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ABSTRACT. The usual “curve-shortening equation” describes the planar motion
of a smooth curve that moves in a direction normal to itself with a speed propor-
tional to its local curvature. We present here an analogous theory for the planar
motion of a discrete (i.e., piecewise linear) curve. In the discrete case, an arbi-
trary nonintersecting, closed N-sided curve shrinks in on itself, and its enclosed
area vanishes in a finite time. We conjecture that the discrete curve tends to an
equi-angle N-polygon as it shrinks.

Geometrical models which describe the motion of manifolds (curves and surfaces)
in a higher dimensional space have been used successfully in various branches of sci-
ence [12]. A simple example that has been studied extensively is the so-called curve-
shortening equation [4, 6, 7], which describes the planar motion of a smooth curve
that moves normal to itself with a speed proportional to its local curvature:

dr

E =U n, U= K, (1)
Here r is the position vector of a point on the curve, n is the inward-facing unit normal
vector of the curve, and k is its curvature. Two important features of such motion
are: (1) that every smooth closed curve shrinks to a point in a finite time; and (2)
that the asymptotic shape of such a shrinking curve is always a circle.

n,

Npi1

FIGURE 1. A discrete curve

The purpose of this paper is to formulate a discrete analogue of the curve-shortening
equation, and to analyze its behavior. This is one of several discrete models of curve-
shortening that have been proposed [2, 3, 8, 9, 13, 14]. We discuss some relations
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between these models at the end of this paper. We begin with a description of a
discrete curve, (i.e., a piecewise linear curve) in a plane. The curve consists of N
points, connected by straight line-segments (“links”). The position vector of the n-th
point is denoted by r,. By definition (Figure 1), we have

Ipt1 =Tp +nt, (2)

where t,, is the unit “tangent” vector and [, is the length of the n-th link. The unit
“normal” vector n,, is chosen to be a 90° counter-clockwise rotation of t,,:

n,-t, =0.

Each pair of vectors {t,, n,} forms an orthonormal basis for the plane. Thus there
exists a set of angles {6,} (Figure 1) such that

tny1) _ [ cos Ont1  sinbpi1) (tn 3)
N, —sinf,y1 cosbpyi) \ng,/°
Equation (3) is referred to as the discrete Serret-Frenet equation [5, 11].
The discrete Serret-Frenet equation (3) can be rewritten as

0 0
tny1 =t, +tan "2+1 n, + tan "T’Hnn.,.l, (4a)

0 0
N,4+1 =N, — tan n2+1 t, — tan "2+1tn+1. (4b)

It is interesting to compare (4) with the Ablowitz-Ladik system for a certain class of
integrable differential-difference equations(1, 5):

V1n41 = 2V1,n + Qn(t)V2,n + Snv2,n41,
1
V2,n+1 = V20 + Rp(t)vin + Tn(t)vi,ny1-

We observe that the discrete Serret-Frenet equation is the Ablowitz-Ladik system at
z =1 with Q, = S, = —R,, = —T,,. The corresponding statement for smooth curves
is known [10].
We now consider a motion of a discrete curve. Let t denote time. We express the
velocity of the n-th point by
Bn  yny + Wt 5)
dt
Here U,, and W,, are the n,, and t,, components of the velocity, respectively. Explicit
forms of U,, and W,, can be chosen to represent a variety of physical or geometrical
phenomena. We require the consistency condition imposed on the dynamical variables,

—E=E— (6)

where F is the shift operator
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Applying (6) to (3) and (5), we get

) (2 D)

d

Eln = Tn, (8)
d _ A Wn—1
dton =A ln_y ©)
where
n) _ [cos Ont1 —sinbpi1\ (Wait (W (10)
Wn sinfn,y1  cosfpyr Un+1 U,

and A is the difference operator
A fn=(E-1fn= faot1— fn.

It is worth mentioning that all of the formulae for a smooth curve are recovered in the
continuum limit

l, = 0and 6, — 0. (11)
In fact, in the limit (11), egs. (2), (3), (7)-(9) become
' or
t= 35’

20-(5 ().
2= 90,

0

’5;\/§= \/§7a
o,._9,
ot~ Os

where

@)=+ ) (@)

Here g is the metric related to the length of the link, I, by [ = \/go with o being a
time-independent parameter.

The discussion so far is general. Next, we propose a specific model which leads
to a curve-shortening equation. We assume that the velocity of the n-th particle is
determined by

Un = 0—", (12a)
In

On(ly — lp—1cosby)

lpln—1siné, (12b)

Wn -
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See the Appendix for the derivation. In the continuum limit (11), (5) with (12) yields
(1). Making use of (12) in (8) and (9), we obtain

% _ Ont1 B 0, Opy1c080py1  Oncosby (13)
dt ~ lpgpisinfpy;  lp_isin®, = l,sinfp41 l,sin,’

den _ 0n+1 - 071, e'n - 971,—1

a 12 2_, - (14)

The model (12) has remarkable features. In what follows, we assume that the
discrete curve is closed, and that it does not intersect itself.

Theorem 1. The area S enclosed by the curve satisfies

%f- = —2m. (15)

Proof. The area S can be expressed as
S = %Zrn X Tyl (16)

n
Making use of (2) and (7), we obtain
§=—20n=—27r<0. (17)
n

O

Comment 1. It follows that the area enclosed by the curve vanishes in a finite time,
and that the time required is proportional to the initial area enclosed. The second
equality in (17) is a special case of the Gauss-Bonnet theorem.

The usual (continuous) curve-shortening equation has property (15); the model
(12) was chosen in order to maintain this property in the discrete version. This
correspondence is discussed in detail in the Appendix.

Theorem 2. The total length L =Y 1, decreases,
dL 1 1 0
e — 4+ —)fntan = < 0. 1
= an(ln+ln_l)o an 5 <0 (18)

Proof. From the definition of L and (8), it is easy to show (18). Note that |6,| < 7. O

Theorem 3. A shrinking regular N-polygon is linearly stable to arbitrary small per-
turbations other than dilatation and rigid-body motion.

Proof. Let us introduce a new time variable 7 by
dt

Pt S, 7(t=0)=0. (19)
The area S can be expressed in two ways as
S = Sp — 27t = Sy exp(—277) (20)

where Sp = S(t = 0).
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Since the curve is closed, the closing conditions are

N-1 N-1
Z 0; = 2m, Z ljt; =0. (21)
j=0 =0
For a regular N-polygon, we have
27w _ 1 2 0
0, =6= N l,=1t), Sk)= 4Nl(t) cot 5" (22)
Equation (13) can be solved explicitly to yield
0
KQ=W)1—% 1(0)* = 46to tan . (23)
0

Now consider small deviations around the regular polygon. Expanding 6,, and I,
as

On=0+080,, Il,=1+4dl,, (24)
and inserting these into (13) and (14), we obtain
d N 6
E&en = Z cot 5(607,4.1 - 2507; + 501,,_1), (253)
d N 0
E&" = 50 csc? 5(51,,.,.1 —2cos66l, + 8ln—1)
N 0
The discrete Fourier transformations,
_ N-1 _ N2
86k =Y 06 exp(—iknf), blx =) bl exp(—iknb), (26)
n=0 n=0
recast these into
d = 0 . k0 =
d_'rwk = —N cot 5 sin” = - 60, (27a)
d ~ No ~
E&k = Iz % (cos@ — cos kb) -
RS (exp(ik6) + 1) - 66 (27b)
4 sin 6 P k
with the closing condition
~ ~ il ~
66 =0, dly_1+ m(iT)wN_l =0. (28)

Note that 6l; = 32;\,_1. Equations (27) can be solved easily. Their solutions show

that all of the components go to zero as T — 0o, except for glo. The Fourier mode SVIO
represents a dilatation. O

Comment 2. A time variable 7 defined by (19) turns out to be convenient also for
later discussions.

Moreover, some exact results have been obtained.
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Theorem 4. An arbitrary triangle shrinks to a point in a finite time, and its limiting
shape is a regular triangle.

Proof. The allowed region Q for the angle variables is given by
Q = {(60,61,62) | 6o + 01 + 02 = 2,0, < 7 }. (29)

Because the area S can be expressed as
S = %lzlo sinfy = %loll sinf;, = %llh sin 6y,
we have
S 1sinfysin6,
272 sinf
S 1sinfssin by
l2 2" sin6;

Using these relations in (14), we obtain time evolution equations for the angles,

ddo 1 . . . 61 — 6o 90—92]

— = —sinf 0 6 — , 30

dr 2 S Yo SInT1 S T2 [ sin? 6 sin? 6, (30)
and cyclic permutations. Let us introduce a function

V = —(m — 6o)(m — 61)(m — 62). (31)

The function V' is negative in Q, zero on 81, and has a unique minimum at P, =
(27/3,2m/3,2m/3). Its time derivative is given by

_ RY)
av __1 sin A sin 6, sin 6, [(ﬂ- 02,)(201 o) + cyclic permutations] . (32)
dr 2 sin” 0
The right-hand side is negative on Q\ {P.} and zero at P,. Thus V can be considered
as a Liapunov function, and therefore, P, is asymptotically stable. O

Theorem 5. An arbitrary parallelogram shrinks to a point in a finite time, and its
limiting shape is a rectangle.

Proof. Let a = Iy, b =11, 8 = 0y, and ¢ = 6; = m — 6y. The evolution equations for
the lengths and the angles are given by

;’—“ = —7a + b(¢ — ) cos ¢, (33a)
gﬁ = —mb-+a(¢ — 6) cos o, (33b)
jﬁ = —(6-6)S ( b12) : (33¢)
Y o t6-0s ( b12> (33d)

where S = absin = absin ¢ = Sy exp(—277). Define © = (¢ — 0)/2, A = aexp(nt),
and B = bexp(nr). Since 0 < 6 < m, we have —m/2 < © < 7/2. The evolution
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equations (33) can be recast into
dA

e —2BOsin©, (34a)
dB .

i —2A0Osin O, (34b)
de 1 1

i —-2500 (—A—2 + ﬁ) . (34C)

Note that (A% — B?) = 0. There are two cases.

(i) If A = B initially, then the figure is initially equilateral, and it remains so.
From (34c),

d(e?) _ _45092 < _45092
dr Az~ Al

where 4g = A(t = 0). So © — 0 as 7 — oo, and the equilateral parallelogram
approaches a square as it shrinks to a point.

(ii) If A # B initially, then we may assume without loss of generality that A > B,
and that

A=Ccosh§, B=Csinhg, O<u<oo (35)
where C is a positive constant. Now the evolution equations read
du .
e —40sin O, (36a)
do 85y . coshu
dr ~ C? “sinh®u’ (36b)
Integrating these equations, we have
25 1
cos© — 0 snba = D = constant. (37)
Eliminating u in (36b), we obtain
2 () =-0%1(0) (38)
where
4C? 2 452
©)=—(cos®—-D 1+ — . 39
1(©) So ( ) \/ C* (cos© — D)? (39)
Since f(©) > 0 for u < oo, we have
£ (6?) = -67f(6) < ~6%f(60) (40)

where ©g = ©(7 = 0). So © — 0 as 7 — 00, and the figure approaches a rectangle as
it shrinks. Moreover, from (36a), 4 < 0, so u 7+ 0o as 7 — co. Thus B/A =b/a 4 1
as 7 — co. In other words, the limiting figure is not a square. O

Theorem 6. An arbitrary, pairwise symmetric (i.e., with opposite sides parallel and
of equal length, as in Figure 2), equi-angle hezagon shrinks to a point in a finite time
and its limiting shape is a regular hexagon.
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c

Cc

FIGURE 2. A pairwise symmetric, equi-angle hexagon

Proof. Let a =1y = I3, b =1; = Iy, and ¢ = I3 = l5. Time evolution equations for
these length variables are given by

lde 1 1 1

adt "a b ¢ 4D
and cyclic permutations, where o = 27/ 3v/3. Define
L=a+b+c, w=-—loglL,
a b c
A_f’ B_Z’ G_f’
1 1 1
Q= 1 + B + 6 (42)
From (41), we get the following equations
d
—d‘?” = aexp(2w)Q, (43)
dA 1/1 1 1
@*5(2‘5“5“@)’ (4

and cyclic permutations. For A, B, and C, the allowed region 2 is given by
Q={(4,B,C)|A+B+C=1, A,B,C > 0}.

First let us show that a,b,c — 0 simultaneously as S — 0.

(1) Suppose a — 0 and b, ¢ are finite as S — 0. But (41) shows that if 0 < a < b, c,
then da/dt > 0, so {a — 0 with b, c finite} is impossible.

(2) Suppose a,b — 0 and c remains finite as S — 0. Thus da/dt and db/dt should
be negative for sufficiently small S. However, time evolution equations show that
(da/dt)(db/dt) < 0. Then this also never happens.
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(3) Thus we conclude that a, b, and c simultaneously become zero as S — 0. In
particular, w — oo as S — 0.

Next we show that a/b,a/c = 1 as w — oo. For this purpose, let us introduce a
function,

V =—ABC. (45)

The function V is zero on 9%, negative in €2, and has a unique minimum at P, =
(1/3,1/3,1/3). Its derivative dV/dw is negative in Q \ {P.} and zero at P,. Thus V'
is a Liapunov function, and P, is asymptotically stable. O

We conjecture that an arbitrary, pairwise symmetric, equi-angle 2N-polygon for
N > 2 shrinks to a point and its limiting shape is a regular one. The case N = 2 is
exceptional.

These properties ensure that the model (12) is appropriate for a discrete curve-
shortening equation. However, other models for discrete curve-shortening also have
been proposed, as we now discuss. The first of these is due to Taylor, who set forth a
theory for the motion of curves by crystalline curvature [2, 14]. A similar model was
developed independently by Angenent and Gurtin [3], while Girdo and Kohn [8, 9]
establish the convergence of a numerical scheme (i.e., discrete in both space and time)
for such motions. Their scheme can be compared to Roberts’ [13] numerical scheme
for the original curve-shortening equation.

Comparing our model (12) with Taylor’s [2, 14], we note that in her model, line-
segments translate in their normal directions, keeping their orientations. Her model
is simpler than (12) because only ,, varies in time, not 6.

As we discuss in the Appendix, property (15) is an intrinsic property of the contin-
uous curve-shortening equation, which is inherited by our model (12). Girdo [8] shows
that his model acquires this property in the continuum limit. A referee pointed out to
us that Taylor’s model exhibits this property (15) under some circumstances; whether
that is always the case seems to be unknown.

Appendix: A derivation of the model (12)

In this Appendix we shall derive a discrete curve-shortening equation (5) with (12)
from the continuous curve-shortening equation (1).

First of all, we note that the equation (1) is the one-dimensional reduction of a
diffusion equation

dr
where A = (detg)~'/29,(detg)/2g#*8, is the Laplacian on the hypersurface
r(u!,..., uF) in R*¥*! with respect to the induced metric g, and that the area A

enclosed by a simple closed curve driven by the flow (1) satisfies

dA

= =- ]{ Ky/gdu = —2r. (47)
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Equation (46) indicates that a natural discretization of (1) is

dr,

1
"dT = g—n(rn+1 - 2rn + rn_1). (48)

To determine g,, we impose the condition (47) which also should hold for discrete
curves since it represents a topological property of embedded curves. A little calcula-
tion shows that

dA lplp—15in6,
o S “9)

and the metric is identified as

g = lnln_; sin On. (50)

This choice of the metric gives a discrete curve-shortening equation (5) with (12). We
remark that g, in (50) consists of geometric quantities associated only with the n-th
vertex ry, (see Figure 1).
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