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APPROXIMATION BY NORMAL DERIVATIVES OF FUNDAMENTAL 

SOLUTIONS OF ELLIPTIC DIFFERENTIAL OPERATOR SYSTEMS 

Ute Clauss and Uwe Hamann 

ABSTRACT. We deal with the simultaneous approximation of a set of functions 
which are given on a smooth d-dimensional surface F in Rn such that Rn \ F is 
connected. We approximate these functions by normal derivatives of finite linear 
combinations of vector functions D^EiAx — 2/fc). Here .E are the columns of a 
fundamental solution E_ of a Douglis-Nirenberg-elliptic differential operator, and 
the sequence of points (yjOfcLi C Rn \ F is dense in K C Rn \ F where K is a 
C1-smooth (n — l)-dimensional compact surface. 

1. Introduction 

Let L(D) = (Lij(D))ij=i^.^N be a system of differential operators in Rn with constant 
coefficients, which is elliptic in the sense of Douglis-Nirenberg with T = (£i,... ,£#) 

and S = (si,..., SN) (t = h > • • • > t^ > 0, 0 = si > • • • > SN = s). Hence, 
ordLij < si + tj, and Lij = 0 if Si + tj < 0. 

Let E_ = {Eij)ij=ii,mmiN denote a fundamental solution of L, and let Ej denote a 
column of E. 

Furthermore, let F be a C^-smooth (n — l)-dimensional bounded, and in the sense 
of local coordinates, open surface in Rn such that Rn \r is connected. Let Dn denote 
the derivative with respect to the direction of the normal vector at F. 

For a given sequence of points (2/fc)fcLi ^ ^^ \^' we consider finite linear combina- 
tions of vector functions of the form 

DaEj(x - yk)    where    1 < k < oo;    j = l,...,N',    0 < |a| < oo. 

Let 
l       N 

^iAx) = S Yl Yl ckd^DaEj(x - yk) 
k=l j=l \a\<r 

be such a linear combination. We want to approximate a given system of functions 
on F by normal derivatives of the components of y^ r at the same time. Let /£ 
(i = 1,..., iV*; h = 0,..., U + s — 1) be the functions which are to be approximated. 
Here AT* is the maximal integer i such that U + s — 1 > 0. 

We will see that such approximations are possible under certain conditions. These 
conditions essentially refer to the location of the points yk. The following assertion is 
a special case of the approximation theorem which we will prove: 

Assume that the sequence (y^^i   C   Rn \ F  is dense on a smooth 
(n — 1) -dimensional surface K C Rn\r. Then, for all systems of functions 
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(/£)i=i ,...,JV* ,h=o ,...,«i+a-i; /^ ^ C(n> and for alls > 0, tfAere ex^ a na^- 
ra/ number I and coefficients Ckj,a (1 < k < I; j = 1,..., N; \a\ < t+8j — l) 
such that 

EE  \\ftH-^\r\\c(F)<e 
i=l   h=0 

where 

i     N 

^i(x) = ^2J2      1L,      Ck,j,a'DaEj(x-yk). 
k=l j=l \a\<t+Sj-l 

Note that the surface K may be arbitrarily small. 
This approximation result has been formulated for simplicity for an (n — l)-dimen- 

sional surface F, but it is true in general for d-dimensional surfaces (1 < d < n — 1). 
Furthermore, the functions to be approximated may be chosen from different function 
spaces on F instead of from C(r). 

The results of this paper can be viewed as a generalization of a theorem by Beck- 
ert [1], proved in 1960, to general elliptic systems of differential operators. Beck- 
ert dealt with approximation of functions, given on a surface F, by solutions of 
boundary-value problems, instead of by fundamental solutions. But this is strongly 
connected with approximation problems we deal with in this paper. Beckert consid- 
ered boundary-value problems for scalar differential operators of second order. The 
Beckert result has been developed further by Beyer [2], Gopfert [8], Hamann [9, 11], 
Wildenhain [18], and Roitberg and Sheftel [16]; the latter generalized it for systems. 
In the papers of Browder [4, 5], functions, given on a surface F, are approximated by 
normal derivatives of functions which are solutions of a scalar homogeneous elliptic 
equation in a fixed neighborhood of F. 

In papers written by Schulze and Wildenhain [17], Kupradze [14], Beyer [3], Free- 
den and Renter [7], Roitberg and Roitberg [15], and Hamann [12], the problem of 
approximation by linear combinations of fundamental solutions, most of all for scalar 
differential operators or special systems of differential operators, has been investigated. 
A part of these results has been transfered to elliptic systems, namely for the case that 
Rn \r is not connected, i.e., that Rn is divided into two parts by F. This was done by 
Hamann [13] for Petrovskij-elliptic systems. Note that the cases for Rn \ F connected 
and Rn \ F not connected are fundamentally different. 

An essential reason for investigating approximation by fundamental solutions in the 
case of a nonconnected set Rn \ F is the applicability of such approximation assertions 
to the construction of numerical solutions of boundary-value problems with respect to 
a region Q which is bounded by F. In [7] and [14], such numerical constructions were 
carried out for the Lame equations. 

In the case of a connected set Rn \ F, Gopfert [8] described how the approximation 
assertions can be interpreted in the linear theory of elasticity (Lame equations). He 
showed that displacement and stress vectors given on a surface F can be approximated 
by influences on another surface K. _ 

In the present paper, we consider the case of a connected set Rn \ F for the more 
general class of Douglis-Nirenberg-elliptic systems. Here the results obtained by Clauss 
[6] are being improved. 

This paper is structured in the following way. In Section 2, we introduce notations 
and explain assumptions for the approximation result which is given in Section 3. In 
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Section 4, we state necessary lemmata and, finally, we prove the approximation result 
in Section 5. 

2.1.    Let 

2. Definitions and notations 

i^^cM^w,...^.    Lii(D)= E <j-Da 

where a = (ai,..., an), Dk - JL 
dxk 

\<*\<Us 

, Da = C^1 ... D%n, be a matrix of partial differen- 
tial operators on Rn with constant coefficients. The operator L is called elliptic in the 
sense of Douglis-Nirenberg if there exist integers si,..., SN and £i,..., £# such that 

Lij(D) = 0    if   Si + tj < 0    and   £;J < s^ + tj    if   Si H- tj > 0 

and such that we have for the characteristic polynomial 

for real ^ = (£1,..., fn) / 0. Here 

0 ifsj + ij<0 

andl^ef1---^"- 
If L is elliptic in the sense of Douglis-Nirenberg, then since Si+tj = (si — k) + (tj.+k) 

for all integers fc, we may assume that max{si | 1 < i < N} = 0. Then min{£j | 1 < 
j ^ N} > 0 and tj is the maximal order of differentiation of the function u^ in L(D)u 
where u = (u1,..., uN)T. By renumerating the functions u^ and the columns of L(D), 

we always can get t = ti > • • • > t^ > 0 and 0 = si > • • • > SJV  =  5. 

2.2.    Now 

is the formal dual operator to L(D) in the sense of distributions. L?{D) is defined by 

((^)T^) = EE / (L^) •vida; = EE / uj • (^^)^ = ^T^v) 
i=ij=ijRn j=ii=ijRn 

for all tj,s;€(C§°(Rn))Ar. 
If L is elliptic in the sense of Douglis-Nirenberg, then so is L*, namely with the 

integers s^ = U - t and tj = Sj +1 since t^ = tji < Sj + U = s* + tj. We again have 
ti > ■ ■ ■ > t*N > 0 and 0 = sj > • • • > s*N. 

2.3.    The matrix E_ = (Eij)ij=it„_!M is called a fundamental solution of L if 

[6   0   •••    0   0\ 

/iV \ 

LS = I 2__,LkiEij J 
V»=l / k,j=l,...,N 

0   5 0 

0 
yo o 

6   0 
0   5/ 
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where 8 is the Dirac ^-distribution. By i? • = (£17,..., ENJ)
T
 for j = 1,..., N, 

we denote the columns of the fundamental solution E = {E^^ ... ^E_N). The matrix 
function E? which is defined by E*(x) = (E_(—x))T is a fundamental solution of L*. 

2.4. Let Fi be a C^-smooth rf-dimensional (1 < d < n — 1), and in the sense of local 
coordinates on Fi, open surface. For the C^-smooth d-dimensional open surface F, 
we assume that F c Fi. Also assume that F has a C^-smooth (d — l)-dimensional 
boundary dF. 

For z e Fi, let v^z),... ,lZd(^) be d linear independent unit vectors which span 
the tangent plane at 2, and let 1^+1(2),... ,^n(z) be (n — d) linear independent unit 
vectors which span the normal plane at z. Assume that the components vik of ^ 
(z,ik = l,...,7i) are in C00^). 

For a fixed point z 6 Fi, let 

be the directional derivative of / at the point x € Rn with respect to the direction of 

In the same way, let 

(r   f)(x)        (gN/)^ 

for a = (ai,..., an). Note that -C>"( x is applied with respect to the variable x. 
Furthermore, let 

D5f\r = {(DZlt)f)(x)\x = z€r}. 

For a = a" = (0,..., 0, a^+i,..., an), JD" /|r contains only derivatives in normal 

directions of F. Hence, we may call D" /|r the normal derivative of order a" of / 
onF. 

2.5. The spaces from which we may choose the functions on F we want to approxi- 
mate are Banach spaces with certain properties. We now formulate two conditions on 
a Banach space ^(F). 

(al) There is an integer ri such that Cri(r) is continuously embedded in ^(F). 

(a2) C00^) = jD(r), the closure being taken in D(T). 

These conditions are not very strong. There are a variety of spaces which satisfy these 
conditions. Some examples are 

• the space of fc-times continously differentiable functions C/c(r) for all integers 
fc>o, 

• the Sobolev-Slobodeckij-space WP'S(T) for 0 < 5 < 00, 1 < p < 00, s,p e R, 
• the dual space (W^r))' of WP>s(r) for 0 < s < 00, 1< p < 00, s,p G R. 

The Holder spaces Ck>x(T) (k G N; 0 < A < 1) do not satisfy condition (a2). 

3. Approximation result 

First, we want to summarize the suppositions. _ 
1. Let F be a C^-smooth d-dimensional surface such that Rn \ F is connected. By 

a", we always denote multi-indices of the following form: a" = (0,... ,0,0:^+1,... ,an). 
D% f\r is the normal derivative of order a" of the function / on F. 
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2. Let L(D) = (Lij(.D))»,jrri,...,jv be a system of differential operators on Rn 

with constant coefficients which is elliptic in the sense of Douglis-Nirenberg with 
T = (£I,...,£JV) and 5 = (si,... ,SJV). Here t = ti > • •• > tjy > 0 and 0 = si > ••• > 
SJV = s. We assume t + 5 - 1 > 0. 

3. Let E = (i?;j)i,j:=i,...,jv denote a fundamental solution of L, and let Ej denote 
the columns of E. 

4. We denote the maximal integer i with U + s — 1 > 0 by AT*. Hence, we have 
U + s - 1 > 0 for alU == 1,... yN*. Let A,^(r) (i = 1,..., iV*; I/?"! < ** + s - 1, 
Z?" = (0,..., 0, /3d+i,..., /3n)) be Banach spaces which satisfy the conditions (al) and 
(a2). 

Theorem. Let K C Rn \T be a C1-smooth (n — 1)-dimensional compact surface. Let 
the sequence of points {yk^-i C Rn \r be dense in K. Then, for all vector functions 

/ = (/»•'•»/    )   5        /* = (/^/)|^|<ti+s-i)        fl» € A,/3"(r), 

with (3n = (0,... ,0,/3d+i,.. .,/3n), there are numbers cjj. •    (1 < I < oo, 1 < fc < Z, 
j = ly. ..,Ny \a\ < t + Sj — 1), sifcc/i ^ftat 

&S       E      IPf^lr-4''b^(r)=0 
i=l   |j3"|<ti+s-l 

for 

f«}(x)\ 

WW/ 
Remarks. 1. The assumption of the C1-smoothness of K can be weakened (see 
Lemma 3 and [12], Theorem 1). Only the (n — l)-dimensionality is the essential 
property of K. 

2. The points yk may, but don't have to, lie on K. 
3. The compact set K may be arbitrarily small. 
4. Similar to the Theorems 2 to 6 in [13], one may consider different constellations of 

the points (2/fc)fcLr Then, one obtains analogous statements regarding the summation 
over a in u^ 

5. It is not hard to show that normal derivatives can be replaced by nontangential 
derivatives. 

4. Preparation for the proof 

4.1. If X is a normed space, we denote by Xf its dual space and by (/, F) the pairing 
between / G X and F £ X'. 

For normed spaces X and Y, let L{X% Y) be the set of all continuous linear operators 
mapping X into Y. For B 6 L(X, Y), let B' € LiY^X') denote the dual operator 
which is defined by the equation 

{Bf,F) = (f,BfF)    for all   feX.FeX'. 

Furthermore, by (/, F) we also denote the pairing between an element / of Co0(Rn) 
and a distribution F € D'(Rn). 
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Let Xi,..., XN be normed spaces and X{,..., Xf
N their dual spaces.   For g = 

(9u - • • ,9N)
T

, 9j G X'j, and / = (/1,..., /iv)T, /j € Xy, we define 

JV 

For a matrix A = (ciij)i=i^,^M,j=i,...,N with a^- G Xj (i = 1,..., M; j = 1,..., iV), let 

/ (aiji9j)\ 
{(123,93) 

\{aMj,gj)) 

If the a^-'s are distributions in D'(Rn), and the ^-'s are distributions with compact 
support, we define the convolution of A with g by 

N 

4*2 = E 

/ aij * 9j \ 
<L2j * ^i 

\aMj * ft-/ 

If 4 = E. is a fundamental solution of L, then 

£(25 *g)=g. 

4.2. Let ^4* be function spaces where Ms a parameter which specifies the space A1, for 
instance, C*(0) or Wp,t(Iln). If V = (vi,..., t'iv) is an iV-tuple of integers or of real 
numbers and if fc is a integer or a real number, we define V -f- k = (^i + A;,..., -u/v + k) 
and 

For instance, we have W^>fco+T(Rn) := ^p^o+t^Rnj x ... x w
p>ko+tN(Rn) and 

Cro-5+s(Rn) = Cro"ai+a(Rn) x • • • x Cro-SiV+s(Rn). 

4.3.    For an open set Q C Rn and 0 < k < 00, we define 

C0'fc(fi) = CQ
00

 (ft), 

the closure being taken in the norm of Ck(Q). The elements of (C0'fe(fi)) are distri- 
butions of order k on ft. Obviously, for / e C0'fc(ft) and |a| < A;, wehave Daf\dn = 0. 
Now let F be a C^-smooth, d-dimensional surface and ft = Rn \ F. 

Lemma 1. C0'fc(Rn\r) = {/ € (^(R71) | ZJ^'Vlr = 0 for \a"\ < k, a" = 
(0,...,0,ad+i,...,an)}. 

The proof for (n — l)-dimensional surfaces F can be found in [11] (Lemma 5). Since 
the (n — 1 ^dimensionality has not been used there, this result can be proved for 
d-dimensional sufaces completely analogously (see also [10], Lemma 2.18). 
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4.4. If ft C Rn is an open set, we denote by Wk>p(n) (k > 0; 1 < p < oo) the 
classical Sobolev spaces. Let W^p(n) be the closure of Cg^ft) in Wfc'p(ft). The 
following holds: Wk^(Rn) = W0

fc'p(Rn). Furthermore, let W**'^) = (Wofc'P(^))/ 

(fc > 0; p' = r£j). For —oo < k < oo and 1 < p < oo, we define 

WfoGP(Rn) = {/ ^ ^'(R/1) | flu e Wk>p{uj)    for all bounded open sets w c Rn}. 

The operator L(I^), for instance, maps Wko+T,p(Rn) (-oo < ko < oo) into 
Wr/co~5,p(Rn). The next lemma follows from well-known regularity theorems. 

Lemma 2. LetL(D) = (^(-D))*,^!,...,^ ^e elliptic in the sense of Douglis-Nirenberg 
with T = (£I,...,£JV) and 5 = (si,... ,SJV). Further, let E = (Eij)ijj=zijmmmiN be a 
fundamental solution of L.   If / G l^fco~5'P(Rn)  ^~oo < fco  < ooj /ias compact 

support, then E * / G W^+T,p (R71). 

4.5. The following lemma has been proved in [13] (Lemma 13). By Hn-i(K), we 
denote the (n - l)-dimensional Hausdorff measure of a set K C Rn. 

Lemma 3. Let fi C Rn be a domain and K C Q, a compact set with the following 
properties: 

1. There exists an open ball B, which is divided by K into two non-empty disjoint 
open sets. 

2. fln-i^ flB) < oo. 
Furthermore, let L(D) = (Z>ij(I}))i,j=i,...,jv be elliptic in the sense of Douglis-Nirenberg 
with T. = (ti,..., £JV) and 5 = (si,..., s^v). Assume that the coefficients of Lij are 
constants. Then the Cauchy problem 

Lu^OinQ,    Dauj\K = 0for\a\<tj-l    (j = l,...,iV) 

has only the solution u = 0 in ft. 

Note that any C1-smooth surface K satisfies the two conditions of this lemma. 

4.6. Let z € Fi be a fixed point. Then the directional derivatives ^ (i = 1,..., n) 
have the representation 

d       A d 
^*(*)    ^       9a;fc' 

Here Qi = (vn,..., Vin). Further, we get 

r\ ft r\ 

where W(z) = (wfei(^))fc,i=i,...,n is the inverse matrix of (vikh^i,...^- This represen- 
tation of •$— is possible because the vectors v^z),... ,vn(z) are linearly independent. 
Hence, by defining 

\dxi'     ' dx. ")   andZ)^=(a4)'-'^)) : 

we get 

£> = W(z) ■ Dv_(z) and DQ = (IE(2) • D^)01. 



242 CLAUSS AND HAMANN 

Thus, we can represent the differential operators Lij by means of directional derivatives 
in the direction of the vectors v1(^),..., vn(z) with respect to a fixed point z G Fi: 

|tt|<*y l«|<t*i 

|a|<ty 

Let // = (/ii,..., iLn)T be an arbitrary vector, and let £ = WXz)^. We obtain 

'(i) = det {LlH))^   „ = det (L^OEWfi))^ N 

= det (£&(*,/*))..        „ = /■(*,/*). 

If // is a vector such that /(2,/i) = 0, then /(£) = 0. Since L is elliptic, we get | = 0, 
and hence 0 = W_{z) • /x. Since W_{z) is a non-singular matrix, /x = 0 follows. Hence, 

det (Z£.(z,/x)) only vanishes for the zero vector. 

Thus, for//* = (0,...,0,1)T, 

det (4.(2,M*))..  1     ^#0. 

Furthermore, we have 

^(*.M*)-<..^l+t,)W 

for i, j with 5i + tj > 0.   For si + tj < 0, L^(z,/£*) = 0.   Then we formally set 

<^n    n « -1.^(2) = 0- We obtain 

for alU'EFi. 
Since F C Fi is compact, we get 

det (a/i    n 0 ,f^(z)) 

for all 2. € F for a constant c. 

>c>0 

4.7.    The following lemma has been proved in [10] (Lemma 2.14). 

Lemma 4. Let k > 0 be an integer. Then for each tuple of functions 

\a>"\<k 

(a" = (0,..., 0, otd+u. •., Q^n)); JAere ea;e5^ a function w E CQ (Rn) snc/i ^/ia^ 

^a"Hr=fla"   for   \a"\<k. 

From this lemma and the considerations in 4.6, we derive the next lemma. 
For i with 1 < i < iV, we define Ni to be the maximal integer j such that s^+tj > 0. 

Hence, we have Si -f tj > 0 for j = 1,..., iV^. 
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Lemma 5. Let /?("0) = (0,..., 0, /jg^,..., Z?^) be a fixed multi-index and let <o, 1 < 
io < N, be a fixed integer. Futhermore, let i* be the smallest integer i such that 
0n   + Si0 -Si> 0.  Then, for each function g G Cr(r) (r integer, r > 0), there exist 

functions v? G cf1*8^^(R»), j = 1,..., JV,*, sticft tta^ 
1. 

Ni - a(0) /i(0) 
Va^" (z) • n(0--»0»Ci--^02l^

0)+^o+*i)  ,7 x, 2^a(o,...,ofai+ti)W   ^(2) uJ{x)\x=z 

19   fori = io 

3=1 

[0   fori*i0        (' = <*.-.^ 

2.  Dj'V'lr = 0 for j = 1,..., JV,. and 7" swcft i/iaf IT") < |^'0)| + sio + tj and 

7"^(0)...)0,/3(0+
)
1,...,/3W1,^ + Sio+ij.). 

Proo/. Since  det(ag,...,o,Si+ti)(
2))i,J=i,...,jv   ^   0  for  all  z   e   T  (we  again  set 

"(o,...,o,sj+*:,)(
2:)  — 0 for si + *j < 0)) the linear system of equations 

has exactly one solution w(z) = (w1(z),.. .,wN(z)) for each z G T. Since # G Cr(r), 

(^(^....A-i+ti))*^!-^)"1 € COO(r) and aJ? € C^(T), we obtain ^ G Cr(T). 

Lemma 4 yields the existence of functions uj G C^(,°)l+Sio+^+r(Rn), j = 1,..., JV^, 
such that 

^v ^ |r = ^ and DJ} uJ\r = 0 (2) 

forall7''with|7'q<|^0)|+Si0+tjand7V(0,...>01/3W,...,/3i021,/3(0)+Sio^ 
Now (1) and (2) yield the desired properties 1 and 2. □ 

4.8. The proof of the approximation theorem is based on the following lemma which 
follows from the Theorem of Hahn-Banach. 

Lemma 6. Let X be a normed space and XQ be a linear subset of X. Let x' G X'. If 

(XQ, xf) = 0   for all   XQ G XQ 

implies x' = 0, then XQ = X. 

5. Proof of the approximation result 

Before we begin to prove the approximation result, we define a restriction operator so 
that we can formulate the result a bit differently. Let AT* be the maximal integer i 
such that U 4- s - 1 > 0. Let 

Sr+.-iM = ((^^1|r)|^|<t1+..i,..., (Of uN*\r)m<tN*+s-i)T 

for vector functions u = (u1,...,uN)T sufficiently smooth in a neighborhood of F 
(uN +1,..., uN are not considered in ET+^-I)- For abbreviation, we write R instead 
of RT+S-I- Now the claim of the approximation result reads: 
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The closure of the linear hull of 

{R(DaEj(x-yk))\l<j<N; H<f + Si-1; k=l,2,...} 

is 

nf n A^CT)). 
t=i Vi^'i^ti+a-i / 

We will prove this formulation. The proof consists of 15 steps. 

Step 1. Let 

rL= (J^'Ol/^'l^i+s-l*-••>(?/?" )\P"\<tN*+s-lJ 

be a linear continuous functional on n^ilrW'K^+s-i A,/?''^)) such ^at 

{{R{{DaEj){x-yk)))',T{x)) = Q (3) 

for j = 1,..., AT, |Q;| < t + s^ - 1 and k = 1,2,... . Here, 

((ie((^^)(x-2/fc)))
T,T(x)> 

AT* 

i=i |^|<ti+s_i 

From (3), we will conclude that T = 0. Then Lemma 6 gives the claim. 

Step 2. Because of condition (al), there exists an integer ri > 0 such that 

foralH=: l,...,iV* and /?" = (0,...,0,/3d+i,...,/?n) such that |/?"| <^ + s-l. Also 
since every integer greater than ri fulfills this condition, we choose ro = max{ri, —s + 
1}, so that ro + 5 — 1 > 0 always. Hence, 

nf n K'(r))')-nf n (^(n)'). 
i=l \\j3"\<ti+8-l / t=l Vl^'l^ti+a-l / 

Since T is an element of n^ifFIi^Kti+s-i (A^'^r))'), we now can consider T as 

an element of YliLi [n\p"\<ti+s-i (Cro(^)) )• ^or t'ie restriction operator, we have 

£€L    C0,ro+T+s 

Hence, for the dual operator, we have 

w.nf n cro(r)))- 
i=l\\0»\<ti+a-l ) ) 

£'ejLfnf n (c^o(^))'),(co•^o+^+s-l(Rn)),)• 
\j=l   \|/8"|<ti + 8-l / / 

Thus, gT is an element of (C0'ro+T+S-1(R"))/. 
Let ^ = («/>i,..., 0iv)T € (C^°(Rn \ r))^ an arbitrary vector function. Then 

^T,£'2:> = <CR.£)T, £> = (); 

hence, supp iZ'T C F. 
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Since yk € Rn \ F, E^x - yk) is infinitely often differentiable with respect to x in 

a neighborhood of T. Noting that supp^'Z C T, we get 

(m^Kjix - 2/fc)))
T,T(z)} = ((D^Ejix - yk))T, (gT)(x)) . 

Prom (3), we conclude 

(((D«Ej)(x-yk))
T,(gT)(x)) = 0 (4) 

for j = 1,..., N, \a\ < t + Sj - 1, and k = 1,2,  

Step 3. Let p> n. Then the embedding 

Vro+T+s'p(Rn) = W0
ro+T+s'p(Rn) ^ C70»ro+T+fl"1(R'n) 

is continous. Hence 

(C70»ro+T+fl-1(Rn))/ ^ (^^^^(R71))' = Wr-ro-r-a^(Rn) 

where p' = -^j and 

gTe W-ro-T-s>p'(Rn). 

Since L is elliptic in the sense of Douglis-Nirenberg with T = (£i,... ,£#) and 5 — 
(si,..., SN), L* is also elliptic in the sense of Douglis-Nirenberg, namely, with T* = 
(si+t,...,Siv + t) = S + tandS* = {h -t,... ,tN -t) = T-t. Hence, -ro-T-s = 
—ro — t — 5* — s. Therefore 

gT e W-ro-t-s*-s'p'(Rn). 

Since gT has compact support, the convolution E* * {gT) exists, and, by Lemma 2, 

r * (E'X) € w-c
ro-£+T*-s'p,(Rn) = w-c

ro+5-s'p,(Rn). 
Now £*(£* * (fl'T)) = fi'T and suppE'l C T imply L*(E* * CS'T)) = 0 in Rn \ F. 

Thus, since L* is elliptic, £* * {gT) € ^(R71 \ T))N. 

Step 4. If we note that E*(x) = {E{-x))T, i.e., ££(:r) = Ei:j{-x), we obtain for the 
j-th component of E* * (fl'T) (let {gT)1 be the 2-th component of gT) 

Da (£* * GS'T))' (yfc) - D- ( Y^Eji * (S'S*) (y*) 

= X;((^a^;<)*(^o<)(^) 

= f;<(i3a£;;i)(»fc-a:),(fi'r)i(«)> 

= (-i)|a|E <(^^)(a; - 2/0, GS'r)*^)) 

= (-1)1-1 (((D^JCrr - yk))T, {gT){x)) = 0 

for j = 1,..., JV, |a| < t + Sj - 1, and fc = 1,2,... . The last equality follows from (4). 
For the third equality, i.e., for the expression of the convolution as the application of 
a functional, we used that Ej^yk — x) is infinitely often differentiable with respect to 
x in a neighborhood of the support of gT. 
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Since E* * (R'T) is infinitely often differentiable in a neighborhood of K C Rn \ F, 
and since by assumption the sequence of points (yk)(^=1 is dense in K, 

Da (E* * (gT))j \K = 0 

for j = 1,..., TV and all a such that |a| < t + ^ - 1. Further, L*(E* * (fl'T)) = 0 in 

the connected set Rn \ F. Therefore, w =f E* * (fl'T) is a solution to the following 
Cauchy problem: 

L*w = 0   inRn\r, 

23^1^=0   fori = l,...,iV,    |a|<* + «i-l = *;-l. 

By Lemm^S, this problem only has the solution w = 0. Hence, we obtain E* * (RfT) = 
0 in Rn \ F. Hence, 

suppGT * (^T)) C F       and       E* * (R'T) e W^0*3-8*'(Rn). (5) 

By the choice of ro, we get -ro + Si - 5 < -ro - s < (s - 1) - 5 = -1. From (5), one 
easily concludes E* * (R'T) e (C^^-^^R71))'. Hence, since supp(E* * (gT)) c F, 
we obtain 

(/T,£**G2'2:)) = o 

for all / e C0'ro-5+s(Rn \ F). 

Step 5. We define the restriction operator RrQ_Sjts by 

RrQ-S+sf_= \^D2L   f   lr)|/3,/|<ro-si+s)---)(^   fN\r)\P"\<ro-sN+s)j 

for / 6 C0'ro-5+s(Rn). From Lemma 1, we get 

COiro-S+sQfrn \ f) = {jp € £0^-3+8^ | R^^J = Q}. 

Hence, 

(/T,r*(£,z:)) = o (6) 

for all / G C0'ro-5+5(Rn) such that £ro-s+s/ = 0. 

5^ep ^ Now we want to compute (fJ^E* * (RrT)\ for arbitrary vector functions 

/ G C
0'ro-5+s(Rn). We define 

ker5ro-5+s = {/ € C0'^-5+s(R-) | 5ro-5+s/ = Q} 

and 

(kerEro_s+8)
X ={£ € (C0'r°-s+8(Rn)y | (/T,Z) = 0 for all 

/ € C0'ro-s+s(Rn) such thaibSro-s+,1 = 2}- 

Hence, (6) implies 

r*(5'T)e(kerfiro_5+,)±. 
Furthermore, 

^ i=l |/3"|<ro-Si+s ^ 
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and 

E;0_s+S € L (JI       11       (cr°-^-V'\T)), (C0^-S^(R"))'). 
\i=l|/?"|<ro-5i+s / 

Lemma 4 implies 

i^\P"\<ro-8i+8 

Since, if g = ((^//)|/9''|<ro-fli+5J--M(^//)|^M<ro-«<+a>--->(flj^0|/?'/^ is an 

arbitrary element of flili n|j8"|<ro-ai+«^ro"s<+5",'^//'^)' tlien' by Lemma 4' tliere 

exists for each i = 1,..., JV, a function ^ € C0'ro~5i+s(Rn) such that Z3f fe^r = s£» 
for l^'l <ro-«< + «. 

Prom the Closed Range Theorem (see [19], p. 144), we get that ImJgJ.0--s+s — 
(ker5ro_5+s)-

L. Further, from the Open Mapping Theorem and the Closed Range 
Theorem (see [19], p. 147), it follows that 

(&0-S+S)-1 e L(lmgro_s+3,fl       n        (Cr°-S<+S-V"m)\ 
\ »=l|0"|<ro-a«+5 / 

and hence that 

(a^-5+.)-i€L((kBr&,.s+.)-L,n  n   (c^-^-^'m)'). 
\ i=i|^//|<ro_s.+5 / 

Since E* * (fi'T) € (ker:gro_5+s)
J-, the equation 

^5+.A = r*(Sr2D 
has a unique solution 

AT 

^n   n (c^-«+-i^'(r)),j. 
i=l \|/3"|<ro-*i+s / 

Hence, for all h € C0-ro-s+s(Rn), 

(hT,E* * (S'T)) = (hr,gro_s+sA) = ((Rro_s+sh)T,A) 

N 

= £       E       (^f^lr.A^). (7) 
i=l |/3"|<ro-Si+s 

5tep 7.   Now let u £ C0'ro+r+8(Rn) be an arbitrary vector function.   Then Lu G 
C0™-s+s(Rn). We set h = Lu in (7) to get 

((iM)T,r * (fi'T)) = E       E       (<(^)ir, A,^) 
«=1 ^"l^ro-Sj+s 

for all u e C0'ro+T+a(Rn). From 

((Lu)T,E* * (gT)) = (ur,L*(E* * (gT))) = {MT,fl,T) = ((M)T,1) 
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and from 

E   E   «(^)ir,A^) 
2=1 |/?"|<ro-Si+s 

ro     N 

|=0i=iz* |/?"|=ro-St+s-Z 

we conclude 
ro    iV 

<(^)T,T) = EE E (<(^)ir, A^) (8) 

for all u e C0'ro+T*fs(Rn). Here if is defined to be the smallest integer i such that 
ro - Si + s — I >0. 

In the following steps, (LuYlr will be represented by D" according to the consid- 
erations in Section 4.6: 

(^)ir = E    E    <JZ?cVlr 
j=l \a\K8i-\-tj 

Ni 

= E E «jfaKW-^w)V(x)uMer 

= E    E    aS'W^w^'WI^er. 

Here A^ is the maximal integer j such that tj + S; > 0. 

Step 8. In the following steps, we will show that 

\ij» = 0    for    I/?") <ro-Si + s    and   i = 1,..., JV. 

We proceed as follows. Instead of (8), we investigate the equation 

ro     iV 

<GRM)T,r> = EE       E       (<G^)ir,A^) (9) 
l=ri=i1 |^/'|=ro-Si+s_Z 

for an arbitrary integer r such that 0 < r < TQ and for all u G C0'ro+T+5(Rn). Then 
we show that 

\i(3,f = 0    for    |/?"| = ro - Si + 5 - r    and    i = #,..., N. (10) 

Hence we obtain from (9) the new equation 

^ N In \ 

(mT,T)= J2 J2     E    (^ (^)ir^^) 

for all u e C0'ro+T+5(Rn) in the case r < ro and 

(C^)T,2:) = o 

for all u e (70'ro+T+s(Rn) in the case r = ro. 
If we apply the implication (9) =^(10) for r = 0, then for r = 1,..., r = ro, then 

we finally obtain A^" = 0 for all fl" such that \(}f,\ <ro — Si + s and alH = 1,..., N. 
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The proof of (10) is by induction. To this end, we will introduce an order relation 
in Step 10 on the set of pairs {(i, /?") | i = 2*,..., AT; |/3"| = ro - s* + s - r}. Equation 
(9) is now the basis for the following steps. 

Step 9. Now assume for an r with 0 < r < ro that 

Z=r2=ij* |/3"|=ro-Si+s-Z 

for all u € C0'ro4-T+s(Rn). In this step, we show that for all u G C0'ro+T+s(Rn) which 
satisfy 

D^uj\T = 0   for    ^l^ro + ^ + s-r-l    and   j = l,...,JVi;        (11) 

(if ro+tj+5—r—1 < 0 for some j then the condition Dy u3]
\Y = 0 on the corresponding 

u3 is dropped), we can conclude 

0=E E (<'(^)ir,A^). (12) 

To this end, we first show Ru = 0 for these u. We have 

M = ((^,^1|r)|^|<t1+s-i, • • •, (DfuN* |r)|a"|<tJv.+a-i) 

where iV* is the maximal integer j with tj + 5 — 1 > 0. For j < N*, we have 
0 < tj + s — 1 < tj 4- 5 < tj 4- s^. Since AT^ is defined to be the maximal integer j with 
tj 4- Si* > 0, we get Ni* > N*. Further, since r < ro, we obtain ro 4- tj 4- s — r — 1 > 
tj 4- s - 1 > 0 for all j = 1,..., iV*. Hence, ^"^'Ir = 0 for |a| < tj 4- s - 1 and 
j = 1,..., AT*. Thus ifa = 0. Hence, we get 

0 = EE E {D('{Lu)\,\iS") (13) 

for u with the property (11), Thus, we showed (12) already for the case r = ro- It 
remains to investigate the case r < ro- For r < ro, we obtain 

EE    E    «(i-)ir,A^) 
lz=ri-i* \p"\=ro-Si+s-l 

= E E (<(^)ir,A^) 
i=i; |/5//|=ro_Si+s_r 

+  E E (<(^)ir,A^). (14) 

We prove Df '(Lw)^ = 0 for \(3"\ < ro - s* 4- s - r - 1 and ^+1 < i < N. From 
7*0 - «** 4-s--r-l > 0 and s^* 1 + tj > 0 for j = 1,..., N^ ,, we conclude 

ro + tj + s - r - 1 > 0 for j = 1,..., Ari;:+i. Since Ni*^ < Ni*, D^'v? |r = 0 for all V 
such that IVI < ro 4- tj + s - r - 1 and j = 1,..., iVi;:+i. Hence, D^|r = 0 for all 
multi-indices 7 = (7i> • • •»7n) such that I7I < ro + tj 4- s - r - 1 and 3 = 1,..., Ni*r   . 
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For arbitrary multi-indices f}" = (0,..., 0, /?d+i, • • •, Pn) and i = 1,..., JV, we have 

Ni 

Df(Luy\r = ^2    E    ^(z)^D^fu^x)\x=zer. (15) 
i=l |Q:|<St+*j 

For i > 2*+1, j < Ni < Ni*+1, \(3"\ < TQ - Si + s - r - 1, and |a| < 5^ + tj, we 

have |a + /?"| < ro + tj + s - r - 1, and hence D2+0"v?\r = 0. Now (15) implies 

Dv (LuYlr = 0 for i > i*+1 and \0'f\ < ro — Si + s — r — l. Hence, the second summand 
on the right-hand side of (14) vanishes. Thus, by (13), equation (12) is also true for 
r < ro. 

By an appropriate choice of D^ u^\r for \lff\ = TQ -f tj + s — r, we will show 
inductively that A*,/?" = 0 for IP"] = ro — s* + 5 — r and i = i*,..., JV. 

5^e]? 10. For this proof by induction, we introduce the following (lexicographical) order 
relation on the set of all multi-indices: for a ^ (3 (a = (ai,..., an), /? = (/?i,..., /3n)), 
let 

a < /?       if    1. ai < fa 

or    2. oifc+i < 0k+i and    a/ = /?/ 

for   Z = 1,..., fc    for some k < n. 

Furthermore, we introduce an order relation on the set of pairs (i, /?") with i* < i < N 
and I/?"! = ro — s* + s — r. We set 

Mr = {(t,/3,/) | < = <;,...,iV;     |/3"|=ro-5i + 5-r}. 

(^,a,/)<(j,/3,,)       if    !.<*"</?" 

or   2. i < j    and    a" = /?". 

We order the elements according to this order relation and denote them by (ik,/3(k)) 
where k = 1,...,'AJI and ki is the number of elements in Mr. Hence, (ik,0f/k)) < 

(ifc+ij/^i+i)) for A; = l,...,A;i - 1. 

5^ep ii. We show that A^^// = 0. Clearly, fi = z* and P'/^ = (0,..., 0, ro—s^ -f-s-r). 
Fromro—s^H-5—r > 0 and s^-Nj > Ofor j = 1,... jiV^, we conclude ro+^-h5—r > 0 
iOTJKNi,. 

For an arbitrary function # G Cr(r), let u 6 Co0+T"fs(RTl) be a vector function 
that satisfies the following properties: 

1      W-7' r2;>).D(0,-,'0'ro+tj"fs""r)7y^MI 

i=i 

J   f    .  , .    (t = ti,...,JV)> (16) 
0   tor t T* zi 

2.    Z32/V|r = 0   for    ^^l <ro + ^ + 5-r, T" # (0,.. .,0,ro + tj + 5 - r), 

^ = 1,...,^. (17) 

(If iV^ < iV, the functions u* for JV^ < j < N can be arbitrary.) The existence of 
such vector functions u follows from Lemma 5 with io = H and /3f/0^ = (0,..., 0, ro — 
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s^ + s — r). From (17), we get 

D^uj\r = 0    for all   7 = (71,..., 7n)    with    I7I < ro + tj + s - r, 

7^(0,...,0,ro + ti+s-r),    and   j = 1,...,^. (18) 

From condition (17), we concluded in Step 9 that 

E £ (<(l^)ir,A^) = 0. (19) 

For vector functions u with the properties (16) and (17), we will show that 

£ £ (Df (LtO'lr, Ai,^) = (5,^,^). (20) 

To this end, we investigate three cases. 
Case 1. Let i = n and ^ = /J^ = (0,..., 0, ro 4- s^ + s - r). Then a + /^ = 

(0,...,0,ro + ^ + s-r) only for a = (O,...^,^ +tj). By (18), 

rfl)(£!Oil|r = E     E     a^W-^J^^WU^er 

- WiJ' r^ • D(0'-'0'ro+^+s-r)7ynr
>ii    CT, 

~ 2-fa(0I...,0,a<i+*i)W        «(«) W|a:=25€rv 

and then, by (16), 

D0J,1)(Lu)il\r = 9- 
Case 2. Let z > n and/J7' = (0,...,0,ro-5t + 3-r). ThenaH-/?77 = (0,...,0,ro + 

tj + s — r) only for a = (0,..., 0, s^ + fy). From (18) and (16), we get 

Case 3. Let i {i\ < i < N) be arbitrary and let /?" be a multi-index with 1/3" | < 
ro-Si + s-rand/3'7 ^ (0,... ,0,ro-s< + 5-r); then c* + /?" ^ (0,... ,0,7-0 + ^ +s-r) 
for all a with |a| < Si-\- tj. Hence, D^+P w-7|r = 0 for j = 1,..., Ni < N^, and thus 

Dl'mi\r = 'j£l    E    aS'W-^5fV(x)|x=*er = 0. 

Hence, (20) is proved. Thus, by (19), 

(ff'M'i,)=0- 
Since Ai1}/3^    G (^(F))' and since g G Cr(r) is an arbitrary function, we obtain 
Av.   Q"      = 0. 

Step 12. For the proof by induction, we now may assume that 

Ai,,^ =0forZ = l,...,/c-l (21) 

for some k with 2 < k < ki. We will conclude that A;. «//   = 0. Then we will have 
proved Xi^p" = 0 for all / = 1,..., ki. 
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So let (ik,0"k)) be the fc-th element of Mr.   Then 1/3^| = ro - Sik + s - r for 

^) = (0,...,0>/32.)i,--.,^)). 
By i*, we denote the smallest integer i with ^) + Sik - Si > 0 and i* <i<N. For 

J < Ni*,we have s^ +^ > 0 and hence pi^ + s^ +tj > 0. Furthermore, z* < ik < N. 
For an arbitrary function g G Cr(T), let u G Co0+T+s(Rn) be a vector function 

with the following properties: 

1     V^ /^n(0-"A^)
1,..,^ll^

fc>+.ifc+ti)   , 

{g   for i = ik  , 

2. D2V|r = 0   for   7"   with   |7"| < ^+ *:,-+ s - r   and 

7V(0,...,0)/3^)
1,...,/3ifcJ1,/3W + Sifc+<J)    and   j = 1,... .ty.,       (23) 

3. uj = 0   for   Ni.KjKNi.,    if   N^ < NK. 

(If   A^, < jV, the uJ can be arbitrary for    iVj. < j < JV.) (24) 

The existence of such a vector function follows from Lemma 5 with io — ik and 

Prom (23), we obtain 

£>>J|r=0   for    all   7 = (7i,-"»7n)    with    |7| < ro + tj + s - r 

and   1 ?(0,...,0, &%■.., Pl^pW+Si.+tj)    and   j = l,...,Ni.,       (25) 

Prom (23) and (24), we concluded in Step 9 that 

N 

£ £ (^fG^rir.A^^O. (26) 
i=i* |/3"|=ro-Si+s-r 

In the next step, we will show that for vector functions u with the properties (22), 
(23), and (24), the following holds 

N 

E E (^"(^ir,^")^^,^,^). (27) 
i=i* |/3"|=ro_s.+s_r 

Then, with one exception, all summands vanish. Either D!*" (LuYlr = 0 or from the 
induction hypothesis (21), we have A;,/?" = 0. 

Step 13. We will now prove (27). We consider four cases. Let i* < i < N and let 
u£ CJ0+T+a(Rn) be a vector function with the properties (22), (23), and (24). The 
vP for j > Ni* can be arbitrary—they are not considered by (LuY for i>i*. 
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Case 1.  Let i = ik and /3" = /3"ky  Only if a = (0,..., 0, Sik + tj) do we obtain 

<* + 0"k) = (0, • • •, 0, P{
d% • • •, (3{

n%f3{nk) + 8ik +tj). From (25), we get 

Nik 

j = l  |Q!|<Sifc+*j 

j=l 

and then, by (22), 

£>ffc)(L«)<*|r = ff. 

Case 2. Let i^ik,i* <i< N, and 0" = (0,..., 0, (3(
d% ...,(3^ + Sik - «<). (/?" 

is not a multi-index for i* < i < i*.) We get |/3"| = ro - s, + s - r. We will show that 

Uf"(i«)<|r = 0. 

Now a + /3" = (0,...,0,/^Ji,..../?£?!,^ + sit + t,-) only if a = (0,...,0, s, + ^). 
Prom (25) and (22), we obtain 

£f(LM)ir = 0. 

Case 3. Let i* < i < N be arbitrary and /?" = (0,...,0, Ai+i,...,(3n) be a multi- 
index with the following properties: 

1. \0"\=ro-8i + 8-r. 

2. 0"^(O,...,O,^v...,0l!ll1,^
t)+sil,-si). (28) 

(For fiW + Sik — Si <0 this condition is always satisfied.) 

3. There exists at least a pair (j, a) with 1 < j < Ni and |a| = Si + tj 

such that    a + ^ = (0,..., 0,p{
d% ..., p{

n%P{
n
k) + sik + t,). (29) 

We will show that A^" = 0. To this end, we show P" < P"k) according to the order 

relation introduced in step 10. From (29), we get Pi < p\k) for / = d + 1,..., n - 1. 

We claim that pi < p\ ' for at least one of these / and prove this indirectly. So assume 

that Pi = p[k) for all Z = d+1,..., n-1. By (29), we get a/ = 0 for I = d+1,..., n-1. 

Hence a = (0,..., 0, s* + ^). Furthermore, an + /3n = s» + ^ + Pn = Pn + 5ifc + tj\ 

hence /?„ = Pn^ + Sifc - 5*, and thus 

which contradicts (28). Therefore, Pi < p[k) for I = d + 1,..., n - 1 and pi < p^ 
for at least one of these /. Hence P" < /3"fc) and (i,P") < (ikiP"k))> By the induction 
hypothesis (21), A*^// = 0. 
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Case 4- Let 2* < i < N be arbitrary and /?" = (0,..., 0, Pd+i, • • •, Pn) be a multi- 
index with the following properties: 

1. \i3"\=ro-8i + 8-r. 

2. /3'V(0,...,0,/3^\,...,/?i^,/3W + ^-5i). 

3. There does not exist a pair (j, a) with 1 < j < Ni and |a| = Si + tj 

such that    a + /3,, = (0,...,0,/3^,...,/3^1,^ + 5ifc+^). 

From (24) and (25), we get D^'u^r = 0 for all j with 1 < j < Ni and all a with 
M < Si + tj. Hence, we get immediately 

£fG^)ir = 0. 
Thus (27) is proved. Prom (26), we get 

Since \kR"   is an element of (Cr(T))', and since g € Cr(r) is an arbitrary function, 
CO 

we obtain Xt. 3"   =0. 

Step 14- Hence, we get by induction 

A^/^^O    for all   Z = l,...,fci, 

and hence 

X^p,, =0    for    i = i*,...,N   and    |/3"| = ro - Si + s - r. 

Hence, from 

rp     iV   

l=ri=i* \(3»\=ro-Si+s-l 

for all w G C0'ro+T+s(Rn), we can conclude that 

Z=r+l2=zf |^"|=ro-Si+s-Z 

for r < ro, and 

<cs^)T,i:) = o 
for r = TQ and all u G C0'ro+T+s(Rn). If we apply this conclusion first for r = 0, and 
then step by step for r = 1,..., ro, we obtain finally 

(Cg^)T,2:) = 0 (30) 

forall^GC0'ro+T+s(Rn). 

Step 15. 

Let / = (Z1,...,lNy € n£i n|^|<*i+.-i A^(r) be arbitrary. We will show 
that (/T,T) = 0.   Because of property (a2), there exists a sequence ((/r^)^  C 

ad ni/j«i<tl+.-i ^"(r) such that 
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By applying Lemma 4 component-wise, we obtain for each / > 1, the existence of a 
vector function u® e Co0+T+s(Rn) such that Rail) = ^ - From (30), we get 

((^))T,T} = ((dgM(Z))T,T) = 0 

for all I. Hence, since T_ E R^i nw^Kti+s-i^PwO?))1 <> we finally obtain the desired 
result 

o = /iim((^)T,r) = (/T,r) 

for all /, hence T = 0. 
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