(rt)] (/00 |27 % f(z —t)|pdac> l/pdt

by the generalized Minkowski inequality [24, p. 21, Section 1.3.2]. Now, using the fact
that

oty f(a: —t)B(rt)dt

la|* + |b]* if0<A<1,
(lal + 1D < S oactn iy
227 (la]* +1b]Y) 1< A< oo,
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we obtain

5.0 < 5 [ Io001 (f w7 spe)
max{l,,‘za—%} /_O:o | B(t)]| {/—0:0 ((|m|a+% + |t|°‘+%) |f($)|)pdw}1/p "

r
<
- A
T amiyail [T el »
Szmax{1,2 7}2'77 | B(7t)| |72 f(z)|Pdx

— 00

[ 1/p
+ |t|p(°‘+§)/ |f(a:)|pdx) dt

< Tmanfrr-yed [ 1peo ([ e spa)
+]elot (/: |f(x)|de)1/p}dt . (19)

If 7 > 1, then

e 1 0 wiets & 1
/ 7|B(rt)| - |t|*T2dt = / | B(u)| ‘;l du < / [u®t2 B(u)|du ,
—00 —o00 —oo

Sle]

[e o}
1

[Sra(F: ), < max{1,274} 2173 max{ / |B(u)|du, / |ua+%B<u)|du}

—00 — 00

x { ([ i) "y ([ If(w)lpdm)l/p} .

Clearly,
(o) 1
x)|Pdz Pd xa"’% 2)|Pdz
/_oolf( )lPd s/_llf(w)l “/.M' f(@)Pd,
00 1
[ leti@pas< [ i@pd+ /|z|21|w“+%f(w)|pdw,
SO

oo oo

Bwdu, |

—0o0

[Sra 5y < 5 maxft, 224} 275 max{ [

— 00

) {(/Imm'“’a%f (””pd””)l/p (/. |f(x)|”d93)1/p} ,
i.e., (77) holds.

(ii) From (79), we have

bcasilap = 5 ([ + ) 0001 ([l orthsras) . o

|ua+%B(u)|du}
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Now, we note that

/ |B(rt)| ( / |($+t)“+2f(w)|pd9«‘> "
< / IB@) ( / AC +t>°'+%f<w)l”dw) "
< / 11 |B(1)| ( / iQIw“*%f(w - t)l”dw) i
+2 / 11 |B(rt)| ( / s Iw“+%f<w>l’°dw) Y
T

1/p 1
+2( / |x“+%f(z)|”dx) } / B(r)ldt.  (81)
|z|>2 -1
Furthermore,

/It|21 | B(7t)] </—Zl(m+t)a+%f(x)lpdx) 1/p »
B /It|21 [B(r)] </|x+tIS§—, |(x + t)a+%f($)|pdx

la+i] . p 1/p
+ [ ( le‘“’flf(:v)I) dx) dt
R\[—t—%,—t+3]

2

< B Szt fz — )
_/|t|21| (Tt)|(/ oot f(z — t)Pda
1/p
+ (2]t] + 1Pl 3l / |xa+%f(x)|”dx) di
1/p
a+2 P
/ltl>1 (rt)] {(/ ]a: f(z lda:)
oo 1/p
+ (20| + 1)let3! < / |zo+t f(m)lpdx) }dt

3 . 1/p
< max (/ |zt f(z — u)|pdm) / | B(7t)|dt
-3 1t1>1

[u]>1

T
T+t

IN

) 1/p
+ ( / |zots f(x)lpd:v) / ([t + 1)l 2| B(rt)|dt . (82)
—o0 |t]|>1
The estimates (80)—(82) imply (78). O

Lemma 17. If f : R — C is measurable and f(z)/(|z| + 1)**2 € LP(R) for some
a > —1 and somep > 1, then S; o(f; ) is an entire function. Furthermore, if o > ——,
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|z|°t2 f(z) € LP(R), and f € LP(=1,1), then S, o(f;") is of exponential type 7. The
same can be said if —1 < a < ——%, 1<p< 52, and f € F*P(6) for some § > 0.

12a+1]7
Proof. Let
17 Go(rw)
Kal) =2 Grup 7

which is an entire function of exponential type 7. Then,
Sralfi2)= [ f€)Kaz 6.
— 00

Now, consider the function

b
s7,a(2) = 87,a(20,0) == / fF(§)Kalz —§)d¢

where —00 < a < b < 00. Take any point z € C and choose R := 2 + max{|z — al,
|z—b|}. The function K, is entire, so there exists a constant Mg such that | K, (w)| <
Mp on |w| = R. Hence, for |h| < 1, we have [8, pp. 72-73]

Sra(24+h) — sr.a(2) b ,
) S RGEAES

/ab f6) (Ka(z —EHh) —Kalz=8)  por 6)) dg

h

hoft Ko (w)
i ], 1@ (/M:R (w—z+s)2<w—z+£—h)d“’> “

b
< |WMzR / 1F(©))de,

which tends to zero as h — 0 since, clearly, f € L!(a,b). Hence, s, q(;a,b) is entire.
Consider the sequence {¥,},cn where

To(e) = /0 " HO)Kalz — €)dt .

Note that for any given z, K,(z — ¢) is an entire function of exponential type 7 in the
variable ¢. From the asymptotic formula (11) for J,, it follows that, if L is any given
positive number, then for some constant Cf, depending only on L,

CL
(€] + 1)o+3

for all € [-L, L], £ € R. The function F(¢) := (¢ +14)*"# K4(z — ¢) is holomorphic
and of exponential type 7 in the upper half plane. Besides, |F(¢)] < Cp for all
z € [-L,L], £ € R. Hence [5, Theorem 6.2.4],

|F(€+1y)| < Cre™, ze[-L, L], (£€R 0<y<oo,
ie., for x € [-L, L], y <0, and all £ € R, we have

CLe™l
(L+[y)o*E

|Ka(z—&)| <

|Ka(z +1iy —£)| < T (83)
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Clearly, the same estimate also holds for z € [-L,L], £ € R, y > 0. Hence, there
exists a constant C7 such that

C*
Ko(z—§)| < — L
S IS

for [Rez| <L, [Jmz|<L, £€€R. (84)
Since f(£)/(|¢] + 1)**3/2 € LP(R), it follows from Hélder’'s inequality that
fooo f(€)Ko(z — £)dE is convergent and defines a function ¥. Given any compact
set E C C, we can find L > O such that EC {z =z +14y: —L < z,y < L}, so (84)
holds for all z € E and all £ € R. This allows us to conclude that ¥, (2) — ¥(z)
uniformly on E. The functions ¥, being all entire, the same can be said about
U(z) == [;7 f()Ka(z — €)d¢. Similarly, fi)oo F(€)Ka(z — £)d€ defines an entire func-
tion, so S; o (f;-) must be entire also.

Now, let @ > —3 and suppose that for some p > 1, |z|**2 f(z) € LP(R) and
f € LP(=1,1). Then, f € LP(R). Note that K,(w) € LI(R) for all ¢ > 2. Hence, for

any fixed z =  + 4y, Holder’s inequality gives (g := -27)

Srati2)l = | [~ r@Kate e+ inpag

< (/_: |f(§)|pd€) v’ (/_Z |K. (¢ +iy)|qd§> Y
< ([ wera) " GRS Y e

by Lemma 4, i.e., Sr o(f;-) is of exponential type 7.
Finally, let -1 < a < —%, l<p< ﬁ, and f € F*P(§) for some § > 0. Then,

for |z| — oo,

16)=0((ervom)

where A := a+%+%+6 > 0. Hence, f € LP(R) for all p > £. Choose p > max{1, 1}.
Then for any fixed z = z + iy

st ([ or)” ([ i)

where ¢ = ;f—l, from which it follows that S;,(f;-) is of exponential type 7, as

above. O

Lemma 18. If a > -1, |2|°t3 f(z) € LP(R) for some p > 1, and f € Lr(-1,1),
then

tim [ [0 (f(2) - Sralfi )Pz =0. (35)

T—00

The same conclusion also holds when o € (—=1,-%) and p € (1, ﬁ) if f € Fop(5)
for some 6 > 0.
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Proof. First, we prove (85) for the characteristic function x of the interval [0,1].
Clearly,

ol G (rt)
Sra(Xx;z) = %/_ (;;)‘—(I—dt

TT T(l—zx) G (t)
A/ “‘.71 dt A/ dt

There exists a constant 7, such that |Ju(t)] < 7, if [t| > ji1. Hence, for z > j; +1
and 7 > 1, we have

|X($) - Sr,a(X;-’E)I = IST,a(X§m)l

T t
1 Gl ,
IAl T(z— l)t _.71
Yo 1 ™ LI
IA| (7-('17 - 1)) (T(‘T - 1) - .71) T(z—1) t+.71
< Jo
!AI (r(z = 1)* ((r(z = 1))2 = j})
Given € > 0, there exists, therefore, a number Y, 1(¢) > j1 + 1 such that
* a+l Y4 2
; ]a: 2 (x(z) — Sf,a(x;m))| dz < 1 (86)

if X > Y, 1(e). Similarly, there exists a number Y, 2(¢) > j; + 1 such that

-X 1 £
[ e xta) - Sralgo)do < S (37)

if X >Y,(e). Let Yy :=max{Yy 1, Yo}
From the definition of A, it follows that for every § > 0, there exists a positive
number Ty(6) such that

T
Ga(t) 1 5
_ [ - fi .
A/ tQ‘Jld 5 2 or all T > Tp(6)
Since
% Ga(t)
Ay m-i7®

is a continuous function of » which tends to % as u — 0o, it follows that for all u € R,

1 [ Ga(t)
‘Z 0 tQ—Jdt

where @, is a constant depending only on a.
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Now, let 1 be any given positive number not exceeding % such that

n 1+n
L)l
-n 1-7

Then, for z € [,1 — 7] and 7 > %To(é), both 7z and 7(1 — ) are larger than Ty(6),
so

pd I
T< 0.
4(1+2ﬂa)p

1 [T Gqat) 1 |1 072 g,) 1
Sraliz)—1]<|= [ 22 g 24|~ ~-l<s.
seatoe) s[5 [ sl |3 1 A <o
Similarly, if £ > 147 or if 2 < —n, then for 7 > 1T0(6)
1 [l GL) 1 |1 M= g, @) 1
ST 5 <\ . . Y e - = .
|S7.a(x;7)| < A/o t?-ﬁdt 5|+ A/o tz_j%dt 5| <96
Thus, if E, := {z: [z| <nor |z — 1| < n}, then
|x(x) - Sralx;T)| < 6 forallz e R\ E,
ifr> %Tg(é). Now, setting
. 1/p
6 = 7 )
( af’s |xa+%|de>
we obtain
1 p Yo 1 3
/ [ (@) = Srat )| do <o [ priras=S (s9)
[~ Yo Yal\E, ~Ya 4
for all 7 > %To((S) =: T1(g). Furthermore,
[ et 0@ - Sata o) de < 4 2 [ otipam< S (s0)
E, Eq

It follows from (86)-(89) that (85) holds for the characteristic function on [0,1]. A
similar argument applies to the characteristic function on [1,2]. The result then easily
extends to the characteristic function of any finite interval, and indeed to any step
function with compact support.

Now, let @ > —1 and |z|*+2 f(z) € LP(R) for some p > 1. Furthermore, let
f € LP(=1,1). Given € > 0, there exists, by Lemma 15, a step function Q with
compact support such that (68) holds. As explained above, it is possible to choose 71
such that for all 7 > 7, we have

(/oo Ixa+%(Q(x) - ST,a(Q;x))Ip da:) v <e. (90)

—00
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Now, we note that

(/=@ = Seatrion] @) "’

—00

=(L.
<(L.

o0

22+ (Q(z) - Sr.al f;x))lp dx)l/p + < / ‘xa+%( f(z) - Q(z))lp d:c) v

s p 1/p 00
xot2 T,a(f-—Q;x)‘ dm) +(/

+ (/: 2+ (f(z) - Q(m))lp d—::Sl/p

< ([ -sors) "+ ([,

+ ( /_ Z 25 (0(z) ~ 5ra(@2))| d:v) v

+ (/:o 294 (f(z) - Q(m))lp dx)l/p

since f — Q clearly satisfies the conditions of part (i) of Lemma 16. By (68) and (90),
we conclude that

(L.

Since ¢ is arbitrary, (85) holds for the case under consideration.

Finally, let -1 < a < —%, l<p< IZTZHT’ and f € F*P(8) for some § > 0. This
time, by Lemma 15, there exists a step function Q with compact support such that
(69) holds. Since f — Q satisfies the conditions of part (ii) of Lemma 16, using (78),
we obtain

(/_o; oot (f(z) - Sr,a(f;a:))’p dx) 1/p
c

< a,p{ ( / 11 2=+ (f(2) - Q)| dx) i ( /mzl
ruae (/]

+ (/oo lma+%(g(z) - s,,a(Q;z))‘pdx> v

—00

+ (/oo )za+%(f(x) - Q(x))lp dm)l/p .

2o+3 (Qz) — Sra(Q;2)) ‘p dx) v

2 (f(x) - Q(z))’p dx) l/p}

1/p
xa'l'%(f(g;)—ST,a(f;x))}p d:v) <Cop-26+e+2e.

|xa+%( @) - Q(:c))'P da:) v

23 (f(z - u) - Qa — u))’p da:) 1/,,}

— 00

By (69) and (90), we get

(L.

which completes the proof of Lemma 18. O

1 1/p
2*7 (f(x) - sf,a(f;x))"’ dx) <Cl, 3c+e+2e,

Remark 9. Lemma 18 seems to be a result of independent interest.
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Lemma 19. According as a belongs to [—1,00] or to (-1, ——), let f be in F*¥PNR
for some p in (1,00) orin (1, ﬁ), respectively. If f*(z) := f(z) — Sy o(f;x) where

o >0, then
(o] s . a+% . p 0o
lim Z Jk ~ Jk=1 (J_k> f* (J_’E) =/ |z®t2 f*(z)|Pdz . (91)
T500 T T T oo
k=—o0
k0

Proof. By Lemma 17, the function S, (f;-) is entire and of exponential type. By
Lemma, 16, 2728, ,(f;z) belongs to LP(R) and, therefore to L?(0,00). Since W (z)
1= zot3 o,a(f; 2) is holomorphic and of exponential type in the open right half-plane,
it follows from Lemma 8 that W’ € LP|a, c0) for every a > 0.
Let C be such that
C

xa+%f(z)‘ < W for some 6 >0 and allz e R.
r

Given € > 0, we choose X, in [(126”’ /5pe) 1/ , oo) large enough to have

/ :c"‘“'"%f(av)rJ dr < — (92)
|z|>X. 12
1 I
/WE W (2) See (93)
/ W (@) do < —— - = (94)
lz> X, -1 247

If I = I(7) is the largest integer such that j;/7 < X, then

o N o
i Jk = k-1 | (Jx °”+2f Jk CP & jk —Jk-1
T T T

RN EY
k=I+2 T k=l+2 (Jx/T) i

oo Sp
1 (04 T €
p.-6p N =
< Az“ x1+6pdx 5p (jl+1) < 12 (95)

since (7/ji41)% < (1/X.)% < 6pe/12CP. Similarly,

= Jk — Jk Jk ot} Jk 8 €
yer|r) ()< n o
k=—o00
For each k € Z, let & € [jk..l/r,jk/r] be such that
g;_
Joy W@Pde = 225 el (97)
Then
(e o) . . _ . P
Z Jk — Jk—1 < ) Z Jk Jk—1 <_J£> W) + W(ER)
k=lr2 k=112 T
p
<ot S Bl (3 Swig + wieor)
k=l+2
N p i
= 9r—1 Z ( — Jk—1 W' (z)dz +/ |W(x)|”da:)
k=1+2 &k
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by (97). Clearly,
j —1

W'(z)dz

p</& W (z)Pda - (/; ldm)p

Ik

s p—1 &
— (]k ]k—l) / |W’(£L‘)|pdl',
T Jk—1

)
D> ((“‘3’“ 1) /i W (z) P + /; IW(x)lpdx)

N

S0

o~ Jk = Jk—1
>

k=142

k=142
<o ((i) Jon W@ [ |W<x>|de) by (16)]
< g1 ((%)p/:|W'(;n)|vdw+/:|W(x)|de> <5 (98)

by (93) and (94), if 7 > 2. Similarly,

—1-2

Z Jk—Jk 1

k=—o0

N\ P
€ .
(%)‘ <13 if7>6s. (99)

It is clear that |zt f(x)|P and |W (z)[P both belong to R. Hence, taking note of (92)

and (93), we can claim that
ati . .
(2) () -5 (+7))
T T
Xe
_ /_ N

for all large 7. The desired result follows from (92), (93), (95), (96), and (98)—(100).
O

I+1

Z Jk_]k 1

k=—-1-1

p

(100)

I
12

2 (£(2) = Spalf;2))[ do

3.2. Proof of Theorem 1. Let ¢ > 0, and consider
fo=Ff~— Sa,a(f; ).

By Lemma 17, S,;o(f;-) is an entire function of exponential type o and so
(z°F3 S,(f;x))" is regular and of exponential type in the open right half-plane.
Furthermore, by Lemma 16, [ |z2t38, o(f;2)|P dz < co. Hence, by Lemma 5,

. a+% . p
(Zf) Soa (f; %—) <00, T>0. (101)

o]

2

k=—o00
k#0
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Since the function f obviously satisfies (39), it follows from (101) and Lemma 12 that
the series for L, o(f + Sy (f;+); 2) is absolutely convergent. Hence, for 7 > o,

Lr,a(f; z) = Lr,tx(f; + Sdro‘(f; ‘); z)
= Lya(f22) + Loa(Soa(f; ) 2)
= L;o(fr;2) + So,a(f;2)

by Lemma 13. Therefore,
f(2) = Lra(f; 2) = £7(2) = Lra(f552)

and
< 2<p~1)/p{ </°°

In view of the hypothesis on f and (101), we have

(5752

L 1/p
s (15 (0) = Lol 5300 ds )

xa+%f;(m)‘p da:) v + (/00 )a:”""%LT,a(f:; x))’p d:v) 1/1’} .

— 00

o p

2

k=—o00
k#0

< o0,

so, by Lemma 14,

0o o] 1 j p
e L, o (fre)| de<BE T : 3(—'“)
| Jettiatzse))| de < N IR
k0
1 . 4
b T i Jk — Je—1 | ( Jk a+2f* Ik
= T%Picy T MANE
k=—o00
k#0
by (19) and (15). Now, it follows from Lemma 19 that
0o (e o]
e $a+%LTYa(f;‘;a;))’pdxSngi/ 2 7 (@) do
T—00 J_ o Péico —o0
Hence,
o . » 1/p
lim (/ $a+7(f($)—LT,a(f;x))‘ dx)
T—00 —0
o) 41 P 1/p
T a+ts * _ *,
= i (7 030 - Lotz de)
r \ /P oo . » 1/p
< 2(17—1)/17{1 + Bayp (6_0) } (/ xa+§f:(1;)‘ da:) . (102)
1€2 —o0

Now let € be any positive number. In view of Lemma 18, the right-hand side of
(102) can be made less than € by taking o large enough. With this, the theorem is
proved. O
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3.3. Justification of Remark 1. If X denotes the Banach space of all continuous
functions f : R — C which vanish outside [0, 1], then f — L. ,(f;-) defines a bounded
linear transformation A, , from X to the normed linear space C[—1, 1] of all continuous

functions ¢ with ||¢|| := max_1<z<1 |¢(z)|. For all large 7, we have
IGa(%jl)l
Arall > > 1

ocizy [Galinllldy = 371l
1 . ju|ot

> Lea@i| 3 ATy )
c2 o v = 31l
1, 1. 1

2 _|Ga(§]1)' Z 1
()] o |,7u - 5]1]

since j; > m/2 for @ > —1/2. Using the asymptotic formula (14), we easily conclude
that

”A-,-,a“ > c11 IOgT

where 11 = c11(a) is a positive constant depending only on a.. Thus, sup, ||AT,O, H = 00.
Hence, by the Banach-Steinhaus theorem [30, p. 98], there exists a function f* € X
and so satisfying (8) such that

max_|f*(z) — Leo(f* )|

—-1<z<L1
does not remain bounded as 7 — oo. This idea has been used before in a similar

situation [12].

3.4. Justification of Remark 3. For p > 2, we obviously have

[ 1@ - L)l de < [ o543 (7(a) = Loa(f50))" do,
Je]21 Jo|>1

|2

80 it is enough to check that
1
/ ‘f(m) - LT,O((f;x)lp|ac|2°""1 dr -0 asT—o00. (103)
-1

Going through the proof of Theorem 1, we need to show that if 7 > ¢ and ¢ — o0,
then

/1 |x|20+1|f('r) - So,a(f;x)lp dx — 0, (104)
-1 ,

1
/ P L o (f232)|P d — 0 (105)
1 v

As regards (104), it can be established in a manner analogous to Lemma 18 by
first proving it for step functions, which involves verifying it for [0,a], [a,b] where
0 < a < b <1;the argument can be completed as before with the help of Lemma 15
and the following (easy to prove) modification of Part (i) of Lemma 16.
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Lemma 16'. If f satisfies the conditions of Part (i) of Lemma 16, then for > 1,
we have
1 1 1/p
[ el snatsialas <cr,{ ([ iiipas)
-1 -1

+( L e e ) 1/,,}

where C’g’p is a constant depending only on o and p.

In order to verify (105) we first observe that

1 0o .

1 Jk

2a+1L *, Pdr < BP E R Sl i

etz abie s 27 3 gt (7
k40

p

which can be proved the same way as (53). Then we apply Lemmas 19 and 18 as in
the proof of Theorem 1.
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