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UNIFORM ASYMPTOTIC ESTIMATES OF HYPERGEOMETRIC FUNCTIONS
APPEARING IN POTENTIAL THEORY

Domingo Pestana and José M. Rodriguez

1. Introduction
In [5], G. B. Folland obtained an expansion in spherical harmonics of the Poisson-Szego
kernel for the unit ball B in C™ given by
1 a-P)n
wan |1 = (z,w)[>*

where (z,w) denotes the standard scalar product in C™

Pz, w) = z€B, wedBb,

(z,w)=zlu')1+--~+znizn,

and wo, is the (2n — 1)-dimensional Lebesgue measure of the unit sphere of C™.
Let Ap denote the Laplace-Beltrami operator associated with the Bergman metric
on B,

Ap n+1(1—|z| Z(‘SZJ le])a az

3,j=1

This is the basic invariant differential operator on the symmetric space SU(n,1)/U(n)
= B. The solution of the Dirichlet problem

Apu=0 inB,
. (1.1)
u=f in0dB,

with continuous boundary data f is given by the representation formula
u(z) =/ Pz, w) f(w) dw.
oB

If HE:? denotes the linear space of restrictions to B of harmonic polynomials g(z, z)
on C™ which are homogeneous of degree p in z and degree ¢ in Z, the solution of the
Dirichlet problem (1.1), with f € HE9, is given by

u(rn) = S54(r) f(n), 0<r<1,nedB, (1.2)

where

Tp+q F(pa Q1p+ q + n;r2) .
F(p,¢;p+q+n;1)
By F(a,b;c;t) we denote the usual Gauss hypergeometric function

F(a,bct) = Z @)k (b)& ¢*

= r k!

Spe(r) =
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where (u)y is the Pochhammer symbol

(u)k=u(u+1)---(u+k—1)=£‘—(ri(—;%£)—.

The formula (1.2) points to the crucial role of SP:? in the expansion of the Poisson-
Szego kernel in spherical harmonics. In fact,

oo
Pa(rn,w) = Y SH4(r) HY*((n, w)) (1.3)
P,q=0
where HE((-,w)) € HP is the zonal harmonic with pole w, cf. [5].

If one wants to use the expansion in spherical harmonics, then one is required to
know uniform estimates of F(p,q;p+ g + n;t) in the variable ¢t when the parameters
p,q grow, in order to obtain bounds of integrals involving S2? (see e.g., Theorem 2
below). For ¢ = p + a with a bounded, Watson [9] [6, p. 237] gave the asymptotic
behavior of such an F. However, we will need more general estimates.

In this paper, we study the asymptotic behaviour of

F(g,mgq;q + mq + n;t),
and we obtain the following uniform estimate where B( -, - ) denotes the Beta function.

Theorem 1. There exists a universal constant C, not depending on n, p, u, m, z,
such that, for all real numbers, u,p >0, m,n >1, 0 < 2z < 1, if we denote

G=F@p+ump+1l;(m+Dp+u+n+1;2)Bmp+1,p+u+n),

then
G>CL
where
1-2z \"* 1
L=t (1 —m(1—t))P (1 - to)" "
tO ( m( 0)) ( 0) a2 — b2z m p+1
and
. _a+bz—/(1-2)(a® —b%2) 2
0 2z a+bz+/(1-2)(a®—-b22)
a:l—i—l , b=1—l.
m m
Also, this result is sharp in the sense that
lim g=v27r.
p—oo L

By making the choices u = 1/m, p + u = ¢, we have

Corollary. There exists a universal constant C, not depending on n, q, m, z, such
that, for all real numbers, m,n>1, ¢ > 1/m, 0 < z < 1, if we denote
G = F(g,mgq;q+mq + n;z) B(mg,q+n),
then
G>CL

where

m q 1 1-2 e 1
L=t (1= m( - ) (1=t (a2—b2z> mg+1°



82 PESTANA AND RODRIGUEZ

Observe that without loss of generality, we can suppose m > 1 because of the sym-
metry of the hypergeometric function in the two first parameters. It is not possible to
obtain a similar uniform upper bound of F because L is zero for z = 1. However, usu-
ally the hard inequalities involve lower bounds. One might think that the hypothesis
p = mgq is too restrictive, but this is enough to prove some results in which p and ¢
grow independently (see Theorem 2 below). On the other hand, Theorem 2 is sharp.

This uniform estimation of S2 allows us to obtain an integral expression for the a-
energy of a complex measure supported in 0B. We recall that the a-energy is defined
by

Juu) = / / S Du(d(z,y)) dE(@) duy)

where

1
log-, ifa=0,
B, (t) = t
7 if0<a<?2n,
and d(z,y) is a distance in 0B.
More concretely, we have the result

Theorem A. [4] If p is a complex measure supported on OB and d(z,w) =
11— (z,w)|*?, we have for 0 < a < 2n that

s = [ [ PaePag|rerr=ra - ripmerata (14)

where <X means that the ratio of the left side to the right side is between two constants
which can depend on n and o, and P, denotes the invariant Poisson extension of u,
which we recall is defined by

Pu(z) =/ Pnlz,w) du(w), z€B.
o8
Theorem A is one of the keys to obtain a capacity distortion result [4] under inner
functions. Recall that if F is a closed subset of 8, then
(capy (E))™! = inf{ Jo(u) : p a probability measure supported on E }.

Recall also that an inner function is a bounded holomorphic function from the unit
ball B of C™ into the unit disk A of the complex plane such that the radial boundary
values have modulus 1 almost everywhere. If E is a non-empty Borel subset of JA,
then we let f~1(E) denote the subset of 45,

fYE)={¢€dB: lim1 f(r) exists and belongs to E }.
Theorem B. [4] If f is inner in the unit ball of C™, f(0) = 0, and E is a Borel

subset of DA, then we have:
(1) f0<a<2(and also a =0 if n = 1), then

CaPan—24a(fT1(E)) > C(n,a) cap,(E).
(ii) If @« = 0 and n > 2, then
1
capgn_o(fH(E

5 <) (1 +log @) .
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Corollary. With the same hypotheses of Theorem B, we have
Dim (f~*(E)) > Dim (E) + 2n — 2

where Dim denotes Hausdorff dimension with respect to the distance d(z,w) =
11— (2, w)]'/2.

These two theorems translate the results [3] for the Euclidean distance to the dis-
tance d(z,w) = |1 — (z,w)|'/2 in OB. It is interesting to remark that in the Euclidean
case, the analogue of (1.3) is an equality. On the other hand, these results have a lot
of applications [1-3].

The heart of the proof of Theorem A is to reduce it to

Theorem 2. For all non-negative integers p, g, n (n > 1) and for all 3, 0 < f < n/2,
we have, with constants which only depend on n, B3, that

_ [Y(E@N? a1y pn-rp-ry, o D@+ BT+ B)
I_/o (F(l)) A= ) e = e A g + n— )

where F(z) is the hypergeometric function F(p,q;p+ q + n;z).

The outline of the paper is as follows. In Section 2, we give the proof of Theorem 1.
We will prove Theorem 2 in Sections 3 and 4. In Section 5, we will give an open
question.

Notation. We denote by C a constant which sometimes can depend on n and 8 and
that can change its value from line to line and even in the same line. The expression
A =< B will mean that there exists a constant C, depending at most on n and 3, such
that C~! < A/B < C. Finally, A ~ B when z — a means that lim, ., A/B = 1.

2. Proof of Theorem 1

Theorem 1. There exists a universal constant C, not depending on n, p, u, m, z,
such that, for all real numbers, u,p >0, m,n >1, 0 < z < 1, if we denote

G=F(@p+ump+1L(m+1)p+u+n+1;2) B(mp+1,p+u+n),

then
G>CL
where
1/4
_ gmp+l(q _ pruc L yn-1 1-2 1
L=tgP " (1-m(1—1t))" " (1-to) (a2 — b2z) T
and
a+bz—+/(1-2)(a® - bz) 2
to = = , (2.1)
2z a+bz++/(1—2)(a® —b2z)
a=1+ 1 , b=1- 1 .
m m
Also,
lim g =V2r.
p—oo L
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In order to prove Theorem 1, we will need the well-known integral expression ([6,
p- 99] or [8, p. 20])

1
G = / §mP(1 — g)PHn=L(] _ )P gy
0 .
Accordingly, we can write

1
G= / ePf D g(t) dt
0

where

m(1 _ _ #\ut+n-1
f(2) =logt1(1—t) %—?7:)7,—

Observe that the function f has a unique maximum ¢, in [0, 1] given by (2.1).

The classical Laplace’s method (see e.g., [7, 10]) for asymptotic expansions gives
that the principal contribution of the integrand of G is located in a neighborhood of ¢g.
Consequently, it will be useful to have some expressions involving ¢y at our disposal.

— and  g(t) =

Lemma 2.1. Ifty is defined by (2.1), we have the formulae

zt2 = (a+b2)ty — 1, (2.2)
22ty = a+bz— /(1 —2)(a? - b22), (2.3)
2(1— ztg) = b(1 — 2) + /(1 — 2)(a2 — b22)
=1 (a(l —2)+ /(1= 2)(a2 — b2z)) , (2.4)
1ty = \/(l—z)(a2—2§2Z) —a(l-2)
- %0(\/(1 —(@ - 12) b1 - 2)), 2.5)
(1 = to)(1 — 2to) = tn—‘;u _2), (2.6)
1—t
i—_7;’0=1—m(1—t0), (2.7)
2 (42 _ b2,
£1tt0) = =Ty T 29)

Proof. In order to find ty, we need, of course, to solve the equation f’(t) = 0. This
equation is equivalent to (2.2). The identities (2.3)—(2-7) can be obtained by an
elementary argument using (2.1) and the definitions of a and b. More concretely, (2.6)
and (2.7) use (2.2). To obtain (2.8), we use (2.6) and (2.3) in the following way

1 _.m 1 22
Ft) =~ ~ A wr T T

7_n_2 L(1-2)24+ (1 - zt0)? — 22(1 — 10)?

(20) 2 (1-2)2
m? a+ bz — 22t
=—E 1-2
_m? /(1 —2)(a® —b%2) O

(2.3) 12 1-2z
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Proof of Theorem 1. Following Laplace’s method (see e.g., [7, 10]), we define a new
variable 7 by the equation

f(to) — f(t) =72 (2.9)

and the condition that 7 must be an increasing function of .
Using the Taylor’s polynomial of degree 2 of f in ¢9, we obtain that if we define h
by t = h(7), we have

-2
R0)= /. 2.10
0=y 7w 210
Then
G = epf(to) / eP™ g(h(r)) K (7) dr . (2.11)
—00
If we use (2.9) and (2.10), then we have that as p — o0
G ~ e?f () g(r(0)) h'(0) /oo e P dr = Pf(to) (to) 2
! oo TN e

Then, using (2.8), we obtain

m(1—1t)\” B 2m t2 [ 1—2
¢ (1—zt0) l—zt (1 fo)" a? — b2z’

The identity (2.7) gives

o gmpFL (1 _ pruy o p-1 1 2
Gty (1=—m(1—1t0)" " (1 —to) — p,/ _b2 ~Vor L.

This proves the last part of Theorem 1. To prove the main part of Theorem 1, we
need to estimate g(h(7)) and h'(7) near 0. These estimates must be uniform in n, p,
u, m, and z.

For each 0 < € < 1, we define

t=(1—e)to, (2.12)

2 2
z=b+ “1_l’zZ22, if 0<z<1, (2.13)
=1+m—2—€x21+me, if 0<z<1. (2.14)

We need to estimate

1 1—ty 1—(l—¢)zt
2 0 0
7% = f(to) — £(t) Og((l—s)ml—(l—a)to g ) (2.15)
A computation gives, using (2.4), that
1-(1-¢)zty me

T =1 m5+7m—w—me, (2.16)

and also, using (2.5), that
1—+tp 1 1
= mME ., (2.17)
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where =, w are defined by (2.13) and (2.14). If we substitute (2.16) and (2.17) in
(2.15), we obtain

flto) — f(t) = log((T:i—);(l - %)) 2 log (7= s)mtl g W)

We wish to show that
B'(r) > KK'(0) forall 7€ [r,0], (2.19)

for some constants K > 0 and 73 < 0 which are independent of n, p, u, m and
z. In order to obtain this inequality, consider the function H = h~%, i.e., H(t)? =
f(to) — f(t). Then, (2.19) is equivalent to the inequality
1 K -2
—_—— 2> ——=K,/—— 2.2
@) = T\ Pl (220)

for all ¢ € [t1, 0], with £; = h(71). Since we are working with ¢ < ¢y, we have that
H(t)=—/f(to) — f(t).

And recalling (2.8), (2.12), (2.13), and (2.14), we see that to prove (2.20) is equivalent
to proving that

4(f(to) — (1)) £ 1 2K 1
2K = mzom%(w—l)—b' (2.21)

On the other hand, if ¢ is given by (2.12), computations give, with the help of (2.6),
(2.16), and (2.17), that

fy=-m oL Z
1- E)to 1-(1- €)t0 1-(1-¢)ztp
_ m 1 z
216),217) (1—e)to  w(l —to) + (w—me)(1 — 2tp)
- om/( 1 w(l—2z)—me(1l— ztg)
(26) 5(1—5— w(w—me)(l-2) )’
and so if we use (2.4) and (2.14) to obtain

1—zt0=g(1—z),

then we find that

fi(t) = 2( : L ) . (2.22)

to\1—¢ w(w—me)
Substituting (2.18) and (2.22) into the inequality (2.21), we obtain that (2.19) is
equivalent to

m. 2 2
M(w)zl‘)g((l__lng”(l_5>>—mi€(wl_(1)—2b (lis_w(wl—me)> 20
(2.23)

forallw>1+meande<e;.
In order to show (2.23), the next lemma plays an important role.

Lemma 2.2. Forall0 <e <1, m >0, K < +/(1-¢)/3, w > 1+ me, we have
M'(w) > 0.

In the proof of Lemma 2.2, we will need the next inequality:
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Lemma 2.3. For alle,m >0, w > 1+ me, we have

w(w—me)—(1—¢)
w—1-—meb/2 —

w+2. (2.24)

Proof. The restrictions 1+ me < w and b < 1 give
l+me<w+wme(l-15/2).
This inequality can be transformed, using the fact that m = mb+ 1, into
l+e+meb<w+wme—wmeb/2,
which is equivalent to
ww-me)—(1-¢) < (w+2)(w—1-meb/2).
Therefore, we obtain (2.24) by observing that w—1—-meb/2 > me—meb/2>0. O

Proof of Lemma 2.2. We have that

M) = L _ 1, K’me 1 1 1 2
T w-me  w 4 (w—1-meb/2)2\1—-¢ w(w—me)

B 2 - 1 2w—me
w—1-meb/2\1-¢ w(w—-—me)/) w2 (w—-me)?|

Then
K?me 1 1 2w —me
Mw)> —25 - .
(w) 2 w(w—-—me) 2(w—-1-—meb/2) (1 —€ w(w—ma)) w? (w —me)?
(2.25)
We can bound, with the help of (2.24), the term
1 1 1 _ 1 w(w—me) — (1 —¢)
w—1-meb/2\1-¢ ww—-me)) (1-e)ww—-me) w—1—meb/2
w2
~ (1 -&)w(w—me)
(2.26)
We also can obtain an upper bound of the term
2w — 2 2
wome v_z, (2.27)

w2 (w—-me)?  w?  w
Substituting (2.26) and (2.27) into (2.25), we obtain

K?me w+2
v me 3
(w)>w(w—ms) w (1-¢g)w(w-—me)

~w (wm—sma) (1 B 1Iize (1 * %)) '

The hypothesis on K in Lemma 2.2 gives that K2 < (1 —¢)/3, and then

K2 2
(1+—> <1.
1—¢ w

This implies M'(w) > 0. |
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Consequently, if K < \/m, we have that
M(w) > M(1+me),
and so, we only need to prove that N(e) = M(1+me) > 0.
Lemma 2.4. Forall0<e<1l,m>0, K <1-—¢, we have that N(¢) > N(0) =0.
Proof. It is enough to show that N'(¢) > 0. Recall that

N(e) =M1 +me) =IOg((l—-e)mtl+17’us)> B 12{—: (1%: B 1+1me>2'

Therefore,

yy_ . om om K>/ 1 1 1 m
N(s)_l—e 1+me a (1—5 1+ms) (1—{:‘)2-+-(1+m<«:)2 '

Using the fact that

1 1 _ mea
1—¢ 14+me (1A-¢)(1+me)’

we have

N'(e) = (1—_‘#71(-1‘:_—"16) (ma,—K2 ((1 _15)2 + a +n;1€)2)) .

The hypothesis K2 < (1 — ¢)? gives
K? (1—¢)?
— (1 —_— 1 =
1—e) ( +m A+me)p <l+m=ma,
and this implies N’(¢) > 0. O
It is convenient to make a back-up of our results. We have showed that if 0 < e < 1,
m >0, K <min{/(1 —¢)/3,1—¢€}, then fort = (1—¢)to

1 S _K
H'(t) = H'(to)
Take 0 < € < g9 < 1 and K = min{+/(1 —0)/3,1—&0} < min{\/(1 —¢)/3,1—¢},
then we have
R(H(t)) > KK'(0)  forallte [(1—eo)to,to].
Then (2.18) gives, if m > 1,

1 > 1o ! 72
1—eo)(1+meg) = B1—e2

H((1—¢0)t0)* = f(to) = f((1 —€0) to) > log 0
where the last inequality is true since m > 1. Of course, H((1 — €¢)to) and 71 are
negative numbers and we have
H((1—¢€o)to) <71,
and then
K(r)> KK () forallte[n,0].
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Therefore, (2.11) and the positivity of the integrand give that
0 2
G > epf(t")/ e P g(h(r)) K (1) dr
T1

0
> K h'(0) ePf(to) / e P g(h(r)) dr.

T1

Observe that i(7) is an increasing function on 7 and g(¢) is a decreasing function on
t (because n > 1). Then

0
G2K¢W%mwwm/ewﬂmzvéﬁammmmwmy
T1

By observing that

this completes the proof of Theorem 1. O

3. Proof of first part of Theorem 2

In this section, we will prove one half of Theorem 2. More concretely:

Theorem 2.1. There exists a positive constant C, depending only on n and 3, such
that for all nonnegative integers p,q,n (n > 1) and for all 8, 0 < 8 < n/2, we have

F(2) 11 _ yn-26-1g, I(p+B)'(g+B)
I= / ( ) S b N Ry

where F(z) is the hypergeometric function F(p,q;p + q + n; z).

If por qis 0, then F is the constant 1, and I is the Beta function B(p+g¢+3,n—20).
Thus we can assume that p and ¢ are not zero. By the symmetry of the hypergeometric
function in the two first variables, it is enough to prove the inequality for p > ¢. Let
p = mgq, with m > 1.

The corollary following Theorem 1 gives that

F(z) B(mg,q+n)>CL.
The Gauss summation formula ([6, p. 99], [8, p. 28]) gives

['(mg+gq+n)T(n)
L(mg+n)T(g+n)’

F) =

and, therefore,
F(z) T'(mq) T'(n) < F(z) C
F(1) T(mg+n) = F(1) (mq)"

where we have used the well-known fact:

F(2) B(mg,qg+n) =

Proposition 3.1. For all fized real numbers u, v, we have that

[(z+u) 1
I'z+v) aovv

when T — +00.
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Hence,
F(z) n—1_n—1/2 ;mq q no1f_ 1oz \M4
) 2 G m" TR (1= m(1 — 40))?(1 ~ to) (a2 _ b2z)

where a =1+ 1/m and b= 1—1/m. Then we have
I > Cm2n—-2q2n—lJ

where
1
J=/ e @ g(2) dz,
0

and
F(2) = log (£5™(1 — m(1 — t5))*2™*1),
(=t 5 n—26-1/2
The functions tg and f are increasing; observe that

42 _, Pl-2+2m

dzto  \J[1-2)(@-b%2)

and that this function is negative because

b /I=2) (@ —t%7) <2 \/iﬁ bVI=z < % FB(1—2).

Following Laplace’s method [7, 10], we introduce the new variable 7 = — f(z); then,
if z = h(7), we have

J= /000 e g(h(r)) |W (7)| dr.

In order to bound J, we need some estimates for the function
2/m
Vim0l —z)+a/1—2z
The function r is increasing for 0 < z < 1; then we have that 1/(m+1) < r(2) < 1/y/m.

For each k such that /m/(m + 1) < k < 1, there is a unique 0 < 2z, < 1 such that
r(zm) = k/+/m. A computation shows that

VT = % (avm — VVorm + 452) (3.1)

r(z) =

and
Zm = 1 (2(1\/ b2m?2 + 4k2m — m(a® + b2)) .
™ 4k2?

We need the following lemma in order to prove that there is an interval [0, A] for
the variable 7, for some universal constant A, in which the estimates are valid.

In what follows, we choose k = (v/65 — 1)/8 and z,, such that r(z,,) = k//m for
this particular k.

Lemma 3.1. If 7,,, is defined as 7, = —f(2m), then there is a universal positive
constant A such that 7, > A for all m > 1.

In order to prove this result, we need some inequalities.
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Lemma 3.2. For all z € [z, 1] and for all m > 1, we have that

k,/l——zgl—tog,/l_z, (3.22)
m m

1-vm(l-2)<1-m(1—ty) <1—-ky/m(l-2), (3.2b)
2
1—t0S1—to(zm)<21 b <%, (3.2¢)
1-k2 1
Vm(l —2z) < vVm(l - z,) < 2 — =5 (3.2d)
3
o € [2,1] : (3.2¢)
1-2 1-=2

< < .
kq/ —Z < —logty <24/ —=, (3.26)
kyv/m(l—2) < —=log(l—m(l—1tg)) <2+y/m(1-2), (3.2g)

[1—=z

< - < .
0< -logz < — (3.2h)
a? - b’z < % , (3.2i)
4k /m(1 = 2) <7 <10/m(1 - 2). (3.2§)

Proof. A straightforward computation using (2.5) shows that

1—to=r(z)V1l—=z. (3.3)

This proves (3.2a) and (3.2b), since r is an increasing function for 0 < z < 1.
Since tg = tp(2) is an increasing function of z, we have, using the fact that r(z,,) =
k//m and also (3.1), that

—Zm 1 [ 4k?
1—t0Sl—to(zm)zr(zm)\/l—zm=k: 1 z =—(CL— b2+i),
m 2 m

1 — & 1 k2
1—to<1—to(zm) == m <2 s

20+ \/ b2+ % n
which proves (3.2c).

In order to prove (3.2d), it is enough to observe that (3.3) and (3.2¢) give

VvVm(l—zy) = % (1 —to(zm)) < 21 —ka,

and this last number is equal to 1/2 because of our choice of the constant k.
(3.2¢) follows directly from (3.2d).

(3.2a) gives
1—,/1_—7‘ gtogl—k\/l—z.
m m

If we use the inequalities

ws—log(l—a:)gl—%; for all z € (0,1),

SO

3

and we observe (see (3.2d)) that /(1 — z)/m < 1/2, then we obtain (3.2f).
(3.2g) can be deduced like (3.2f) using (3.2b) instead of (3.2a).
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The inequality (3.2h) follows from

4

1-—
—logz < —z_ <=-(1-2)

W

m(l — z)

\/ 1-=2
where we have used (3.2d) and (3.2e).

(8.21) can be proved using (3.2d) in the following way
a?—bz=a>-b*+b*(1-2) < —4-1-+1—zm < —5—
m m

Finally, (3.2j) follows from (3.2f), (3.2g), and (3.2h). O
Proof of Lemma 3.1. The inequality (3.2j) with z = z,, gives

Tm = 4k /m(1 — z,,) .

On the other hand, (3.1) allows us to compute

im /m(l - zm) = Lm = (a—1/62 4k
"}1_1}100 m(1 zm)—nll_rgloo2k (a b+m

e L

a+\/b2+% k 4

where the last equality is true because of our choice of k.
Since 7, > 0 for all m > 1 and liminf,, .. T > k, we have that

3
I
3
SE

A=infr, >0.
O

Lemma 3.3. If z € [z, 1], then the derivative with respect to z of the function ty
satisfies
2

th(2) < —/—— . 34
0( ) — \/m ( )
Proof. Recall (see (2.1)) that
b \/ — b2z
to(z) = — + = — Vi—z
2z 2
Therefore,
— 202 —b2 va? — b2z 1
t#(2)= o b — T2 = VI= .
o(2) 222 + 422v/a2 — #t 2v/1 -2
Hence,
1
tr —_— /1 3.
O(Z)—22\/— +\/—\/'1—_—z (5)

where we have used (3.2e) and (3.2i). On the other hand, using a? — b = 4/m and
(3.2e), we have that
2

2
a a
—_ V1 —2< —— /1 —-2<2y/m(l-2).
222 /a2 — b2z T 222+/a2 — b? - ( )
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Besides, using (3.2d), we deduce

24/m(l—2) < L .
m(l — 2)
Finally, substituting these two last inequalities in (3.5), we obtain (3.4). O

Lemma 3.4. For all z € [2p,1], we have that

m
1—2z°

flx)<C (3.6)

Proof. Recall that
) = log (B7(1 = m(1 — )™,
Hence,
ty m+1
1—m(1—to) z

Using (3.2a) and (3.2d), we have that to > 1/2. Similarly, using (3.2b) and (3.2d)
again, one deduces that 1 —m(1 —t9) > 1/2. Therefore, recalling (3.2¢) and (3.4), we
obtain that

tl
f'(z) =2m -2 +2m
to

fl(2) <dm(th+th+1) < C mz .
O
Lemma 3.5. Let A = inf,, 7, . Then, for all T € [0, A], we have that
Cr
! >z )
|n'(T)| > — (3.7)
07.411—4[3—3
g(h()) > An—2p=3 (3.8)
Proof. First, recalling that h = (—f)~! and using (3.6) and (3.2j), we have that
, 1 1-z_Crt
= > 27
W= 5 2022 <
This proves (3.7). Secondly, recall also that
1—t¢ 2n—2 _ 25—
a(h(r)) = g(z) = Sl o1 ppn-ze-,
a? — bz
Therefore, using (3.2a), (3.2i), and (3.2e), we have that
1—2z\n-1 ne28-1/2 _ (1 _ Z)?n—Zﬂ—3/2
g(h(T))ZC’( - ) vm (1-2) =0,
50, (3.2j) gives the result. a

Proof of Theorem 2.1. Recall that we need a lower bound of the integral

J= /0 — g(h()) |W(7)| dr .
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Using Lemma 3.5 and the positivity of the integrand, we have that

A
JZ/O e” ™" g(h(r)) |W' ()| dr

C A
55 e 7 7_4n—-4ﬂ—-2 dr
me"m 0

C I'dn—46-1)
m3n—28-2 q4n—4ﬂ—1
where we have used the elementary fact that

(3.9)

i fA e~ 97 r 4n—4p8-2 dr

im

g—oo [ emam pin—46-24r

Recalling that I > Cm?"~2¢?>*~! J and using (3.9), we obtain that
I>C 1 1 C

mn—28 g2n—48 ~ (pq)n-28 ° (3.10)
Finally, (3.10) and Proposition 3.1 give Theorem 2.1

4. Proof of second part of Theorem 2

To finish the proof of Theorem 2, we need only to prove the reverse inequality:.

Theorem 2.2. There ezists a positive constant C, depending only on n and (3, such
that for all nonnegative integers p,q,n (n > 1) and for all B, 0 < B < n/2, we have

L(F(2)\? L(p+B)T(a+h)
I=/ (——) ptath-l(1 _ 02614, < C .
o \FD) (-2 T@+n-AT(g+n—p)
In order to prove Theorem 2.2, we will need some lemmas

Lemma 4.1. For p,q,n,z as in Theorem 2, we have

2
(B(a,p+n) F(p,¢;p+q+mn;2))” < Blg,n) B(g,2p +n) F(2p,¢;2p + ¢ + 13 2)
Proof. We have ([6, p. 99], [8, p. 20]) that

1
B(q,p+n)F(p,q;p+q+n;z)=/ N1 — )Pt (1 - 2t) Pl
0

_ / Ha=D/2(1 _ ) (n=1)/24a=1/2(1 _ g)p+(n=D/2( _ ,)=P gy
0
s0, using the Cauchy-Schwarz inequality,

(Blg:p+n) F(p,q5p+ a4+ 752))” < (/0 #1711 - ¢ dt)

1
< ( / 19711 - 1) (1 - 21) % )
0
= B(q,n) B(q,2p +n) F(2p,q;2p + g + n; 2)
O
Let 3F5(a, b, c;d, e; z) denote the generalized hypergeometric function

sFs(a,b,c;d,e;z) = Z%Z!.
We have
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Lemma 4.2. There exist constants C1, Cy depending only on n and B such that

3F(2p,q,p+q+ B;2p+q+n,p+q+n—B;2) <G

;<
! F(2p,q;2p+q+2n — 205 2) -

Proof. By comparing the k-th terms of each series, we have that

o) @rp+g+B)r  2F

2p+qg+n)k(p+qg+n—PB)k k!
(2p)k(9)x 2*
(2p+ g+ 2n —20); k!

_(@p+a+20-28)  (p+a+P)
2p+qg+n)y  (p+g+n—0O)k

_T@2p+q+2n—-28+k)T(p+q+B+k) T(2p+q+n)T(p+q+n-—7)
T T(2p+q+n+k)T(p+q+n—B+k) T(2p+q+2n—-26)T(p+q+08) "

Qr =

If we denote

T'2p+qg+n)T(p+g+n—75)
F(2p+q+2n-28)T(p+q+8)’

Alp,q) =
again using Proposition 3.1, then we have that

(p+qn 2

A(p,q) ~ W ,

if p+qg— o0,

so there exists a constant C = C(n, 8) such that

C'<A(p,q)<C  forall p,g>0.

Also,
Cl'<A(p,q+k)<C for all p,q,k>0.
Therefore,
_ AP, q)
C?2<Qp=—"2-<C?* forall k>0,
< Qk Apat k) S or all k>
and this implies the lemma. O

Proof of Theorem 2.2. The Gauss summation formula ([6, p. 99], [8, p. 28]) gives

_Tlp+g+n)T(n) _ _ Blgn)
I'(p+n)T(¢g+n) B(g,p+n)’

F(1)
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therefore,

1 ! 2
-t pHa+B-1(1 _ \n—26-1
I B(q,n)g/o (F(z) B(g,p+n))°z (1-2) dz
B(g,2p+mn)

1
F(2p,q;2 52) 2PTIHA=1(1 — )21
Lem 01 B(g. ) b (2p,¢;2p+q+n;2) 2 (1-2) z

Qa 2]7 + n) 2p)k(q)k k+p+q+ﬂ—1(1 _ z)n—Qﬁ—l dz
0 i=( 2P+(I+n)kk'
_ Blg 2;0+n) 3 @p)e(@x_ T(k+p+g+08)T(n—20)
B(g,n) = @p+q+n)k! T(k+p+g+n-—p)

_ Blg,2p+n) _
) B(p+q+B8,n-28)

x 3F2(2p,q,p+q+B;2p+q+n,p+qg+n—p;1)
I'2p+n)T(g+n) T(p+q+8)

<

F(2p,q;2p+q+ 2n —206;1)

Lemma 4.2 F(2p+q+n) F(P+Q+n—ﬁ)
F2p+n)I(g+n)T(p+g+5) I'(2p+q+2n-20)
I'(2p+q+n)T(p+g+n—p) T(2p+2n—26)T(q+ 2n — 20)

<c (2p+q+1)""28
= (2p+1)n2(g+ 1) (p+ g+ 1)n2F
C
= (p+1)n=28(g+1)n28
T(p+6)T(g+8)

Flp+n-B)T(g+n-p)
where again we have used the Gauss summation formula and used Proposition 3.1
twice. O

5. An open question

In this section, we formulate an open question which refers to estimates of the square
of an hypergeometric function:
Is it true that

(F(p,q;p+q+m;2))° < F(2p,2¢;2p + 2q + 2n — 1/2; 2)

for p, q, n positive integers, 0 < z <17

We know three cases in which this is true: if n = 1/2 (though 1/2 is not an integer!)
as a consequence of the Clausen formula, see e.g., [8, p. 75]; if z = 1 (using the Gauss
summation formula) or z = 0; and if p or ¢ is zero. On the other hand, we have a
formal argument based on the asymptotic behaviour of the hypergeometric function
stated in Theorem 1, which would give a positive answer to the question above.

If the answer to this question is yes, then this would simplify considerably the proof
of Theorem 2 by using the ideas contained in the proof of Theorem 2.2.
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