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A RATIONAL MOMENT PROBLEM ON THE UNIT CIRCLE

A. Bultheel, P. Gonzalez-Vera, E. Hendriksen, and O. Njastad

ABSTRACT. Let {ax}2; be a sequence of not necessarily distinct points on the
complex unit circle. We consider the moment problem: find a positive measure
on [—m, 7] such that for wo = 1 and wp(z) = (z—01)- (2 —an), n =1,2,...,

we have
g ™ du(6)
du(f) =1, —_—— = up, =12,...,
Jaoy=1, [ =

for a given sequence of moments {un}S2,. This paper gives results which to
some extent generalise the limit point — limit circle situation of classical moment

problems.

1. Introduction

Let T = {# € C: |z| = 1} be the complex unit circle, and let {ax}$2; be a sequence
of not necessarily distinct points on T \ {1}. Introduction of the “forbidden” point 1
is not a severe restriction because there is only a countable number of ax’s so that
there always exists such a point on T, which by a simple rotation can be brought to
the position 1. Define wn(2) = [[1_;(z — ax) for n > 1 and set wo = 1. By II, we
denote the set of polynomials of degree at most n. We consider the spaces

£n={pn(z) 3pn€Hn}, ‘C=U£k-
k=0

wn(2)

For any complex function f, let f«(z) = f(1/Z). It is obvious that Lp. =
{f : f« € L.} = L, and, similarly, £, = £. Finally, we set R, = L, - L, and
R = L-L. Let M be a linear functional defined on £ - £ which is real and positive,
i.e., which satisfies

M{f.}=M{f}, feLl-L and M{ff.}>0, 0#f€L.
This functional defines an inner product by

(f,9) = M{fg.}.
An example of such a linear functional is given by

iy = [ @), (o= [ 5o

—T

where p is a positive measure on [—7, 7). The subject of this paper, just as in Section 8
of [3], is to solve the following moment problem: Given the moments {u,}% , defined

Received October 4, 1996, revised February 13, 1997.
1991 Mathematics Subject Classification: 30E05, 42C10, 42A99, 47A57.
Key words and phrases: general moment problem, orthogonal rational functions, nested disks.

283



284 BULTHEEL, GONZALEZ-VERA, HENDRIKSEN, AND NJASTAD

by

M{].}:'uo and M{wi}_—_un, n:1’2,“_

(without loss of generality we may assume that po = 1), does there exist a finite and
positive measure p on [—m, 7| such that

1 " du(6)
M —>b=pp= — =
{wn} ﬂn /‘W wn(elg)a n 071’

It was shown in [3] that this moment problem always has at least one solution. This
existence result was proved in a constructive way. The solution was obtained as the
limit of a converging subsequence of quadrature formulas. Since there could be dif-
ferent subsequences converging to different limits, there might be (infinitely) many
solutions. Here we will address the problem whether the moment problem is deter-
minate or indeterminate, i.e., whether a solution p is unique or not. We shall, to a
certain extent, generalise the classical limiting point — limiting disk situation for a se-
quence of nested disks. This technique was known to Weyl [23] and used by Akhiezer
[1] and Shohat and Tamarkin [20] when they studied the classical Hamburger moment
problem and the situation where the moment problem has a unique solution. See also
the work of Stone [22].

For more on moment problems and nested disks see [10-12, 14, 21]. Uniqueness
criteria for the strong Hamburger moment problem can be found in [17]. An extended
Hamburger moment problem was discussed in [15]. In the Hamburger problem, the
unit circle is replaced by the real line. Similar results about unique solvability were
obtained in [16] for the extended Hamburger moment problem where a finite number
of points aj on the real line are cyclically repeated. Multipoint matrix versions of
the Hamburger and Stieltjes moment problems are found in e.g., [18, 19]. In the
case where the points oy are located inside the unit disk, results similar to the ones
of this paper were given in [4] and [7]. Here we treat the case of the unit circle,
and at the same time, we consider a general sequence of oy’s which need not be
cyclically repeated. We emphasize that the situation where all the points oy lie inside
the open unit disk is substantially different from when they are on its boundary. In
the boundary case, nontrivial new problems arise, for example, due to the fact that
functions in £ are not continuous on the unit circle. Analogous results for the real
line can be obtained in a similar way. However, there the problem is that the support
of the measure is not compact, and special attention has to be paid to the point at
infinity which causes some trouble. For simplicity, we discuss here only the case of
the unit circle. An essential role will be played by the orthogonal rational functions.
They play the role of orthogonal polynomials in the Hamburger case or the orthogonal
Laurent polynomials [13] in the case of the strong Hamburger moment problem. For
the case of points inside the unit disk, such orthogonal rational functions were first
studied in [2, 8, 9]. For points on the boundary, they appear in [3, 5, 6, 16].

2. Orthogonal rational functions and recurrence relation
First we observe that

L:n = Span {bo,bl,.. .,bn}
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with
b()=1, bn=Z1Z2“'Zn, ’I’LZ].,
where
(51 _
Zi(z) = Z(z__)(Lll, kE>1.
zZ — QO
We use this notation also for k = 0, in which case we set ap = —1. Thus
1-2
Z, =21 .
o0(2) 211 e

Note that the basis functions by, satisfy bg. = bg. By a Gram-Schmidt procedure, these
basis functions are orthogonalised to give the orthonormal functions ¢,, n =0,1,....
Let

On(2) = dn(1) + -+ + Kpbu—1(2) + Knbn(2). (2.1)

The orthonormal functions can be fixed uniquely by requiring «,, > 0. This is what will
always be assumed when we refer to the orthonormal functions. Note that, because
M{1} =1, we find ¢g = ko = 1. Furthermore,

o[22 [0

bn(z)]z=an and fon ¥ Zn(an—l) - bn(z)

If we set ¢, = pn/w, with p, € II,, then we say that ¢, (and also its index n) is
singular if pn(an—1) = 0. Otherwise, ¢, and n are called regular. The system {¢n} is
called regular if all the indices are regular.

With this normalization, we have the following lemma.

] , n>1. (2.2)
Z=0n—1

Lemma 2.1. The orthonormal functions ¢, have real coefficients with respect to the
basis by, and ¢ps = dn.

Proof. Because by, = by, it is obvious that if the coefficients are real, then ¢n.« = ¢n.
The proof that the coefficients are real follows easily by induction as follows. The
result is true for n = 0. Suppose it is true for ¢ < n — 1. By the Gram-Schmidt
procedure,

n—1

On = Xn/”Xn” with  xn =bp — Z'Yi¢'ia Yi = (bn,d)i)'

=0
Using M{f.} = M{f}, (f,9) = M{fg«}, bnx = bn, and ¢;x = ¢; for i < n, it follows
that the coefficients v; = (bn, #;) = M{bn¢in} = M{bn¢;} = M{byin} = 7,; are
real. Since ¢; has real coefficients with respect to the basis by, then x, and thus also
¢n will have real coeflicients with respect to the basis by. O

The following is a slight modification of Theorem 4.1 in [3].

Theorem 2.2. Suppose the system {¢n} is reqular. Then the following recurrence
holds:

Pn(z) = <AnZ"(z) + By, Zn(2)

Zn_.2(z)

Zn(2) _
>¢n~1(z)+C’nZL——_—2—(z—)¢n_2(z), n—2,3,...,
(2.3)
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with constants Ay, By, Cy, satisfying the conditions
E, = A, + Byn/Zp—2(an-1) # 0, k=2,3,..., (2.4)
Cn #0, k=2,3,.... (2.5)
Let us introduce the real numbers
_ 1 _ 1 —— Op—1 — Qp_2
Zn—2(z) Zn-—l(z) (1 - an-—l)(l - an—Z)

Since this is a constant not depending on z, and because 1/Zx(ay) = 0 for all k, we
can use

D, eR (2.6)

1 1
D, = =— eR
" Zn-—Z(an—l) Zn—1 (an-—2)

for n > 2 when convenient.

Lemma 2.3. Let k, and k), be as in (2.1). Define

/

1 K
E,=—~ |k, +—""2—1, n > 1. 2.7
Kn—1 l: Zn(an—l)] ( )

Then B, € R. If the recurrence relation holds, and hence A,, and B, are defined, then
the E, of (2.7) coincide with the E,, of (2.4), i.e., E, = Ap+ BnDy. The latter also
holds for n =1 if we set Ay = k1 and By = ).

Proof. Because the coefficients of the orthonormal functions are real and D,, is real, it
follows that E,, also is real. To show that E, = A, + B, D,, we divide the recurrence
relation (2.3) by b,(z) and set z = a,—1. With (2.2) and 1/Z;(ax) = 0, we get the
result. O

Note that it easily follows from this definition of E,, that E, = 0 if and only if n is
a singular index.

Lemma 2.4. Suppose the recurrence relation for the orthonormal functions ¢, holds
with coefficients A, By, and C,. Let D, be defined by (2.6) and E, = A, + By, D,,.
Then

En=—-CpEn_1, n>2. (2.8)

Proof. Because by—1/Z, € Ln—1, by—1 is orthogonal to ¢,. Using the recurrence
relation for ¢,,, we get

0= (¢n)bn—1/Zn>
= An(bn—1a¢n—1) + Bn<%a¢n—l> + Cn<gl—‘l")¢n—2>-

n—2
Because (bp—2, dn—1) = 0 and (b;, ¢;) = 1/k;, we have
A, B,D, Ch
+ +

Kn—1 Kn—1 Kn—2

0= +CnDn(bn—1a¢n—2>- (29)

The remaining inner product can be evaluated when we use

buor(e) = 2@ _Ency oy

n—1 n—1
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so that

(bn—1,¢n—2) = <£n_—_1. ¢n—2> - Cn- (bn—27¢'n—2> = _L~ (210)

)
Kn—1 Kn-1 Kn—1Kn—2

When we combine (2.9) and (2.10), we get

An +BnDn+ C"n. _ CnDnK’;L—l

0=

Kn—1 Kn-1 Kn--2 Kn—1Kn—2

— An + BnDn + Cn [1 _ D'n K’;z—l:|

Kn-1 Kn—-2 Kn-1
E C 1 K

— n + n_ . ["‘Gn-—l + n—1 ]

Kn—1 Kn—1 Knp-2 Zn—l(an—2)
1

= [En + ChE. —1]7

Kn—1
which gives us the expression we wanted. O

For solutions of the recurrence relation, we can prove a general summation formula.
To obtain this formula, we define, for n > 1,

1 1 . z—w
Heaw) = o= = 2w - " woDe=1) (2.11)
Note that this expression does not depend on n. Furthermore, we set
1 1
H,(z,w) = -
) S g W Za®) | T (W)
_ [ 1 B 1 ]
T Zp—a(W)Zp—1(2)  Zp_o(w)Zp_a(2)
e
Zn-2(W)Zn-2(2)  Zn-2(2)Zn-1(w)
= _=Dn Dn___ DpH(z,w). (2.12)

= 7w | Zna()

Theorem 2.5. Let z,(2) and yn(2) be two solutions of the recurrence relation (2.3)
and define

2 (@)pns(d)  Ye(D)Tar(w)
Fla ) = G ) Zas ()~ Zn() Zmr (@)

Then, with H(z,w) given by (2.11) and E,, given by (2.7),

Fn(za w) = y’n—l(z)xn—l (w)H(z7 w)En - C’nFn—l(za w)

n—1
= [ Z yk(z)xk(w)] H(z,w)Ep + (=1)"CrCp-y - CoF1(z,w).

k=1
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Proof. We use the recurrence relation for z, and yy in the definition of F,(z, w), which
gives

Fo(zyw) = Appn—1(w)yn-1(2) [Zn_11(z) - Zn_ll(w)]

1 1
+Banesns4) | 7~ A7)
- CnFn—l (Z, ’LU)

Using the expressions (2.11) and (2.12), we find

F,(z,w) = Tp—1(w)Yn-1(2) H(z, w) [An + BnDn] — CpFp-1(z,w)
= Tn—1(W)Yn-1(2)H (2, w)Ep — CpFp_1(z,w).

An induction argument leads to the result. O

From this formula, it is possible to derive the Christoffel-Darboux-type formulas
which are given below. However, this would require that the system ¢, be regular,
since the above formula is based on the existence of the recurrence relation. It is possi-
ble, however, to prove the Christoffel-Darboux formulas without using the recurrence
relation and only relying on the orthogonality properties of the ¢,. That is what we
shall do here.

3. Functions of the second kind
With the orthonormal functions ¢,, we associate functions of the second kind 1,
defined by

1—-2z  Zy(z)

T1+z2  Zo(0)
Yy = Mt{D(t, 2)[pn(t) — dn(2)] }, n>1

Po =

where D(t, z) is the Riesz-Herglotz kernel

D(t,z) = z_+_z

We also introduced the notation M; to indicate that M operates on its argument as

a function of t. We prove that these functions of the second kind are also solutions of
the recurrence (2.3).

Theorem 3.1. Suppose that the system of orthogonal rational functions ¢y, is regular,
and let ¥, be the associated functions of the second kind. Then these v, satisfy the
same recurrence relation (2.3) as the ¢,.
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Proof. We use the recurrence relation for ¢, (t) and ¢, (z) in the definition of t,,. This
gives, for n > 2,

¥n(2) = AnMi{D(t,9) [Za(®)$-1(8) = Za(2)gn-1(2)] |
+ B M, {D(t,z)[ Zn®) oy Zn(2) ¢n,1(z)]}

20 (2
+ 0.4 {D(6.9) [ 2061 -200) - n_( 2, 2]}
= A2 (e nes(2) + Ba 2l () + Cr 2y ()
+ M {D(t,2) fu(t, 2)} + 6n2 ?ES; Cs (3.1)

with

fa(t,2) = An [Zn (t) - Zn(z)] bn-1(t)
Zn (%) _ Zn(2)
+ [Zn—2(t) Zn—-2(z)

[B'n¢n~—l(t) + O’n¢n—2(t)] .
We note that

(t )(an - 1)
Zn() = Za(2) = =i S "0

and
Zn(2) _ Zn(2) — (t—2)(1 = an)(an—2 — an).
Zn—2(t)  Zn-2(2) (t—an)(z — an)(l — an—2)
Therefore,
fult,2) = (gt_";:)((lz‘_a;)) [Ani(an — 1)gn_1(t)
T [Bagna(t) + Cadna(®)] |-

Next, we split D(t,z) as D1(t, z) + Da(t, 2):

t—a, zZ+ an
t—z t—z

D(t,z) =

Thus, in the argument of M; in (3.1), the factor ¢ — z in the numerator of f,(¢, 2)
cancels the denominator of D(t, 2).
Using the orthogonality of the ¢, we find

M{D:(t,2)fn(t,2)} =0, for n > 3,

(a2 - 1)(1 + ag)

= 2(z—ag)

for n = 2.



290 BULTHEEL, GONZALEZ-VERA, HENDRIKSEN, AND NJASTAD

For the second term with D5(t, z), we use again the recurrence relation to write f, (¢, z)
as
t—=z2
z—ap

fn(ta z) = [_¢n(t) - 7:(1 - CYn)An(lbn—l(t)

l-a
+ T—J— (Bn¢n—1(t) + Cn¢n—-2(t))] .
— Qp-2
Again, by the orthogonality of the ¢y, we get
M{Ds(t,2) fn(t,2)} =0, for n > 3,
(z+ a2)(1 — az)
2(2: - az) ’
That proves the recurrence relation for n > 3 directly. For n = 2, we can put together
all the terms involved, and we find that the recurrence relation is satisfied also because

Z(2) 1—a2)(1+a2) (z+a2)(l — az)
Zo(0) 2(z — az) +C; 2(z — az)

for n = 2.

02—02( =0.

O

It is possible to build some redundancy in the definition of the v,,. For an analogous
proof in the case where the points oy are inside the unit disk, see [7].

Lemma 3.2. Let ¢, be the orthonormal system and i, the associated functions of
the second kind. For n > 0 and for any f such that D(t, 2)[f(¢) — f(2)] € Ln—1 (as a
function of t), we have

¥n(2)f(2) = M{ Dt 2) [$a(®)1 (1) - () £(2)] }.
Proof. Since

M D(t, 2)[F(O)6n(t) = (2)¢n(2)] } = F(2Wn(2) + Mi{ D, D) [F(2) = F(2)]9a (D ],

the result follows by the orthogonality of the ¢,,. a
Note that in particular, we could take f € £,_1 or f(t) = g(t)(t — an)/(t + 2z) with
g€ L,.

We now shall derive a Liouville-Ostrogradskii-type determinant formula.

Theorem 3.3 (Determinant formula). Let ¢,, be the orthonormal functions and vy,
the functions of the second kind. Then for n > 1, we have with E, given by (2.7)

‘an—l(z)"»l’n(z) ¢n(z)'¢’n l(z) ( )gE Zn—l(z) ( )

2iz(an — 1)(an-1 — 1)E,
(z—an-1)(z —an)

Proof. We note that
$n—1(2) [$n(t) = én(2)] — Gn(2) [bn-1(t) — bn-1()]
= Gn-1(t) [#n(t) — $n(2)] = $u(t) [Pn-1(t) — $n-1(2)]-
Multiply by D(t, z) and apply M; to get on the left-hand side
Pn—-1(2)¥n(2) — pn(2)¥n-1(2),
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while for the right-hand side we have

Mi{gn-1(D(t, 2)[9n(t) = $n(2)] } = Mi{gn()D(t,2) [$n-1(t) = dn-a(2)] |-

Note that in the second term D(t, z)[¢n—1(t) — $n—1(2)] € Lr—1, so that this term is
zero by the orthogonality of ¢,. To compute the first term, we define

h(t) = D(t7 z) [¢n(t) - ¢n(z)] = 'ann(t) + 7;Lbn—1(t) +

where

- [22

bn(t):lt_ = D(on, 2)kn

and

/

Z (Oﬁn 1 [ ]t=an—l
D(an 1,2 ) I:Kn+ E—n(zﬁ—l—)—] = D(an_l,z)nn_lEn.

Thus, by the orthogonality of ¢,—1 = dn—1)«,

M{¢n—lh} = ’YnM{an—lb'n,} + 7;M{¢n—lbn—1}~
Because ¢y = kiby + Kjbg—1 + - - -, it follows by orthogonality that
K. 1

- and M{d’n—lbn—l} =

KnKn—1 ’ Kn—-1

M{¢n—1bn} = -

So we obtain
!

KL !
M{¢n—1h} = "'7nh:—"— + _’Y_n__

nkKn—1 Kn—1

Yok, Tn
= -1 D n—1, En - Zn n—
KnKn—1 + [ (Ol ! z) ”v'n—l] (a 1)

=—D(an,z) +D(an_1,z)E Zn(an—1) — D(an, 2)knZn(n-1)

= —D(Oén, )EnZn(a'n,—l) + D(a'n,—ly )EnZn(an—l)
=EnZn(an-1) [D(an_l, 2) — D(a, z)]
Working this out gives the result. O

4. Christoffel-Darboux relations

We now prove some Chistoffel-Darboux-type relations.

Theorem 4.1 (Christoffel-Darboux relation). Suppose ¢, are orthonormal functions,
and let H(z,w) and E,, be defined by (2.11) and (2.7). Then

Pn(W)pn-1(2)  Pn(2)pn-1(w) _ n—1
I 2 ()~ Zn(2) Za(w) ~ LB W) En > 6u(2)di(w).

k=0
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Proof. Define
9(z,w) = (W — an)(z — An—1)n(wW)dn-1(2z) and G(w) = g(z,w) — g(w,2). (4.1)

Then the Christoffel-Darboux relation, which has to be shown, is equivalent to

zG(_w) = —i(an —1)(on-1 - 1)En Z ¢k (2)br(w). (4.2)

k=0
Observe that F(w) € L,_1, so that it can be written as

F(w) =

Fw)= Y w(bsw), () = M{Foa} = M{Fgy}.
=0

We have
() = M{Péx} = My{F(w) [px(w) = $u(2)] } + 6e(2) M{F}.

The first term is zero. To see this, we write it out as
My { F(w) [g1(w) = 6x(2)] }
= (z - an—1)¢n—1(z)Mw{¢n(w) =

=22 [gu() - 4u(2)] }
- (z - an)¢n(z)M {¢n—1(w) ¢k(’LU) ¢k(z)] }

Because ¢,, L £,,_1, the first term is zero, and because ¢n_1 1 L£,_o, the second term

is zero. Thus it remains that yx(2) = ¢r(2) M {F}. We note that
M{F} = (2 = an-1)Pn-1(2) fu(2) = (2 — an)Pn(2) fa-1(2),

1) = Muf =% )}

By adding and subtracting (2 — an—1)(z — an)Pn—1(2)¢n(2)D(z,w)/(22), we can
rewrite M{F} as

M{F} = (z - CVn—l)(»én—l(Z)gn(z) - (Z - an)¢n(z)gn—l(z)

with (for i = n,n — 1 > 0)
52) = Mo { (e w) |5 B uw) - 25| | = S50 49

(the last equality is by Lemma 3.2). For ¢ = 0, one has to use ¢ = 1, oo = —1, and
Yo(z) = (z = 1)/(z + 1), and it then follows that the previous relation also holds for
¢ = 0. Thus, using the determinant relation of Theorem 3.3, this gives

wpy= B0l m ot iy oy (2) — g (s (2]

= —i(on — 1)(an-1 — 1)En,

W — Qp— 1[

30 that eventually
F(u) = 3 ()ou) = MIF} Y 6x()u(w)
k=0 k=0

yields (4.2). O
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We also have the following generalization of the determinant formula.

Theorem 4.2. Let {¢,} be the orthonormal functions and v, the associated functions
of the second kind. Define

 Un(@)dn1()  a(bns(w)
Zn(W)Z0-1(2)  Zn(2)Zn—1(w)’

Let H(z,w) be defined by (2.11), E, be defined by (2.7), and D(z,w) be the Riesz-
Herglotz kernel. Then, for w # z,

F,(z,w)

n—1

Faler) = | - 0eoha(w) = Do) | (e, w) B,

k=1

For w = z, this reduces to the determinant formula.
Proof. Define g(z,w) as in (4.1) and set

G(Z,'LU) = g(za ’UJ) - g(w7 Z)‘
Then, by the Chistoffel-Darboux formula,

n—1
G(z,w) = ~i(z ~ w)(an ~ 1)(an-1 — )Bn Y $u(2)¢s(w).

k=0
Apply M; to the expression
D(t,w) D(t,w)
Tt w G(t, z) 90 G(w, z).

This gives, with (4.3),
(z = an)(w = an—1)¢n(2)¥Yn-1(w) — (W — an)(z — an-1)tn(W)pn-1(2)

= —i(an — 1)(an_1 — 1)E, [i Ok(2)(w = 2)r(w) + (2 + )
k=1

n—1
= ian = 1)(@n-1 = 1)(2 = w)En [} $u(2)u(w) — D(z,w)].
k=1
This can be rewritten in the required form. O

An analog of the Christoffel-Darboux relations for the functions of the second kind
also may be obtained.

Theorem 4.3. Let v, be the functions of the second kind. Then, in analogy with the
Christoffel-Darbouz relation, we have

¢n(w)¢n_1(z) _ ¢n(z)¢n—1(w) _ i n—1 . )
Zn(W)Zn-1(2)  Zn(2)Zp-1(w) = H( ,w)Enl:;’dlk( Yk (w) 1]

with H(z,w) given by (2.11) and E, given by (2.7).
Proof. We set
G(z,w) = (w— an)(z = on-1)$n (W)¥n-1(2) — (z — an)(w = An-1)Pn—1(w)¥n(2).
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Then by the previous theorem
-1

G(z,w) =i(ap — 1)(ap-1 — 1)(z — w)En[ Z dr(w)Yr(2) — D(z, w)]

n
k=
By applying M; to

—2—=G(z,t) - —/——G(z,w),

D(t, w) D(t, w)
t+w 2w

we get by using (4.3)
(W = an)(z = on—1)Pn(W)Pn-1(2) = (2 — an) (W — an-1)Yn—1(w)Pn(2)

n—1
= —i(an — 1)(ap-1—1)(z — w)En[ Z i (2)r(w) — 1],
k=1
and this is equivalent to the required formula. O
Finally, we give a combination of the previous summation formulas.

Theorem 4.4. Let ¢, be the orthonormal functions, v, the functions of the second
kind, and define for an arbitrary complex parameter s
Xn(2; 8) = Yn(2) + 8¢n(2).
Then
Xn (Wi ) Xn-1(28)  Xn(2;8)Xn—1(w;t)

Zn(@)Zn1() | Zn(2)Zaa(w)

n—1
= H(z,w)E, [ Z Xk (2; 8)xk(w;t) + [st — 1+ D(z,w)(t — s)]J
k=1

with H(z,w) defined by (2.11) and E,, defined by (2.7).

Proof. This is directly obtained by working out the left-hand side and using the three
previous theorems. O

5. Green’s formula

‘We now give complex forms of the previous Christoffel-Darboux-type formulas. There-
fore, we introduce

1 1 i(l-zm)
Zn(®)  Za(w) (1-2)(1-m)
Note that H(z,w) = H,(z,w) where the substar is with respect to z. For w = z, we
have H(z,z) = —iP(1,z) with

n >0. (6.1)

H(z,w) =

_ 12
P(t,Z) - It—z|2
equal to the Poisson kernel. Furthermore, we define for n > 2
~ 1 1 ~
H,(z,w) = =——— - = Dp,H(z,w). (5.2)

Zn—o(W)Zn_1(2)  Zn_1(w)Zn_2(2)
We now give without proof the following complex analog of Theorem 2.5. A proof
may be given by taking substar conjugates of the relations from the previous section.
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Note that we then need the fact that the numbers E,, and C,, are real, which they are
by Lemma 2.3 and Lemma 2.4.

Theorem 5.1 (Green’s formula). Let z,(2) and yn(z) both be solutions of the recur-
rence relation (2.3), and define

= (z) (725) - (26) (220)
Then, with H(z,w) as in (5.1) and E, as in (2.7),
Grn(z,w) = yn_l(z)mﬁ(z,w)En — CpnGp_1(z,w)

n—1
= [ Z yk(z)mk(w)] H(z,w)E, + (=1)"CpCrp-1---C2G1(z,w).
k=1

One can use this theorem and take xp = yx = ¢k or T = yr = Yx or Ty = P and
yr = Y. One then obtains the formulas in the theorem below which are then proved
under the assumption that they satisfy the recurrence relation, in particular that the
¢ form a regular system. However, it is equally simple to follow the reasoning used in
the previous section to arrive at the Christoffel-Darboux type formulas where orthog-
onality was the only assumption needed, and again one will arrive at the results of
the theorem below. Thus the results hold without assuming that there is a recurrence
relation, i.e., without the system ¢,, being regular. We give the result without proof.

Theorem 5.2. Let ¢, be orthonormal functions and v, functions of the second kind.
Let H(z,w) be defined by (5.1), E,, defined by (2.7), and D(z,w), be the Riesz-Herglotz
kernel. Then

(5m) (5=20)- (23) (2=6)
_ [gm(am] (2 w)E,
(28 (529)- (23) (=Y

= [ni:lz/;k(z)m+ 1 J H(z,w)E,

k=1
) (2200 - (2:5) (22)

— [ T @B - Dulerw) | G,
k=1

where in the last equation, the substar is with respect to z.

Note that this also holds for w = 2. In that case

1+ |22
D& =1

The previous relations can be combined to give the following theorem
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Theorem 5.3. Let ¢, be the orthonormal functions and 1, the functions of the sec-
ond kind. For an arbitrary complexr s, we set

Xn(z; 3) = ¢n(z) + sd’n(z)‘
Then

(lll) (i) _ (gl (il

= [ ni Xk (23 8)xk(w,t) + 1 + st — (s + ) Du(z, w) ] H(z,w)E,. (5.3)

k=1

In particular, for z = w and t = s, we obtain

() () - () B8
2422

= [ Z Ixk(2;8)]2 + |1 — s? ] H(z,2)E, + (s +§)Enm§ (5.4)
k=1

Proof. By the previous theorem, we can evaluate the left-hand side and obtain the
formula (5.3). For z = w and ¢ = s, this equals

n—1
| X bl | B+ B (a9

k=1
with
Y(z,s) = H(z,2) [1 - (s+3)Ds(2,2) +|s|]
= H(z,2)|1 = s|* + (s + 3)H(z,2)[1 — Du(2,2)].
Because
H(z,2)[1 = Dy(z2,2)] = |11_ ,zlz E i_ :jlz - 1] '%,
we get the result (5.4). a

6. Quasi-orthogonal functions

We define quasi-orthogonal functions as

Qn(z,7)=n(2) + 7 n(())¢n_ (z), TeR=RU{oco},n>1. (6.1)

For 7 = o0, we set

Zn(2)
n— ( )¢'n 1(2)

It was proved in [3] that if ¢, is regular, then there always exists infinitely many
so-called regular values 7 = 7, € R such that Qn(z,7,) has n simple zeros, all lying
on T\ {a1,as,...,a,}. In fact, all except finitely many 7 € R are regular values.
Suppose we have chosen a regular value 7,, and suppose that the zeros of Q,(z,7,)
are given by & = &ux(7), kK = 1,...,n. They can be used to construct quadrature

Qn(z,00) =
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formulas. These formulas use the & for their abscissas, and their weights \px(7) are
given by
Mk (T) = M{Lnk} = M{Lpk(2,7)Lnk«(2,7)} > 0
with
(z=&) (2= &-1)(z = k1) -+ (2 = &n)wn—1(k)
(€ — &) -+ (6 — &r—1) (€ — Et1) -+ (€ — &n)wn—1(2)

It also was proved that these quadrature formulas are exact in R,—1 = Lp_1 - Ln—1-

Lok(2,7) =

Theorem 6.1. With the notation just introduced, we have that

M{f}= E Ank(T)f (§nk (7))

k=1
fO’I‘ all f ERn1=Lp_1-Ln_1.

Alternative expressions for the weights can be obtained as follows. First introduce
quasi-orthogonal functions of the second kind by

Zn(2)

n— 4 [) TER,TLZI.

Po(2) = Pa(z,7) = ¥n(2) + 7

We then have

Theorem 6.2. The weights of the quadrature formula are given by

— _1_ Pn(gk)
26 Q7 (k)

nk

where the prime means derivative.
Proof. From the partial fraction decomposition, we see that

_BE) %, e
A gpre

with D(t, z) the Riesz-Herglotz kernel. Therefore,
(2 = &) Ru(2) = Y MnjD(€;,2)(z — &) + AukD(Er, 2)(2 — &)-

Rn(2) =

i#k
Taking the limit z — & cancels the sum, and we get
P, n(gk) :
——== = A\ lim D(&, — &),
Qi,(fk) k z'l’*fk (ék Z)(Z ék)
and this gives the result. ‘ O

Another expression, which clearly shows the positivity of the weights, is

Theorem 6.3. The weights of the quadrature formula are given by

A = [gm-(amz ]
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Proof. Since @ (&) = 0, the first formula in Theorem 5.2 with w = & and z = ¢
given the equality

T n—1

_ Pn(€r) B _ 1 5
S [Qn(6) - @u0)] [;@(t)@@k)] A(t.6)E,.

Dividing by &, —t and letting ¢ tend to &k, we get

————————-¢"—1(§k) @y, (&) = kn—1(&k, &) En tl_'gHEIk H(t.&)

Zn-1(&k) Zn (&k) & —t

where k,—1(2,2) = Z;:ol |¢;(2)|?, and the limit on the right-hand side is /(1 — &)?,
provided that & # 1.

Similarly, using the third formula in Theorem 5.2 with z = w = &, and taking into
account that Q. () = 0, we get

d’n—l(&c)
Zn—l(fk)Zn(fk)
where the limit is (again for £ # 1)

Pn(gk) =-F, tl_lf?k D, (t,gk) f{(ta gk)

; 2
[1—&l*
We now substitute the values of Q) (&) and P, (£x) into the expression for A\, in
Theorem 6.3, and we get the result for & # 1.

For & = 1, we use a perturbation technique. First we choose a bicontinuous
perturbation 7(¢) € R of the parameter 7 in Q,. Assume that lim._,o7(e) = 7. The
coefficients of @),, depend bicontinuously on € and hence also on its zero &. Therefore,
we can always choose € # 0 so that & (¢) # 1. Then the relation we want holds true by
our previous arguments. Since £x(€) — 1 as € — 0 and since both P, and Q), as well
as their ratio depend bicontinuously on € in the neighbourhood of ¢ = 0, we finally
obtain the result for &, = 1:

1 s 1 T 1 Pu(&(e) _ 1 P(1) —
@D B E (.G D 20 Q) | 2@
That concludes the proof. O

The discrete measure which takes weights A, (7) at the points &, (7), k= 1,...,n
will be denoted by pn, = pn( -, 7). The set of regular 7 values for which such a measure
exists is dense in R.

7. Nested disks

In this section, we use the notation

P, (z,71)

Qn(z,7)
where @, are the quasi-orthogonal functions and P, are the quasi-orthogonal functions
of the second kind. Obviously when n is a regular index, 7 — s,,(z) maps (for a fixed
z e C\T with C = CU{00}) the extended real line R onto a circle K,,(z). The closed

disk with boundary K, (z) is denoted by A, (2).
For z € T, the circle K, (z) degenerates to a line (the imaginary axis).

s =8n(2) = Ry(z,7) =
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When n is a singular index, the transformation is degenerate. In that case, the
whole plane is mapped to a point. Indeed, since for a singular n we have E, = 0, it
follows from the Christoffel-Darboux relation that

Pn(w) $n-1(2) _ 8n(2) $n-1(w)
Zn(W) Zn-1(2)  Zn(2) Zp-1(w)

for all z and w. Choose w such that ¢p,—1(w)/Zn—_1(w) # 0, then there is a constant
¢, such that

Zn(2)
Zn1 (Z) ¢n—1 (z)

It follows similarly from Theorem 4.3 that the same holds for the functions of the
second kind 1), i.e., we may replace ¢ by v in the previous relation and the constant
¢n, is the same for ¢ and % as follows from the determinant formula of Theorem 3.3.
Hence we get

¢n(z) =Cn

Pn(z,7) _ (ann/Z 1+ T)Yn_1(2) _ _¢n—1(z)

T Qn(z7) (enZn)Zn1+T)bn-1(2)  Gni(2)

This is independent of 7 for any 7 € C (not only the real ones), and thus the whole
Riemann sphere is mapped to a point, which we denote by K,(z).
We have the following theorem.

Ru(z,1) =

Theorem 7.1. Suppose that the index n is reqular. Then for z € C\'T
1. The equation of the circle K,(2) is given by

n—1 )
D 10k(2) + () +[1 = sf* = (5 +§>——12_'an;|2.
k=1

2. The (closed) disk Ap(z) is obtained by replacing the equality sign by <.
3. The center c, and the radius r, of the disk are

_ (%) (73) _ 1 2z
@G- )E)| I

where kn—1(2,2) = Y pcq lok(2)]2-
4. The circle K,(z) is in the right (left) half plane iff |2| <1 (|z| > 1).
5. If m is also a regular index and m > n, then A, (z) C Ap(2).
6. The circles K,(z) and K,—_1(z) touch.

Proof. We solve the relation s = R,,(z,7) for 7, and we then get
Zn—l(z) ’I,Z)n(Z) + S¢n(2)

Zn(z) %-1(2) + 3¢n—l(z)
_ IZn—1|2 ["rbn + 3¢n]['wn—1 + 3¢n—1] )

T=-

ZnZn1 I'wn—l +3¢n—1|2
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Taking the imaginary part gives

= ii"Lg (Z S)
21 ,¢n—1+5¢n—1|2 e

&

T

with

- ("/}n + S¢p )(¢n—1 + 3¢n—1) _ (¢n + 8%)(%-1 + 8¢n—1 )
Enzn—l ZnZn—l

Now suppose that the index n is regular. Then we can write the equation of the circle
K,(z), which corresponds to S = 0 since gn(2,8) = 0. With the help of Green’s
formula (5.4) (since n is a regular index and hence E, # 0), we also may write the
equation for the circle as

gn(2,5)

.

:gl Iwk(z) + 3¢k(2)|2 + |1 _ SI2 = (s +§)ﬁi§%

with X (z) = 2i|2|?/|z — 1|?. This is (1) of the theorem.

Since the denominator 1 — |2|? is positive, negative, or zero as |z| < 1, |2| = 1, or
|z| > 1, the circle will be in the right- or left-half plane depending on whether || is
less than 1 or greater than 1, respectively. This is (4).

The disk A,(z) with boundary K,(z) is given by putting a < sign instead of
equality. Since

222 =

(s+ 3)1——|z|2 - Z [Vi(2) + sdr(2)|> — |1 — s> = A|s|* + Bs+ Bs+ D
k=1

with A = — 3370 |¢x|? < 0, it follows that this will become negative for || sufficiently
large. Thus this expression is negative outside the disk. Therefore, the closed disk is
described by

n—1 9
D)+ s + 1o < (o )70 (71)

This is (2).

Since the sum in the left-hand side of (7.1) is non-decreasing with n, it follows that
we have nested disks for regular indices, i.e., if m > n and m and n regular indices,
then A, (2) C Ap(z). This is (5). We have to exclude the singular indices because
when n is singular, A, collapses to a point, and a subsequent disk with positive radius
cannot be a subset of A,,.

Since Rn(z,00) = Ry—1(2,0), the circles will touch, even if the index n is singular.
In the latter case, K, () is a point from K,_1(2).

The expressions for center and radius for a general linear fractional transform
(tr €R)

_a—Tb__aE—bE_l_ad—bc.E—‘rE
c—1d  cd—dé cd—dec c—1d

are obviously
ad — be

cd — de

ad — be
c=—— and r=
cd — de
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Using the Green and Christoffel-Darboux formulas, the expressions for ¢, and r, as
in (3) will follow. O

Corollary 7.2. For z =0, all the circles K,(z) n =1,2,... reduce to the same point
s(z) = 1. For z = o0, they all reduce to s(z) = —1.

Proof. When n is regular, it follows from the expression for the radius that for z €

{0, 0}, it is zero. From the equation of the circle, it follows that s =1 or s = —1.
Since successive circles touch also for singular indices, we get the same point for all

n. O

Assume from now on that there are infinitely many regular indices. Because the
disks are nested, it follows that when n(v) is the sequence of regular indices, then
Aco = Np)An) is a disk with radius

r(z) = Vl_l_)nolo Trw)(2),
which reduces to a point when this radius is zero. We have the following lemma.

Lemma 7.3. Suppose z € Cyp = C\ (TU{0}). If Ax(2) is a disk (with positive
radius ), then

dlgr(2)? <o and > |uhk(2)[® < oo
If Ao (2) is a point, then

Z |¢k(2)> =00  and Z vk (2)]? = oo.
k=0

k=0

Proof. Tt follows from the expression for the radii that r(z) is positive (zero) iff koo (2, 2)
is finite (infinite), i.e., iff Y pop |Px(2)|? is finite (infinite).

Let s be a point from the disk A (2). Then it follows from (7.1) that in any case
(disk or point)

Z [Yr(2) + s(2)pr(2)* < 0.
k=1
Thus Y oo ; |6k (2)]? < 00 iff Y pey [¥(2)|% < 0. O
Before we can prove an invariance theorem, we also need the following lemma.

Lemma 7.4. If ¢,, are the orthonormal functions and <, the functions of the second
kind, then for any w € Gy =C\ (T U {0})

8a(2) = 8(0) + 2 [don + 3 g1 b)),
n k=1

() = Yal0) + 2 [Bou + 3 () k()]
" k=1

where
AOn(w) = Vn(w)¢n(w) - Yn(w)"pn(w)a
BOn(w) = Vn(w)"/)n(w) - Yn(w)¢n(w)’
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Apn(w) = Yo (w)agn(w),  arn(w) = Yp(w)gn(w) — de(w)hn(w), k=1,...,n—1,
w— ap

2w
Proof. From the Christoffel-Darboux formula in Theorem 4.1 and the mixed formula
in Theorem 4.2, we get

¢n(z)¢n-l(w) _ ¢n(’u})¢n_1(z) _ s w n—1 ] "
ZaV T r(w) " Znl)Zna(e) ~ 1) 2 9el2)e(0),

w4+ o,

Yo(w) = 2w

and Vp(w) =

$n(2)Yn-1(w) _ Pn(W)gn-1(2) _
Zn(2) Zn1(W)  Zn(W)Zp_1(2)

n—1
- B w)E, | Y 61(:)n(w) - Disvw) |
k=1

Elimination of ¢,—1(z) gives

®n (z)
Zn(2)Z. _l(w)“"‘l’"(w)

n—1

=—H(z,w)E, [ Z G1(2)an(w) — [n(w) + D(2, w)dy(w)] ]
k=1

From the determinant formula of Theorem 4.2, we find

1 (W) = —EnZn_l(w)Zn(w)(lii—lfu

)
Hence
H(z,w)EpnZp(2)Zn-1(w)  z—w [w—0n]  2z-w
B an—1,n(w) T ay,—2 [ 2w ] T an —zYn(w)‘
Thus
n—1
30(2) = 222 Yo ()| Y hu(2Jounw) — () + Dl 0} )]

k=1
Next we compute

z—w z+w)(op —w z—w)(w+ o,
o ZYn(w)D(z, w) = Lt w)(on —w) ;_w(()li z ) ) _ 1+ ( (an)—(z);w ).
Thus
Bn(2) = fn(w) + o [Va(w)$n(w) — Yo (w)gn(w)]
z—w [
+ 228 S ) [ wlaun)] |-
on —z| £
This is the first formula required. The second formula is proved similarly. O

‘We now can prove the invariance theorem.

Theorem 7.5 (Invariance). Suppose w € Cy = C\(TU{0}), and suppose that A (w)
is a disk with positive radius. Then Ao (2) is a disk with positive radius for every
z € Gy, and

Yol and Y lk(2)P
k=0 k=0
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converge locally uniformly in Cy as n — oc.

Proof. From Lemma 7.4, we know that with z,, = ¢, and y, = ¥, or vice versa, we
have, with the notation as in Lemma 7.4,

zZ—w

Tn(2) = Tp(w) + -

Yo (w) i Tk (2)arn(w)
k=1

zZ—w

+ [Va(w)zn(w) = Y (w)yn(w)].

Q, — 2

From the definition of ag,(w), it follows that

1 oo n—1

lasn(@)? <23 (9(w)P18n(w)[? + |1 (w) *[thn (w)|?)

1 n=1 k=1
<4 2 atw) i:j batw)l?) < oo

by Lemma 7.3. Now suppose that C is a compact subset of Cy. Then for arbitrary
z € C and w € Cy fixed,

n

M8

3
1
—
>
Il

z— zZ—w

w
o zYn(w) and o an(w)
are uniformly bounded, say
2w Yn(w)‘ <R; and £v Vn(w)‘ < R,.
O — 2 Qp — 2
Thus,
N 1/2 N 1/2 N 1/2
(S @) <( X kawl) +2( 3 lnw)P)
n=m n=m n=m
N 1/2 N | n-1 2y 1/2
+ Rz( > |wn<w)|2) + Rl( S Y arn(w)za(2) ) :
n=m n=m' k=1

For any 0 < € < 1, choose 1 < m = m(e, Ry, R2) such that

oo \ 2, o 1/2 .
—_— 2 —_—
(Zmwr) <z (Lmwr) <o%

and

(=% |a,m<w>|2)1/2 <L

n=m k=1
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Then
( élxn(z)l”) P e, [fm ( glaknw)l?) ( Zilm(z)l?)J "
<2+ i émk(zm) ( g;iilakn(wn?) :
<2t glwk(z)lz) v
< 2e+e( gyywk(z);?)l/2 +6C=: Ik (2)] )1/2.
Hence,

-0 S ten) g2 e( S encar)

n=m k=1

Because 377! |z (2)|? is a continuous function in C, there is an M,, > 0 such that

( $ ()7 " o,

k=1
holds uniformly in C. Thus,

N 1/2
() <@ yso,

k=m
From this inequality can be deduced first uniform boundedness and then uniform
convergence of Y vo o |zk(2)[% in C. O

We also can prove the analyticity theorem.
Theorem 7.6 (Analyticity). Let Axo(2) be a point. Then the limit
s(z) = nlg{.lo R, (z,7), z € C\T,
is an analytic function of z not depending on 7. Moreover,
Rs(z)
1—|2[?
Proof. By Theorem 7.1 (6), it follows that if A () is a point, then

Jlim. R,(z,7) = nll)ngo sn(2) = s(z)

>0, ze€C\T

exists and is independent of 7.

Obviously, sn(z) = Rn(z,7) is analytic for z € C\ T. Thus the analyticity of s(z)
will follow if the functions s,(z) are uniformly bounded in compact subsets of C \ T.
This is shown as follows. We know that

n—1 2'2'2

1= 5a(2) + ) [¥e(2) + sn(2)$s(2)]* = (sn(2) + Bn(N 71 T
k=1
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Thus,
n—1
_ 1422
Lt oaf? + 3 [+ ol = 50+ Sraes
or, using [s, + 3| < 2[5,
n—1
1+ |22
2 2 2
|3nl <1 + lsnl + ; |'¢}k + 3n¢k| S 2]Snl 1_—|z|2 .
Therefore,
1+ 2|2
|8n(z)| S 1— |z|2 .

Since the right-hand side is uniformly bounded on compact subsets of C \ T, the
analyticity of s(z) follows.
The last inequality is a direct consequence of Theorem 7.1 (4). d

8. The moment problem

We now are ready to approach the moment problem as was described in the intro-
duction. Thus, given the linear functional M, real and positive on R, can we find the
measure p, finite and positive on [—m, 7], such that

I Y A 71 ()] _ 0
M{;;}—,U,n—/_wwn(ew), n—O,l,....

Note that if u is a solution of this moment problem, then it is easily seen that M{f} =
ST f(e*)du(0) for all f € L. Thus p defines the linear functional M on the space £.
The functional M, however, was defined on the larger space R = £- L. Thus, strictly
speaking, to solve the moment problem, it would have been sufficient to define M on
L only. As we have seen however, our approach has relied heavily on orthogonality
properties, i.e., on the fact that we have a real and positive inner product, and that
is why we needed the functional M to be defined on R.

Another, more general moment problem, which could have been considered, is to
write the functional M as an integral against a positive measure y for all functions in
R = L- L (and not just for functions in £). Thus, M{f} = [7_ f(e?)du(9) for all
f € R. Then we should consider the problem of finding a positive measure p such
that the moment relations

M{ 1 }:,an:/ﬂ——#‘l"L nm=0,1,... (8.1)

WnWmas —n Wn(€0)wm(e®)’

hold. This moment problem indeed is equivalent to finding a positive measure u such
that

(hg)=M{fa} = [ F*)g@du(6), Vi g€ L. (8.2)

-7
We shall call this the moment problem in R = £ - £, while the previously explained
simpler form is called the moment problem in £. Note that the moment problem in R
prescribes also the moments p,0 = fn, which implies that a solution of the moment
problem in R will automatically be a solution of the moment problem in £. It is not
clear whether the converse is true in general.
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It was shown in [3] that the moment problem in £ has at least one solution. Since
the proof given in [3] is rather concise, we include it here in more detail. The arguments
which are made explicit in this proof also show why the same arguments do not lead
to a solution of the moment problem in R.

Theorem 8.1. Let M be a real positive functional defined on R = L - L and assume
that the sequence of orthogonal rational functions ¢, has infinitely many regular in-
dices. Then there ezists at least one measure u on T which solves the moment problem
in L, i.e., which satisfies (8.1).

Proof. The proof is based on the fact that the discrete measures p representing the
quadrature formulas

k [
Y () Ei(m) = [ f(€®)dun(6)
i=1 -

which are in Ri_1, and hence also in £;,_;. They are uniformly bounded by M{1} =1,
and hence, by Helly’s selection principle, the sequence {u;} will have a convergent
subsequence ;) — . Next we prove that such a p solves the moment problem in

L, ie., that
M{l}: dp(6) n=0,1,....

wn S Jn wn(e®)’
For n = 0, we can apply Helly’s convergence theorem since 1 is a continuous function
on the interval [—m, 7]. Thus it remains to prove this for n > 0. Fix n > 0. We denote
the elements of the subsequence k(j) by k for simplicity. Note that for n > 0, we
cannot simply apply Helly’s convergence theorem because the w;, ! are not continuous

on the interval I = [—m,7]. However, consider any subset J C I which does not
contain the ai,...,a,, then w;! indeed is continuous on J, and this means that we
can find a k = k(j) large enough such that for a given € > 0,
dp() — duk(0)| _ €
—_—— < 8.3
/J wn (i) < 3 ®.3)

On the other hand, for k = k(j) > n,

/ dp(0) / W (€9)dpi ()
I-J wn(ew) -7 lwn(e?)]?

dui ()
-7 lwn(e®)|?

’ < max [wp, (¢”))|

. 1
< Wy ()| M .
= IIn_a;c| ne ()] {wnwn*}

We always can choose J large enough such that the maximum of |wp.| in I — J is
arbitrarily small. Because M {[w,wn«] "'} is finite, it follows that for any € > 0, we
can make J large enough to satisfy

<z (8.4)

/ dux(9)
-y wn(e®)| "3

Note that this holds for any k > n, i.e., J is independent of k. Next we want to show
that J also can be made large enough to satisfy

/ dp(0)
1—7 wn(€%)

€

€

3 (8.5)
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To obtain this, we consider sets Jp, none of which contain a4,..., o, and such that
Jq C Jp for p>gand U, Jp, = I\ {a1,...,a,}. Note that for k = k(j) > n and for
any p

/ dp(0) _ [ du(8) — dpx(6) dpr,(0)
5, wn(€®) Jy,  wn(€?) 7, wn(€¥?)

Thus, if p > g and k > n, then

du(6) — dux (0 du (0

Jp—Jg wn(€*) Jp—J. wn(e?) Jp—Jg wn(€*)

By (8.4), there are always p and ¢ large enough such that for any n > 0,

duk(0) | _ m
—=| < = 8.7
/J,,—Jq wn () 2 ®.7)
for all large k. By (8.3), we can make k so large that for any > 0,
du(6) —dp(0)| _n

/JP—Jq o (&) < 5 (8.8)

By combining (8.6)—(8.8), we see that it is possible to make

du®) [ du®)
/an(ew) /J won(e®y| <"

(/%)

is a Cauchy sequence so that the limit for p — oo (which is easily seen to be equal to
the integral over I) exists, thus for any € > 0, there exists a p large enough such that

du(0) _ [ du(®)
Jp wn(€*) 1 wn(e®)
which proves (8.5). Finally, by (8.3)—(8.5), .

dp(0) — du(6) dp(6) du(0) dux(0) — du(6)
\/[ Wn(ew) = /I_J wn(eie) * \/I—J wn(ew) * /:I wn(ew)

because each of the terms on the right-hand side can be bounded by €/3. Thus,

e =) = e

This proves the theorem. O

for any n > 0. This means that

€

3’

<€

We now use our framework of nested disks to obtain information about the unique-
ness of the solution. Let us denote the set of solutions of the moment problem in £
by M¥, and the set of solutions of the moment problem in R by M®. Then we have

Theorem 8.2. Assume that the sequence of orthonormal functions ¢, has infinitely
many regular indices. Hence, M* # @&. Fiz 2 € C\'T, and define for p € M~ the
Riesz-Herglotz transform

0u(2) = [ D, 2)du(6).

-7
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Then
{Qu(2) : p € MR} C Ago(2) C {Qu(2) : p € MEY.
Proof. Let s = Q,(z) for some u € M™. Note that the system {¢,} is then orthonor-

mal with respect to the inner product defined by the measure u. Let f(2) = D(t, 2),
t € T. Writing the generalized Fourier series of f(z) as

f(z) ~ iwk(z), e = (f, Px)
and then using =
w= [ DEAB@u),  and
it turns out that 7, = s and 7, l Yr(2) + spr(z) for k > 1 because

T = :r D(t, z)pr(t)du(8)
= [ D 2or(®) - Se(Ndw(®) + S (D(2), ¢ =P

—-T

On the other hand, it can be shown that for t € T

1+ 2|2 e

D =
I—MJ (t2) + D(t, 2)]
Using Bessel’s inequality, it then follows that

E Ivel® = [s|* + § [e + s¢p|> < —1+ ——=(s+3),
k=0

2
k=1 I I

=|D(t, 2)*.

-1+

which can be rearranged as

|1“3|2+Z|¢k+3¢kl2 ‘ °

2
2 ~ 74

(s +3).

This means that s € A (2).

Next, it is shown that if s € Ay (2), then s is the Riesz-Herglotz transform of some
p € M¥~. This is readily shown by using the quadrature formulas we have discussed.
We consider the limiting point and the limiting disk cases separately.

If Ao (2) is a point, then since s € Ao (), there must exist s, € Ky(z) such that
Sn — 8. Since there is for each n, some 7, such that

™
Sp = Rn(z,7a) = D(e%, 2)dun (6).
-
Helly’s selection criterion then yields that there is a subsequence u,(;) — u. By the
proof of the previous theorem, u € M¥, and by Helly’s convergence theorem
™ ™
lim D(t, z)dpn(;)(0) = D(t,z)du(f) = s.

j—>°° - -
Thus s is the Riesz-Herglotz transform of a u € M¥~.
If A (2) is a disk, let s be a point on the boundary K (2). Recall that for a fixed

n, we can, except for finitely many values of 7, associate a quadrature formula with
R,(z,7). Let us denote the discrete measure that is associated with this quadrature
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by pn(-,7). It depends on n as well as the choice of 7. For every regular index n, we
then can choose an s, € K,(z) such that s, tends to s and such that s, = Q,,(z),
where p, = pn(-,7,) and where 7, is chosen such that s, = R,(z,7,). By Helly’s
theorems and the proof of the previous theorem, there exists a p € M¥* such that
Qu(z) =s.

Thus every s on the boundary Ko(2) is of the form €,(z) with u € M*. Now let
s be an interior point of Ay (2). Then s is a convex combination s = As; + (1 — A)s2
(0 < XA < 1) of points 81,82 on the boundary Koo(z). Thus there exist p1, us € M~
such that

sj = D(t,2)du;(0), t=e".

-7

Thus g = Ay + (1 — A)pg € MF and s = Q,(2). O
Now the following corollary is obvious.

Corollary 8.3. In the case of a limiting disk, for each s € Ay (z), z € C\ T, the
moment problem in L has infinitely many solutions.
In the case of a limiting point, a solution of the moment problem in R is unique.
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