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UNIFORM L; BOUNDEDNESS OF SOLUTIONS OF HYPERBOLIC
CONSERVATION LAWS

Tai-Ping Liu and Tong Yang

ABSTRACT. In this paper, we study the L, stability of perturbation of constant
states for 2 X 2 systems of conservation laws. We introduce a nonlinear functional
which is equivalent to the L; norm of the difference between the constant state and
the approximate solutions consisting of elementary waves and is non-increasing in
time for the limiting weak solution. This yields the L1 stability of the constant
states. The approximate solutions are constructed with the aid of wave tracing for
the random choice method. Our functional reveals the aspects of nonlinear wave
behavior, particularly the coupling of waves pertaining to different characteristic
families, which affects the L1 norm of the solutions.

1. Introduction

Consider the initial-value problem for the 2 x 2 system of conservation laws,

Ou  Of(u) .

= = >0, — .
8t+ o 0, t>0, —co <z < 00, (1.1)
u(z,0) = uo(x), —00 < & < 00, (1.2)

where u and f(u) are 2-vectors. We assume that the system is strictly hyperbolic,
i.e., the matrix 0f(u)/Ou has real and distinct eigenvalues A\;(u) < A2(w) for all u
under consideration, with the corresponding right eigenvectors r;(u), ¢ = 1,2. Each
characteristic field is assumed to be either linearly degenerate or genuinely nonlinear
(see Lax [6]), i.e., 7i(u) - VAi(u) =0 or r;(u) - VAi(u) #0,1=1,2.

The purpose of the present paper is to study the L; boundedness of solutions of the
initial-value problem (1.1) and (1.2). Our approach is to find a nonlinear functional,
which is equivalent to the L; norm of the weak solutions and is non-increasing in time.
This functional reveals the aspects of the nonlinear wave behavior which affects the
L; norm of the weak solution.

Our analysis is based on the approximation of general solutions by the solutions
of Riemann problems through the random choice method, Glimm [3], and the wave
tracing method, Liu [7]. In Section 2, we describe a slightly modified version of the
wave tracing scheme and the analysis of wave interaction and cancellation. In each
small time strip in the wave tracing scheme, the approximate solutions are reduced
to a linear superposition of nonlinear waves propagating with constant strengths and
speeds. Therefore, the family of these simplified approximate solutions in the small
time strip can be viewed as a linear superposition of a family of step functions. A
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functional for the original approximate solutions is introduced and is equivalent to the
L; norm of these approximate solutions. The functional depends on the wave location
and strengths at a given time ¢t. We show that there exists a corresponding functional
for the simplified approximate, linearly superposed solutions. The later functional is
shown to be the sum of a non-increasing functional plus an error term in each small
time strip. The total sum of the error terms for any fixed time T' will be shown to
approach zero as the grid size goes to zero. Hence by comparing these two functionals
across a set containing a countable number of times, it follows that the first functional
is also a sum of a non-increasing functional and has an error which approaches zero
for any fixed time T' as the approximate solutions tend to the weak solution. Since
the functional is equivalent to the L; norm of the difference between the approximate
solutions and the constant state at any time ¢, the L; stability of the constant state
follows.

In recent years, there has been much progress on the well-posedness of the weak
solutions for systems of hyperbolic conservation laws. In [1], Bressan et al. develop a
new algorithm for 2 x 2 systems based on the wave front tracking method, which yields
a Cauchy sequence of approximate solutions converging to the exact weak solution.
By homotopically deforming one solution to the other, they construct a Riemann
semigroup and show that the limit functions depend continuously on the initial data
in the L norm. In [2], the result is extended to a general n x n system of hyperbolic
conservation laws which is either genuinely nonlinear or linearly degenerate. Our
new approach is to find a non-increasing functional which depends only on the wave
strengths at any time ¢ and is equivalent to the L; norm for the difference between the
weak solutions. This would yield some understanding of the direct effect of nonlinear
waves coupling on the L;(x) difference of two solutions. We have succeeded for 2 x 2
conservation laws when one of the solutions is a constant state. The general situation
is being pursued by the authors.

2. Wave tracing

The following theorems hold for general n x n systems (1.1), but we state them only
for the 2 x 2 system.

Choose any mesh lengths r and s, £ bounded, which satisfies the Courant-Friedrich-
Lewy condition:

for all u under consideration. The approximate solution u,(z,t;a.,) is constructed
inductively according to a prechosen random sequence {am}3_;, 0 < am, < 1, in the
following way: Set

ur(z,0;am) = uo(ir)  forir<z < (i+1)r.
Suppose that u,(z,%;an) is defined for ¢ < js. Then, we set
Ur (@, J8; am) = ur (1 + 14 a;)r — 0,75 — 0;am), ir<z<(i+1l)r

forany ¢ =0,1,2,.... Thus, u,(z,js;an) is a step function of x with possible discon-
tinuities at (ir, js). We then define u,(z,t;am), js < t < (j + 1)s, by resolving these
discontinuities, so that in the zone js < t < (j+1)s, the approximate solution is exact
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and consists of elementary waves issued from (ir, js). When u is in a small neighbor-
hood of a constant state, the existence of a solution resolving the discontinuity was
proved by Lax [5] using the implicit function theorem.

For simplicity, we assume that the system (1.1) is genuinely nonlinear. The cases
when one or two of the characteristic fields are linearly degenerate can be treated
similarly. The rarefaction curve R;(uo) is the integral curve of r;(u) through ug, and
the shock curve S;(uo) is the Rankine-Hugoniot curve which is tangent to R;(uo) at
U, i.e., for any u € S(uy),

(v = up)o(u,uo) = f(u) — f(uo),
for some o(u, up), the shock speed, which satisfies

Jim o (u, up) = Ai(u).

These curves are divided into

R (uo) = {u € Ri(uo)Xi Z i(uo)},

55 (uo) = {u € Si(uo)lo(u, uo) 2 As(uo)}-
A state u can be connected to ug on the left by an i-rarefaction (or i-shock) wave
if u € R (up) (or u € S; (up)). The shock wave (u,up), u € S; (ug), is stable in

the sense of Lax: X;(up) > o(u,ug) > Ai(u). The Riemann problem (u;,u,) is an
initial-value problem for (1.1) with two constant initial states:

u;, forz <0,
u(z,0) =
(2,0) {ur, for z > 0.
It is solved by finding vectors u;, i = 0,1,2, ug = u, ug = uy, ug € Sy (uo)URT (uo), so
that the solution consists of elementary i-waves (u;—1,u;), ¢ = 1,2. For any parameter
i along S;” U R}, we set the strength of the i-wave in (u;,u,) as
(ur, ur)i = pi(ui) = pi(ui-1),  i=1,2.

We always choose u; so that shock waves have negative strengths and rarefaction
waves have positive strengths. The following theorem on wave interaction is due to
Glimm [3].

Theorem 2.1. For any nearby states uj, Um, u,, there exist bounds O(1) depending
only on the system (1.1), such that

(ul, ur)i = ('Url, um)i + (uma u'r)i + O(I)Q(ula Um, ur), 1=1, 2» (21)

where Q) measures the potential amount of interaction and is defined as follows:
A j-wave on the left interacts with a k-wave on the right if either j > k or j = k
and at least one of the waves is a shock wave. We set

Q(ulaumaur) = Z(ul,um)j(umaur)ka
ik
the summation being over all interacting waves.

For any given sequence {am}se_;, the (z,t)-plane consists of diamonds A;; with
center (ir, js) and vertices ((i+a;-1)r, (j —1)s), ((i = 1+a;)r, js), ((i+1+a;)rjs),
and ((i + aj41)r, (j +1)s). An I-curve is a space-like curve connecting vertices of the
above form. An I-curve Js is an immediate successor of the I-curve J; if J; and Jo



342 LIU AND YANG

pass through the same vertices except two and J; lies toward larger than J;. The
waves entering each diamond A are solutions of two Riemann problems, say, (u;, 4m,)
and (um,ur). We denote by Q(A) = Q(ui, um, ur) the amount of interaction in A and
Ci(A) = 2(|(ut, m)s| + | (m, ur)i| = | (w2, Um )i + (U, ur)i|) the amount of cancellation
in A. Thus, (2.1) can be rewritten as

[(uy ur)il = |(ws um)il + [(um, ur )il + Ci(A) + O(1)Q(A).

The following theorem on wave interaction and cancellation is due to Glimm [3] and
Glimm-Lax [4].

Theorem 2.2. Suppose that the initial data (1.2) has sufficiently small total variation
TV. Then,
(a) total variation {u,(-,t)| —co <z < 00} < 2TV, for all t,
(b) @ =24 Q(A) <2(TV)?,
(€ C=2ACA) STV +Q,
(d) F(J2) = F(J1) < = 2 A(C(A) + Q(A))
where Jo is an immediate successor of J1, and A is the diamond between J; and Jo
in (d), and F(J) = L(J) + KQ(J) where
Q(J) = Z{ lab| | a and b are strengths of interacting waves crossing J },
L(J)= Z{ la| | a is the strength of wave crossing J },

and K is a large constant.

In our discussion, we need to assume that the random sequence a = {a;,, }%_; is

equidistributed in (0, 1), that is,
. B(a,k,I) _
dim, === = u(l)

for any subinterval I of (0,1). Here B(a,k,I) denotes the number m, 1 < m < k,
with ap, € I, and p([I) is the length of I.

For any small ¢ > 0, let N = % and M be large integers. We divide the interval
(0,1) into N subintervals with equal length e. Let {I;}¥, be the collection of unions
of any such subintervals. We set

B(am—(p—l)M7 Ma I‘L)
6= su ( %

- (1), (22)

1<p<N,1<i<2N

which tends to zero as M — oo for any fixed N.
For any fixed time T', we choose M such that

(N-1)Ms<T < NMs.
Note that for each fixed N,
M — 00, NMs<2T, and Ms<Te,

as the mesh length s — 0.
We will partition the elementary waves in the following way. Consider elementary
waves (ug—1,ux), issued from (ir,js). If (ug—1,ux) is a k-shock wave, k = 1,2, then
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we choose any vectors o, Yi,---, Yl Yo = Uk—1, YI = Uk, Yn € S (Ur—1), Me(yn) <
Me(Yn-1), h=1,2,...,1, and set
vp (i, 4) = Yn — Yn-1, (2.3)
Xe(3,5) = o (wp—1,ux). (2.4)
If (ug—1,ur) is a k-rarefaction wave, we choose vectors Yo, y1,..-,Ul, Yo = Uk—1,
YI = Uk, Yn € R (up-1), Ak(¥n) > Me(yn-1), h=1,2,...,1, and set
UI’:(Z’]) =Yh — Yh-1, (25)
Mk (i,5) = Mhn-1)- (2:6)

In the latter case, we require that
M (yn) = Myn-1)| <6, R=1,2,...,1

and, to make sure that {v}(i,j)} is not further partitioned at ¢t = (j + 1)s, we also
require that

aj41 & Me(yr-1)s Akn), h=1,2,...,1L
The following theorem is due to Liu [7].

Theorem 2.3. Suppose that the total variation TV of the initial data (1.2) is small.
Then for any equidistributed sequence {am}5o_, in (—1,1), there exists a partition of
elementary waves {vl(,5), \i(3,5)} which satisfies (2.2)-(2.5). Moreover, {v}(i, ),

A4, §)} is a disjoint union of {OP(i,5), \2(i,5)} and {3P(i,5), \e(i,5)}, so that for
any j, (p— )M < j <pM,pe {1,2,...,N}, the following hold:

@) X nk |97 (3, 7)| < [Q(Ap)+C(Ap)] and there is a one-to-one correspondence between
{0}(6,9), M (0, 9)} and (TR (6, (p = M), A (i, (p — 1)M)}:
@k (i, (p = M), A (G, (p = M) & (Bk(i5,9), M i5,9))s
such that
(i) 3k TR G (0 — 1)M) = 5(i5,5)] = O(1)Q(A),

() S 5206 (0= DAD) - max (E(i5,5) = MGG, (o = DM)| =O()Q(A),

(iv) i =4 < |5 — (p - 1)M].
Here the bounds of O(1) are independent of i, j, r, and Ap is the zone (p — 1)Ms <

t < pMs. Furthermore, the approzimate solutions converge to an exact weak solution
of (1.1) and (1.2) as s — 0.

In order to estimate the derivative of the functional to be introduced in the next
section, we now define a new, simpler wave pattern in A,, p = 1,2,..., N. Choose a
subset of {#(i,7)}, (p — 1)M < j < pM, denoted by {}(i,5)}, with corresponding
wave speed {\!(i, )} satisfying the following conditions:

(i) there is a mapping from {3}(4, §), \e(i, )} to {#f(, (p — 1) M), e (i, (p — 1) M)}
(O (5, 5), M6, ) = (Th (g, (0 — M), e (i35, (p — 1) M),

such that

(ii) if 4; < 4, then 2 < 4, and the equal sign holds only when j = pM,
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(1) 325, 9% (35, (p — M) = 5 (6, )| = O(1)(Q(Ap) + C(Ap)),

(iv) 3; h e maX(ponymr<i<on [T (6 I (G 5) = Mp (g, (p = DM)] = O(1)(Q(Ap) +
C(AP))7

(v) i =41 < |j — (0 — 1)M], and
(vi) let {vf (3, 5), Mei, NP0, 9), Me(i, 9)} = {B(6,5), A2(i, 5)}, then
D 1ok, 9| < O(D)[R(Ap) + C(Ap)]

i,h,k

where the bounds O(1) are independent of 4, j, and 7. The existence of {3} (3, ),
Al (i,5)} can be obtained by eliminating the waves in {4} (s,7), Ak(i,7)} which are
cancelled in A,.

We denote by [(9(i, 7)) the straight line connecting the grid points of {o}(s,4)}
when j = (p — 1)M and j = pM, and its slope by A\*(9f(i,5)). Our simplified
approximate wave pattern in A,, denoted by {o2(3, (p—1)M), A\*(92(4,5))}, is a linear
superposition of a family of step functions with the property that across each straight
line [(@} (4, 5)) the difference of the right and left states is {3} (i, (p — 1) M)}.

According to the partition of the elementary waves and Theorem 2.3, we know that,
for {57 (i, (p — 1) M), A*(82(4, 7))}, the following estimate holds:

D kG (p—1M|  max - IN(i0) = AT (k(09))]
i,h,k

<O()(Q(Ap) +C(Ap) +TVS)

where 0 is defined in (2.1). The term O(1)TV§ is due to the equidistribution of the
random sequence {a, }33_; for (p—1)M < m < pM and the wave speed A?(i, j) being
replaced by the slope of I(v} (i, 7).

3. Functionals and the main theorem

Without loss of generality, we assume that the constant state is zero and the initial data
uo(z) belong to Li(R). As is well known, there exists a pair of Riemann invariants to
the 2x 2 system (1.1). The i-th Riemann invariant is constant along the curve R}" (uo),
1,7 = 1,2, 1 # j. We will use the 7-th Riemann invariant to measure the strength of
the i-th wave, and we use a and (3 to denote the 1-wave and 2-wave, respectively.
Without any ambiguity, a and § denote the waves as well as their strengths.

In the Glimm scheme, the waves are partitioned using the wave tracing method as
shown in Section 2. For any time ¢, the Riemann invariants are step functions of the
spatial coordinate z. For convenience, the secondary strength of an i-wave measured
by the j-th Riemann invariant, j # ¢, is denoted by & and B, respectively. Since the
rarefaction curve R*(up) and the shock curve S~ (up) have second contact continuity
at u = ug, we have

Al Oa (¢ 2 Oa A O /8 2 Oa
= {0(1>|a|3, a<o, = {O(I)IﬂP p<o 1)

Before defining the functionals which are equivalent to the L; norm of the approximate
solutions, we now introduce some notations. For any time 0 < ¢t < T, we denote the 1-
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and 2-waves from left to right by a;(t) and f;(t), respectively, and their correspond-
ing = coordinates are denoted by z,(;) and zg,s). Let l;; t) = (wai(t), To, +1(t)) N
(€8;(t)> Tg,41(¢)) and, without ambiguity, also its length. On each /; ;(t), the Riemann
invariants are independent of z, and its 1st and 2nd Riemann invariants are denoted
by ~;;(t) and v ;(t), respectively. Now we define the following functionals for u,(z, t),
0<t<LT:

L) =3 (@l + i @) s @),
(4,4)
Q)= 3 01 2 len 1250+ 3 b 011801 0
(4,4) k2i+1 (4,9) k<j
Qs(t) = > (i O + it O3 (),
(4.4)
H(t) = L(t)(1 + k1 F(2)) + k2(Qs(t) + Qa(t))
where the summations are over all possible (¢, j) at time ¢, F'(t) is the Glimm functional
defined in Theorem 2.2, and k;, ke are positive constants to be chosen later.
In Section 2, we have defined a simplified wave pattern {o}(i, (p—1) M), A\* (9 (3, 7)) }-

For these approximate solutions in the region A,, we define the corresponding func-
tional, L(t), Qa(t), Qs(t), and H(t) by

L(t) = Y (B @) + 5 @OD,4 ),

(4,5)
Qu) =3 w:j(m( ) lak(tn)z‘i,j(t) £ 3 by ) (Z |Bk(t)|)i,~,j(t>,
(4,9) k>i+1 (4,4) k<j

Qs(t) = Z(I"r;,j @)1 + 75 (0PG5 (8),
(4,3)
H(t)=Lt)(1+ k1 F((p — 1)Ms)) + k2 (Qs(2) + Qa(2))

where (p—1)Ms <t < pMs,p=1,2,...,N, and the summations are over all possible
(4,7) at time ¢. In the above, we have used &;(t), B;(t), l;,;(t), and ﬁfj to denote the
corresponding 1-wave, 2-wave, z interval, and the Riemann invariants on l_i,j (t) in the
simplified wave pattern, respectively. Notice that the form of H(t) differs slightly from
that of H(t) in that the Glimm functional F(t) in H(t) is fixed at the beginning of
the time (p — 1)Ms.

Now we can state the main lemma in this paper; its proof will be given in Section 4:

Main Lemma. Suppose that the total variation of the initial data TV is sufficiently
small, and uo(z) € L1(R). Then there exist constants k1 and ko independent of T and
s such that

H(pMs—0)— H((p— 1)Ms +0) < ce(A,) M, p=12,...,N, (3.2)
where e(Ap) = Q(Ap) + C(Ap) +d +e.

Hereafter ¢ denotes the generic positive constant which is independent of T' and
s. In order to prove a similar estimate for the functional H(t) for the approximate
solutions constructed by the wave tracing method, we need the following lemma.
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Lemma 3.1. Under the conditions of the Main Lemma, there ezists a sequence
{e:}N., such that

H(pMs) — H(pMs - 0) < &5, (3.3)

H(p—-1)Ms+0)-H((p—1)Ms)<e,, p=12,...,N, (3.4)

and
N
Zsi—>0, as N — o0

where €, = (Q(Ap) + C(Ap))Ms.

Proof. We prove (3.3) first by estimating H(pMs) — H(pms — 0) as the sum of I, I,
and I3 below. The mostly linear part is

I = L(pMs)(1 + k1 F(pMs)) — L(pMs — 0)(1 + k1 F((p — 1) Ms))
= (L(pMs) — L(pMs — 0)) (1 + k1 F((p — 1) Ms))
+ k1 L(pMs) (F(pMs) — F((p — 1)Ms)). (3.5)

By Theorem 2.3 and the definition of {3}(3, (p — 1)M), A\*(92(3,5))} in A, the
difference between L(pMs) and L(pMs — 0) is due to the wave family {v}(i,pM),
A2 (3,pM))} minus {92(i, (p — 1)M), A*(5P(i,5))} at t = pMs. By the discussion
toward the end of Section 2, the total strength of the remaining waves is controlled
by O(1)(Q(Ap) + C(Ap)), and, at time ¢ = pM — 0, the z-coordinate of any wave
op(i,pM) € {BP(i,7)} is the same as the one for #}(i,pM) € {v}(i,5)}. Due to the
finite propagation of the hyperbolic waves, the z-interval of each of the remaining
waves in {v} (i, 7)\{o2(i, (p — 1)M)} at time ¢ = pMs which affect the L(pMs) is
controlled by O(1)Ms. Therefore,

L(pMs) — L(pM's — 0) < c(Q(Ap) + C(Ap)) Mss. (3.6)
By Theorem 2.2 (d), we have
F(pMs) - F((p— 1)Ms) < ~(Q(Ay) + C(Ay). (3.7)
Hence, combining (3.6) and (3.7) yields
I < e(Q(Ap) + C(Ap) Ms — k1 (Q(A) + C(A)) L(pM:s). (3.8)

Next we estimate the difference between Q4(pMs) and Qa(pMs — 0). We denote
the finer partitions containing all I, 4 N Iy by I 3,j» and the correspondmg Rlemann
1nvar1ants of {vl'(i,pM), X2(i,pM)} and {5} (i, (p — 1) M), X\*(32(i,4))} on I; ; by 7 ”y”

and 'yi’j, respectively. Then
I; = Qa(pMs) — Qa(pMs — 0)

= S {ri(S i) +hi (el i

(3,4) k<j k>i+1
- Z{Iml(z 'B’CO + Iﬁf,rk'( Z @cl) }[l,k
(k) p<k p>l+1
= S { S el - B + 32 Iaulli) - R fhs
(8.3) “k<i k>it+1
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+ it (8- S0 ) + s (3 1= 3 1)}

(4,4) k<j k<j k>it1 E>it1
(3.9)

The sum of the first two terms of (3.9) is controlled by ¢T'V(Q(Ap) + C(Ap))Ms
as discussed in estimating I;. For the sum of the last two terms, the difference be-

tween Ekgj 1Bkl Dkitl |éx| and Zkgj |Bkl, Zkz'z’+l |ax| is due to replacing {v (i, 5),
M@, )} by {8k, (p— 1) M), \*(8}(4,5))} at t = pMs. Since the total wave strengths
of the difference between {v}(3,s), A(3,5)} and {90(s, (p — 1)M), X\*(3}(4,4))} at
t = pMs is controlled by O(1)(Q(Ap) + C(Ap)), the sum of the last two terms is
controlled by O(1)(Q(Ap) + C(Ap))L(pMs). Therefore,

I < CTV(Q(Ay) + C(Ap) Ms + c(Q(Ap) + CA)L(GMs).  (3.10)
Since Q,(t) and Q,(t) depend on 'yfj, l;,; and "yii,j, l; j, respectively, as discussed in
estimating L(pMs) — L(pMs — 0), we have
Iy = Qs(pMs) — Qs(pMs - 0)
< cITV(Q(Ap) + C(Ap))Ms. (3.11)
Combining (3.8), (3.10), and (3.11), we have
H(pMs) — H(pMs - 0) < c(1 + kaTV)(Q(Ap) + C(A,)) Ms
+ (ck2 — k1)(Q(Ap) + C(Ap)) L(pMss).
Therefore, if we choose k; and ks satisfying
ki > cka,  koTV <ec, (3.12)
then
H(pMs) — H(pMs —0) <¢,

where g, = c¢(Q(Ap) + C(Ap))Ms.
Similarly, we can show that

H((p-1)Ms+0)-H((p—1)Ms)<e, p=12,...,N. (3.13)
From Theorem 2.2,

N
>_ci =c(Q(Ay) + C(A,))Ms

<c(4TV)2+TV) %

Hence as N — oo, we have Zf;l g; — 0. This proves Lemma 3.1. d

We now state and prove our main theorem.

Theorem 3.1. Under the hypotheses of the Main Lemma, for the exact weak solution
of (1.1) constructed by the wave tracing method, there exists a constant G independent
of time such that

lu(z, )L, < Gllu(=, )|,
forany s, 0<s<t<oo.
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Proof. Without loss of generality, we will show that ||u(z,T)||z, < G|lu(z,0)||z, for
any time T'. By the Main Lemma and Lemma 3.1, we have

H(pMs —0) — H((p — 1)Ms +0) < ce(A,)Ms, (3.14)
H(pMs) — H(pMs - 0) < ¢, (3.15)
H((p—1)Ms+0)-H((p—1)Ms)<ep, p=12,...,N. (3.16)

Summing up (3.14)—-(3.16), we have
H(pMs) — H((p — 1)Ms) < 2ep + ce(Ap) M S, p=12,...,N. (3.17)

Summing (3.17) with respect to p from 1 to N yields

N
H(T) < H(0)+2) &i+c(Q+C)Ms+c(6+€)T.
i=1
As N — oo, by the definition of § and €, we have § — 0 and ¢ — 0. Hence by Lemma
3.1, we have, for any fixed T,

N
2> ei+c(Q+C)Ms+c(6+€)T =0
i=1
as N — oo.

Note that for any fixed M and N, the functional H(t) is equivalent to the L;
norm of the approximate solutions {u,(z,t)} constructed by the wave tracing method.
Moreover, by Theorem 2.3, the approximate solutions {u,(z,t)} converge to an exact
solution locally in the Ly norm. Consequently, there exists a constant G independent
of T and s such that

lu(z, T)||z, < Gllu(z,0)|L,-
This completes the proof of the Theorem. O

4. Proof of the Main Lemma

The following proof of the Main Lemma stated in the last section contains the main
idea of the construction of our nonlinear functional H(t).

Proof of the Main Lemma. In the simplified approximate wave pattern {o}(s, (p —
1)M), \*(3}(3,5))} in Ap, p=1,2,..., N, defined in Section 2, the approximate solu-
tions are linear superpositions of a family of approximate nonlinear waves represented
by straight lines. By the definition of I(@} (3, j)), they will not cross each other with
the same k, k = 1,2, inside the region A,. And H(t) is a continuous functional with
respect to t € ((p — 1)Ms,pMs),p=1,2,...,N.

Since the initial data ug(z) is in Li(z), we can assume for convenience that uo(z)
is zero outside a large interval [—X, X]. Thus in the region A,, there are finite inter-
section points between I(3(i,7)). Hence & H(t) is well-defined except for a set of a
finite number of times for any fixed N and s. In the following, we show that when N
is sufficiently large, there exists an upper bound for %E’ (t) where it is defined, whence
an upper bound for H(pMs — 0) — H((p — 1)Ms + 0) follows.

Following the notation of Section 3, we consider the region (p — 1)Ms < ¢t < pMs
where a‘%f] (¢) exists.
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Step 1. Estimate 2 L(t).

Without any ambiguity, we still call the discontinuity across [(o} (i, j)) the k-wave,
k = 1,2, denoted by o; and B;, respectively. On each [; ;, the Riemann invariants fyz?‘fj
can be represented by {a;} and {8;} through telescoping:

J=Zak+ZBl¢, 'Y;,-j=2ﬁk+zéék- (4.1)

k<i k<j k<j k<i

Between two consecutive 1-waves o; and «;4+1, we denote the 2-waves from left
to right by 8;;, j = 1,2,...,n,,. Similarly the 1-waves between two consecutive
2-waves 3; and ;11 are denoted by «;;, j = 1,2,...,n5,. When j = 0, there are
no such waves. Now we define a sequence of waves {&;} and {3;} on I(9}(3,5)) and
1(9k(i, 7)), respectively, as follows: {&;} is defined inductively from left to right &,
is an approximate 1-wave on the same line [(9}(i,j)) as a; with left state Zk 1 O
where &; = oy + Z] § Am Similarly, ,Bi is an a.pprox1mate 2-wave on the same
line [(35(3,7)) as B; with left state Y4 1:3k where ,6’ =B+ Z o4 @ ;. For con-

venience, we introduce some more notation: We denote the approx1mate waves in
{op(i, (p— 1)M), \*(9}(i,4))} on the left and right of I; ; by 6! ; ; and 6] ;, respectively.
These waves {0} ;} and {67 ;} are denoted, from left to right by {67}, and the Rie-
mann invariants of the right state of 8P are denoted by 'y;,h. In particular, the ’Y;,L ; of
the left state of o; is denoted by 77}, and 7;; of the right state of 3; is denoted by
Vp:: _

By the definition of L(t), we have

d - d-_ d -
d—tL(t) =L (t) + EL‘*(t)

Where %‘Ei( Z(z,g) |’Yz |(A(9 ) )‘(0(3 J)))
Now we estimate the ﬁrst term on the right-hand side:

9I-= z vz [ONB75) = A6 )

Moy

-2

% j=1

i—1

Zak+az+2ﬂzk

(A" (Bij+1) — X" (Bis))

(A" (@i+1) = A (Bijna,)) +

o) - A*(ai))}

< Z{ Z Zak (N (Bij+1) — X*(Bi ) + Z 1Bi el IN (Bi 1) — A (Bix)|
i i=1 k=1 k=j+1
+ 1D | (A (ig1) = N (Bina,) + | D G| (N (Bi1) — M (e4))
k=1 k=1

Na;

3 BN (i) - A*(am}
j=1
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<2{2
S;ki;l&k

Consider the scalar conservation laws

re + A1 (r, 0)rg = 0. (4.3)

L

(¥ (o) = X (@) +O) Y161}

ar

(A*(@ig1) = A(ai)) + O(1) Z 1Bil- (4.2)

Ha wave of (4.3) has left state Zk _; 0 and right state ZZ=1 &, we denote this wave

by [S52h Gk, Sh_q &) with p;() as its corresponding wave speed. Since Y50 | &, =
0, by the Ly contraction of scalar conservation laws [8], we have

i
PBIBLE
k=1

i
The error term c¢T'Ve is due to partitioning the rarefaction waves into small sub-waves
with strength of order e.
By the construction of {#} (i, (p — 1) M, X\*(32(3,5))}, we have

IN (1) = pa(@)] < e(lva, | + losl® + Q(Ap) + C(Ap) + )

+c(2 b1+ 3 1ai) (45)

les(t)

(Hit1(@) — pi(a)) < cTVe. (4.4)

where the last summation is over all 2-waves 8; which cross [(«;) between (p—1)Ms <
7 < t. Therefore,

FaCE yROIC

i+1

> an|+
k=1

i+1
+ W) =@l 3| - +0(W 3 1A
<cz(|val|+|az|2+zwz|+czm )+C(Ap)+5+ > 1al)
leS(t)

(Jes + S 18d) + 00 1B +eTVe
< oD leulndl + A +fas) + ey (46)
Similarly, we have
LL5 0 < e I8l + e 30 + 1B +ce(dy) @y
Combining (4.5) and (4.6), zwe have Z

—L(t) <CZ |l 17| + 1Billv, | + 1] + 16i]) + ce(Ay). (4.8)
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Step 2. Estimate £Qq(t).
By the definition of Q4(t), we have

d = d = d =
2 0ut) = $070)+ 205 (49
where Qj (t) = Z(w W (Zksian lokl)li; and Q7 (8) = 20 5y i1 ( Xke; 181 bis-

We now estimate Q7 (t); £Q (t) is similar.

790= b (S 1o, - 2k,

(4,5) k<j
=) \ﬂzl( D il - )\(9{,-)).
l (3,5).521

If we denote the first 1-wave on the right of 3, by a,, and use the estimates (4.1),
(4.4), and (4.5), we have

LHCE)Y 5 &

i>pg

i
PIL

k=1

(A*(@ig1) = A™(ai))

pp—1
|3 il ran) - M8 +00) T |le}
k=1 j>pg
< 16 3 |30 e (ssa (@) = )+ o |\ ) = AGBy)
p i2pg k=1
+0(1) (Zlﬂ,l + Z oIy, | +Zla¢| +e(A,,))} (4.10)

Let u* () be the wave speed of the wave [0, Y 52 11 &) of the scalar conservation law
(4.3). If it is a rarefaction wave, then we partition it into small waves with strengths
less than €; the criterion for partitioning is the same as the one used in Section 2. Let

pg—1 pg—1

|3 &) @), i€ X é <o,
Jp(@) = pk:_ll

Z (g ea(e) — (@), if D> &>0

J k=1

where the summation on j is over all sub-waves partitioned, and 7 is the correspond-
ing first Riemann invariant. Here we have used the fact that the characteristic fields
are genuinely nonlinear. Without loss of generality, we assume that r; - VA; > 0. By
the L; contraction of the scalar conservation law, we have

> (I Ei:&kl(um) - ,U(O‘i)) + Jp(a) < cTVe. (4.11)

i2pg k=1
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Here the error term ¢TVe also is due to partitioning the rarefaction waves into sub-
waves with strengths of order e. Using (4.8) and (4.9), we have

2030 S Y IBH-h(e) + 15 [(Aps) ~ AB)}
p

) +e(Ap))- (4.12)

+ cTV(Z_(léd +16:] + |ai”7;-i

1

System (1.1) is strictly hyperbolic, A(ap,) — A(Bp) < —c1 for some positive constant
¢1 independent of T and s. Thus, by the definition of J,(c), we have

pg—1

Ip(@)| STV| Y G|
k=1
STV (bl + D 16i)- (4.13)
This, along with (4.12), yields
d ~_ -
an (t) £ —2c Z 1Billvg, | + CTVZ |aillva, |
+eTV Y (16 +18i]) + cTVe(A) (4.14)
where ¢, is a positive constant independent of T" and s. Similarly,

d 5 _
ZQi (1) < =262 ) loulvd, | + TV 3 18il 1

+ TV Y (] + 1)) + cTVe(Ay). (4.15)

From (4.14) and (4 15), we have
Qd(t —022 (1Billvz, ] + lesllvd: 1)
+ chZ || + |Bi]) + cTVe(Ap), (4.16)

provided that TV is sufficiently small, TV < £2.

c

Step 3. Estimate %£Q,(t).
By the definition of Q,(¢), we have

90, = $Qr () + 205 0)

where QF(t) = 3 ) ]’yz |21, ;. As before, we only estimate $Q7 (t).
Following the notation used in estimating dt L(t), we have

Qs (t) = Z|7p| (AEP*1) = A7)

< Z‘; @k’ (W (ait1) = X(e)) + O TV 3 14|
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< Z|ﬁj ] (1) = ()

+chZ ol IVE | + |éi| + 1Bi]) + e TVe(Ap). (4.17)

For an n X n system of conservation laws which is genuinely nonlinear and has a
convex entropy and entropy flux, if its solution contains countably many shock waves
and small total variation, then the derivative of the integral of the entropy over x with
respect to time ¢ is less than a negative constant times the sum of the total cubic
shock strengths. It is easy to check that this is a consequence of Theorem 2.1 in Lax
[6]. For the scalar equation (4.3), any convex function, in particular r2, is an entropy

function. Thus the summation ), |Zf€=1 &klz(ui+1(a) — w;i(a)) can be used to control
> 165] = O(1) ¥, |ei|®. For completeness, we state this as the following lemma.

Lemma 4.1. Suppose that u(z,t) is a solution of the scalar conservation law
u + f(u)z =0,

with small total variation and a countable number of shock waves, denoted by {(;}. If
f(u) is convez, then

d [ 2 13
il (w,t)dwg—cs;|¢,| (4.18)

where c3 is a positive constant.

Proof. We denote the jump of any function g across the shock wave ¢; by [g]; with
the left and right values gﬁ and g7, respectively, and the shock speed of ¢; by s;. Let
q be the entropy flux corresponding to u?, i.e., ¢’ = 2uf’ and ’ = %, then we have

d
il 2(a: t)dz = Z(_Sz[u li + [gl:)

= Z(— u; +Ui )fi + [ali)
—Z( (ul + ub) (F![u)s + f"[ 17+ = f{”[ 1?)

1
+ gluli + 50/} + 5a'Rul})

+0(1) Y lul!
where all the derivatives are evaluated at the left states. Since ¢i = 2f/ul, ¢/ =
Qf"ul 4 2fl and q/// — 2f{”u£; 4 4fill’
a4 (% dr = 1 "3 4+ 0(1 4
7 u(z, t)dz = 6 Zfi [uli +0( )Z[U]z (4.19)
—oo i B

Since f;' > 0, we have [u]; < 0 by the entropy condition for shocks, and so (4.18)
follows from (4.19). O
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By (4.15), Lemma 4.1, and (3.1), we have
d~_ .
79 (t) < —264; |6i| + cTVe(Ap)
+cTV Y (el |+ 18illvg, | + |l + 1Bi]) (4.20)
where c4 is a constant independent of T' and s. Similarly, we can prove
d -, 5
79 (1) < —2c4 zz: Bi] + cTVe(Ap)
+eTV Y (leilnd | + 1Billog, + laal +18).  (4.21)
Combining (4.18) and (4.19) yields
d ~ . A -
790 < —c Y (@il +18:) +eTV Y (laillvd | + 18illvg ) + cTVe(h,)  (422)

where we have used the hypothesis that the total variation is small.
According to the estimates in Steps 1-3 and the fact that F((p — 1)Ms) < cTV,
we have

G HE) = SO+ MF((p - )Ms)+ o (FQ(0) + %Qd(t))
< ((1+mTV) = cskz + ckoTV) Y (lellvd ] + 18:llvz, | + 1éal + 18:1)

1

+ (c+ cka + cK2TV)e(Ap) (4.23)
where c¢5 = min{cz, ca}. If we choose TV < ¢5/2c, and
ko > %(-:(1 -+ leV), (4.24)
5
then
d -
EH(t) < ce(Ap) (4.25)

where e(Ap) = Q(Ap) + C(Ap) + 6 + €. It can be checked easily that there exist k;
and ky satisfying (3.12) and (4.24) if the total variation T'V is sufficiently small. Since
H(t) is a continuous function of ¢ in (p — 1)Ms < ¢ < pMs, we have

pMs d

A(pMs —0) — A((p— 1)Ms +0) < /( rCL

< ce(Ap)Ms, p=12,...,N.
This proves the Main Lemma. O
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