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A RATIONAL MOMENT PROBLEM ON THE UNIT CIRCLE 

A. Bultheel, P. Gonzalez-Vera, E. Hendriksen, and O. Njastad 

ABSTRACT. Let {<^k}kLi ke a sequence of not necessarily distinct points on the 
complex unit circle. We consider the moment problem: find a positive measure 
on [—TT, TT] such that for UQ = 1 and u)n(z) = (z — ai) • • • (z — an), n = 1,2,..., 
we have 

/TT /"TT 

MO) = i.    / 
-TT J — n 

MO)   = fin,      71 = 1,2,..., 
u;n(e*) 

for a given sequence of moments {/inj^Lo* ^^^ PaPer gives results which to 
some extent generalise the limit point - limit circle situation of classical moment 
problems. 

1. Introduction 

Let T = {z G C : \z\ = 1} be the complex unit circle, and let {c£k}kLi be a sequence 
of not necessarily distinct points on T \ {1}. Introduction of the "forbidden" point 1 
is not a severe restriction because there is only a countable number of a^'s so that 
there always exists such a point on T, which by a simple rotation can be brought to 
the position 1. Define ujn(z) = nL=i(z — 0^^) for n > 1 and set LUQ = 1. By nn we 
denote the set of polynomials of degree at most n. We consider the spaces 

Cn = \^\:pnelln\,    C=\JCk. 

-'n* For any complex function /, let f*(z) = f(l/z). It is obvious that Crt 

{/ : /* G Cn} = Cn and, similarly, £* = £. Finally, we set 7£n = Cn • £n and 
TZ = C - C. Let M be a linear functional defined on C • C which is real and positive, 
i.e., which satisfies 

M{/*} = M{/},    feC-C    and    M{//*} > 0,    0 ^ / G C. 

This functional defines an inner product by 

{f,9) = M{fg.}. 

An example of such a linear functional is given by 

M{f} = ^ f{eieW{e),    (f,g) = f He^W^dm 

where // is a positive measure on [—TT, TT]. The subject of this paper, just as in Section 8 
of [3], is to solve the following moment problem: Given the moments {/in}^L0 defined 
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by 

M{l} = /io    and    M^ — \ = /xn,    n=l,2,... 

(without loss of generality we may assume that ^o = I)? does there exist a finite and 
positive measure // on [—TT, TT] such that 

^       n = Oll,.. (e*)' 

It was shown in [3] that this moment problem always has at least one solution. This 
existence result was proved in a constructive way. The solution was obtained as the 
limit of a converging subsequence of quadrature formulas. Since there could be dif- 
ferent subsequences converging to different limits, there might be (infinitely) many 
solutions. Here we will address the problem whether the moment problem is deter- 
minate or indeterminate, i.e., whether a solution fi is unique or not. We shall, to a 
certain extent, generalise the classical limiting point - limiting disk situation for a se- 
quence of nested disks. This technique was known to Weyl [23] and used by Akhiezer 
[1] and Shohat and Tamarkin [20] when they studied the classical Hamburger moment 
problem and the situation where the moment problem has a unique solution. See also 
the work of Stone [22]. 

For more on moment problems and nested disks see [10-12, 14, 21]. Uniqueness 
criteria for the strong Hamburger moment problem can be found in [17]. An extended 
Hamburger moment problem was discussed in [15]. In the Hamburger problem, the 
unit circle is replaced by the real line. Similar results about unique solvability were 
obtained in [16] for the extended Hamburger moment problem where a finite number 
of points ak on the real line are cyclically repeated. Multipoint matrix versions of 
the Hamburger and Stieltjes moment problems are found in e.g., [18, 19]. In the 
case where the points at are located inside the unit disk, results similar to the ones 
of this paper were given in [4] and [7]. Here we treat the case of the unit circle, 
and at the same time, we consider a general sequence of o^'s which need not be 
cyclically repeated. We emphasize that the situation where all the points ak lie inside 
the open unit disk is substantially different from when they are on its boundary. In 
the boundary case, nontrivial new problems arise, for example, due to the fact that 
functions in C are not continuous on the unit circle. Analogous results for the real 
line can be obtained in a similar way. However, there the problem is that the support 
of the measure is not compact, and special attention has to be paid to the point at 
infinity which causes some trouble. For simplicity, we discuss here only the case of 
the unit circle. An essential role will be played by the orthogonal rational functions. 
They play the role of orthogonal polynomials in the Hamburger case or the orthogonal 
Laurent polynomials [13] in the case of the strong Hamburger moment problem. For 
the case of points inside the unit disk, such orthogonal rational functions were first 
studied in [2, 8, 9]. For points on the boundary, they appear in [3, 5, 6, 16]. 

2.  Orthogonal rational functions and recurrence relation 

First we observe that 

Cn = Span {bo,bi,...,bn} 
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with 

where 

6o = l,    bn = Z1Z2 • "Zn,    n > 1, 

z-ak 

We use this notation also for k = 0, in which case we set CUQ = — 1. Thus 

.l-z 
Zo(z)=2i 

1 + z 
Note that the basis functions bk satisfy bk* = &&. By a Gram-Schmidt procedure, these 
basis functions are orthogonalised to give the orthonormal functions 0n, n = 0,1,  
Let 

</>n(z) = 0n(l) + • • • + /<46n_i(z) + /Cn6n(^). (2.1) 

The orthonormal functions can be fixed uniquely by requiring «n > 0. This is what will 
always be assumed when we refer to the orthonormal functions. Note that, because 
M{1} = 1, we find fo = K0 = 1. Furthermore, 

Kn — 
(t>n(z) 

bn(z)\z=l 

and    Kn + 
Zn(an_i) 

<l>n(z) 

bn(z) 
n> 1. (2.2) 

If we set (fin — Pn/un with pn 6 nn, then we say that 0n (and also its index n) is 
singular if pn(an-i) = 0. Otherwise, (fin and n are called regular. The system {(fin) is 
called regular if all the indices are regular. 

With this normalization, we have the following lemma. 

Lemma 2.1.  The orthonormal functions (fin have real coefficients with respect to the 
basis bk, and (j)n* = <fin. 

Proof. Because bk* =bk, it is obvious that if the coefficients are real, then 0n* = </>n. 
The proof that the coefficients are real follows easily by induction as follows. The 
result is true for n = 0. Suppose it is true for i < n — 1. By the Gram-Schmidt 
procedure, 

n-l 

0n = W||Xn||      witl1     Xn=bn-^27i(fii,      li = {bnAi) > 
i=0 

Using M{/*} = M{/}, (f,g) = M{fg+}, bn* = bn, and fc* = fc for i < n, it follows 
that the coefficients 7, = (bn,(t)i) = Af{6n^i+} = M{6n*^} = M{&n(^*} = 7^ are 
real. Since fa has real coefficients with respect to the basis 6^, then Xn and thus also 
0n will have real coefficients with respect to the basis &&. □ 

The following is a slight modification of Theorem 4.1 in [3]. 

Theorem 2.2. Suppose the system {</>n} is regular. Then the following recurrence 
holds: 

4>n(z)=(AnZn(z) + Bn^^)(t>n-1(z) + CnJ!^ci>n-2(z),    n = 2,3,.. 
-Zn-2(z) Zn-2(z) 

(2.3) 
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with constants An,Bn, Cn satisfying the conditions 

En = An + Bn/Zn-aten-i) ^ 0,        A; = 2,3,..., (2.4) 

C„^0,        A; = 2,3,.... (2.5) 

Let us introduce the real numbers 

Zn_2(2)      Zn-i(^) (l-an-i)(l-an-2) V     ) 

Since this is a constant not depending on z, and because l/Z^ak) = 0 for all fc, we 
can use 

i i 
Dn 

Zn-2{.OLn-i) Zn-1(an-2) 

for n > 2 when convenient. 

Lemma 2.3. Le£ ^n and Kf
n be as in (2.1). Define 

1 
■^n — n > 1. (2.7) 

ftn-i L Zn{an-i)_ 

Then En 6 R. // ^e recurrence relation holds, and hence An and Bn are defined, then 
the En of (2.7) coincide with the En of (2.4), i.e., En = An + BnDn. The latter also 
holds for n = 1 if we set Ai = «i and i?i = ^. 

Proof. Because the coefficients of the orthonormal functions are real and Dn is real, it 
follows that En also is real. To show that En = An + BnDn, we divide the recurrence 
relation (2.3) by bn(z) and set z = an-i. With (2.2) and l/Zk{ak) = 0, we get the 
result. □ 

Note that it easily follows from this definition of En that En = 0 if and only if n is 
a singular index. 

Lemma 2.4. Suppose the recurrence relation for the orthonormal functions (j)n holds 
with coefficients An, Bn, and Cn. Let Dn be defined by (2.6) and En = An + BnDn. 
Then 

En = -CnEn-U        n > 2. (2.8) 

Proof. Because bn-i/Zn E Cn-u K-i is orthogonal to 0n. Using the recurrence 
relation for </>n, we get 

0 ='(<t>n,bn-.i/Zn) 

= An(bn-i,(j)n-i} + Bn(-^—-,(j)n-l ) +Cn( -£ ,^n-2 
\4n-2 I \An-2 

Because (6n_2,(/>n-i) = 0 and (&i,0i) = l/«i, we have 

0 = -^2- + ^^ + -^- +Cni?n(6n_i,^_2>. (2.9) 
^n—1 ^n—1 K"n—2 

The remaining inner product can be evaluated when we use 

6n_i(z) = on-2(z) H , 
^n—1 ^n—1 
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so that 

(bn-U 0n-2> = ( — 5 0/1-2 ) !i-^(6n_2, 0n-2> = —'  

When we combine (2.9) and (2.10), we get 

p.        An JDnDn Gn      ^   KynJJnKn_i 

Kn—l Kn—l K>n~2 l^n—l^n—2 

K"n-2 

1 

1-Dn- 
K,: n-l 

Kn-1 

Kn— 1 Kn— 1      K"n—2 

1 

«n-l + 
^, n-l 

Zn_i(an_2) 

K-n—1 
[En + Cn-Bn_i], 

which gives us the expression we wanted. 

(2.10) 

□ 

For solutions of the recurrence relation, we can prove a general summation formula. 
To obtain this formula, we define, for n > 1, 

H{z1w) = 
1 z — w 

—1- 
■£n-i(*)      ^n-iH (ti;-l)(s-l)' 

Note that this expression does not depend on n. Furthermore, we set 

1 1 

(2.11) 

Hn{z:w) = 
Zn-2(w)Zn-l(z)        Zn-2(z)Zn-l{w) 

1 1 

Zn_2(^)Zn_i(2;)        Zn-2{™)Zn-2(z)_ 
1 1 

+ 
Zn-2{w)Zn-2(z)        Zn-2{z)Zn-i{w) 

-Dn       +_Dn_=DnHMm 

Zn^iw)        Zn-2{z) 
(2.12) 

Theorem 2.5. Let xn(z) and yn(z) be two solutions of the recurrence relation (2.3) 
and define 

Fn(z,w) = 
xn(w)yn-i(z)       yn(z)xn^1(w) 
Zn{w)Zn.1{z)      Zn{z)Zn.1(wy 

Then, with H(z,w) given by (2.11) and En given by (2.7), 

Fn(z,w) = yn-i(z)xn-i(w)H(z,w)En - CnFn-i(z,w) 
n-l 

Y^yk(z)xk{w) 
fe=l 

H(z, w)En + (-l)nCnCn-i • • • C2F1(z, w). 
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Proof. We use the recurrence relation for xn and yn in the definition of Fn{z, w), which 
gives 

Fn(z,w) = Anxn-1(w)yn-1(z) 

+ Bnxn^1(w)yn^1(z) 

-CnFn-i(z,w). 

Zn-i(z)     Zn-1(w)_ 

1 

Zn_i(2;)Zn_2(w;)      Zn^1(w)Zn-2{z) 

Using the expressions (2.11) and (2.12), we find 

Fn(z,w) = xn-1(w)yn^1(z)H(z,w)[An -f BnDn] - CnFn^z.w) 

= xn-i(w)yn-i(z)H{z,w)En - CnFn-i(z,w). 

An induction argument leads to the result. □ 

From this formula, it is possible to derive the Christoffel-Darboux-type formulas 
which are given below. However, this would require that the system 0n be regular, 
since the above formula is based on the existence of the recurrence relation. It is possi- 
ble, however, to prove the Christoffel-Darboux formulas without using the recurrence 
relation and only relying on the orthogonality properties of the (j)n. That is what we 
shall do here. 

3. Functions of the second kind 

With the orthonormal functions 0n, we associate functions of the second kind ^ 
defined by 

l-z Zo(z) 

1 + z Zo(0)' 

^n = Mt{D(t,z)[<l>n(t) - 0n(*)]},    n > 1 

where D(t, z) is the Riesz-Herglotz kernel 

t + z 
D{t,z) 

t-z 

We also introduced the notation Mt to indicate that M operates on its argument as 
a function of t. We prove that these functions of the second kind are also solutions of 
the recurrence (2.3). 

Theorem 3.1. Suppose that the system of orthogonal rational functions <f)n is regular, 
and let ^n be the associated functions of the second kind. Then these ipn satisfy the 
same recurrence relation (2.3) as the <j>n. 
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Proof. We use the recurrence relation for (j)n{t) and <t>n{z) in the definition of ipn. This 
gives, for n > 2, 

+ BnMt|l>(t,z) «Pn-lW - -S TT'Pn-H^ 

+ CnMt |D(t, «) 

Zn_2(t)'
r""XVV       Zn_2(«)' 

-2^)]} 

= ^Zn^^n-lW + Bn^L^-iiz) + Cn^4r^n-2{z) 
Zn.2{z) 

+ Mt{D{t, Z)fn(t, Z)} + *n2^|c2 

'Zn-2(«) 

with 

Zn(t) Z„(«) + 
Zn_2(i)     Zn_2(z) 

[Bn</.„_i(i) + Cn</>n_2(t)]. 

We note that 

and 

Therefore, 

Zn(t) - Zn(z) = 
.(i-z)(an-l)2 

(t-an)(2-a!n) 

Zn(t) Zn(z)        (t - z)(l - an)(an-2 - an) 
Zn-2{t)     Zn-2(z)      (t - an)(z - an)(l - a„_2)' 

(t-z)(l-an) 
/«(*,«) Ani(an - l)<pn-i(t) 

(t - an)(z - an) 

+ ^ " "" [Bn0n-l(t) + C7n0n_2(t)] 

(3-1) 

1 - Q;„_2 

Next, we split D{t,z) as D^z) + D2(t,z): 

Thus, in the argument of Mt in (3.1), the factor t — z in the numerator of /n(^^) 
cancels the denominator of D(t, z). 

Using the orthogonality of the (/>&, we find 

Mt{Dl{t,z)fn(t,z)}=Q, for n > 3, 

(a2-l)(l + a2) G2 TT r ,    torn = 2. 
2(z - 012) 
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For the second term with 1)2 (^ z), we use again the recurrence relation to write /n(£, z) 
as 

t-z 
fn{t,z) = (f)n(t) - i{l - an)An(l)n-i(t) 

z — a, 

+ /"""    (gn^n-lft) + C„^„_2(t)) 

Again, by the orthogonality of the </>&, we get 

Mt{D2{t,z)fn{t,z)}=0, forn^S, 

(s + aaXl-aa)      ^ n = 2 

2(z - a2) 

That proves the recurrence relation for n > 3 directly. For n = 2, we can put together 
all the terms involved, and we find that the recurrence relation is satisfied also because 

Z2(z) (l-a2)(l + a2) (s + oaXl-os) _n 

a 
It is possible to build some redundancy in the definition of the i(;n. For an analogous 

proof in the case where the points ak are inside the unit disk, see [7]. 

Lemma 3.2. Let (j)n be the orthonormal system and ipn the associated functions of 
the second kind. For n > 0 and for any f such that D(t, z)[f(t) — f(z)] G Cn-i (as a 
function oft), we have 

Mz)f(z) = Mt{D(t,z)[Mt)m-Mz)f (*)]}■ 
Proof Since 

Mt{D(t,z)[f(t)Mt) - f(z)MzJ\} = f(z)Mz) + Mt{D(t,z)[m - f(z)]0n(t)}, 
the result follows by the orthogonality of the (f)n. □ 

Note that in particular, we could take / G Cn-i or f(t) — g(t)(t — an)/(t + z) with 
9 £ Z-n- 

We now shall derive a Liouville-Ostrogradskii-type determinant formula. 

Theorem 3.3 (Determinant formula). Let (j)n be the orthonormal functions and ipn 

the functions of the second kind. Then for n>l, we have with En given by (2.7) 

2iz 
</>n_i(z)^n(z) - (j)n(z)lpn-i(z) = EnZn-^Z^z) 

_    2iz(an - l)(an_i - l)En 

(z - an-i)(z - an) 

Proof We note that 

(/)n_l(^)[^n(t) - <l>n(z)] - <l>n(z)[<l>n-i(t) - ^n-l(z)] 

= <l>n-l(t)[<l>n(t) - (t)n(z)] - </>n(t)[<l>n-l(t) - 0n_i(z)]. 

Multiply by D(t, z) and apply Mt to get on the left-hand side 

<£n_l(2)^n(2) - <l>n(z)ll)n-i(z)i 
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while for the right-hand side we have 

Mt{0n-i(t)JD(*,2O^^^ 

Note that in the second term D(t,z)[(f)n-i(t) — (j)n-i(z)] E Ai-i, so that this term is 
zero by the orthogonality of </>n. To compute the first term, we define 

where 

h(t) = D(t, Z) [(j>n{t) - <i>n(z)]  = lnbn{t) + inbn-l(t) + ' 

h{t) 

and 

7n + In 

In = 

h(t) 

Kit) 
= D(an,z)K/n 

t=ocn 

Zn(an-i)      [bn(t) t=an-i 

D(otn-i,z) K>n + = D(an-uz)K,n-iEn. 
Zn{0Ln~l) 

Thus, by the orthogonality of </>n_i = ^(n_i)*, 

M{(/)n_i/i} = 7nM{(/>n_i6n} +7;M{0n_1&n_1}. 

Because ^/c = ttfc&fc + Kf
kbk-i H , it follows by orthogonality that 

M{0n_i&n} = 2—        and       M{<£n_i6n_i} = . 

So we obtain 

M{(/>n_i/i} = -7n 
/^n + 7^ 

K"nK"n—l        fcn—1 

= _Jn<^ + ^^^^^^ _ J^]^^^^ 

Hi' 
= -D(an, z)—£- + I?(an-i, z)EnZn{an-.1) - D{an, z)KnZn(an-1) 

Kn—l 

= -D(an, z)EnZn(an-i) + D(an-U z)EnZn{an-1) 

= EnZn(an-i) [D(an-i,z) - D(ani z)]. 

Working this out gives the result. D 

4.  Christoffel-Darboux relations 

We now prove some Chistoffel-Darboux-type relations. 

Theorem 4.1 (Christoffel-Darboux relation). Suppose (j)n are orthonormal functions, 
and let H(z,w) and En be defined by (2.11) and (2.7).  Then 

0nM0n-l(*)        0n(^0n-lH   _  „/       x„   ^'       ,   u   ,    v 
Zn{w)/jn-i{z)      Zn{z)Zn-i{w) ^Q 
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Proof. Define 

g(z,w) = (w-an)(z-an-i)<j)n(w)<j)n-i(z)    and   G[w) = g(z,w) - g(w,z).   (4.1) 

Then the Christoffel-Darboux relation, which has to be shown, is equivalent to 

F(W) = ^M = -i(an - IJK-x - l)En ^ M^kM- (4-2) 
A:=0 

Observe that F(w) G Cn-i, so that it can be written as 
n-l 

F(w) = ][] ik{z)<l>k(w),    ik{z) = MiFfa*} = M{F<f>k}. 
k=0 

We have 

7jfc(*) = M{F<f>k} = M^JFHf^H - ^(^)]} + ^WM{F}. 

The first term is zero. To see this, we write it out as 

Mw{F(w)[<l>k(w) - M*)]} 
J 7/i    sy ] 

= (Z- an-xWn-lWMwl <f>n(w) " [^(w) " ^fcW]  P 

[ oii   Q^       i 1 

- (z - an)(j)n{z)Mwl 0n-iM  [<ftfc(w) - 0fc(^)] ?• 

Because 0n ± >Cn_i, the first term is zero, and because 0n_i JL >Cn_2, the second term 
is zero. Thus it remains that 7^(2) = 0A;(^)M{i?}. We note that 

M{F} = {Z- an_i)0n_i(*)/n(*) - (^ - «n)0n(^)/n-l(^), 

[^ - w ) 

By adding and subtracting (z — an-i)(z — an)(f)n-i(z)(pn(z)D(z,w)/(2z), we can 
rewrite M{F} as 

M{F} = (z- an-^^n-^gniz) -(z- an)(j)n{z)gn-1{z) 

with (for i = n, n — 1 > 0) 

^(20 = M™i£>(z,w) ^  ~  a*  JL   /       \ ^  _  ^ JL   /     \ ^^w     (4-3) z-\- w 2z 

(the last equality is by Lemma 3.2). For i = 0, one has to use 0o = 1, ®o = —1, and 
■0o(2) = (2 — l)/(2 + I)? and it then follows that the previous relation also holds for 
i = 0. Thus, using the determinant relation of Theorem 3.3, this gives 

M{F} =  ^"^^"^"^^n-l^^n^) - M*)1>n-l{zj\ 

= -i(an - l)(a„_i - l)jE7n, 

so that eventually 
n—1 n—1 

F(w) = £ 7fc(z)&(«0 = M{F} Y, <t>k{z)4>k{w) 
k=0 k=0 

yields (4.2). □ 
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We also have the following generalization of the determinant formula. 

Theorem 4.2. Let {4>n} be the orthonormal functions andxpn the associated functions 
of the second kind. Define 

Fn(z,w) = 
Zn(w)Zn.1(z)     Zn{z)Zn-1{w)' 

Let H{z,w) be defined by (2.11), En be defined by {2.1), and D(z,w) be the Riesz- 
Herglotz kernel.  Then, for w ^ z, 

Fn(z,w) = 
n-l 

]P (f)k(z)ipk(w) - D(z, w) 
k=l 

H(z,w)En. 

For w = z, this reduces to the determinant formula. 

Proof. Define g(z,w) as in (4.1) and set 

G(z,w) =g(z,w)-g(w,z). 

Then, by the Chistoffel-Darboux formula, 

n-l 

G(z, w) = -i(z - w)(an - l)(an-i - l)^n ^ fai^ki™)- 
k=0 

Apply Mt to the expression 

D{t,w) 
G(M)_^)GK,). 

t + w     v"7"/ 2w 

This gives, with (4.3), 

(z - an)(w - an_i)0n(2:)V>n-i(w) - (w - an)(z - an-^^nM^n-lW 
n-l 

= -i(an - l)(an-i - l)En ^ (j)k{z)(w - z)^k{w) + {z + K;)J 

n-l 

= i(an - l)(an_i - l){z - w)En\^^(t)k{z)i)k(w) -D(^,ti;)j. 
k=i 

This can be rewritten in the required form. □ 
An analog of the Christoffel-Darboux relations for the functions of the second kind 

also may be obtained. 

Theorem 4.3. Let ?/>n be the functions of the second kind. Then, in analogy with the 
Christoffel-Darboux relation, we have 

i>n{w)lpn~\{z)        Ipniztyn-liw) 
= H(z,w)En 

n-l 

Y^^k(z)^k(w)-1 
k=l 

Zn(w)Zn.1(z)      Zn(z)Zn^1(w) 

with H(z,w) given by (2.11) and En given by (2.7). 

Proof. We set 

G(z,w) = (w - an)(z - an-i)<l)n(w)il)n-.i(z) - (z - an)(w - an_i)(/)n_i(^)^n(z). 
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Then by the previous theorem 

G(z, w) = i(an - l)(an_i - l)(z - w)En 

By applying Mt to 

n-l 

^ ^k(w)^k(z) - D{z, w) 
L A;=l 

we get by using (4.3) 

(w - an)(z - an-i)ipn(w)rl;n-i(z) - (z - an)(w - an-i)^n-i(^)^n(^) 
■ n-l 

= -i(an - l)(an_i - l)(z - w)En ^^k^ip^w) - 1 
fc=i 

and this is equivalent to the required formula. □ 

Finally, we give a combination of the previous summation formulas. 

Theorem 4.4. Let </>n be the orthonormal functions, ^n the functions of the second 
kind, and define for an arbitrary complex parameter s 

Xn(z',s) = il)n(z) + s<l>n(z). 

Then 
Xn(w; t)Xn-l(z] S)        Xn(z; s)Xn-l('W; t) 

Zn(w)Zn^1{z) 

= H(z,w)En 

Zn(z)Zn^1(w) 
n-l 

^2 Xk(z> s)Xk(w> t) + [st-l + D(z, w)(t - s)] 
L k=l 

with H(z,w) defined by (2.11) and En defined by (2.7). 

Proof. This is directly obtained by working out the left-hand side and using the three 
previous theorems. □ 

5.  Green's formula 

We now give complex forms of the previous Christoffel-Darboux-type formulas. There- 
fore, we introduce 

1 1      _ i(l — zw) 
H{z,w) = n>0. (5.1) 

Zn{z)        Zn(w) (1-Z)(l-Wy 

Note that H(z,w) = H*(z,w) where the substar is with respect to z. For w = z, we 
have H(z,z) = —iP(l,z) with 

equal to the Poisson kernel. Furthermore, we define for n > 2 

1 1 
Hn(z,w) = = DnH(z,w). (5.2) 

Zn^MZn-liz)        Zn-i(w)Zn-2(z) 

We now give without proof the following complex analog of Theorem 2.5.  A proof 
may be given by taking substar conjugates of the relations from the previous section. 
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Note that we then need the fact that the numbers En and Cn are real, which they are 
by Lemma 2.3 and Lemma 2.4. 

Theorem 5.1 (Green's formula). Let xn(z) and yn(z) both be solutions of the recur- 
rence relation (2.3); and define 

Gn{z,w) 
Xn{™)\   fyn-l{z) yn(z)\   (Xn-^W) 

Then, with H^z^) as in (5.1) and En as in (2.7), 

Zn-l(w) 

Gn(z:w) = yn-i(z)xn-.1(w)H(z,w)En - CnGn-i(z,w) 
n-l 

^2yk(z)xk(w) 
fe=i 

H(z, w)En + (-l)nCnCn_i • • • CsG^z, w). 

One can use this theorem and take Xk = yk — 4>k or Xk = yu — ipk or Xk = (f)k and 
Vk — ^k- One then obtains the formulas in the theorem below which are then proved 
under the assumption that they satisfy the recurrence relation, in particular that the 
(j)k form a regular system. However, it is equally simple to follow the reasoning used in 
the previous section to arrive at the Christoffel-Darboux type formulas where orthog- 
onality was the only assumption needed, and again one will arrive at the results of 
the theorem below. Thus the results hold without assuming that there is a recurrence 
relation, i.e., without the system (j>n being regular. We give the result without proof. 

Theorem 5.2. Let (f)n be orthonormal functions and ipn functions of the second kind. 
Let H(z, w) be defined by (5.1), En defined by (2.7), and D(z,w), be the Riesz-Herglotz 
kernel. Then 

(t>n(w)\   ( <t>n-l(z) 
Zn(w) Jn-l (*) 

0n(z)\   f(j)n-i(w) 

Zn{z)J   V^n-lH 
n-l 

ll>n(w)\   (ipn-l(z) 
Zn(w)J   \Zn-i(z) 

Y^(f>k(z)(f)k(w) 
■ k=0 

H(z,w)En 

Zn{z)J   V^n-lH 
r n-l 

k=l 

H(z,w)En 

Zn(w) 
LH 

'n-l(z))        \Zn(z)J  Un-lH 
n-l 

Y^Mztykiw) -D*(z,w) 
k=l 

H(z,w)En 

where in the last equation, the substar is with respect to z. 

Note that this also holds for w = z. In that case 

The previous relations can be combined to give the following theorem 
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Theorem 5.3. Let (j)n be the orthonormal functions and ipn the functions of the sec- 
ond kind. For an arbitrary complex s, we set 

Xn(z;s) = 4)n{z) + s(j)n{z). 

Then 

Xn(fW]t)\   (Xn-l(z;s)\        (Xn(z;s)\   fXn-l(w;t) 
Zn{w)   )  V   Zn-l(*) Zn{z)   )   \   Zn-xiw) 

r n-1 

X^ ^(Z5 5)X)fc(^, t) + 1 + st - {s + t)D*{z, w) 
L fc=l 

H(z,w)En. (5.3) 

In particular, for z = w and t = s, we obtain 

Xn(z;s)\   {Xn-l(z',s)\        (Xn{z\ s)\   (Xn-l{z', s) 
Zn{z)   J   V   Zn-l(z) Zn(z)   J   V   Zn-^Z) 

n-1 

T£\Xk(z-s)f + \l-st 
k=l 

H(z,z)En + {s + s)En 
2i\z\' 

\z-l \2' 
(5.4) 

Proof By the previous theorem, we can evaluate the left-hand side and obtain the 
formula (5.3). For z = w and t = s, this equals 

rn-l 

£lxfc(*;«)l2 

fc=i 

H(z, z)En + EnY{z, s) 

with 

Because 

Y{z,s) = H(z,z)[l - (8 + s)D.(z,z) + |s|2] 

= H(z,z)\l - s\2 + (s + s)H(z,z)[l - D.(z,z)]. 

£(*,*)[i-£>,(*,*)] = ti-!J l + \z\2 

l-\z\2 
— I- 

2\z\ 

l-z\2'' 

we get the result (5.4). □ 

6.  Quasi-orthogonal functions 

We define quasi-orthogonal functions as 

Qn(z,T) = (f)n(z)+T 
Zn(z) 

Zn-l(z) 
<l>n-l(z),      TGR = RU{00},71> 1. (6.1) 

For r = oo, we set 

Qn(z,oo) =      n       (j)n-i{z). 
Zn-l{z) 

It was proved in [3] that if (j>n is regular, then there always exists infinitely many 
so-called regular values r = rn G R such that Qn(z,Tn) has n simple zeros, all lying 
on T \ {ai, a2> • • • > &n}> In fact, all except finitely many r G R are regular values. 
Suppose we have chosen a regular value rn, and suppose that the zeros of Qn(z,Tn) 
are given by £& = ^(T), k = 1,... ,n.  They can be used to construct quadrature 
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formulas. These formulas use the £& for their abscissas, and their weights An/C(r) are 
given by 

Anfc(r) = M{Lnk} = M{Lnk(z,T)Lnk*{z,T)} > 0 

with 

Lnk(z,T) = 

It also was proved that these quadrature formulas are exact in 1Zn-i = £n_i • £n_i. 

Theorem 6.1.  With the notation just introduced, we have that 

W} = f>nfc(T)/(£nfc(T)) 
fc=l 

for all f e TZn-i = £n_i • £n_i. 

Alternative expressions for the weights can be obtained as follows. First introduce 
quasi-orthogonal functions of the second kind by 

Pn(z) = Pn(s,T) = ^n(z) + T /"^ ^n-l(^), T G M,n > 1. 
Ai-l(2) 

We then have 

Theorem 6.2. T/ie weights of the quadrature formula are given by 

x 1    Pn(fr) 

^/iere tfte prime means derivative. 

Proof From the partial fraction decomposition, we see that 

with D(t,z) the Riesz-Herglotz kernel. Therefore, 

(z - Zk)Rn(z) ='22\njD(ZJ,z)(z - a) + KkD(Zk,z)(z - &). 

Taking the limit z -» ^ cancels the sum, and we get 

and this gives the result. D 

Another expression, which clearly shows the positivity of the weights, is 

Theorem 6.3.  The weights of the quadrature formula are given by 

n-l 
12 

j=0 
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Proof. Since Qn{€k) — O5 the first formula in Theorem 5.2 with w = £& and z = t 
given the equality 

0n-l(ffc) 

Zn-l(€k)Zn(t) 
[Qntfk) - Qn(t)] =   ^MQMZk) 

L 3=0 

H{t^k)En. 

Dividing by £& — t and letting t tend to £fc5 we get 

where A;n_i(z, z) = Y^JZQ Ifijiz)]2) and the limit on the right-hand side is i/(l — ^fc)2, 
provided that £& 7^ 1. 

Similarly, using the third formula in Theorem 5.2 with 2 = w = £*. and taking into 
account that Qnfe) = 0, we get 

071-1 (ffc) 
Pn(a) = 'En lim D,(t^k)H(t^k) 

where the limit is (again for ^ ^ 1) 

—^7 
•&12' ;jfei 

We now substitute the values of Qni^k) and Pn(€k) into the expression for Xnk in 
Theorem 6.3, and we get the result for £k 7^ 1- 

For ^ = 1, we use a perturbation technique. First we choose a bicontinuous 
perturbation r(e) G M of the parameter r in Qn. Assume that lime_^o T(e) = r. The 
coefficients of Qn depend bicontinuously on e and hence also on its zero £&. Therefore, 
we can always choose e ^ 0 so that Cfc(e) 7^ 1. Then the relation we want holds true by 
our previous arguments. Since ffc(e) -> 1 as e —>> 0 and since both Pn and Q^ as well 
as their ratio depend bicontinuously on e in the neighbourhood of e = 0, we finally 
obtain the result for £& = 1: 

1 r 1 r 1        Pnfofc)) 1 Pn(l) , 

That concludes the proof. D 

The discrete measure which takes weights An/C(r) at the points fnifeM? A; = 1,..., n 
will be denoted by jjLn = /in( •, r). The set of regular r values for which such a measure 
exists is dense in R. 

7. Nested disks 

In this section, we use the notation 

s = sn(^) = i?n(^r) = - 
Qn\Z,T) 

where Qn are the quasi-orthogonal functions and Pn are the quasi-orthogonal functions 
of the second kind. Obviously when n is a regular index, r —> sn (z) maps (for a fixed 
z E C\ T with C = CD {oo}) the extended real line M onto a circle Kn(z). The closed 
disk with boundary Kn(z) is denoted by An(z). 

For 2: € T, the circle ifn(^) degenerates to a line (the imaginary axis). 
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When n is a singular index, the transformation is degenerate. In that case, the 
whole plane is mapped to a point. Indeed, since for a singular n we have En = 0, it 
follows from the Christoffel-Darboux relation that 

<Mw) <l>n-l(z)   _  (ftnQ) <ftn-l(w) 
Zn(w) Zn_i(s)  "  Zn(z) ^n-lH 

for all z and w. Choose w such that (j)n-i(w)/Zn-i(w) ^ 0, then there is a constant 
cn such that 

Zn(z) 
^n(z) -<l>n-i(z). 

It follows similarly from Theorem 4.3 that the same holds for the functions of the 
second kind T/^, i.e., we may replace cj) by if; in the previous relation and the constant 
cn is the same for 0 and tp as follows from the determinant formula of Theorem 3.3. 
Hence we get 

Pn{z,T)   _       (CnZn/Zn-i+rJ^n-lW  _      ^n-lfc) 
Rn(z,T) = 

Qn(z,r) (cnZn/Zn_i +r)0n_i(z) K-iW 

This is independent of r for any r G C (not only the real ones), and thus the whole 
Riemann sphere is mapped to a point, which we denote by Kn(z). 

We have the following theorem. 

Theorem 7.1. Suppose that the index n is regular. Then for z £ C \ T 

1. The equation of the circle Kn(z) is given by 

n^\iPk(z) + sMz)\2 + \l-s\2 = (s + s)-^. 
fc=l '^' 

2. The (closed) disk £in(z) is obtained by replacing the equality sign by <. 
3. The center cn and the radius rn of the disk are 

Cn — 

Tn = 

yZnjyZn^J \Zn-tJ\ZnJ 

(&A (4>n-l\   _   (ll>n-l\ ftn.} 

(^)(fe)-(fe)(fc) 
kn-^Z^z) 

2z 
1 

where kn-i(z,z) = ELo I^WI2- 
4. The circle Kn(z) is in the right (left) half plane iff \z\ < 1 (\z\ > 1). 
5. Ifm is also a regular index and m > n, then Am(z) C kn(z). 
6. The circles Kn(z) and Kn-i(z) touch. 

Proof. We solve the relation 5 = i?ri(z, r) for r, and we then get 

Zn-lfc)       ^n(z) + S(j)n(z) 

Zn(z)   ^n_i(2;) + s^n_i(^) 

\Zn-l\2   bPn + S0n][^n-1 + S0n-l] 
ZnZn- |^n_l +S(/)n_i|2 
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Taking the imaginary part gives 

1 IZ, n-l| 
12 

with 

ZnZn-1 ZnZn-i 

Now suppose that the index n is regular. Then we can write the equation of the circle 
Kn(z), which corresponds to Sr = 0 since gn(z,s) = 0. With the help of Green's 
formula (5.4) (since n is a regular index and hence En ± 0), we also may write the 
equation for the circle as 

Y, \^k{z) + s<S>k{z)\2 + |1 - 5|2 = (a + ?)- 
fe=i H(z,z) 

with *(*) = 2i|^|2/|^ - 1|2. This is (1) of the theorem. 
Since the denominator 1 - \z\2 is positive, negative, or zero as \z\ < 1, \z\ = 1, or 

|z| > 1, the circle will be in the right- or left-half plane depending on whether \z\ is 
less than 1 or greater than 1, respectively. This is (4). 

The disk An(z) with boundary Kn(z) is given by putting a < sign instead of 
equality. Since 

2\z\2        n~1 

(s + s)T^-lL\^ + sMz)\2-\l-s\2 = A\s\2 + Bs + Bs + D 
1     |2;|       k=i 

with A = - YlkZo |^fc|2 < 0, it follows that this will become negative for \s\ sufficiently 
large. Thus this expression is negative outside the disk. Therefore, the closed disk is 
described by 

Y IM*) + sMz)\2 + |1 - s|2 < (s + s)-^f^. (7.1) 

This is (2). 
Since the sum in the left-hand side of (7.1) is non-decreasing with n, it follows that 

we have nested disks for regular indices, i.e., if m > n and m and n regular indices, 
then Am(z) c An(z). This is (5). We have to exclude the singular indices because 
when n is singular, An collapses to a point, and a subsequent disk with positive radius 
cannot be a subset of An. 

Since ^(2,00) = jRn_i(^,0), the circles will touch, even if the index n is singular. 
In the latter case, Kn{z) is a point from Kn-i(z). 

The expressions for center and radius for a general linear fractional transform 
(rGR) 

_    a — rb _    ad —be     ad —be   c — rd 

c — rd cd — dc      cd — dc    c — rd 
are obviously 

ad — be ad —be 
c = ——     and   r = 

cd — dc cd — dc 
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Using the Green and Christoffel-Darboux formulas, the expressions for cn and rn as 
in (3) will follow. □ 

Corollary 7.2. For z = 0, all the circles Kn(z) n = 1,2,... reduce to the same point 
s(z) = 1. For z — oo, they all reduce to s(z) = — 1. 

Proof. When n is regular, it follows from the expression for the radius that for z E 
{0, oo}, it is zero. From the equation of the circle, it follows that s = lors = —1. 

Since successive circles touch also for singular indices, we get the same point for all 
n. □ 

Assume from now on that there are infinitely many regular indices.  Because the 
disks are nested, it follows that when n(^) is the sequence of regular indices, then 
AQO = nn(iy)An(I/) is a disk with radius 

r(z) = lim rn^)(z), 

which reduces to a point when this radius is zero. We have the following lemma. 

Lemma 7.3. Suppose ^GCo=C\(TU {0}).   // A00(z) is a disk (with positive 
radius), then 

oo oo 

]r \MZ)\2 < oo        and        J2 \MZ)\2 < oo- 
k=0 k=0 

If A00(z) is a point, then 
oo oo 

^r,\<Pk(z)\2 = oo        and        ^ \^k{z)\2 = oo. 
k=0 k=0 

Proof It follows from the expression for the radii that r(z) is positive (zero) iff fcoo (z, z) 
is finite (infinite), i.e., iff X]fcLo l^fcWI2 'ls finite (infinite). 

Let s be a point from the disk AQOOS). Then it follows from (7.1) that in any case 
(disk or point) 

oo 

^IVfeW + s{z)(j}k{z)\2 < oo. 
fc=i 

ThUS Er=i i^wi2 < oo ^ Er=i \M*)\2 <<*>■ n 

Before we can prove an invariance theorem, we also need the following lemma. 

Lemma 7.4. If(f)n are the orthonormal functions andipn the functions of the second 
kind, then for any w E Co = C \ (T U {0}) 

_ n-l 

(Pn(z) = <l>n(w) +     Aon + Yl (t>k(z)Akn(w)   , 

n-l 

where 

1pn(z) = Ipniw) +     Bon + Y" ^k(z)Akn(w)\ , an- ZL f— J 
k=l 

Aoniw) = Vn(w)<l>n(w) - Yn(w)ipn(w), 

Bon(w) = Vn(w)ipn(w) - Yn(w)<l>n(w), 
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Akn(w) = Yn(w)akn(w),    akn(™) = ^k(w)(j)n(w) - <l>k{w)iljn(w),    k = 1,..., n - 1, 

w - an w-\-an 

2M;    ' 'tv   ' 2t£; 

Proo/. From the Christoffel-Darboux formula in Theorem 4.1 and the mixed formula 
in Theorem 4.2, we get 

0n(*)0n-l(w) ^n(^)0n-l(^) 

Zn(z)Zn.1(w)      Zn(w)Zn-i{z) 

Elimination of (j)n-i(z) gives 

071 (*) 

Zn(w)Zn-i(z) f^o 

n-l 

^2 Mztykiw) - D(z, w) 

Zn{z)Zn-i{w)      _ifcV„/_f._iV./ fc=o 

= - H{z,w)hn 

fc=l 

Zn(2:)Zn_i(^) 
an_i,n(tu) 

-H(z,w)En 

n-l 

^ (t)k{z)ak^n(w) - [^n{w) + -D(Z, iy)0n(^)] 
L fc=l 

From the determinant formula of Theorem 4.2, we find 

an-i,n(w) = -EnZn-1(w)Zn(w) 
2iw 

(1-w)2' 

Hence 

Thus 

H(z,w)EnZn(z)Zn-l(w) Z - W 

an-l,n(^) 

0n(^) = ^nM 

Qfr, 

it; — an 

2w 

z — w 

CL<n. - Z 

rnH. 

OLr, 

n-l 

^ <f)k(z)akn(w) - [l/jnW + £>(>, iu)0n(^)] 
A;=l 

Next we compute 

z — w _ (z + <w){an -w) _        (z-w)0 + an) 

Thus 

Qin - 2; 2w{an - z) (an - z)2w 

z — w 
(t>n{z) = <l>n(w) +  [Vn(w)<l>n(w) - Yn(w)ll>n(w)] 

^   — z 
n-l 

Y^ Mz) [Yn(w)akn(w)] + z — w 
an - z L k=i 

□ This is the first formula required. The second formula is proved similarly. 

We now can prove the invariance theorem. 

Theorem 7.5 (Invariance). Suppose w G Co = C\(TU{0}), and suppose that A00(w) 
is a disk with positive radius.   Then A00(z) is a disk with positive radius for every 
z e Co, and 

J2\Mz)\2    and    X>fc(*)|2 

k=0 k=0 
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converge locally uniformly in Co as n —> oo. 

Proof. From Lemma 7.4, we know that with xn = 0n and yn = ^n or vice versa, we 
have, with the notation as in Lemma 7.4, 

+ ■ 

z — w 
an - z 

z — w 

n-1 

xn(z) = xn(w) + —Yn(w) Y2 ^k{z)akn{w) 
k=l 

an - z 

From the definition of afcn(iu), it follows that 

oo   n—1 oo   n—1 

[Vn(w)xn(w) - Yn(w)yn(w)]. 

J2 E l^nHI2 < 2 E E (I^HPl^nMI2 + |0fcH|2|^nH|2) 
n=l /c=l n=l fc=l 

< A( f; IVnMI2) ( E I^MI2)   < ~ 
^ n=l /   ^ n=l ^ 

by Lemma 7.3. Now suppose that C is a compact subset of CQ. Then for arbitrary 
z e C and w e Co fixed, 

z~w v (   \        A     z~w T/ /   \ Yn(w)    and -VnW 

are uniformly bounded, say 

z — w 
an - z 

Yn(w) 

Thus, 

1/2 /     N 

< Ri    and 

1/2 

an - z 

z — w 
an - z 

Vn(w) <R2. 

E k»WI2)    < ( E M™)l2)   +«if E I^HI
2
) 

/     N v  1/2 /AT       n-1 zv 

+ ^2f    E I^HI2) +jRl(   E      J2^knMxk{z)     ) 
^ n=m ' ^ n=m    fc=l ^ 

2\ 1/2 

For any 0 < e < 1, choose 1 < m = m(e, R\,R<2) such that 

OO v 

E l2/»HI2) 
1/2 

< 
fll' E I^H 

1/2 

< 
l + ife' 

and 

•     oo    n-1 v  1/2 

( E E I«*-HI
2
 )    < TT- 
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Then 

N v  1/2 JV      /  n-1 x    /  n-1 (jy \ jL/^ _    /  n~J- \   /  n-i \ 

EM*)la)    <e + e + i?i   E    El^-HI2     £M*>la) 
n=m ^ L n=m ^   A;=l ^   ^   A;=l ' , 

/ N \  1/2  /     oo    n-1 v  - " 

<2e + i?1( EKWI
2
)     (   E El^-HI2 

\    A;=l n.=m. k— 1 / 

^  ib=l ^ 

/     N v  1/2 sm-1 v  1/2 

<26+e EM*)!
8
)   +e(EM*)I

2
)  • 

^  A;=m ^ ^ fc=l ^ 

Hence, 

/     N v  1/2 /  m-1 v  1/2 

(l-c)(   EM*)I2)      <2e + e     EM*)!'        • 
\  n=m ^ ^   /c=l ^ 

Because J^^Ti l^fcC^)!2 is a continuous function in C, there is an Mm > 0 such that 

m-l v  1/2 

X;M*)I2)   <Mm 
ib=l ^ 

holds uniformly in C. Thus, 

A;=7n 

From this inequality can be deduced first uniform boundedness and then uniform 
convergence of Yl^Lo \xk(z)\2 in C. D 

We also can prove the analyticity theorem. 

Theorem 7.6 (Analyticity). Let Aoo(^) be a point Then the limit 

s(z) = lim Rn(zyT),        zeC\ T, 
n—>-oo 

is an analytic function of z not depending on r. Moreover, 

Proof By Theorem 7.1 (6), it follows that if A00(z) is a point, then 

lim i?n(z,r)= lim sn(z) = s(z) 
n-foo n->oo 

exists and is independent of r. 
Obviously, Sn(^) = Rn(z^r) is analytic for 2? G C \ T. Thus the analyticity of s(z) 

will follow if the functions Sn(z) are uniformly bounded in compact subsets of C \ T. 
This is shown as follows. We know that 

|1 - Sn(Z)\2 + E \Mz) + 'n(z)M*)\2 = M*) + M^)^fj2 ■ 
fc=l |Z| 
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Thus, 
n~~l i_i_l   |2 

l + |Sn|2 + ]^l^fc + 5n</)fc|2 = (Sn + Sn). _ ,   |2 , 

or, using \sn + sn\ < 2|sn|, 

n—1 1 _i_ I   I' 

|5n|2 < 1 + |sn|2 + ^2^ + Sn(f)k\2 < 2\sn\ 
k=l 

Therefore, 

\sn(z)\ < 

l-UI2 

i + M2 

l-\z\2 

Since the right-hand side is uniformly bounded on compact subsets of C \ T, the 
analyticity of s(z) follows. 

The last inequality is a direct consequence of Theorem 7.1 (4). □ 

8. The moment problem 

We now are ready to approach the moment problem as was described in the intro- 
duction. Thus, given the linear functional M, real and positive on 11, can we find the 
measure /i, finite and positive on [—7r,7r], such that 

diJL(0) 

{ UJn J J-ir - 
71 = 0,1,... 

Note that if /x is a solution of this moment problem, then it is easily seen that M{f} = 
fin f{e%6)d^{0) for all / G C. Thus // defines the linear functional M on the space C. 
The functional M, however, was defined on the larger space % = C- C. Thus, strictly 
speaking, to solve the moment problem, it would have been sufficient to define M on 
C only. As we have seen however, our approach has relied heavily on orthogonality 
properties, i.e., on the fact that we have a real and positive inner product, and that 
is why we needed the functional M to be defined on %. 

Another, more general moment problem, which could have been considered, is to 
write the functional M as an integral against a positive measure ^ for all functions in 
11 = C- C (and not just for functions in £). Thus, M{/} = /^ f(eid)dfj,(9) for all 
f £ 1Z. Then we should consider the problem of finding a positive measure /J, such 
that the moment relations 

M{—— }=/w= / , ie^ \ m,'   n,m = 0,l,... (8.1) 

hold. This moment problem indeed is equivalent to finding a positive measure /x such 
that 

(f,g) = M{fg.} = [' f{ei0)^)d^9),    Vf,g G C. (8.2) 
J — TT 

We shall call this the moment problem in TZ = £ • £, while the previously explained 
simpler form is called the moment problem in C. Note that the moment problem in 1Z 
prescribes also the moments //no = ^n, which implies that a solution of the moment 
problem in K will automatically be a solution of the moment problem in £. It is not 
clear whether the converse is true in general. 
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It was shown in [3] that the moment problem in C has at least one solution. Since 
the proof given in [3] is rather concise, we include it here in more detail. The arguments 
which are made explicit in this proof also show why the same arguments do not lead 
to a solution of the moment problem in 7£. 

Theorem 8.1. Let M be a real positive functional defined on 1Z = C • C and assume 
that the sequence of orthogonal rational functions (j)n has infinitely many regular in- 
dices. Then there exists at least one measure ^ on T which solves the moment problem 
in C, i.e., which satisfies (8.1). 

Proof. The proof is based on the fact that the discrete measures /x/c representing the 
quadrature formulas 

k 

Y,\ki{r)f{iki{T))=  r f(eie)dfik(e) 

which are in 7Zk-i, and hence also in Ck-i- They are uniformly bounded by M{1} = 1, 
and hence, by Kelly's selection principle, the sequence {//&} will have a convergent 
subsequence /Xfc(j) ~* M- Next we prove that such a fj, solves the moment problem in 
£, i.e., that 

For n — 0, we can apply Helly's convergence theorem since 1 is a continuous function 
on the interval [—TT, TT]. Thus it remains to prove this for n > 0. Fix n > 0. We denote 
the elements of the subsequence k(j) by k for simplicity. Note that for n > 0, we 
cannot simply apply Helly's convergence theorem because the a;"1 are not continuous 
on the interval / = [—7r,7r]. However, consider any subset J C I which does not 
contain the QJI, ..., an, then a;"1 indeed is continuous on J, and this means that we 
can find a k = k(j) large enough such that for a given e > 0, 

dli(0) - dlJLk(0) 

M' 71 = 0,1,.... 

/ U       w„(e'e) 

On the other hand, for k — k(j) > n, 

wn*(el0)diJ,k(O) r    dfik{e) =   r 
J^j ojn{eie)        Jj \un{eieW 

e 
<3- 

< max \u;ni 

(8.3) 

Jl-J 

dfJLkjO) 

\uJn(eid)\' 

<max|a;n*(e^)|M(——} . 
I-J IWnUn* J 

We always can choose J large enough such that the maximum of |a;n*| in / — J is 
arbitrarily small. Because Mdu^o;™*]-1} is finite, it follows that for any e > 0, we 
can make J large enough to satisfy 

L /,-,*.<«•>*»• (8-4) 

Note that this holds for any k > n, i.e., J is independent of k. Next we want to show 
that J also can be made large enough to satisfy 

dfi{e) L j wB(e«) 
< (8.5) 
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To obtain this, we consider sets Jp, none of which contain ai,..., an, and such that 
Jq C Jp for p > q and \JpJp = I\ {ai,...,an}. Note that for k = k(j) > n and for 
anyp 

Jjpun(e*°)     JJp       un(e»)        ^JjpuJn(eiGy 

Thus, if p > q and k > n, then 

d/i(0) 
Jjv-jUn(eie)   -   Jj 

dti{8) - dfikiO) 

w„(eM) 
+ / 

dfik(0) 
-Ja w„(eW) 

By (8.4), there are always p and q large enough such that for any 77 > 0, 

'JV-JQ Me*) <1 
for all large k. By (8.3), we can make k so large that for any rj > 0, 

1/ d/i(0) - d(ik(e) 
<l IJp-Jq un{ei9) 

By combining (8.6)-(8.8), we see that it is possible to make 

dii(6) 

(8.6) 

(8-7) 

(8.8) 

') 
<r, 

I r   dfxje)      r   M&) 

\]jP"n{ei<>)     Jj^nieM 

for any rj > 0. This means that 

r r dm \ 
\jjpu(eie)lP 

is a Cauchy sequence so that the limit for p -» oo (which is easily seen to be equal to 
the integral over /) exists, thus for any e > 0, there exists a p large enough such that 

dix{0) 

which proves (8.5). Finally, by (8.3)-(8.5), 

dfik(e) - dfi(9) I 

f    dixjO)       f dj. 

\r      d/ifc(g) I     I /•       d/i(fl) 

e 
<3' 

+ 1/ diik{Q) - dnifi) 
Un{eie)       \"\Ji-jUn{eie)\ '  |y/-j^n(e^)|  '  \Jj       Ljn{eie) 

because each of the terms on the right-hand side can be bounded by e/3. Thus 

< e 

k{j) 

This proves the theorem. 

lim     [dJ^ = M{^={Mrv 

n 

We now use our framework of nested disks to obtain information about the unique- 
ness of the solution. Let us denote the set of solutions of the moment problem in £ 
by MCi and the set of solutions of the moment problem in 7Z by Mn. Then we have 

Theorem 8.2. Assume that the sequence of orthonormal functions (j>n has infinitely 
many regular indices. Hence, Mc ^ 0. Fix z G C \ T, and define for fi e Mc the 
Riesz-Herglotz transform 

n„(z)= f D{ei\z)dii{6)- 
J — TT 
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Then 

{Sl^z) : ix e Mn} C Aoo^) C {Sl^z) : p 6 Mc}. 

Proof. Let s = ^l^(z) for some // G Mn. Note that the system {0n} is then orthonor- 
mal with respect to the inner product defined by the measure /i. Let f(z) = D{t, z), 
t G T. Writing the generalized Fourier series of f(z) as 

oo 

k=0 

and then using 

7fc =  /    D(t, z)(j)k(t)dfi(e),        and 
J — TT 

it turns out that 70 = s and 7*. = tpkiz) + s(j)k(z) for fc > 1 because 

7fc= /   D(t,z)Mt)M0) 
J —TT 

= /"   £)(«, z)^fc(t) - 0fcC8)]dp(0) + (/>fc(z)nM(2),        t = ei9. 
J —TT 

On the other hand, it can be shown that for t G T 

Using Bessel's inequality, it then follows that 

which can be rearranged as 

This means that s G Aoo(^). 
Next, it is shown that if s G A00(2:), then s is the Riesz-Herglotz transform of some 

fjb G Mc. This is readily shown by using the quadrature formulas we have discussed. 
We consider the limiting point and the limiting disk cases separately. 

If A00(z) is a point, then since 5 G A00(^), there must exist sn G Kn(z) such that 
sn —> s. Since there is for each n, some rn such that 

sn = Rn(z,Tn) = f   D{ei\z)dlin{6). 
J —77 

Kelly's selection criterion then yields that there is a subsequence jun(j) -> /J" By the 
proof of the previous theorem, /x G Mc

1 and by Kelly's convergence theorem 
/TT /»7r 

D(t, z)dfinij) (6) = /    D(t, 2)d/i(fl) = 5. 

Thus 5 is the Riesz-Herglotz transform of a // G Mc. 
If AQO^) is a disk, let s be a point on the boundary K^z). Recall that for a fixed 

n, we can, except for finitely many values of r, associate a quadrature formula with 
Rn(z,T). Let us denote the discrete measure that is associated with this quadrature 
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by /in( •, r). It depends on n as well as the choice of r. For every regular index n, we 
then can choose an sn G Kn(z) such that sn tends to s and such that sn = (^(JZ), 

where [in = /xn( • ,rn) and where rn is chosen such that sn = Rn(z,Tn). By Helly's 
theorems and the proof of the previous theorem, there exists a, JJ, e Mc such that 
ftM(2) = s. 

Thus every s on the boundary K00(z) is of the form ti^z) with // E A^^. Now let 
5 be an interior point of A00(z). Then s is a convex combination s = Xsi + (1 — A)s2 
(0 < A < 1) of points si,S2 on the boundary ^00(2). Thus there exist ^i,/i2 E Mc 

such that 

Sj =  /    D(t,z)dfjLj{e),    t = eie. 
J -TT 

Thus /x = A/xi + (1 - X)fjL2 € A^^ and s = £^(2). D 

Now the following corollary is obvious. 

Corollary 8.3. In the case of a limiting disk, for each s E A00(z), z E C \ T, the 
moment problem in C has infinitely many solutions. 

In the case of a limiting point, a solution of the moment problem in 1Z is unique. 
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