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PERTURBATION OF TWO ELEMENTARY WAVES WITH INTERACTION

Liu Hongxia and Lin Longwei

ABSTRACT. In this paper, we study the perturbation of two interacting elemen-
tary waves for the system of isentropic gas dynamics equations. The entropy
solutions for the perturbed problems are obtained by Glimm’s scheme. Under the
condition that the initial data will issue two elementary waves with interaction,
we conclude that the corresponding perturbed solutions exist if the total variation
of the perturbation of the initial data is sufficiently small.

1. Introduction

Consider the Cauchy problem for the system of isentropic gas dynamics equations in
Lagrangian coordinates:

Vg — Uz =0
e+ p(0) = 0 zTER, t>0, (E)
(u,v)(z,0) = (uo(z), vo(x)) TER (I)

where p(v) € C%(0, +o§), p'(v) <0, p"(v) > 0.
We study some perturbation problems for (E) and (I). Suppose the initial data (I)
are perturbed; the perturbed initial data are

(@,9)(z,0) = (G(z),%0(z)) z€R (T)

where ||(@o(z) — uo(z), To(z) — vo(z))|| is sufficiently small; || - || is a norm in a certain
sense. The function defined by (%o (z) —uo(z), Uo(x) — vo(z)) is called the perturbation
of the initial data (uo(z),vo(z)). :

Definition 1. The entropy solutions (@(z,t),(z,t)) of the perturbed problem (E)
and (I) are called perturbed solutions of the corresponding unperturbed problem (E)
and (I).

Definition 2. The entropy solution (u(z,t),v(z,t)) of the Cauchy problem (E) and
(I) is called stable if ‘

[|(a(z, t) — u(=,t), 9(z, ) = v(@,1))|| = 0 as || (% (2) — uo(z), To(2) — vo(2))| — 0.
Qbviously, the existence of perturbed solutions is an important prior condition for
the study of stability.

In the celebrated paper by Glimm [6], his famous result can be seen as the stability
to constant solutions for n x n nonlinear hyperbolic conservation laws. In [13], Wang
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and Li obtained the perturbed solutions to Riemann problems for the isentropic gas
dynamics equations (E). Since there is no interaction between the elementary waves
in [13], this core result can be thought of as the perturbation of a single shock. The
stability of the single shock for n x n nonlinear hyperbolic conservation laws was ob-
tained by Chern [4]. Furthermore, under the Chern stability condition [4], Asakura [1]
obtained asymptotic stability of solutions with a single shock for n x n systems. In
[2, 3], Asakura studied asymptotic stability of solutions with strong shocks which do
not interact with each other for the isothermal gas dynamics equations. If the solu-
tions of the Cauchy problems for 2 x 2 nonlinear hyperbolic conservation laws only
consist of rarefaction waves, then the corresponding perturbation problems have been
solved by Liu [9] and Lin and Xie [8]

In this paper, the core result is about the perturbation of two elementary waves
for (E) and (I). In other words, we study the existence of entropy solutions for the
perturbed problem (E) and (I) by Glimm’s scheme where the unperturbed initial data
(I) will produce two elementary waves with interaction.

2. Properties of shock curves and estimates on interactions

The characteristics of the system (E) are A\; = —/—p'(y) = —X2. The corresponding

Riemann invariants can be taken as r = u+ flv /=7 (y)dy and s = u— flv V=7 (y)dy.
The mapping from (u,v),v > 0 to (r,s), s —r > =2 [’ \/=p'(y)dy is one-to-one and
onto, so we may use (u,v) or (r,s) as the variables at our convenience.

To carry out our analysis, we improve the well-known framework given in [6]
and [10].

We now briefly describe Glimm'’s difference scheme [6]. Choose mesh lengths [, h
so that {/h is a constant which is greater than max{|\;[,|A2|}. In each step nh <
t < (n + 1)h the approximate solution is obtained exactly and consists of elementary
waves generated at points of discontinuity £ = ml where n > 0, m are integers. At
time ¢ = (n+ 1)h, the value of the approximate solution (u!(z,t),v!(z,t)), (m — 1)l <
z < (m+1)l, is set to be the value of the exact solution in the strip nh < ¢t < (n+1)h
at t = (n+1)h and x = (m + ep41)l. Here {e,} is a prechosen random sequence
in (=1,1). The upper half (z,t)-plane is covered by diamonds A, , with vertices
Gm,n—1, Gm+1n> Gm,ntl, Gm—1,n, Where the mesh point a; ; = (i + e, j), i + j =even.
We consider curves consisting of line segments of the form L, ».m+1.n+1 joining am n
t0 Gm+1,n+1 @0d Ly n.m+41.n—1 jOINING G n t0 Gmy1,n—1. If the mesh index m increases
monotonically on such a curve, we call it an I-curve. Let O denote the unique I-curve
passing though the mesh point at ¢t = 0 and ¢ = h. In order to obtain a uniform
bound on the approximate solutions (u!(z,t),v!(z,t)) in 0 <t < T, z € R, and a
uniform bound on the total variation of (u!(-,t),v!(-,t)) on each line ¢t = const > 0,
we consider the interactions of shocks and centered rarefaction waves occurring in the
diamond A, , bounded by the I-curve J; and its immediate successor Ja.

If Ry (resp., S1) and R (resp., Sa) are the rarefaction (resp., shock) waves corre-
sponding to the first and second characteristic families respectively, then there are six
nontrivial two elementary wave interactions [10]:

(i) R interacts with Ry;
(ii) Sy interacts with Sy (or Sy interacts with Ss);
(iii) Rq interacts with Sy (or Ss interacts with R;);
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(iv) Ss interacts with Si;
(v) S; interacts with Ry (or Ry interacts with S;);
(vi) Rj interacts with Sy (or S; interacts with Ry).

Let 3 (resp., ) be the shock wave of the first (resp., second) kind on J. Let b
(resp., g) be the rarefaction wave of the first (resp., second) kind on J. We define

the major strength, denoted by | - |, of the shock, the minor strength, denoted by
| - |-, of the shock, and the strength of the rarefaction waves, denoted by | - |, as
follows: |,8| =T —Tr |,3|— = 81— Sr, |b| =Tr =TI |'7| =8~ 58, [Y|- =r—r,

lg| = sr — s;, where (r,s;) and (r,,s,) denote the left state and right state of the
waves, respectively.

In what follows, following [10], we denote by v+ 8 — B’ + ' the interaction of
an Sy and an S;, which produces an S; and an Ss; the other cases are written in a
similar way.

Following [10], the 1-shock curve Sy and 2-shock curve Sy with initial point (7o, s)
can be written, respectively, as

so — 8= g1(ro — 1, (70, %)) r < 7o,
ro —r = g2(so — 8, (70, 50)) s < 8.
It is easy to prove:

Lemma 2.1. For the 1-shock curve Sy in the region P, CC Py (Po = {(r,s) | v > 0}):
(i) gi(av (7"0, 30)) € [07 1)'
(ii) For every e > 0, there is a § > 0 only depending on € and p(v) such that
g1(a,(ro,80)) <€, asa=ro—r <4.
(iii) infp, (1 — gi(a, (r0,0))) > C > 0, where C is a constant only depending on
the region Py and p(v).
(iv) g1(a,(ro,s0)) = 0.

We have similar conclusions for the 2-shock curve Ss.
For convenience, we introduce a more refined lemma in [§].

Lemma 2.2. Suppose that all waves considered below are contained in the region
P, CC Py, in the (r,s)-plane. Then the following estimates are valid for the cor-
responding interactions.

) y+B8—=0+9":
18] =18l < CIBIIE, |1V = Il| < ClylIBP.
(i) (1) v+b—-b0++":
o] = [8l| < Clol |42, 1] = |v].
(2 g+B8—=0+4":
llg'l = lgl|< Clgl 1813, 18| =18l
(i) (1) m+r—=b++:
o' < Clnl el (Il + 12l)s 1V = Iml + el-
2) bi+B—0 +g :
l9'l < CI8l1B2](181] + 1Ba]), 18] = |Bu] + |Bal-
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(iv) 1) g+y—=08+7":
Yl =1y < =181+ Cl|™2), |8]<Clyf.
(2) g+v—=0+4:
l9' =gl < WM(CIHE -1), [|8]<ClyP.
38) B+bdb—=8++":
18] = 18] < =[¥'|(1+CIBI72), |¥'| < ClB°.
(4) B+b—=b ++:
o' — o] < 1BI(CIBI® — 1), |¥| < CIBP.

V) Q) y+g—=8+9":
There ezist [y, Yo such that the interaction
Yo + Bo = ' + ' is the same as in (i) and
1Bol + vol = [7] < =ClBol 772, 1Bol < ClyI3.
(2) Y+g9g—=p0+4g:
lg'l = lgl < WI(CII® =1), 8] < Clyl®.
(B) b+B—=pB +4":
[Bol = 18] < =|%l(1+C1BI7%), |nl < CIB°
where By, vo are defined as in (1).
4) b+B8—-V+49:
o'l = 18l < 1BI(CI8I° ~ 1), || < CIBP.
(vi) g+b—=b+g:
lg'l =lgl, [b'] =10
Here C is a generic constant which only depends on the region Py and p(v).

If both waves with interaction are not small, we have the following lemma of esti-
mates on the interaction:

Lemma 2.3. [6, 8] Under the same assumption as in Lemma 2.2, the following esti-
mates are valid for the corresponding interactions.

W y+B8=0+9: [YI<A+CBDNHI-

(2) Br+Ba—= B +9g : g <CilB]|Ba)

@ o+B8=8+7": [¥I< BBl

4 g+B—=p8+g": |91 <(1+CilB)lgl

G)B+b= B+ WI+IB]- 18] < =ColI.

(6) g+b—=b+g": |g'|=|gl, [t'| = [b].

Here Cy, Cy are positive constants only depending on p(v) and the region P;.

We can obtain similar estimates for the remaining cases.

Remark 2.1. In the bounded region, the key point about Glimm’s interaction esti-
mates is whether they are suitable to small waves. Once the estimates are true for
small waves, they also are true for large waves. Since the region considered here is
bounded, Lemma 2.3 is obviously true.
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In view of (i) and (iii) in Lemma 2.1 and (5) in Lemma 2.3, it follows that there
exists a constant D > 1 such that

D-1 .
supgi(a, (ro,s0)) < 251 (i=1,2), 2.1)
P
1 D-1
—_— . 2.2
1+ Cy D ( )

For interactions between a large wave and a small wave belonging to the same
characteristic family, we have

Lemma 2.4. Suppose that all waves considered below are contained in the region Pj.
Then the following estimates are valid for the corresponding interactions:

M) B+B =B+ g < BB
(i) B+b—pF +9": Ifgé(-'(%, (ro,50)) < Co — =5, for (ro, s0) € P,
then || < Z521b].
There is no difficulty in proving this lemma. We can get similar conclusions for
interactions between two waves belonging to the second characteristic family.

3. Existence of perturbed solutions

In this section, we shall study perturbation problems of two elementary waves with
interaction for (E). Namely, we shall prove existence theorems for the perturbed so-
lutions of (E) with (I), where the initial data (I) generate two elementary waves with
interaction.

In the (r, s)-plane, the initial data corresponding to (I) are

(r,8)(z,0) = (ro(z), s0(x)) reR (3.1)

where (ro(z), so(z)) = (r(uo(z),v0()), s(uo(z),vo(z))). The perturbed initial data of
(38.1) are
(7—;7 5)(.’1?,0) - (TO('T) +T1(.’L'),SO(.T) +81(Z‘)) (32)

where (r1(x),s1(z)) is the perturbation of the initial data (ro(z), so(z)) in the (r,s)-
plane. We assume (r1(z), s1(x)) satisfies

TV{ri(z),s1(z)} <, (3.3)
Jim (@), 51(0) = (0,0) 6.9

where TV denotes the total variation and € > 0 is a sufficiently small constant only
dependent on p(v), (ro(z), so(z)), and the region P;.

First, we study the case in which the unperturbed initial data (I) will generate two
shock waves belonging to the same characteristic family. For definiteness, we assume
that the two shock waves are 1-shock waves.

Theorem 3.1. Suppose that the unperturbed initial data (uo(x),vo(z)) consist of three
pieces of constant functions generating two given 1-shock waves z1(t) and z2(t), where
z2(t) lies to the right of z1(t) and the strengths of x1(t) and z2(t) are [ =r_ —rpp
and |r9| = rm — r4, respectively (here the state (—) is the left state of z1(t), (+) is
the right state of x2(t), and (m) is the state between x1(t) and z2(t)). We assume
the small perturbation has this form of initial data. If the perturbation (ri(z),s:(z))
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of the initial data (ro(x), so(z)) in the (r, s)-plane satisfies (3.3) and (3.4), then there
erists a perturbed solution of the corresponding unperturbed problem (E) with (I).

Remark 3.1. For this unperturbed problem (E) with (I) and the unperturbed problem
which will be discussed in the next theorem, the authors in papers [7, 11, 14] proved
the existence of unperturbed solutions and gave their structure and properties.

From (3.3), we know that TV{r;(z), s1(z)} is sufficiently small. This means that
-comparing the strengths of z1 (¢) and z2(t), TV{ri(z), s1(z)} is small. For definiteness,
we refer to 1 (t) and x2(t) as “large” shock waves. Throughout this paper, the “large”
shock waves have similar meanings. From now on, we stipulate that the “small”
perturbation is the perturbation of the initial data satisfying (3.3) and (3.4).

Proof of Theorem 3.1. According to Glimm’s scheme [6], we only need to prove that
the decreasing variation of the approximate perturbed solutions (a@!(z,t),7'(z,t)) is
uniformly bounded for any ¢ > 0. We denote by z!(t) and z}(t) the perturbed
approximate large 1-shock waves of x1(t) and z2(¢), respectively (Figure 1).

FIGURE 1

Let ¢t = t; denote the time at which z}(¢) interacts with z5(¢), z!(t) denote the
approximate large 1-shock wave produced by the interaction of z!(¢) and zb(t), and
J(¢,—n) (Or J(z,4n)), Where h is the time mesh, denote the I-curve between ¢ = ¢, and
t=1t —h (or t =t; +h). Now we design uniformly small functionals on any I-curve
Jon0<t<t and t > t1, respectively, to dominate the total sum of the strengths
of all small shock waves crossing J (here those shock waves except zi(t) (i = 1,2) and
z!(t) are defined as small shock waves). In the following definitions of the functionals,
the strengths of the 2-rarefaction waves are not considered because the interaction of
2} (t) and zb(t) will generate a large 2-rarefaction wave, whereas functionals with the
strengths of 2-rarefaction waves cannot be uniformly small.

(I) When an I-curve J lies on the plane 0 < ¢ < t;, we define the functionals on J:

3
F(J) =Y Ry(JY),
=1

Fo(J%) = MiLo(J%) + Qo(J*) (3=1,2,3)
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where J! (resp., J°) is the part of J lying to the left (resp., right) of z!(t) (resp.,
z5(t)), J? is the part of J between z%(t) and z5(t), and

Lo(JY) = Z{|a| : a € J, ais a shock wave or 1-rarefaction wave} (i =1,2,3),

3
Qo(J) = Z{ lj] lak] : ;€ JH ap € U J,  aj, o are not

i=1

2-rarefaction waves and approach each other } (1=1,2,3),

2
M;=[J+4crd) (=12, Mz=1,
j=i

where C is a constant appearing in Lemma 2.3 and o € J® means that « is a wave
crossing J* (i = 1,2,3). If there is no wave crossing J?, then we stipulate Fo(J?) =0
(i=1,2,3).

(II) When any I-curve J is on t > t;, we define

F(J) = Fo(') + Fo(J°)

where J! (resp., J3) is the part of J lying to the left (resp., right) of z!(). The
definition of Fy(J*) (i = 1, 3) is consistent with that of (I).

If 24 (¢) does not interact with z(t) forever, then there is no need to define F5* (.J).

We shall prove by induction that

(A) When J lieson 0 < ¢ < tg, Fl(s)(J) < Fl(s)(O) < n and the total sum of the
strengths of all shock waves crossing J is Ly(J) < |r0] + 12ee2117°l,

(B) When J lies on t > t;, F{(J) < F{*(0) < 1 and the total sum of the
strengths of all shock waves crossing J is Ls(J) < |r0| + 12e¢2C1 7!,

Here ) = 4ee?C1lr’l |r0| = |r?|+|r9|, and ¢ is a sufficiently small constant appearing
in (3.3).

The proof will be separated into two steps.
Step I Consider the problem on 0 < ¢ < t;.

3 3
F(0) = Y MiLo(0) + Y Qo(0")

3 3
< (Ml + Z LO(O’)) ZLo(Ol)
i=1 i=1
< 2e(My + %) < deetCil”l — g

when e < 1/2.
Let (rL(t),s'(t)) and (rl,(t), s}, (t)) denote the left and right states of 4 (¢) in the
strip 0 < t < h, respectively, then

Pl (t) = r—| S Fo(0Y),  Irm(t) = rml| < Fo(0?).
Therefore, when 7 < |r?|, in the strip 0 < ¢ < h, z}(t) is a 1-shock wave and
0 < [r}] =1 <|ri] = (Fo(O") + Fo(0%)) < |z1(t)]
< I8l + Fo(OY) + Fo(O?) < || +7 < 2[r])]. (3.5)



364 LIU AND LIN

Similarly, we can prove that when n < |r3|, in the strip 0 < t < h, x4(t) is a 1-shock
wave and

0 < |rg] =n < |r3] = (Fo(0%) + Fo(0%)) < |z5(2)
< |r9| + Fo(O?) + Fo(0®) < |ry| +n < 2|r3). (3.6)
Suppose that any I-curve J; and its immediate successor Jp lie on 0 < ¢t < g,
Fl(s)(Jl) < Fl(s)(O) < n, z4(t) and zh(t) crossing J, are l-shock waves, and the
strength of zi(¢) (i = 1,2) satisfies the following inequality:
0 < |rf| =n <[rfl = (Fo(J5) + Fo(J1™)) < |z(t)]
<l + Fo(J7) + Fo(Jith) < |rdl +n < 2. (3.7)

We shall prove F\*)(Jy) < F{¥)(Jy), zk(£) (i = 1,2) crossing J is a 1-shock wave,
and (3.7) is valid for Js, i.e., if J takes the place of J; in (3.7), then the inequality
also is valid. For this, we consider all possible types of interactions of waves in the
diamond A bounded by J; and Js.

It is well-known that the interaction of three waves can be reduced to a sequence
of interactions of two waves for the system of isentropic gas dynamics equations.
For example, Wang and Li [13] discussed this problem for the polytropic gas p =
k*v~7(here k > 0 and vy > 1 are constants). Their discussion is applicable to general p-
systems and can be generalized with no revision. Therefore, without loss of generality,
we may study the interaction of two waves coming into the diamond A.

(i) ! () and z}(¢) are not in A. Then the interactions in A are among the small

waves. Using Lemma 2.2, we obtain F\*)(Jy) < F{*)(J;) provided
0 < 7 < min {1, Ve, (4Ce4cllrol)_l}
where C is a constant appearing in Lemma 2.2.
(i) 2} (¢) is in A, but z(¢) is not in A.
(1) B+ 51— B+ (B=zl(t), 5 # zh(t), Figure 2).
Fo(J3) = Fo(J1),
Fo(J3) = Fo(J7),
Fo(J3) = Fo(J7) < —Ma|Bi.

FIGURE 2

Thus F{*(J;) — F*)(J;) < 0.
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(2) B+b— B ++ (B=z!(t), Figure 3).

FIGURE 3

By (iv) in Lemma 2.1, we get
b
9 (Jéi*»(ro,so)) <9 (Cio’ (7‘0,30))

365

where (ro,80) € P, and Cj is a constant appearing in Lemma 2.3. From (ii) in
Lemma 2.1, there is a constant d > 0 only depending on p(v) and Co — 17 such that

d
9 <|b| (7'0,30)) <Cp— ——1-—— when ¢ < %e-wmo].

Co’ D-1
In view of (ii) in Lemma 2.4, we obtain
D-1
< [6]-

D
Since Fo(J3) = Fo(J}) and Fyo(J3) = Fo(J3),
Fo(J3) = Fo(J7) = Ma(17'| = 1B)) + 11 D lew] = 18] D e

<B(o-1m-m) <0

when (D — 1)n < 1. Then F*)(J,) — F®) () < 0.
B)y+B8—= 6+ (B=124(t)).
By (1) in Lemma 2.3, |v/| < (1 + C1|8))],
F (1) = O (1) = Moy | + (| = W) D lew| — Ma|
< My(1+ C1|B))|y] + C1lB| WIFS (0) = M|
< (Ma(1+2C1|B8]) — My)|y| when 5 < 1.
By (3.7), |0] < 2|r(1’|; then
F{P(J2) = FP(J) < (Ma(1 +4C1rl]) — My)|n] = 0.
4 g+B8—=8+g (B=zi(t)).
(3)b+B— B ++ (B==zi(t).

(6) B1+B8— B +4 (6=2i(t)).
The proofs of (4)—(6) are similar to that of (3).
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In view of (1)~(6), we have F\*)(J5) < F*)(Jy).

Similar to the proof of (3.5), we can prove (3.7) is valid for J3, and ! (¢) crossing
Jo is a 1-shock wave.

(iif) z5(¢) is in A, but z4(¢) is not in A. The proof is similar to that of (ii).

From (i)-(iii), we have Fl(s)(J) < Fl(s)(O) < n for any I-curve J on 0 < ¢ < t1, and
(3.7) is valid for J (in particular, we have Fl(s)(J(tl_h)) < n). Thus by (3.7), the total
sum of the strengths of all shock waves crossing J is

Ly(J) <12 (0)] + |=4(0)] + F{ ()
< PO+ 3F(J) < [r0] + 12ee2C: 1,
Step IT Consider the problem on t > t;.
First, we can show by using the techniques similar to the ones in Step I:

F{) (Jeym) = Fo(Jiy4n) + Fo(T3, 1)
< Fo(Ji,—ny) + Fo (I, _ny)
= A (J-m) <n (3.8)
Let t = ¢; be the initial line and J(¢,+n) be the initial I-curve. Similar to Step I,
using (3.8), we can obtain FQS)(J) < FQS)(J(tH_h)) < n for any I-curve J on t > ¢;;
moreover, z!(t) crossing J is a 1-shock wave and
0 < |r®] =5 < |r®| = (Fo(J") + Fo(J®)) < |a!(2)]
S0+ Fo(JY) + Fo(J%) < |r°] + 7 < 2r°). (3.9)
Thus, it follows from (3.9) that the total sum of the strengths of all shock waves
crossing J is
Lo(J) <l @) + F3Y (7)< ] + 257 (J)
< |r0] + 12e€44 11, (3.10)

In view of Step I and Step II, according to [6, 12], the decreasing variation of the
approximate perturbed solutions (@(+;t), %'(-,t)) is bounded uniformly for any ¢ > 0
when

0 0 3
0<e<mn{Ul 1Bl L1 VO dG 1 __ Fh

where B = 4e4C117°l, O

For the case in which the unperturbed data (I) generates a 2-centered rarefaction
wave (or 2-shock wave) and a I-shock wave (or l-centered rarefaction wave) which
will interact, we state the existence theorem for the perturbed solution and give the
definition of a uniformly small functional. The proof of the theorem is similar to that
for Theorem 3.1.

Theorem 3.2. Suppose that the unperturbed initial data (uo(z),vo(x)) consists of
three pieces of constant functions generating a 2-centered rarefaction wave (or 2-shock
wave) and a 1-shock wave z(t) (or 1-centered rarefaction wave) which will interact.
If we give a small perturbation to (uo(z),vo(z)), then there exists a perturbed solution
of the corresponding unperturbed problem (E) and (I).
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Let 2'(t) denote the perturbed approximate large 1-shock wave of z(t). We design a

uniformly small functional Fl(s) (J) on any I-curve J on the upper half-plane to control
the total sum of the strengths of all small shock waves crossing J. Let

FO(J) = Fo(JY) + Fo(J?),
Fo(J*) = MiLo(J") + Qo(J*) i=1,2,
M1=1+401|7'0|, M2=0,

where J? (resp., J?) is the part of J lying to the left (resp., right) of !(¢) and |r0| is
the strength of 2!(t). Lo(J%) and Qo(J?), i = 1,2, are defined as in Theorem 3.1.

Now we turn to the case in which the unperturbed data (I) generates a 2-shock
wave and a 1-shock wave which will interact.

Theorem 3.3. Suppose that the unperturbed initial data (uo(zx), vo(z)) consist of
three pieces of constant functions generating a 2-shock wave z2(t) and a 1-shock wave
z1(t) where x2(t) lies to the left of x1(t). If we give a small perturbation to (uo(x),
vo(x)), then there exists a perturbed solution of the corresponding unperturbed problem
(E) and (I)

Remark 3.2. For this unperturbed problem and the unperturbed problem which will
be discussed in the next theorem, Ding et al. [5] gave the existence, structure, and
properties of the unperturbed solutions.

FIGURE 4

Proof of Theorem 3.3. Let x4 (t) (resp., 2} (t)) denote the perturbed approximate large
shock wave of z2(t) (resp., z1(t)) (Figure 4). We assume zb(¢) interacts with z(t) at
time ¢ = ¢;. We still denote by zb(t) (resp., =} (¢)) the penetrated approximate large
2-shock wave (resp., 1-shock wave) (but 4 (¢) lies to the left of z(t)).

Let J(t,+4) denote the I-curve between t = ¢; and ¢ = ¢; + h (h is time mesh).
For any I-curve J on 0 < ¢ < ¢; and t > t;, respectively, we design uniformly small
functionals to control the total sum of the strengths of all small waves (i.e., all waves
except zt(t) (i = 1,2)) crossing J.
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(I) When J is on 0 < t < t; + h, we define on J:

FO( ZF(J’
F(J) = (JZ) +Q(JY) i=1,3,
F(J%) = ML(J?) + Q(J?),
where J! (or J3) denotes the part of J lying to the left (or right) of z4(¢) (or z}(t))
and J? the part of J between z5(¢) and z!(¢). Moreover,
J’)—Z{|a| a € Jb and a # 2t (t), zh(t)} i=1,3,
LY =) {lel: a €',
QY = Z {lajl lok| + @j € J*, ax € J,  «aj, ai, approach each other
and aj, o # 74 (1), 25(t)} i=1,2,3,
M = max{1 +4C;|r°|, 1+4C|s°|}

(here |r°| and |s°| are the strengths of z1(t) and z2(t), respectively, and C; is a
constant appearing in Lemma 2.3).
In L(J*) and Q(J%), i = 1,3, e € J* seems to imply a # z}(t), j = 1,2. In fact,
when J = J(3,45), @ € J! (or J3) implies a = '} (¢) (or o =z (t)) We stipulate that
F(J?%) = 0 when there is no wave crossing JZ.

(II) When J is on ¢ > t;, we define on J:

(S) Z F(Jz

F(JY) = MiL(JZ) +Q(JY) i=13
F(J%) = L(J*) + Q(J?),
where J! (or J3) is the part of J lying to the left (or right) of % (t) (or z4(t)), J>
is the part of J between z!(t) and z4(t), My = 1+ 4C1|BY?|, My = 1 + 4C1|BY),
|BY| = 2(1 +2C1|s°))|r°, | B3| = 2(1 + 2C1|r°|)|s°|, and the rest of the definition is as
in (1).
If 24 (¢) does not interact with =, (£) forever, then there is no need to define F5*) (.J).
We now sketch the proof of the conclusion that the total variation of the approx-
imate perturbed solutions (@'(-,t), #(+,t)) is uniformly bounded for any ¢ > 0. The
details are omitted.

(I) Using the techniques similar to the ones for Theorem 3.1, for any I-curve J on
0 <t <ty + h, we can inductively prove

FE)(J)<n  (n=4Me),
and the total sum of the strengths of all waves crossing J is
Ls(J) < || + 8% + F(JY) + 2F(J2) + F(J%) + F& ()
< |0+ [s°] 4 3n.
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(IT) There is no difficulty in proving
Fy (Jymy) < max{Mi, My}n.

(III) Let ¢ = t¢; be the initial line and Ji;, 1) be the initial I-curve. Similar to
Theorem 3.1, we have that the total sum of the strengths of all waves crossing J is
uniformly bounded for any I-curve J on t > t;. O

Now, we shall discuss the case in which the unperturbed initial data (uo(z), vo(z))
will generate a 2-shock wave and a 2-centered rarefaction wave lying to its right. For
the case in which the unperturbed initial data will generate a 2-centered rarefaction
wave and a 2-shock wave lying to its right, we can study it similarly.

Theorem 3.4. Suppose that the unperturbed initial data (uo(z),vo(z)) consist of three
pieces of constant functions generating a 2-shock wave x2(t) and a 2-centered rar-
efaction wave, where x2(t) lies to the left of the 2-centered rarefaction wave and the
strengths of the 2-shock wave z3(t) and 2-centered rarefaction wave are |s°| and |g°|,
respectively. If we give a small perturbation to (ug(z),vo(x)), then there exists a per-
turbed solution of the corresponding unperturbed problem (E) and (I).

FIGURE 5

Proof. Let zb(t) denote the perturbed approximate shock wave of zo(t) (Figure 5).
The perturbed 2-rarefaction wave which originated from ¢ = 0% will be scattered in
the time evolution. Because of the perturbation, some small 2-rarefaction waves will
appear at t = 0. The interaction of 2-rarefaction waves and z}(t) from the left or
right will produce some new approximate 1-shock waves. We denote by S the set
of zh(t), these new approximate 1-shock waves and those approximate 1-shock waves
produced by interactions among these new approximate 1-shock waves. Let ¢ = ¢;,
1 =1,2,...,N (N may be an arbitrary positive integer) be the time at which 2-
rarefaction waves orderly interact with zb(t) from the left or right. Let || be the
strength of the 1-shock wave produced by the interaction of the 2-rarefaction wave
and zh(t) from the left or right at time t = ¢;, i = 1,2,..., N, whose corresponding

approximate 1-shock wave is denoted by a:ll’ ®),i=1,2,...,N.

We now inductively design functional sequences {F\*}¥+1 and {Fi(L)}iI\;"{1 such
that for any I-curve J on t;_; <t <t; where 1 <¢ < N + 1, ty = 0, the functional
Fi(s)(J ) dominates the total sum of the strengths of all shock waves crossing J except

those belonging to S and is uniformly small for 7 and J, and Fi(L)(J ) dominates
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the total sum of the strengths of the shock waves crossing J belonging to S and is
uniformly bounded for ¢ and J.

(I) When any I-curve J is on 0 < ¢t < ¢; 4+ h (h is time mesh), we define on J:

F{(J) = Fo(J") + Fo(JN*2),
Fo(JY) = Lo(J) + Qo(JY), i=1,N+2,
Lo(JY) = Z{|a| : a€J' agS, ais not a 2-rarefaction wave }, i=1,N +2,

Qo(7) = {logl low| = o € J%, ax € J, o, cu €8,
aj, ajare not 2-rarefaction waves
and approach each other }, i=1,N +2,

FI(L)(J) L(L (J)+ F. (s)(J) (S)(J)

LB = {lal: ac IS,
= Z{|a| : a € J, ais a 2-shock wave, and o # xé(t) }
M =2+ 4C4 s,

where J! (or JV*2) is the part of J lying to the left (or right) of z(¢), and C; is a
constant appearing in Lemma 2.3,

(I1) When J ison t, <t < t, + h, n < N is arbitrary. It does no harm to suppose
that there are no interactions among the waves belonging to S below J and that each
of these waves is not eliminated. Then the approximate shock waves ! (¢), . ..,z (t)
belonging to S are all crossing J. Otherwise, our problem will be simpler. We deﬁne
functionals on J:

n+1

F&L(0) =S Fo(J%) + Fo(JN+2),

i=1
Fo(JY) = MyLo(JY) 4+ Qo(JY), i=1,2,...,n+1,
where J! is the part of J lying to the left of 2% (t), Ji, i = 2 3,...,n, is the part of J
between xf{"‘(t) and zti(t), 1 is the part of J between z\ (t) and zh(t), and JV+2
is the part of J lying to the right of z5(¢). The definition of Fy(JN*2)is as in (I).
Lo(J%) = Z {la]: a€J), a ¢S, and « is not a 2-rarefaction wave}
i=1,...,n+1,
Qo(J) = {lojl loxl: o5 € J', ak € J, o5, ak €5,
o, apare not 2-rarefaction waves and approach each other}

i=1,...,n+1,

n
My =TJa+6Cilr) i=1,2,...;n, Mpys =1,
Jj=t

L s
Fyu(7) = KD () + FL () + 150,
The definitions of L{™ (J) and L (J ) are as in (I).
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We now define another functional F'*(J) to dominate the total sum of the strengths
of those waves which interact with xb(t) from the right below any I-curve J on the
upper half plane. Let

F+(J) — L(JN+2) + Q(JN+2),
L(JN+2) — Z{'al s ac JN+2},
QU™*2) = 3" {loyl lol : @y, ax € JV*2, a1, o approach each other }

where JN*2 is the part of J lying to the right of zb(t), whose definition is consistent
with the above.
Since a large 2-rarefaction wave issued from the initial line ¢ = 0% and newly

generated 2-rarefaction waves are not small, in order to guarantee that Fi(s)(J ) is
decreasing on t;_; < t < t; and uniformly small for i and J, we did not consider

the strengths of 2-rarefaction waves in the definition of Fi(s)(J ), 1 <i< N+1.
When a 2-shock wave not belonging to S interacts with zb(t) from the left, LgL)(J )+
Fi(s)(J) is not decreasing; thus we add a term Lgss)(J) in Fi(L)(J) to ensure that
Fi(L)(J) is decreasing on t;—1 <t <t;,¢=1,2,...,N + 1. Here Fi(s)(J) and Fi(L)(J)
decreasing on t;_1; < t < t; means that for any I-curve Jy on t;_; <t < ¢; and
its immediate successor Ji; on t;_; < t < t;, we have Fi(s)(Ju) < Fi(s)(JI) and
FP () < FP ().

J(ti+h)
4 t=t;+h
AN
oJi
J(tl—h) :
4 ﬁztl
\ t=t1 —h
t = tp
FIGURE 6

Let Jtg4h)s J(ti—h)s J(t1+h)s - - - » J(tn—h)s J(tn+n) denote the I-curves lying in 2o <
t<to+hti—h<t<t,t1 <t<ti+h..,ivn—h<t<iniIn <t <inv+h,
respectively, where tg = 0 and Jy,44) = O (Figure 6). Let J;, i = 1,2,..., N, denote
the I-curve satisfying the condition that Ji;,14) is an immediate successor to it, and
in the diamond A bounded by it and Jz,+r), a 2-rarefaction wave interacts with z(t)
from the left or right. At each time t = ¢,,, 1 < n < N, the interaction of xl2 (t) and the
elementary wave lying to its left or right is either a 2-rarefaction wave overtaking z(t)
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or zh(t) overtaking a 2-rarefaction wave, namely, a part of |r?|, i = 1,2,...,n, coming
from the 2-rarefaction waves which interact with z(t) from the left, and another
part coming from the 2-rarefaction waves which interact with z(t) from the right.
We relabel them. Those from the left are |r] |,..., Ir?p(n)|; those from the right are

[ 1,...,|r2 (|- The 2-rarefaction waves which interact with z4(t) from the right are
denoted bY Grys- -+ s Gryny» TeSPectively, where p(n) + g(n) =
In order to prove this theorem, we only need to prove for all £ € ZT that:
(A) When any I-curve J is on tg_1 <t < tg,
FO) < B Usim) <y
L L
F{P(I) < FP (J_iam) < G,
F+(J) < F+(J(tk_1+h)) < F+(O) < W.

(B) When J is on ty <t <t + b, ie., J = Jy,4n),

k
FoL() < FP ) [Ta+6Cu?) <,

j=1
p(k) q(k)
F ) < FP(0) H 3| +4C1ls° Y 9,1 < G,
Jj=1
q(k) q(k)
DI <2C1s° ) g,
Jj=1 j=1
q(k)
> lgr,| <FH(0) - FH(J) < FF(O) < W
j=1

where W = (|g°] + 2¢)% +|¢°| + 2¢, G = (4C1W +1)|s%| + 10Me,

W + CoCyW)|s%| + IOMe)},

Cy, C1 are constants appearing in Lemma 2.3, and ¢ is a sufficiently small constant
appearing in (3.3).

We shall prove conclusions (A) and (B) by induction. We only give the main steps
below. The details are omitted here.

(I) We prove (A) and (B) are valid for k = 1.

(1) By considering all possible types of interactions of waves, it is not difficult to

show that for any I-curve J on 0 <t < tj, Fl(s)(J ) and F*(J) are decreasmg and the
strength of xb(t) crossing J satisfies

T /4
|z ()] < 180] + 26 + D (18] + W) + Y Il
< 8] + 26 + 2D (F*)(0) — F{(J))
< 2|s%



PERTURBATION OF TWO ELEMENTARY WAVES WITH INTERACTION 373

where > (|8]+]v|) denotes the total sum of the strengths of 1-shock waves and 2-shock

¢ .
waves which interact with zb(t) from the right below J and 3" |y| denotes the total
sum of the strengths of 2-shock waves which interact with z(¢) from the left below J.

Therefore, we can prove (A) is valid for k = 1.

(i) When the I-curve J = Jj4, 4n), then at time ¢t = ¢;, the interaction is either
g+y = B+ (v =24(t)) or y+9g — B'++' (v = zb(t)) in the diamond A bounded by
J(t,+n) and Ji. If the interaction is g+v = 8'+7' (v = 4(t)), then |r] | = |r?] = 8],
Ir% | =0, |gr,| =0, and |z}(t) crossing J| < 2|s°|. If the interactlon isy+g—p+9
(v = zh(t)), then |rf | = 0, [r2 | = |r§| = 8], g, = g, and |zh(¢) crossing J| < 2|s°].
Thus we can prove the conclusion (B) is valid for & = 1.

(IT) Suppose that the conclusions (A) and (B) are valid for £ = n. We need to
prove that (A) and (B) are valid for k = n + 1.

Let t = t,, be the initial line and Ji,+4) is the initial I-curve.

(i) When any I-curve J is on t,, < ¢ < tp41, by considering all possible types of
interactions of waves, we have that F,Ei)l(J )s F,(LI;)I(J ), and Ft(J) are decreasing and
the strength of z5(¢) crossing J satisfies:

T I4
()] < 11+ 26+ Y (181 + 1)+ D hl

< |s%] + 2 + 2D(F{(0) + 6Cin > _ 0] — F3), (7))
i=1
< 2|s°|.

Therefore, using the results that (A) and (B) are valid for k = n, we can prove (A)
is valid for k =n + 1.

(ii) When the I-curve J = Jis, ., +r), then at time ¢ = ¢, 1, the interaction is either
gty =B+ (y=x4t) ot y+g— B +4' (v =z4(t)) in the diamond A bounded
by J(tn+1+h) and Jn+1.

0If the interaction is g +v — 8’ + ' (v = zb(t)), then 0 ey | = P81l = 187,
Tq(n+1) |

If the interaction is v + g — 8’ + ' (y = z4(¢)), then |r?p(n+1)| =0, |r2(n+1)| =

=0, |gry(nssy| = 0, and the strength of zh(t) crossing J is less than 2|s°|.

79411 = 18], Gryensry = 9> and the strength of z}(t) crossing J is less than 2|s°.
Consequently, using the results obtained in (i) and the result that (B) is valid for
k = n, we also can prove (B) is valid for k =n + 1. O
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