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“ADDITION” THEOREMS FOR SOME ¢-EXPONENTIAL AND
g-TRIGONOMETRIC FUNCTIONS

S. K. Suslov

ABSTRACT. We derive g-analogs of addition theorems for some g-exponential and
g-trigonometric functions.

1. Introduction

Exponential and trigonometric functions can be introduced on the basis of the simple
second-order differential equation

ou”" + X u=0 ' (1.1)
where o and )\ are constants. If \/o = —a?, solutions of (1.1) are
o (a2)*
uy = e** = }: o ug = e~ %%, (1.2)
k=0
ug = 2=+ uy = e~ @+, (1.3)
1 1
us = coshazr = 3 (e*® +e7%), ug = sinhaz = 5 (e*® —e™2%), (1.4)
ur = cosha(z +y), ug = sinh a(z + y). (1.5)
When )\/o = w?, solutions of (1.1) are related to trigonometric functions
u; = €® = coswz + isinwr, up = e~ % = coswr — isinwr, (1.6)
ug = e@ty) ug = e~ wEty) (1.7)
U5 = COS WT, ug = sinwz, (1.8)
u7 = cosw(z + y), ug = sinw(z + y). (1.9)

A second-order differential equation may have only two linearly independent solu-
tions. This leads in a natural way to classical addition theorems for the exponential
and trigonometric functions. For example, from (1.2) and (1.3),

e(@tY) = Ae% 4 Be—o® (1.10)
where A and B are some constants independent of z. Differentiating (1.10) with
respect to z,

e®TY) = 2% _ Be—o%, (1.11)
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12 SUSLOV

and, therefore,
e*@tY) = Aeo=, (1.12)

Letting x = 0, one gets A = e*¥ and, finally, arrives at the addition theorem for the
exponential function

e2(@HY) = gaTeay, (1.13)

One can prove (1.13) by direct series manipulations with the help of the binomial
theorem. Another well-known fact is that the exponential function e*® is the only
measurable solution of the functional equation

fz+y) = f(@)f(y)- (1.14)

Similar arguments lead to addition theorems for trigonometric functions
cosw(z + y) = coswz coswy — sinwz sinwy, (1.15)
sinw(z + y) = sinwz coswy + coswzsinwy. (1.16)

There is a great deal of interest these days in g-analogs of important classical for-
mulas. A few g-analogs of exponential and trigonometric functions are known. F. H.
Jackson’s g-analogs of the exponential function were studied in detail (see [9]) and
have been found useful in many applications (see, for example, [8, 12] and references
therein). Some new g-exponential and g-trigonometric functions were introduced re-
cently [10, 15] (cf. also [6], and see [15] for a nice review). In the present paper
we discuss these new g-exponential and g-trigonometric functions on the basis of a
difference analog of (1.1). We derive g-versions of the addition theorems (1.13) and
(1.15)—(1.16) for these functions. It is worth mentioning that more g-analogs of expo-
nential functions and some of their extensions have appeared as kernels of g-Fourier
transformations in [2, 3, 4, 16].

The paper is organized as follows. In Section 2 we discuss a general g-difference
analog of the differential equation (1.1) and find its solutions. The analog of the
exponential function on g-quadratic lattice is introduced in Section 3 where we give
the first proof of an “addition” theorem for that function. The corresponding g-
trigonometric functions are studied in Section 4. An important special case of g-
linear grids is discussed independently in Sections 5 and 6. In Section 7 we derive a
general product formula for g-exponential functions on g-quadratic grids. This gives
an alternative proof of the “addition” theorems. The special case of the linear lattice
is discussed in Section 8. Here the addition theorem has the usual form (1.13), and
we transform the “difference” exponential function to the classical one. We close the
paper by considering an application of the “addition” theorem in Section 9.

2. The difference equation and its solutions

The difference analog of (1.1) on nonuniform lattices is

_8  (Vux) 2 =
e (w@)) +Au(z) =0 (2.1)

where

z(2) = C1q7* + Ca4?, z1(2) =z (z + %) , (2.2)
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o, A, C1, O3, and q are constants, and Af(2) = Vf(z+1) = f(z2+1)— f(2). Equation
(2.1) is the simplest case of the general difference equation of hypergeometric type on
nonuniform lattices (see [14, 18] for details).

Solutions of difference equations of hypergeometric type can be found by the ex-
tended power series method [6]. The most general formal “power series” solution of
(2.1) has the form

u(z,8) =)y ~————|z(2) -z s+ 2.3
9= 3 =0 o ; (23)
where s is an additional “free” parameter,
gk/2 — gk/2
Y()li=1)r(2) - v(n), (k) = ﬁ’ (2.4)
and the “generalized power” is defined as
n—1
[o(2) = 2@)™ = [] [e(z) ~ alv — B)). (2:5)
k=0
Using the difference-differentiation formula [18]
0 8(2) 2] = 5(n) [o(2) - 2w - 1/2)"D (26)
0z(2)
where 6 f(z) = f(2+1/2) — f(z—1/2), one can show that the series (2.3) satisfies the
equation
du(z, s A\ 12
6:5:(z)) = (—;) u(z, s). (2.7)

Applying the operator §/dz(z) one more time, one gets (2.1).
The “even” and “odd” parts of (2.3),

Ao
ui(z,s) = ;f:) (7(2//@3 [z(z) - (s + k — 1/2)]%) | (2.8)
B o0 (—A/O’)k+1/2
u_(z,8) = ;} kTl [2(2) — z(s + k)Y, (2.9)

both satisfy equation (2.1) as well. Also,

Palens) (_g)w we), el (-g)” ui(ns).  (210)

Solutions (2.3), (2.8)—(2.9) can be represented in terms of basic hypergeometric
series. Indeed,

O
[w(Z)—w< n2 1)] =(=C))"¢™ (qs“z'(""l)/z,uqs“‘("‘”/z;q) ,
n
(2.11)
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or
[z(2) — z(s + k — 1/2)] 0

_ K2 - - s —2—s
— (OlCz)kq k (q1/2+z s’ql/Z z+s’#q1/2+z+ ,q1/2 z //J'; q) (2'12)

k b
and
[2(2) — (s + k)] ®F+Y)
= [2(2) — 2(5)] (C1C2)* g~ F*+Y) (g1+2~2, g1 =2F, pg+=+e g1 =2=% /s q)

(2.13)
where p = C3/C;.
We follow the notation for g-shifted factorials of Gasper and Rahman [9]
n—1
@qo:=1, () :=[] (1-ad"), (2.14)
k=0
m
(ah a2, ...,0m; q)'n = H(al; q)'n' (215)
I=1

Here n =1,2,..., or 0o, when |g| < 1. The basic hypergeometric series is defined by
A1,02,...,Qp
rps(C) == rps ( b g 30 C)
1ye-+508

w .
_ Z (al,az, .. .,ar,Q)n ((_l)nqn(n_l)/2)1+s—r ¢, (2.16)
n=0

(‘L bi,...,bs; Q)n

See [9] for details.
Solution (2.3) is the sum of two 4¢3’s,

u(z s) ’ q1/2+z—s’ q1/2—z+s,uq1/2+z+s’ q1/2—z—s/u . /\0102(1 _ q)2>
,8) = 43 3 g
-q, 41/2, _q1/2 ’ oql/?

+ (—3) v [z(2) — =(s)]

- gt g T pgtte e gt AC1Ca(1 — g)?
4¥3 3 - 1/
—q, %, —¢*/* Y oq'/?
(2.17)

Both 4¢3’s converge absolutely when |C105(1 — ¢)2g~/2)\/o| < 1. Analytic continu-
ation of (2.17) will be discussed in Section 7.

3. Analogs of exponential functions on g-quadratic grids

Function (2.17) may be considered as a general g-analog of the exponential function
on g-linear and g-quadratic grids. Let us specify parameters in a convenient way and
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introduce
E(z,y) = &y(z,y50)

(a g )oo e—ine ( (1-n)/2 jip+if (1—n)/2 jip—if, ) n
 (20%0%)o0 z (q,q)n ! cooTeome e

n=0 "

_ (a > q2)°°
(902 ¢%) oo
_ g2t ie _gl/2gi0—i0 _q1/2gi0=i0 _1/2,=i0ip ,
X |43 y 4 @

-q, q1/2’ _q1/2

2q1/4
+ (1 q) a(cos @ + cosp)

_ qei0+i<p’ —q eie—iqo’ —q eie=if _ qe—ie—i<p ,
X 4‘P3 _ 3/2 . 3/2 ; q’ o (3'1)
a9, 9

as the g-version of e*(®*¥) on a g-quadratic grid. Here z = 3 (@* +q7%) = cosd,
¢ =€ and y = 3 (¢° +¢7°) = cos g, ¢° = e*?. We assume that |o| < 1. One can
see that

lim &, <:z:, Y; Lo (1- q)) = 2(=+y), (3.2)
q—1- 2

With a different normalization, these functions were introduced originally by Ismail
and Zhang [10],

X, g/ (1=n)/2.i0 . (1—n)/2,—if ) n (3.3)
Eq(z;a,b) := ag\t ™™/ %" aqg" "™ eV q) b 3.3
(@ 0) ,;)(q;q)n ( e n

a—1q1/2ei0,a—lql/Ze-—iG,aq1/2ei0’aql/2e—i0 2b2>
= 493 5 4, @
—q, q1/2a _q1/2

g/
+ (1 q) b (1—2acos0+a2)

a~1ge®, a~1ge~® agei®, age—*
X 4SO3 3/2 3/2 ; q’ a’2b2 N
-4 9", —4

Their definition corresponds to the following choice of parameters in (2.17): C; =
Co=1/2,p=1,¢° =a, ¢* =€, and \/o = —4¢'/%(1 — g)~2a%b?. Comparing (3.3)
with (3.1), one gets
£ 0 ) — (az;qz)oo £ 9: —ei® —ip 3.4
4 (cos ,cosw,a)—m q(cos ;—e'?, ae ) (3.4)
Ismail and Zhang also proved that

lil}l &, (z30,b(1 — q)) = exp ((1 + a® — 2az) b)
g—=1-

(cf. (3.2)). Ismail and Zhang expanded the &; in terms of “g-spherical harmonics” [10],
and later, together with Rahman [11], they extended this g-analog of the expansion
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formula of the plane wave from g-ultraspherical polynomials to continuous g-Jacobi
polynomials.

Another choice of the parameters in (2.17) was discussed by Rahman [15].

Let us also consider the special case of (3.1) (or (3.3)),

E(z) :=&g(z; ) = &(2,0;0) (3.5)
@) = v, . (1=n)/2,0 _; (1-n)/2 —if. n
- (202;,0%)o0 Z (@ 9)n (=" (—"1( m)/2¢t ’ —lq( n)/2e=t ,Q)n «a
b n=0 )
(a2;q2)00 _q62i9, _qe—2i9 2 2
=t ;4% a
(@2 P)e |27 q e

0gi/4 — 2620 _ 220
+<1_q a cosf 21 ’q3 ;%o |,

as the g-analog of e®*.
The following properties hold:

8‘1(0a 0; CY) = gq(OE a) =1, (36)
gq("-” Y a) = gq(ya .’B; a)' (3'7)
The functions &(z,y) and &(z) both satisfy the equation
bu _ 2¢%/4
g——l_qau, (38)

which is the g-version of

4 a(ety) _ o go@H)
dz
Our next aim is to prove the following version of the addition theorem for the
g-exponential functions (3.1) and (3.5).

Theorem 3.1.

E(z,y) = E(z) E(y)- (3.9)
Proof. Functions &(z,y), £(z), and £(—z) satisfy the second-order difference equation
%u 2¢1/4 2
W:_(l—qa) u. (3.10)
Therefore,
E(z,y) = AE(z) + BE(—x) (3.11)

where A = A(z,s) and B = B(z, s) are, generally speaking, some functions of period
1in 2. Applying é/6z(z) to both sides of (3.11),

E(z,y) = A€(z) — BE(—x), (3.12)
or
E(z,y) = AE(x). (3.13)
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By their definitions, functions £(z,y) and £(z) have the natural period T = 2mi/logg
in 2z, so

Az 5) = 5;”(”3’) (3.14)

is a doubly periodic analytic function in z.
Im z

im/logq~!

-1/2 1/2 ¢,

im/loggq

FIGURE 1

When o — 0, £(z) = 1+0(), and, therefore, for sufficiently small ||, the function
&(z) does not have zeros in the parallelogram in Figure 1. Thus, A(z, s) is an entire
doubly periodic function that is a constant by Liouville’s theorem. One can find this
constant by choosing 2 = 0 (or 6 = 7/2) in (3.13). This results in (3.9). - O

In Section 7, we shall give another proof of (3.9).
In the proof of Theorem 3.1, we have en route established the following fact.

Corollary 3.2. The function u = E(z,y) is the only analytic solution of the difference
equation (3.8) on the g-quadratic lattice z = %(q" + ¢™%) which satisfies the initial
condition u(0) = E(y) and does not have poles in the parallelogram in Figure 1.

Proof. Suppose that v = u(z,y) is some solution of (3.8) satisfying the above hy-
potheses. Then, in the same manner,

u(z,y) = AE(x) (3.15)
where A is a constant. Letting x = 0, we obtain
u(z,y) = E(z) E(y) = (=, y) (3.16)

by (3.9). O
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As we already have mentioned in the Introduction, the function exp(az) is the only
measurable solution of (1.14). Solutions of the functional equation (3.9) are, obviously,
not unique. But the following result may be considered as a characterization of the
g-exponential function (3.1).

Theorem 3.3. The function E(z,y) is the only analytic solution of the partial differ-
ence equation

5F(z,) _ 0F(z,y)

o = (3.17)
on the g-quadratic lattices = = § (¢ + q~%) and y = 3 (¢° + q~°) of the form
F(z,y)=f(=) flv), F(0)=1, (3.18)

provided that the function f(z) does not have poles in the parallelogram in Figure 1.

Proof. Substituting (3.18) into (3.17) gives (3.8) for the function f(z) where a is a
constant of separation of variables. But the only solution of this equation satisfying
f(0) =1 under the conditions of the theorem is £(z) (cf. Corollary 3.2 when y = 0).
This gives F(z,y) = £(z,y) by (3.18) and (3.9). O

4. Analogs of trigonometric functions on g-quadratic grids
Let o = iw in (3.1). Then
E4(z,y;w) = C(a,y) +iS(z,) (41)
where
C(z,y) := Cy(z,y;w) (4.2)
(e e ( _gi/2itie _l/2ibiv _1/2gip=ib _ 1/2 e—i9—i<p; . _w2)

= 20
(~qw?;6)oo —q, ¢*/2, —¢*/?

and
S(IE, y) = Sq(x, Y w) (43)
_ (% ¢)e 244
T (W% P)w 1—¢
X avo (_qez0+up,_qez0 up’_qeup 10’_qe 20 up; 3 —w2)

w (cos@ + cos )

—-q, 43/2, _q3/2
are the g-versions of cosw(z + y) and sinw(z + y), respectively. Indeed,

1
lim C, (x, Y 5w (1- q)) = cosw(z + ¥),

q—1-
1
lim S, (m, Yy —w(l— q)) =sinw(z + y).
g—1- 2

In the special case y = 0 (¢ = 7/2) of (4.1)-(4.3), we get
Eq(z;iw) = C(x) +1S(x) (4.4)
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where
C(z) = Cy(z;w) = Cy(z,0;w) (4.5)
(_w ,qz)oo _qe2i0’ _qe—2i9 ) )
T (e ) ( q Pah T )
and .
S(x) := Sq(z;w) = S4(z,0;w) (4.6)
2.2i0 _ 2 ,-2if
= ((—;Uz’,q:z?)oo 1 1/4 wcos 2901( e qg—q ) 5 ¢ _wz)

are analogs of coswz and sinwz, respectively [6, 10].
The g-trigonometric functions (4.2)—(4.3) and (4.5)—(4.6) satisfy the difference-
differentiation formulas [10]

2q1/4
= C (z,y)=-——— s S(z,y) (4.7)
and
h) _ 2q1/4
52 Sy =1 i C(z,y) (4.8)

which are the g-analogs of

% cosw(z +y) = —w sinw(z + y), % sinw(z +y) =w cosw(z +y).

The following g-versions of addition theorems (1.15)—(1.16) are valid.
Theorem 4.1.

C(z,y) = C(z) C(y) - 5(x) S(v), (4.9)
S(z,y) = 5(2) C(y) + C(z) S(v)- (4.10)

Proof. The analog of exp (iw(z + y)) = exp (iwz) exp (iwy) is

Eq(z, y3iw) = &y (5 iw) Eq(y; tw). (4.11)
Substituting (4.1) and (4.4) in (4.11) one gets (4.9)-(4.10). |

Some special cases of (4.9)—(4.10) are
C(z, ) = C*(z) — S%(z), (4.12)
S(z,z) = 2S(x) C(z), (4.13)
C(z,—z) = C*(z) + S*(), (4.14)

and

C(z, —z) + C(z,z) = 2C%(x), (4.15)

C(z,—z) — C(z,z) = 25%(z), (4.16)
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which are the analogs of the well-known trigonometric identities

cos 2wz = coswz — sinwz, (4.17)
sin 2wz = 2sinwz coswz, (4.18)
cos? wz +sin’wz = 1, (4.19)
and
1+ cos2we = 2cos’ wz, 1 — cos2we = 2sin’ wz, (4.20)

respectively. One can see that C(z, —z) is not a constant, which is what we get in the
classical case, but is a nonnegative function due to (4.14) if C(z) and S(z) are real.

5. Some g-exponential and g-trigonometric functions on ¢-linear grids
Taking the limit C; — 0 with C; = 1 and o® = ¢~'/2(1 — ¢)2 \/o in (2.17), one can

introduce

e(z,y) =¢eq(z,y; @) (5.1)
—q1/2:l:/y, —q1/2y/:v, 0 2
=393 412 y 4, —aTyY

—4a, ql/za -
—qz/y,—qy/z, 0 12, )

+ q -a® q
—q, @2, — 3/2’ )

(a: +9) 33 (

n(n—1)/4

S g, o

n=0

as the g-version of e*(®**+¥) on the g-linear grid. This function has recently appeared
in [15]. Also,

e(z) = gq(z;0) = £4(2,0; ) (5.2)
0 a 0
— : —a? 1/2 2) + 2 ( : —a? 3/2 2)
11 (q @, q 1—gq 191 q @, q
'n.('n,—l)/4

g
Z (2 9)n

n=0

is a g-version of e**, see [6, 7, 15].
In the next section, we shall give a direct proof of the following “addition” theorem
found by Rahman [15] in the case of the g-linear lattice.

Theorem 5.1.
&(z,y) = e(z) e(y). (5.3)

This theorem also can be proved on the basis of the difference equation in the same
manner as Theorem 3.1. Analogs of Corollary 3.2 and Theorem 3.3 are valid.
Letting @ = iw in (5.1)—(5.2), one gets

gq(T, y31w) = c(z,y) + is(z,y) (5.4)
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where
c(z,y) = (@, y; w) (5.5)
=393 (—ql/zw/yl,/;ql/zill//:, 0; q, w2a:y)
—q, ¢'/2, —
and
s(z,y) = sq(w, yiw) (5.6)

~qz/y,—qy/z, 0 12,
= ($+y)3so3 e - 3/2,q,wq Ty

b

as g-versions of cosw(z + y) and sinw(z + y) on g-linear grids, respectively.
In the same manner,

gq(z;iw) = c(z) + is(z) (5.7)
where
c(x) = cq(z5w) = cq4(x, 05 w) (5.8)
0
= 1901( 5 q ’wqu/z 2)
q
and
s(z) := sq(z; w) = sq(z,0;w) (5.9)
0
w
=12 (qga ¢, v’z 2)

are the g-analogs of coswz and sinwz [13].
As a consequence of Theorem 5.1, we have the following “addition” formulas for
g-trigonometric functions (5.5)—(5.6) and (5.8)—(5.9).

Theorem 5.2.
c(e,y) = c(z) c(y) — (=) s(y), (5.10)
s(z,y) = s(x) c(y) + ¢(2) s(y)- (5.11)
Special cases of these relations analogous to (4.12)—(4.16) are valid.

6. Proof of “addition” theorems for ¢-linear grids

In the case of g-linear grids, we can give a direct proof of (5.3) using the following
version of the g-binomial theorem.

Lemma 6.1. If z = z(2) = C1¢g7% and y = z(s) = C1q~%, then

(n) n
v(n)! n—
o=+ (+25)] L e e o
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Proof. For the g-linear lattice x = C1¢™%, from the definition of the generalized power
(2.5), one gets

[:z:(z) —z <s + "T‘l)] " kz;ck o (2) (6.2)

where ¢, are some constants independent of z. Let us apply the operator §/dz(z) to
both sides of (6.2) m times. With the help of (2.6),

A oty —e (a4 22T

Y(n —m)! 2
= Z cxy(k)y(k —1) - y(k — m +1) 2¥~™(2). (6.3)
k=m
Substituting z(z) = 0 (or z = —oo when |g] < 1),
n)! n—m-— (n—m)
% [0 —z (s + ————-?——1)] = y(m)! . (6.4)

But from (2.5),

(n—m)
n—-m-—1
[O—w(s+—2 )]

R R (=

k=0
= (—1)n-m nom-1) | (s-n=m=t
=(-1) z (s + 5 ) z (s 3 )
— (_l)n—myn—m’
which gives
_ v(n)! _ \n-m
= A Y (6:)
Combining (6.2) and (6.5), one gets (6.1). ]

We gave the proof of (6.1) in terms of generalized powers. Using (2.4) and (2.11),
one can reduce (6.1) to a terminating form of the g-binomial theorem [9].

Theorem 6.2. Let

. s gn (s n_—l (n)
u(z,y) := nz=0 oY [:L'(z) ( +— )] (6.6)
and
u(z) = u(z,0) = 1; % z" (6.7)

where ¢ = C1q™% and y = C1q~°. Then
u(z,y) = u(z) u(-y). (6.8)
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Proof. By (6.1) and (6.6)—(6.7),

u(z,y) = i 7(%)7 [w(z) -z (s + T)] o

0

e F(—y)"k
- > S =B

n=0 k=0

zk
_ng (k)! ng( y(m)!’

= U(w) u(~y)

provided that all series converge. O

Relation (5.3) is equivalent to (6.8) when y — —y.

7. General case: product formula

In this section, we shall give an alternative proof of the “addition” theorem (3.9) on
the basis of a more general product formula for the functions (2.3).

Lemma 7.1. The following symmetry relation holds

o) = = (s + 551 [olr) — (¢4 255=1)] "7

k=0 7(k)' fy(n — k)l
" (2(z) -z (¢ + E=1)]® (r) — 4+ n=k=1)](r=k)
= Z [ &) xfy((k)! : )] [x x,-gzn_ k)2! )] (7.1)

on the general g-quadratic lattice (2.2).

Proof. Let us mention first of all that (7.1) is true in two symmetric cases, when t = s
and z =r. If n =1, one gets

[2(r) — 2(O)] + [2(2) — z(s)] = [5(r) — =(5)] + [z(2) — =(2)],

which also is correct.
Now we can prove (7.1) by induction. Denote the left-hand side of (7.1) as

L,(2) := Ly(2,7,s,t)

(Z) —xz(s+ k=1 (k) z(r) — z (t + n—k—1 (n—k)
_Z w ((k)l )] [ (r) ’g(n _‘k)2! )] (7.2)
By (2.6),
sécn((z;) = Ln-1(2). (7.3)

Denote also the difference between the left-and the right-hand sides of (7.1) as
Dy(z) := Lyp(2,7,8,t) — Ln(2,7,t, ) (7.4)
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and suppose that D,(z) = 0, which means that (7.1) holds for some positive integer
number n by our assumption. Then, by (7.3),

0Dp41(2) _
TajéT— - Dn(z) - 0’ (75)
or,
D, +1(z) = C = constant, (7.6)

because D, 1(2) is a polynomial in = by definition. To find this constant, choose z = r
when C = D, 41(r) = 0. Thus, D,41 = 0, which proves our lemma by induction. [J

We can derive now the following product formula.
Theorem 7.2. Functions u(z,s) defined by (2.3) satisfy
u(z, 8) u(r, t) = u(z,t) u(r, s), (7.7)
provided that all series converge.
Proof. By (2.3) and (7.1),
u(z, 8) u(r, t)
I S PRCOREICE )M Sy R kra

k=0 (k)! o y(m)!
N - B —E (st k—"l)](k) [z(r) — = (t+ —-”—’““1)]("_")
- 1; ¢ ;;, v(k)! ) y(n— k;!
& & [ —a b+ 5P [a(r) — 2 (s + 2=k
_Z:g ,;) v(k)! ) y(n —k)!

& s )Y & [el) — (st mg)]
=2 ¢ ; 2 ¢ y(m)!

pord v(k)! =
= u(z,t) u(r, s)

where £ = (—)\/0)1/2. O

Corollary 7.3. The “addition” theorem (3.9) is a special case of the product formula
(7.7).

Proof. To get (3.9) from (7.7), choose r = t = zy where ¢~ =i,/ and pu = C2/Ch:

u(z, 8) u(zo, 20) = u(z, 20) u(2o, 5). (7.8)
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But from (2.17),

1+2z 1 2z 2
—uq I3 AC1C2(1 —
u(z zo) 1 2¢1 / q2 _1—2(L))

’ oqi/?

A\ 2 —pug®*?, —*7% AC1C5(1 — g)2
+ E) fb‘(z)zsm( .2 _AGG(1-4q)

( e » a4 —W_ )
(7.9)
1+2s 1 2s 2
—ug /b, ACiCy(1-—g)
U(ZO, S) =2p1 ( y 4 _-W—
A 1/2 —ng®, =", ACICy(1 = g)?
E (S) 2¥1 3 y 4, Uq1/2 )
(7.10)
and
q AC1Cs(1 — q)?
u(20,20) = 190 <_; 7, ——}#‘Q>
—C1Cs(1 - 9)%¢*?\ /o5 ¢
(0121 - 9)%¢ N 03 d?) (7.11)

~ (=C1Ca(1 — q)%q7 /2N ¢%)

We have used the g-binomial theorem when |C;C2(1 — g)2¢g~*/2)\/o| < 1. Comparing
(2.17), (3.1), (8.5), and (7.9)—(7.11), one gets (3.9) from (7.8). O

On the other hand, it is easy to check that (7.7) follows from (7.8). Therefore, the
product formula (7.7) and the “addition” theorem (7.8) are really equivalent.

Corollary 7.4. Relations (7.8)~(7.11) give us the analytic continuation of the func-
tions (2.17).

Proof. Indeed, both sides of (7.8) are well-defined when |C;C2(1 — ¢)2¢~Y/2)\ /0| < 1.

But the analytic continuation of the 2¢1s on the right side into a larger domain is easy
to determine (see [9]). For example,

ﬂq1+2z 1 2z/”
2¥1 ,q ¢

_uq1+2zc, _q1—2zc/u; q2 - C, qc
B ( (9 ¢4 ) 2(’02(_ﬂq1+2zc, _g2 7, q) (7.12)

q
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(=a7%/p, —¢'7% [p, —pa*22¢, —* 2% /ul; ¢7)
(g, 7% /12, ¢, 4/¢;0%) o
1422

a0 —ng**, —pg 2L
21 s 47y
‘u2q2+4z C

(—pa*, —pg'*?, —q' % /p, —pg" /(%)
(g, 82¢**, ¢, 4/¢;02) o

—2z 1-2=z
—q %, —q¢ " u 2
X 201 ( 5 q2 q_) (7~13)

+

q2—4z/u2 ’ C

and

—pg*t, -
21 7 54, ¢

.2 3
(@ $02) 0 g+, —g22¢ 100

(—a*2%%/u, =% /p, —pa**2%(, —q7%% /ul; ¢)
(@, /%, ¢ 4/ 4%

o (P .2)
prgt ¢
(—pa**?, —pg®*?, —g*~%(¢/p, —ug*?/$4%)
(a3, 12¢*, ¢, 4/¢;0%) o

1-2z -2z
—q % /p, —q7F 2
X 201 ( 4 ; 4 _qc ) (7.15)

where ¢ = C1C2(1 — ¢)%¢~ 2\ /0. O

242z, 2-22 . a2
_ (=ma?%, -2 %) m(_# ¢ ) (7.14)

+

Equations (7.8), (7.13), and (7.15) also determine the asymptotic behavior of the
functions (2.17) for large values of their arguments.

Remark 7.1. According to (2.4),

and
'y(n)' —(n—k)k/2 (Q; Q)n — (_l)kq(n+1)k/2 (q__n’ﬁli (7,]_7)

B m—R)t ? (@ 06 Dt (@)
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Therefore, for the general g-quadratic lattice (2.2), relation (7.1) can be rewritten as
the following sum of g-shifted factorials:

g™ 1) q(t s+(n+1)/2)k (g~ ,Q)k 7.18
,CZ_%( (G9r (7.18)
% (qs—z—(k—l)/Z’ uqs+z—(k—l /2;(1),c

% (qt—r—(n—k—l)/2, pgttr—(n—k=1)/2, q)

n—k
g™ 1)k gl —t+(n+1)/2)k ( vq)k 7.19
kz;)( ) 1 (qa Q)k ( )
% (qt—z—(k—l)/2’ gt (=72, q)k
% (qs—r—(n—k—l)/Z, uqs+'r—(n—k—1)/2;q)n_k‘

Here u = Cy/C;.

8. Linear grid: addition theorem

In the case of the linear lattice, z(z) = z, the function (2.3) has the simple form

u(z,8) = u(z — s) (8.1)
where
o a” n—1
u(z) = Z P (z - T) (8.2)
n=0 n
. 1/242,1/2—2 2
=2/ 1/2 T
P 142, 1—-2z (2
+azaol ( 3/2 3 —I>

Here (a), = a(a+1)---(a+n—1) =T(a+n)/T'(a) and oF} is the hypergeometric
function.
The general product formula (7.7) takes the form

u(z — s)u(r —t) = u(z — t) u(r — s). (8.3)

Also,

u(0) = Z (1/2)k <_°‘_>k = <1+ %2>—1/2. (8.4)

k=0
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Therefore, for the function

e(2) = u(2) /u(0) (8.5)

a2\ /2 1/242,1/2—2 o2
—<1+z) 211 2 7T

142, 1—-2 42
+az2F1< 3/2 ; _T) )

the product formula (8.3) has the form of the usual addition theorem,

e(z + s) = e(2) e(s). (8.6)
But the only measurable solution of this functional equation is exp(8z), so
e(z) = 2. (8.7
To find the value of the constant 3, one can choose z = 1/2 which gives
a2\"? o
B =2log ((1+I) —+ 5] (8.8)
Thus,
2\ 1/2 z
e(z) :=e(z;0) = ((1 + %) + %) . (8.9)

The direct transformation of (8.5) to (8.9) can be done with the help of the relations
(15.1.16) and (15.1.18) of [1]. Therefore, the “difference” exponential function (8.5)
coincides with the classical exponential function. ’

Changing o = iw in (8.5) and (8.9), we get

cos (z arctan (ngéilw)) _ (1 _ %2)1/2 - (1/2 + ?/21/2 - z; %2)
(8.10)

and

. w/2 w2\ /2 . 142, 1—2z 2
i (i aten (=) ) = (1=7) o (a0 %)
(8.11)

as “difference” analogs of coswz and sinwz. Addition formulas (1.15)—(1.16) hold.

9. Application: continuous ¢-Hermite polynomials

Let us introduce the following polynomials H,(z,y|q) in two variables,
. 2
Han(o,vlg) = (-1 B2 ©0.1)

o0 q—n’ _q—n’ _q1/2ei0+’i¢’ _q1/2ei0—i4p’ _q1/26i¢—i0, _q1/2e—i9—i<p . q2>
695 y 4,
—-q, q1/2, —41/2, Oa 0
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and
_ (_yng (@%6)n
Hony1(z,ylg) = (-1)"2 T (cosf + cos ) (9.2)
g, =g, —geittie, _qeil=iv _ogiv=i0 _oo—if=ip
k) b b ) 2
X 6¥5 y 4,4
( —q, ¢*2, -¢*%,0,0 )

with £ = cos # and y = cos ¢, as an extension of the continuous g-Hermite polynomials
Hy,(z|q) (see, for example, [5, 9]). One can see that

Hy(z,0lq) = Hn(zlg), (9.3)
and we may interpret Hy(,y|q) as a g-version of the Hermite polynomials H,(z +y)
with the shifted argument.

It is easy to see that the g-exponential function (3.1) is a generating function for
the polynomials H,(z,y|q)-

Theorem 9 1. We have

Z (q q) e Hy(z,ylq) = (407 )0 &q(2, 5 00) (94)
n=0 ‘47
(a2’q2)°° Z (q q) —zmp (_q(l—n)/2ei<p+i0’ _q(l—n)/2eicp—z'0;q) a.
n=0 ‘1 3/M n

Proof. Substitute (9.1) and (9.2) into the left side of (9.4) and interchange the order
of summation with the help of [9, 1.12 and II.2]. As a result, we get the right side of

(9.4) due to (3.1). |
Corollary 9.2. The continuous q-Hermite polynomials have the generating relation

a“ H,(z|q) = (902;¢%) oo Eq(z; ). 9.5
Proof. Let y =0 in (9.4). O

See also [10]. Relation (9.5) is a g-version of the generating function

oo

an a:r:—a2
Y —rHa(w) =€ (9.6)

n=0

for the Hermite polynomials [17, 19]. The limit ¢ — 1~ is obvious if we rewrite the
right side of (9.5) as y(z, &) Ey2(—ga?) where Ey(z) is one of Jackson’s g-exponential
functions defined by [9, IL.2].

Corollary 9.3.

/2] ‘
Hn T, = -1 k (qa Q)n k(2k—n—1) o7
(@31 kz=o =1 (6% D)k Do * 9.7

x e=i(n—2k)p (_q(l—n+2k)/2eitp+i0’ —g(1=nt2k)/2 it q) o
n—
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Proof. By [9, I1.2],
o _k(k—1) (_az)k

(@), =31

= (B 58)

Using (9.8) in the right side of (9.4) and equating coefficients of a™ on both sides, one
gets (9.7). O

Relation (9.7) is clearly an extension of

[n/2] (- 1)
Hn(:c+y) kz=(:) m (2:1:+2y)

n—2k:

see [17, 19]. Also, the following extension of equation (4) from section 110 of [17]
holds.

Corollary 9.4.

(_ gI=m/2gieti0 _ (1=n)/2gip~i6, q)n e—ine (9.9)
[n/2]
- k(k—n) (&, Dn H =
,;, ! @ Pwlas e @1

Proof. Multiply both sides of (9.4) by

Z 2k 1 ( )
9.10

k=0 (q ’qz)k (a2 )oo

(see [9, IL.1]) and equate coefficients of a™. O

Corollary 9.5. Polynomials H,(z,y|q) have the difference-differentiation formulas

0Hn(z,ylg) _ dHn(z,9lq)
I - 5 (9.11)

_,, 1
=2g0-m/2 __Z_ Hn-l(w ylq).

Proof. Apply operators 6/dz and &/dy to the both sides of (9.4) using (3.8) and
compare coefficients of a™. O

The “addition” formula (3.9) gives us the ability to express the polynomials
H,(z,y|q) in terms of the continuous g-Hermite polynomials Hy,(z|q).

Theorem 9.6.

(g:9)n k(m—n+k+1 -
H,(z, — m—n+k+1)+m(m—n)/2 9.12
@yl =3, (@5 )@ O (@ D2 912

X Hp(z|q) Hn-m—2x(y]q)-
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Proof. Due to (9.4)—(9.5) and (3.9),

>4

n=0

(q q)n o/‘ Hi(2,9lq) = (a0%;¢%) oo Eq(m; ) Eq(y; )

o 2k k ©  m2/4

=Y T

P ,q2)k = (6 Dm

o™ Hm(xlq)

oo 2 /4

q° / p
X af H, .
2 (@9)p p(41)

p=0

We have used (9.10) with & — ag'/2. By equating coefficients of o™ on both sides,
we obtain (9.12). O

Using the decomposition (9.12) for H,(z,y|q), one can give a direct proof of (9.11)
by applying the difference-differentiation formula for the continuous g-Hermite poly-
nomials H,(z|q). Polynomials H,(z,y|q) deserve more detailed consideration.
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