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STRONG ASYMPTOTICS ON THE SUPPORT OF THE MEASURE OF
ORTHOGONALITY FOR POLYNOMIALS ORTHOGONAL WITH RESPECT
TO A DISCRETE SOBOLEV INNER PRODUCT

Ana Foulquié Moreno and Francisco Marcelldn

ABSTRACT. In [6, 8] relative asymptotics for Sobolev orthogonal polynomials were
studied. When the continuous part of the measure satisfies the Szegd condition,
the strong asymptotics outside the support of the measure follow from [6, 8]. In
this paper, we analyze this problem on the support of the measure.

1. Introduction and statements of results

Some problems arising from approximation theory, mathematical physics, and number
theory have motivated different generalizations of the standard notion of orthogonality.
If 4 is a finite positive Borel measure supported on the real line, then {p,} is the
sequence of standard orthonormal polynomials (OP). with respect to u when

/ Pn(2)Pm(z)du(z) = {2 n#m
n=m
and p,(z) = apz™+ lower degree terms with o, > 0 for n € N.

Some of these generalizations are the so-called Hermite-Padé polynomials, [3, 10],
matrix polynomials,[2, 4, 5], and orthogonal polynomials with respect to a linear ho-
mogeneous differential operator (OPDO) [1]. This last notion is important because we
can apply the analytical methods used in the theory of Hermite-Padé approximants
to OPDO. An important class among these notions are the Sobolev orthogonal poly-
nomials (SOP) that are included in the class of OPDO. In this paper, we deal with
the case of SOP with respect to a discrete Sobolev inner product [6, 8].

Definition 1. Let p be a finite positive Borel measure, whose support S, contains
an infinite set of real points (S, C R). A discrete Sobolev inner product is given by

m Nj

(hg) = / h(@)g(@)du(@) + 33 M;ah® ()9 (c5)

j=11i=0

where cj € R, Mj’i >0, m, Nj > 0.
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54 MORENO AND MARCELLAN

In [6], a generalization of the above discrete Sobolev inner product in the following
sense was considered

m Nj
() = [ H)g(@dut@) + 3 > hD(er)Lsaloses) <1)
j=11i=0
where £;;(g;c;) is the evaluation at ¢; € C of a linear differential operator with
constant coefficients £;; acting on g and £; n; # 0, j = 1,...,m. The motivation of
this definition comes from the followmg orthogonallty relatlon

= / P(2)Qn(z)du(z) + Z ZA i (0(2)Qn(2) P oze;, D EPLy,

7j=11=0

where A;; may be complex numbers. The polynomials of the sequence {@n}n>0 are
the denominators of the main diagonal sequence of the Padé approximants of Stieltjes-
type meromorphic functions

.7

() = /du(m) +ZZAJ, — )z 5 Ajn; #0.

7=113i=0

Given j =1,...,m, let J; be the maximum order of the differential operators L;i,
i=0,...,N;. Then

Jj
Lii(giz) =Y v g® ().
k=0

For a fixed j, let p; = ('yz k) = .»Nj, k=0,...,J;, be the matrix whose elements
are the coeficients of the operator EJ i Denote by p;* the matrix obtained from y;,
deleting all the zero rows and columns. Following [6], we say that (1) is regular if, for
each j = 1,...,m, the matrix ; is a square matrlx with non-zero determinant. We
denote the d1mens1on of uj by I iyand I = Z

The aim of our paper is the analysis of the strong asymptotics for the polynonuals
orthogonal with respect to (1) in the regular case when {c;} € C\ S, j = 1,.
So we denote by S,,n € Z,, the monic polynomial of least degree such that

(p,Sn)=0 pEP,_1.

If the inner product is positive definite, then deg S, is n, and thus all the S, ’s are
distinct. In general, this is not true, and for different values of n, we can have the
same S,.

Despite an extensive effort to investigate the properties of SOP, not much progress
has been attained regarding their asymptotics for general conditions on the inner
products. The first essential contribution to this topic was [6]. There a new class of
measures was introduced.

Definition 2. Let u be a complex measure. We say that u € Mc(0,1) if the corre-
sponding orthonormal polynomials {g, } satisfy

TGn(2) = Ant1qn+1(2) + Bntn(2) + Angn-1(z), n>no, an,Bn €C
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with
liman=l lim 3, =0
n—00 27 nSc n ’
@)
[ 1tn@anim(@)l ldus@)] <€ < oo

where the support of y is equal to [-1,1] U E, and E is at most a denumerable set of
isolated points in C\ [-1,1], with B’ C [-1,1].

The following asymptotic behavior for the sequence {g,} holds

®)
5l o, Kcers, ®
dn (Z)
where
p(z)=z+V22 -1, |p(2)|>1,
and

1 qﬁ,""'l) (2) 1

n W@ ~ VAE-1

Notation. The symbol = means, in this work, uniform convergence on compact
subsets of the indicated region.

K cC\S,.

For this class of measures, a method for the analysis of relative asymptotic prop-
erties of SOP with respect to OP has been developed. In particular, the following
theorem was proved [6, Th. 4].

Theorem 3. Consider a regular inner product of type (1) such that p € Mc(0,1) and
C1y..-,6m € C\Sy. Let {Lyp}, n € Zy be the sequence of monic orthogonal polynomials
with respect to p, and let {Sp}, n € Z; be the monic orthogonal polynomials with
respect to the above inner product. Then for all sufficiently large n, deg S, is n and
each point c; attracts ezactly I; zeros of Sn, while the other zeros concentrate on S,,.
Also for each fixed v € Z,

$.(=) _ 17 (@) = elei))*\ " —
Ln“)(z):‘H(W%{)‘) » KOS @

We use the following corollary [6, Cor.2] later.

j=1

Corollary 4. Under the hypothesis of the above theorem, for all sufficiently large n,
(Sn,Sn) # 0. Let n, be the leading coefficient of 1, the n-th orthonormal polynomial

with respect to p. Then yp, = (Sy, Sn)_% may be taken so that

m

. 1
tim 22 = [T =2
e ln i p(c;)’s
and, in particular,
lim It — o,

n—00 "/,n
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The advantage of such a theorem is the following. If we know the asymptotic
behavior of the OP, then we can deduce the corresponding behavior for the SOP. To
illustrate this with an example, we can consider du(z) = w(z)dr where w(z) is a
positive and integrable function in [—1, 1] satisfying the Szeg6 condition

! nw(z)
-1 \/1 - :ZI2

We denote by {l, = n,2"™ + --- } the set of polynomials orthonormal with respect to
the function w(z)

dx > —oo.

/1 ln((E)lm(x)w(x)dx — {2 n#m

It is well known [11] that the function

+7 —it
D,(z) = exp {i / ITree™ (w(cost)|sin t])dt}

dr J_. 1— ze~it

n=m

satisfies

(a) Dy (2) € Ha,

(b) D, (€) = lim, ;- D,,(re™®) exists a.e. and |D,,(e")|? = w(cos6)|sind|,

(c) D,(2) #0, |2| < 1, and D, (0) > 0.
We have the following strong asymptotics for {l,} (see [11], Theorems 12.1.2 and
12.1.4):

(a) Outside the support:

ln (% (z + %)) = \/%Q%le(z) [1+0o(1)], |2|<1.

(b) On the support:

l,;(cos€) = #[

where o(1) may be understood in the sense of convergence in Lg .
(c) The leading coefficient:

1 —iné 1

D) ¢ + Do) (ew)emo] +0o(1)

_ Ll 1

™= Vor DO

Combining these results with [6, Th. 4], we obtain as an immediate consequence the
strong asymptotics of SOP outside the support of the measure of orthogonality.

[1+0(1)].

Corollary 5. Using Corollary 4, we can define for sufficiently large n, S, = V5 Sn.

Then, for |z| <1
1/ 1 1 1[I 8i(2)"
o (5 (” Z)) = Vamr Dom LToW)
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uniformly for z € K C {z: |z| <1} \ {zj};f‘=1 , where we have used the notation
-z

Filz) = (1 2z;)’
plx)y=z+Vz2-1, |p(z)|>1,

G+l =a, @)=

1 1
S +1/z)=ci  wley)= P

At the same time, we should mention that the theorem from [6, Th. 4] does not
allow us to make a conclusion about asymptotics of SOP on the support of the measure
of orthogonality. This is not a surprise because the values of the entries of the matrix
p; do not appear in [6, Th. 4], but as we show later, the asymptotics at the mass points
strictly depend on them. So an investigation of the strong asymptotic properties of
the polynomials on the support of the measure requires a more delicate technique to
be developed. The main aim of the present paper is to fill this gap. We prove the
following.

Theorem 6. Let w be a positive and integrable function which satisfies the Szegd
condition f_lllnw(x)/\/ 1—2z2dr > —oo. Let us consider an inner product (1) in
the regular case and {c;}7; € C\ S, where du(z) = w(z)dz. For sufficiently large
N €N, let {Sp, =a™+--- }n>n be the sequence of monic orthogonal polynomials with
respect to (1), and v, = (Sn,Sn)'l/ 2 Let sp = 74S,. Then we have the following
asymptotics for {sp}n>N:

(a) On the interval [—1,1],

_ 1 1 —ind 1 o || —
on(e0s0) = 77 [Dw(ei")/ﬂ(ei")e " Dae/se)] ] i
where || - | means the norm in L2 (w(cos0)|sinb|db, [-m,n]) and
I;
— % —2
pe): I_I ==k
(b) At the mass points {c;}JL,, in the case that J; = N; = I; — 1,
sn(cj) hn(cj)
sh(c3) I A%
D =) @) | o)
s (cj) Fhi(es)

where
hn(z) = ﬁn(—(l—)> . @)=zt V@1,

p — 1)20x+1)
Jk+1 ’

) = e Dol s MH(”

oM—1
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and Gj, j=1,...,m, are the following matrices:
0 Ji+2-k>1,
Gj(k,1) = ( -
Ji+1-
and g;(z) = H?Ll, i#j (z — ;) it

For a better understanding of the result, we give some corollaries.

S [VESETIP S IO N RS S

Corollary 7. We first consider the simplest case N; =0, and

1
<mm=/‘m@¢@m@m+wmm@,ceR,7>u

In this case, if we denote 3(21 + 1/21) = ¢ with |z1| < 1, then
2" |Z1|
o% 1+4+0(1
Yon(c) = '”n@gp+dn]
_ Dw(zl) n—1 1
ha(2) = V21 1/ 2] (zl - —z—l-)
Denoting F(z) = Be@EanDial e gt that

(z2—21)z1

sn(c) = Do, (Zl) | ll\/_ THi+0(1)] = z;;_l\/%Resz:zl F(z)[1+0(1)]

2‘1—-1721

Tn >0,

holds.
This result agrees with [9, (17), p.2691].

Corollary 8. Now if we consider
1
() = [ h@)g(o)ula)da + 1oh(@)a(e) + 1 (@g'(0), e€C\[-L1),

then in this case F(z) = Z—D‘"—(z%g(zzl —1)%, and

zZ—2z

sn(c) _ Vorzp [0 %ifz_ji;_lpl [1 +O(1)]
s (c) 700711 \ g0 O L+ [;15("—1)— ;g%ﬂpl

where py = Res,—, ((z — 21)F(2)) and p2 = Res,—,, F(z).

The method of proof of Theorem 6 is based on the investigation of the coefficients
of a polynomial modification of SOP in terms of OP
2M
Wit (€)Sn(2) = Lntaa () + Y an i Lnt1a—j ()
j=1
where wpr(z) = [Tj=; (z — ¢;)i*! and degwys is equal to M.
As an intermediate step, which at the same time is of independent interest, we
prove
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Lemma 9. Consider a regular inner product of type (1) such that p € Mc(0,1) and
C1,...,cm € C\S,. For sufficiently large n, let Sp(x) be the monic Sobolev orthogonal
polynomial of degree n with respect to this inner product. Let L,(z) =z™+--- be the
monic orthogonal polynomial of degree n with respect to du(z). Then
2M
W (#)8n(@) = Lntas (2) + ) anjLusrr—;(2) &)
j=1
where war (z) = [[j=, (€ —c;)V7*, degwi(x) = M. Furthermore, limp_,o0 G, ; exists
for1<j<m.

This theorem gives us an analog of condition (2) of M¢(0,1) in the sense that the
limits of the coefficients in a recurrence relation exist. The special case in the above
theorems when J; = N; = 0 was proved by Nikishin [9]. The next section is devoted
to the proofs of Lemma 9 and of Theorem 6.

2. Proof of the main results
Proof of Lemma 9. The proof is given in two steps.

1. We consider p(z) = wp(2)p1(z) where p; is an arbitrary polynomial of degree at
most n — M — 1. We have

0= (I (2),Sa(2) = [ @) 2)Sn(2)di(o) ©
By Corollary 5, we know that for n > ng
[ B@dut@) #o.

We can conclude that any polynomial, for sufficiently large n, satisfying (6), must be
of degree at least n — M. If we try to write
2M

wa(2)Sn(2) = Lngm(2) + Z n,jLntr—j(2),

then to do this we require that
an0Lnim(2) + Y52 aniLniai—i(2)
wM(z)
be a polynomial. For doing this, we have M homogeneous linear equations in the

unknowns {an;}, j =0,...,2M.
With the above condition, one has

0= (wnm(2)p1(2),pn(2)) O0<degpr<n-M-1 (7)
Now, if we also impose

pn(2) =

0={z*pa(2)) k=0,...,M—1, (8)

then we can guarantee a non-trivial solution for (7) and (8) because we have 2M
homogeneous linear equations and 2M +1 unknowns. Thus this polynomial p,, satisfies
the same orthogonality condition as S, and, for sufficiently large n, deg S, = n so
anp # 0. Taking the normalization a, o = 1, we can say p, = S, and (5) holds.
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2. To prove the existence of the limit of a, j for j =1, ...,2M, we follow the technique
used in [6]. Let

2M
Wi (2)Sn(2) = Ly (2) + Y an jLnsar—i(2).
Jj=1
‘We consider
Qn(z) = —wM(z) 5n(2) and a; = ——1
Ln-m(2) 1+ E  lan sl
Set
* * * L z M * L —il2
0 = a0 =y A 4 3 HrhesS) ©)
e

where a;, ; = apa,,;. The new sequence {a;, ;} is uniformly bounded. Let A be a
subset of N such that for j =1,...,2M

=a; and lim a; = ag.

lim a
n J n—oo,n€A

n—o00,nEA J

Taking the limit in (9), when n — oo, n € A, and making use of (3) and (4),

2 T E= )70 (0(2) = 0(e))™ ([ 0(2)
21 @olz)" (%)

() S ()™

for z e C\ S,. If we notice that |a}| + Z]—l lay, ;| = 1, then it is clear that
lag| + X525 laj] = 1.

Now if we use the fact that {¢*} for k =0,...,2M is a set of linearly independent
functions because  is a one-to-one holomorphic function, then it holds that a§ # 0.

In particular, this implies that {ay ;} is uniformly bounded, so to prove the existence
of the limits, we only need to prove the uniqueness of the limit points for every
j=1,...,2M.

Let A be a subset of N such that for j = 1,...,2M, the limits lim, oo, nea @n,; = a;
exist. Taking lim, 00, nea n(2), one obtains
N;+1-1I; 2I M 2M  2M 2M—j
ﬁ (2 =)™ (p(2) — ples)* (w(Z)) _ (so(z)) 3 (w(Z)) g
=1 (20(2))" 2 2 = 2
forz€ C\ S,.
From this last equation, we have the uniqueness of a;. O

Proof of Theorem 6. First we are going to deduce the strong asymptotics on [—-1,1].
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Let
m
wp(z) = [ (z - )Vt
i=1

We expand S,wyy in terms of {Ly}.

2M

Sn(2)wn(2) = Lntm(2) + Z an,jLntm—j(2)- (10)
Jj=1
Dividing by Sy,
Ln M Ln -3 Z
oute) = B+ > n R

_ Lntu(2) Ln(2) % Lntn—(2) Ln(2)
Ly(2) Sn(2) 7 Ln(2) ,S'n(z)

Now taking the limit in a compact set off supp u, using (4) as well as the existence of
lima, ; = aj, (Lemma 9)

ot =1 (288 75) " [ (%) + £ ()

j=1

f:[l(w(z) — () (2 = ) NiH1Ts
=2l ( )[<<p(z)) +; ((,a(z)) ]

Now, denoting ¢(z) = t, we arrive at the equation,

ﬁ (t — o(c;))?" (1 (t+ 1) _ cJ_)NJ-+1—1,.

[ [ N A

that these a;,j = 1,...,2M verify. We come back to (10), and, putting z = cos f, we
have

2M

Sp(cos@)wps(cosd) = Lnyp(cosf) + Z an,jLntrm—j(cosB).
j=1

Now using the strong asymptotics for L, on [—1,1], we deduce
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Sn(cos @)war(cos §)
1 [ 1 —itnt+n)e 1 i(n+M)0
2 ke ine 4 Lo gitne]
= L_gn+M _1
Ver D, (0)

2M

D,,(0) L itmn+M—j)e 1 i(n+M—5)0

X i i i(n i(n 1
+ ]=Zl a'] 2n+M—] [Dw (e@e) € + Dw (e.lo) € + 0( )

_ D.(0) L intme | _ 1 itnrane
on+M -Dw (eiﬁ) Dw (eio)

2M
D, (0) I in+M—j)o 1 i(n+M—j)8
+ ; v vy [ Du(@)® + Du(e?) +o(1)

_ Dy(0) [emm™ 1 L 21 —i(M—j)0
D, (%) [ 2n [2_”76 +Z;aj 905 ©
]=

D,(0) [em[ 1 . 2 1 .. .
S {'2— [z—MM + 2 aigm=e M| | + o).
w(e) j=1

Using the notation

we have, by (11),

Sn(cosf) = — " 11 1 s
j_l:[l[g( +—)—5(J+z—j)}
ol e W
T )
,~I=Il [%(M%)—%( ,+zij)r
e =
58 Flilsl] o
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If we denote
a(z) = ﬁ [ %~ % ]Ij
i zj(1—2z;)| '
then
Sn(cosf) = —LS,) 1 e im0 4 —-—_D_(.(_)_)_ L
i ]
For sufficiently large n the leading coefficient of s,, is denoted by +,,. From Corollary 4
e Lgn 1 1
Var. Du(0) [1;%1 (i)’
Using this and (12), we have

€™ +o(1) (12)

+0(1) holds.

m
Sn(cosf) = I I [ = e e eino} +o(1).
Dy ( Du(e®)
J=1 a(e®?) [ a(e(_et ) ]

If we denote

then

Sn(cosf) = 1 [—1— —inf 4 1

Vo | D™ —D—e?ei””} +o(1)
™ B [f&—‘?ﬂ
where o(1) is i m the sense of the £, , norm. As a last step, we derive the asymptotic

behavior for si (¢), 0< k< Jj, 1 < j <m. We consider

2M

Sn(@)wr () = Lnya () + Y an,jLnsrr—j(z)
=1

where, using the notation introduced in Lemma 9, we denote

m

9;(z) = (xﬂlc()i'])ﬁ_—l = H(x - cz.)-]i'l‘l.

From orthogonality for the Sobolev inner product, for n > M — 1, we get
0 =(g;(2)(z — ¢;)”, Sn(z))
b wpr(2)Sn(z) Sngcj)
=/_1 —-;—_Tdu(x)*- (0,-++, 0, Jjlg;(cs) s : ;
89 (¢y)
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0 = (g;(2)(z — ;)" 7, Su(x))

_ [ wm(@)Sa(z)
- [ e

Sa(c;)
+(0, -+, 0, (Jj = Dlg;(es), (521)(F5 = g (e5) ) s : ,
55(cy)
= (g;(x), Sn(z))
L Sn(cj)
=/ M‘%(fl)dﬂ(w) +(9i(es)s g5(eg)s -+ 5 857 (c5) g
-1 (@ =) S(Jj)(c.)

Taking into account the matrix G; which appears in the statement of the theorem,
we can express, for every j, 1 < j < m, the above equations in matrix form.

1 (z)Sn (z)
sn(c;) 21 wM(f)fJ @ (z)dz
G : = —Tn : . (13)
Jj 1 .
st ’)(Cj) I, %ﬁ_@w(x)dx

To obtain an asymptotic formula, we must study the asymptotic behavior of the right-
hand side of (13). Using the change the variable } (2 + 1/z) = ), the asymptotics of
L, on [-1,1] as well as (11), we have

/1 Wit (2)8n () w(z)dz

(z —Cj)

[t L, (a:) ' L, -J( )

j=1 A=c;

- z—n[@ S ()] ————]H

z=zj

= E—é—?ﬁD‘u(z)Dw(O)% kljl (z — l>2(Jk+1)] [1 + o(l)]

2k

z=z;

where we have used

/_ 1 —fc'"_(xA)w(w)dw n(A) / (w)\u(x)dx

_ Dy (O)D (2)2" 1 w (cos ) | sin 6]
—r |Dw(€®)]?  cosf — A

do [1 + o(1)].
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If we denote by

V2r _ 2z), — 1)2UsH1)
()= gDt e [T

then
1
. Wy (T)Sn () _ )
Tn /_1 “—c) w(z)dz = hp(2;) [1 + 0(1)].
For the other coordinates on the right-hand side of (13), we use again the fact that

if fn, = gn[l + o(1)] where f,, g, are analytic functions and g, is uniformly bounded,
then f), = g},[1 + o(1)] and

- /—11 %@w(w)dx = %g—\k; [h”(z)],\=cj [1 + 0(1)],

Taking this into account, we obtain

sn(cj) hn(z) lA:c,-
s’ (c;) L hn(2) |r=c;
Gju; : - : [1 " 0(1)]'
. Jj
6]\ dshe e

O

Remark 1. Notice that on obtaining the strong asymptotics on [—1,1], we have not
used the condition I; — 1 = J; = Nj;. At the points {c;}, j = 1,...,m, this condi-
tion is not necessary either but the derivation of the corresponding formula is quite
complicated.
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