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BEST CONSTANTS IN ONE-SIDED WEAK-TYPE INEQUALITIES

A. B. J. Kuijlaars

ABSTRACT. We prove that the best constant in the one-sided weak 1-1 inequality
for the Hilbert transform m({f(z) > A}) < K||fll1/X is equal to K = 1. This is
used to obtain the best constant in an inequality of P. B. Borwein dealing with
logarithmic derivatives of rational functions. In addition, we find best constants
in various related inequalities.

1. Introduction

The starting point of this paper is an inequality of Borwein [2] for the logarithmic
derivative of rational functions. He showed that

() 8n
m({w €R: 22 ,\}) <3 (1.1)
for all rational functions r,, of degree < n and A > 0. See also [3, page 347]. Here m
denotes the Lebesgue measure on the real line. In [2], the inequality (1.1) was used to
obtain lower bounds for the rate of approximation to exp(—=z) on [0, 00) by rationals.
The exact rate was obtained somewhat later by Gonchar and Rakhmanov [7] using
different methods.

The constant 8 in (1.1) is not optimal, and Borwein, Rakhmanov, and Saff [4]
conjectured that the best constant should be 2w, and it is one of the goals of this
paper to prove that indeed

m({x eR: %% > /\}) < 2—7;73, (1.2)

and 27 cannot be replaced by any smaller constant. We note that from (1.2), we easily
get a different proof for one of the results in [4]. See Corollary 6 below.

The approach to prove (1.2) is based on the observation that (1.2) is related to a
weak-type inequality for the classical Hilbert transform on the real line f — f where

f(z) = %/_c: %dt'

Recall that the Hilbert transform is a bounded linear operator on LP for every p €
(1,00), but not on L. Instead, we have a weak 1-1 inequality: there is a constant
C > 0 such that for every f € L! and A > 0,

m({z € R: @) 2 ) < S Iflh. (13)
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The best constant in (1.3) was determined by Davis [6], who found

T -1 -2 -2
14324524
C=n° (/0 |logtan9/2|d9> =iT3@ I (1.4)

Davis used probabilistic methods to prove this result. Later, Baernstein [1] gave an
analytic proof. It should be emphasized that (1.4) is the best constant for real-valued
L' functions. The best constant for complex-valued L functions is unknown.

The inequality (1.2) is related to the one-sided weak 1-1 inequality for the Hilbert
transform

m({z € R fz) 2 2}) < I (1.5)

We are going to extend Baernstein’s analytic method to prove that the best constant
in (1.5) is K = 1, and this will be the main tool in proving (1.2). More generally,
we determine the best constant K = K (o) in (1.5) for the class of functions f € L*
satisfying

st =olsls

where o € [—1,1]. This enables us to obtain the best constants in inequalities like
(1.1) for ray sequences of rational functions. This means that for some «, 8 > 0, we
have r, = pn/qn with degp, < an and degq, < fAn.

The sharp constants we find for the Hilbert transform are also sharp in the corre-
sponding inequalities for conjugate functions on the unit circle. In this paper, we are
only dealing with the Hilbert transform since this is what is needed for the inequal-
ities concerning logarithmic derivatives of rational functions. The changes that are
required for the conjugate functions are left to the reader.

We will formulate our results more precisely in the next section. The main results
are Theorem 1 on the Hilbert transform from which various weak-type inequalities
follow, and Theorem 5 on the logarithmic derivatives of rational functions. A major
role in the proof of Theorem 1 is played by a certain subharmonic function in the
complex plane. Its definition and properties are given in Section 3. We remark that a
similar, though somewhat simpler, function was used by Baernstein [1] to obtain the
best constant in the two-sided inequality. Finally, the proofs of the results are given
in Sections 4 and 5.

2. Statement of results

2.1. Best constants for the Hilbert transform. In what follows, L' denotes the
space of real-valued integrable functions on the real line with norm

umv=/ f@lt,  felt

We also use
1= [ fa,  fert

Our main result is
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Theorem 1. Let 0 € (—7/2,7/2).
(a) For every f € L* and A > 0, we have

mi{e € R: ) 2 3) < § (g1 -
(b) Let fo be given by

zHsnd <<,
fo(z) ==

20
wcosf

19). (21)

VvI—z?’ (2.2)

0, elsewhere.
Then equality holds in (2.1) for f = Afy.

Of course, fg is not the only function for which equality holds in (2.1). It will follow
from the proof of Theorem 1 that more such functions can be found from conformal
mappings from the upper half plane H onto the domain €y given by

Qp:={weC:Sw<1}\{iv:v<1-cosb} (2.3)
Let us use v+ to denote the point on the right side of the slit {iv : v < 1 —cos6} and

iv— for the point on the left side. Then any conformal map F from H onto g such
that

0 ifé=0,
F(oo)=4¢ 0+ if6>0, (2.4)
0— ifé<0,
gives rise by means of
f(z) == RF (), —00 < T < 00,

to a function f € L! for which equality holds in (2.1) with A = 1. The function
fo from (2.2) corresponds in this sense to the conformal mapping F with additional
requirements

F(1) = 400 + 1, F(-1) = —co +1.

We state some immediate corollaries of Theorem 1. Choosing 6 = 0, we obtain the
best constant in the one-sided weak 1-1 inequality (1.5):

Corollary 2. For every f € L' and A > 0, we have

= 1
m({z €R: f(z) 2 AD) < 51l (25)
Equality holds for the function \fo.

It is remarkable that in the one-sided inequality (2.5), equality holds for some
function f # 0, since in the two-sided inequality (1.3) with best constant (1.4), equality
cannot hold for f # 0; cf. [6].

For 6 — /2, the right-hand side of (2.1) is unbounded unless I(f) = | f|l1,
which means that f is non-negative a.e. In that case, the right-hand side tends to
(2/(Am)Ifll1, and we obtain a result due to Davis [5].

Corollary 3 (Davis). For every non-negative f € L' and X > 0, we have

m({z € R: f@) 2 XD < 1=l flh- (26)
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Equality holds for f = Afr 2 where

1+z
—, if =1 1
f,r/2(:1;) = 1-—2' if <z<l, ,
0, elsewhere.

and A = 1.
If we have I(f) = o| f||1 for some o € (—1,1), then (2.1) gives

cos@ mcosf

m{zeR: f(z) 2N} < % ( - 208 > 1111

for every € (—m/2,7/2), and we can minimize the constant with respect to 6. A
straightforward calculation then gives the following result.

Corollary 4. Let o € (—1,1). Then there is a unique 0 = 0, € (—7/2,7/2) such
that

sinf, = gg(cos 05 + 6,sin6,). 2.7

Defining

1 200, 20
K(o) = cosf, mcosf, msinb,’ (2:8)

we have for every f € L' such that I(f) = o||f|l1 and every A >0,
= K(o
m({z e R: fe) 2 A < KDy g (29)
The constant K (o) is sharp. In fact, for f = fa, as given in (2.2), we have
I(fs,) = ol fo, 1 (2.10)
and equality holds in (2.9) with A = 1 since both sides are equal to 2.

That (2.10) holds can be seen from (2.2) and (2.7). Indeed, by direct calculation

1 2 +siné,

I(fo,) = -1
z + sinf,

1

which together with (2.7) gives (2.10).

It is easy to verify that K(0) = 1 and K (1) = lim,—; K(0) = 2/. It is also easy to
see that K is even and decreasing on [0,1]. Using these, we find that the Corollaries
2 and 3 are contained in Corollary 4.

dzx = msinf, (2.11)
and

dz = 2cosf, + 20, sinb,, (2.12)
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2.2. Best constants for logarithmic derivatives of rational functions. As
mentioned in the Introduction, an inequality of the type (1.2) is related to the in-
equality (2.5). From the more general results in §2.1, especially Corollary 4, we obtain
sharp inequalities for rational functions r,, = pn/gn Where p, and g, have more general
degrees. We use the function K as defined by (2.7) and (2.8) in Corollary 4.

Theorem 5. Leta >0, >0, o+ 8 >0, and let 1, = pn/gn be a rational function
where degp, < an and deggn < Bn. Then for every A > 0,

m({xER: % 2)\}> < (a-l:\ﬂ)ﬂK (Z;g) n. (2.13)

Given o and B, the number (o + B)mK((a — B)/(a + B)) is asymptotically the best
possible, in the sense that for every smaller constant C, there is for every large enough
n, a rational function ry, = pn/qn with degp, < an, degg, < fBn such that for some
A>0,

rl(z) Cn
P— 2 -
m({xeR (@) 2 )\}) >

For o =1, 8 =0, we use K(1) = 2/ to rediscover a result of Borwein [2; 3, page
346]: for every polynomial p, of degree < n, we have

m({xéR:%ﬁ%Z,\}>s2§, A>0.

That the constant 2 is best possible was shown by Kristiansen [9].
Next, we take ¢ = 8 = 1 in Theorem 5. Since K(0) = 1, it states that for every
rational function 7, of degree < n,

2mn

A bl

m({xeR:r:*(x)zA})s A >0,

()
and that the constant 2 is sharp. This proves the conjecture of Borwein, Rakhmanov,
and Saff [4].

Finally, we mention that Theorem 5 can be used to give a different proof for The-
orem 1.3 in [4]:

Corollary 6 (Borwein-Rakhmanov-Saff). Let {rn}32;, T'n = Pn/qn be a sequence of
rational functions, such that degp, < an, degq, < fn. If R > 0 is such that

lim {le™*ry(z) — 1[j0,5) = 0, (2.14)

n—

then

a—p
R< (a+P)rK (a+ﬁ) .
The constant (@ + B)7K ((oe — B)/(a+ B3)) is the same as the number & used in [4,

Theorem 1.3]. That this constant is sharp in Corollary 6 was shown very recently by
Rakhmanov, Saff, and Simeonov [10].
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3. A subharmonic function

The proof of Theorem 1 depends on the properties of a certain auxiliary function
h = h(w) defined in the complex w-plane. We introduce and discuss this function in
this section. Put

Q:={weC:Sw<1}\{v:v <0},

so that = Qg as defined in (2.3). We continue to use the convention that for v < 0,
1v+ denotes the point on the right side of the slit {iv : v < 0} and v— the point on
the left side.
We define h: C — R first on C\ Q by
{ |Rw| -1 if Sw> 1,
h(w) := (3.1)
0 if Rw =0 and Sw <0,
and then define h on Q as the solution of the Dirichlet problem for harmonic functions
with the above boundary values. To ensure uniqueness, we also impose the growth
condition

h(w) = O(|Rw|) (w — o0). (3.2)
The mapping,
— W
z2=®(w):= T (3.3)

maps  conformally onto the upper half plane H = {Sz > 0}. The line w = u + i,
u € R is mapped onto the interval (—1,1). The function h being harmonic in 2, yields
by conformal transplantation the harmonic function H on H. The boundary values
of H are

|z| .
-1 if —1<z<1,
H(w)={ V1-—2z? ' ’

0 elsewhere.

Thus H is given by the Poisson integral for the half plane

1t sl y
H iy) = — —_— 1) ———ds, > 0. 3.4
(= +) W/—l(ﬂ )(w—s)2+y2 »o v 34
To prove that h is subharmonic on C, we first need a lemma.

Lemma 7. Forv <0,
Oh 2
— (7 = = 2 _
™ (fv+) - arctan (\/v 2v) > 0. (3.5)
Proof. Using the map ® from (3.3) and the chain rule, we get
6h, . 1.,  OH _ .
%—(w+) = Z(I> (zv+)a—y((1>(w+)). (3.6)
For v < 0, it is easy to compute from (3.3)

1-v
VZ =20’

B(iv+) = — ¥ (iv) = (Tz—_zzm (3.7)
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Next we have from (3.4) for |z| > 1,

IO %/.11 ( s ‘1> EErr
1 1
=l/0 13_32 ((x—ls)2 * (wis>2)ds‘%/.1 (m—1s>2ds

/ z? + 5 2 1
\/1 — 82 (z2 - 32)2 w2 —1

1 2

22 +1-t 2 1
= dt — — 3.8

o (22 —1+1¢2)2 Tz2 -1 (38)
where, for the last equality, we have made the change of variables t = v/1 — s2. The
integral of the rational function in (3.8) can be evaluated by elementary methods. The
result is

1 1
( ) = ﬂmarctan (ﬁ) .

Combining this with (3.6) and (3.7), we obtain (3.5). O
Proposition 8. The function h is subharmonic on C.

Proof. Since h is continuous it is enough to show that h satisfies locally the sub-mean-
value property:
27
h(wo) < L h(wo + re'?)dd (3.9)
2m Jo

for every wo € C and r sufficiently small (depending on wy).

Since h is harmonic in 2, the inequality (3.9) holds for wy € . Next, we note
from (3.1) that h(w) > [Rw| — 1 for w & Q. Since h is harmonic in Q, |Rw| — 1 is
subharmonic, and (3.2) holds, we get

|Rw| — 1 < h(w), w € C.
Hence, if Swg > 1 and r > 0,

1o .
h(wo) = |Rwo| —1 < o (IR(wo + re®®)| — 1) df
0

1 27 0
< — ¢ .
<3 ), h(wo + re**)df
Thus (3.9) is satisfied if Swg > 1.
Further, it follows from Lemma 7 and the symmetry of h around the imaginary
axis, that there is an open set U containing the negative imaginary axis such that

h(w) >0, weU.

This clearly gives (3.9) for wo = iv, v < 0, if r is small enough so that the circle with
center wg and radius 7 is contained in U.

Now it is proved that h is subharmonic in C\ {0}. However, since A is continuous,
this also implies subharmonicity at 0, e.g., see [11, Theorem 3.6. 1], and the proposition
follows. O
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For later use, we need an upper estimate on h. First we state a computational
lemma.
Lemma 9. The function v — h(iv), 0 < v < 1, is decreasing.

Proof. The mapping ® from (3.3) maps the segment w = v, 0 < v < 1 onto the
positive imaginary axis, and v — h(iv) is decreasing for v € (0,1) if and only if
y — H(iy) increases for y > 0.

We have from (3.4),

1
H(iy) = / \/—— o Y ds % arctan (§> .
The change of variables ¢t = v/1 — s2/4/1 + y? leads to
. 2y /1/ VIH g 2 (1)
H(iy) = ———— —— — —arctan | —
(@) T/ 14+92 Jo 1-¢ 7 Yy
/ 2
= 2y log 1ty +1 —garctan <l>
m/1+y2 y ™ Yy
Then, after some straightforward calculations,
/ 2
@-(iy)= 2 log tha il ;
9y m(L+y?)3/2 y

which is positive for y > 0, and this proves the lemma. O

Proposition 10. For every w € C, we have
h(w) < |Rw|. (3.10)
Proof. Because of (3.1), the inequality (3.10) is clear if w ¢ €. Since, by Lemma 8,

we have h(iv) < h(0) = 0 for 0 < v < 1, it follows that (3.10) also holds for w = iv,
0 < v < 1. Setting

Qp =0N{Rw >0} and Q_:=0n{Rw <0},

we have (3.10) for w € 9Q4. As both sides are harmonic in Q2 and we have the growth
condition (3.2), the inequality (3.10) continues to hold throughout Q.. Similarly,
(3.10) holds for w € ©_, and the proposition follows. O

4. Proof of Theorem 1

Proof of Theorem 1(a). It is enough to prove (2.1) for A = 1 since the general case
follows from this special case by taking f(z)/A. Let § € (—7/2,7/2). We consider the

domain
Q={weC:Jw<1}\{iv:v<1-cosb},
which already appeared in (2.3), and the function

ho(w) := h (91(1—‘29—)) (4.1)

cos @

where h is the subharmonic function from Section 3.



BEST CONSTANTS IN ONE-SIDED INEQUALITIES 103

Let f € L', and set
F(z)i= 2 f © D, w0 (4.2)

The analytic function F' belongs to the Hardy space H; of the upper half plane and
has the a.e. non-tangential boundary values

F(z) = f(z) +if(z), —o0<z<o0,

e.g., see [8]. It follows from Proposition 8 and (4.1) that hg(F(z)) is a subharmonic
function in the upper half plane. It is easy to see that he(F(z)) — 0 as Sz — 0;
therefore,

. 1 [* y
ho(P) < 7 [ holF@)ztsde, >0 (43)
Since
Jm myF(iy) = I(f),
which is easy to verify from (4.2), we have

Tim myho(F(i)) = 1(f) 200

S (0+)
in case I(f) > 0, and
Tim myho(F(iy)) = 1(f) B2 (0-)
if I(f) < 0. Since dhy /au(o+) = —dhg/Ou(0—), we obtain in all cases
lim myho (F(i) = 1) 02 (0+), (44)

Then multiplying (4.3) by 7y and letting y — oo, and using (4.4) and the dominated
convergence theorem, we get

(5 %(m) < / " ho(F(2))da. (4.5)

Now let E :={z € R: f(z) > 1}. Then for z € E, we have SF(z) > 1, so that by
(3.1) and (4.1),

1
he(F(z)) = s f@I-1,  zek. (4.6)
For x & E, we use (4.1) and Proposition 9 to obtain
1
he(F(z)) < mlf(w)l, z€R\E. (4.7)

Then combining (4.5)-(4.7), we get
1) G20 < [ hoF@)de+ [ ha(F@)is
R\E

< [ (aal@n-1) e+ [ s
= —llfll — m(B). (49
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To compute Ohg/0u(0+), we use (4.1) and Lemma 7, which gives

Ohyg 1 6h .1 —cosf
(0+) cosf 6u( : cosd +)

2 1—cosf)? 1 —cosf
= arctan +2
mcosf cosf cosf
2(6|

mcosh’
Inserting this in (4.8) leads to

m(E) < 2l flh - o (5],

and this proves (2.1) with A = 1. O
Proof of Theorem 1(b). Again it is enough to consider A = 1 only. For the function
fo of (2.2), it can be shown that

folx)=1, if —1<z<1,

fo(z) <1 —cosh, elsewhere.
Thus m({z € R : f(z) > 1}) = 2. Using (2.11) and (2.12), it is easy to verify that
equality holds in (2.1).

Alternatively, one can follow the proof of part (a) and verify that for any conformal

mapping F' from H onto Qp satisfying (2.4) and for f(z) = RF(z), z € R, equality

holds in all of the above inequalities. Thus equality holds in (2.1) for f. Since fs
corresponds to such a conformal mapping, the theorem follows. O

5. Proofs of Theorem 5 and Corollary 6

We start with two lemmas.

Lemma 11. Let g, g,, n = 1,2,... be real-valued measurable functions on R such
that gn(x) — g(x) for almost every x € R. Let ¢ > 0 and suppose that

m({zeR:gn(m)ZA})SE, A>0, n=12...
Then,

m({zeR: g(a:)>)\})_)‘, A>0.
Proof. If Ey := {z € R: g(z) > A\} and Eg ) := {x € R:Vn >k gn(z) > A}, then
Erx C Egyi,n m(Er)) < ¢/X and Ex \ N C UgEg,» where N has zero Lebesgue
measure. Thus m(E)) < ¢/A. In the same way, we get m(Ex—_¢) < ¢/(A — €) for every
€ > 0. Letting € — 0, we obtain the lemma. O

Lemma 12. Letn € N, (3,...,¢n € C, A1,...,An € R and o € [—1,1] such that
i1 Aj =0 |Aj|. Then for

9(z) := ZA m( CJ) (5.1)

j=1
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and A > 0, we have

m({z € R:g(a) 2 ) < KO S04 (5.2)
Jj=1

Proof. By virtue of Lemma 11, we may assume that the numbers (; are all nonreal.
We put ¢; = a; +ib; with b; # 0 and

[b;
xTr) = ——-—.
f( ) ; 3 aj)2 + b?
Then we have
If)=m) 45  lfli <7 144, (5.3)
j=1 j=1

and f = g. Thus, by Theorem 1,

mifa € R:g@) 2 ) < KTy, < KO Sy

j=1

where 7 is such that I(f) = 7| f||;. From (5.3), it follows that |r| > |o|, and since K
is an even function which decreases on [0, 1], this implies K(7) < K (o). Hence, (5.2)
follows. a

Proof of Theorem 5. Let r, = pp/g, be a rational function with degp, < an and
deggn < Bn. We may assume that both p, and g are real polynomials. Let &;,
Jj=1,...,degpn, denote the zeros of p,, counted according to their multiplicities, and

15, J=1,...,deggy, the zeros of ¢,. Then
deg gn
5)- %)
j=1 T =15
If for k € N we define,

@ 1 e —dem (
1 deg pn 1
gk(z) := (an — degp,)R (z—ik) + Z m($—§j>

Jj=1 j=1
Jj=1

— (Bn — deggn)R (z—lzk> _"%’*% (w-l’b') ’

=1

then gk (z) — 77,(z)/rn(z) as k — oo. From Lemma, 12, we get for every k,

(a+ B (a B )
eR: >AD) < K
mifs € Riau(o) 20 < 5 o
Then (2.13) follows from this and Lemma 11.
To prove that (a+B)mK ((c:— )/ (a+8)) cannot be replaced by a smaller constant,
we put 0 := (a — 8)/(a + B), 8 := 85, and we recall the function f; from (2.2):

T +sin@

f()——\/_-__— -l<z<1, (5.4)
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and fo(z) = 0 elsewhere. Then fs(z) = 1 for z € (~1,1), while fo(z) <1 —cosé for
|z| > 1. Hence,

mzeR: fh>1}) =m({ze[-1,1]: fo>1}) =2 (5.5)
Associated with fg is the conformal map F from H onto {2y such that
F(z) = fo(z) +ifs(z), —00 < < 00.

We note that for all x except %1,
lim SF(z +16) = fo(z).

Hence, by (5.5), we can find for any given € > 0, a § > 0 such that
m({z € [-1,1]: SF(z+140) >1—¢€}) > 2—e. (5.6)

The construction of suitable rational functions r, will result from discretizing the
signed measure fy(t)d¢ which is supported on [—1,1]. We note that its positive part
is on [—sin @, 1] with total positive mass

! 140
t)dt = 5.7
[ECad = @)
The negative part is on [—1, —sinf] and
—sinf .
t)dt = 5.8
[ poa=—g )
This may be obtained from either (2.8), (2.11), and (2.12) or by direct calculation.
For a given n, we choose [an/2] points Z1n,... ,Ljan/2),n in (—sind, 1] satisfying
T 140
Tin=1 and fo(t)dt = i=1,...,[an/2]-1. 5.9
. [ poa= ey on/2=1. 9
Similarly, we choose [ﬂn/2] pOints ¥1,n,+ -+ »Y[@n/2),n in [—1,—sind) according to
L oand [ ft)d L 19 5o 9 -1
Y1, =—1 an - fo(t) t——mm, i=1,...,[Bn/2] - 1. (5.10)

These points are Well-deﬁned because of (5.7) and (5.8). Let v, be the signed measure
on [—1,1] with mass 2/n at each z;, and mass —2/n at each y;, 5. Using (5.7)-(5.10),
we find that

nhngo Vp = ——K( ) fo(t)dt (5.11)
where the convergence is in the sense of weak* convergence of signed measures on
[-1,1].

Now, for every n, we introduce the rational function
[en/2]
II [&-zn)?+67]
. _J=t
ro(z) == /2] . (5.12)

I (@ ysn)?+5]

j=
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Thus, the degree of the numerator is < an and the degree of the denominator is < fn.
By the definition of the measure l/n,
(@)
nrn(z) / (z— i&)2 + 42

As n — oo, we find from (5.11) for every z,

T;,(.’L‘) a+ﬂK( /(x t)2+52f9(t)dt

n—o0 NIy (T)
_o + B

dvn(t), —00 < T < 00.

7K (0)SF(z + i6).
Then it follows from (5.6) that when n is sufficiently large,

m({z € [-11): 75 +ﬂﬁ£%%mh@)>l_é)22_6

That is, with A := ((a + 8)/2)7K(0)(1 — €)n,
m({z € [-1,1] : Exg > A} > -9 - G)éil +,3)7I‘K(U)n

This shows that (a+ 8)mK (o) cannot be replaced by a constant less than (2 —€)(1—
€)(a+B)wK (0)/2. Since € > 0 can be taken arbitrarily small, the theorem follows. O

Proof of Corollary 6. To obtain a contradiction, we let

R>(a+ﬂMK(Z;§>, (5.13)

and we suppose there exist 7, = p,, /g, with degp, < an and degg, < fn such that

(2.14) holds. Then r,(z) > 0 on [0, R] for n large enough, and taking logarithms, we
have

nango || log 7 (z) — n||[o,7) = 0. (5.14)
By (5.13), we can choose €,d > 0 such that

(a+B)r, (a-8
T K atd <R-e
Then from (2.13) with A = (1 — §)n, we get

m({a: eR: ::':Ez; >(1- 6)n}) < R-—g¢,

SO

m({a: €[0,R]: :IZE:;; <(1- é)n}) >e. (5.15)

The set where 77, /r, < (1 — &)n is the union of O(n) intervals. Thus, it follows from
(5.15) that there exist an, b, € [0, R] and p > 0 such that

n(:l:) < (1 — J)n’ forz e (anab'n)

el

and b, — a, > p/n. Then

log 75 (bn) — log Ty (an) =/ " Ta(2)

.,"'n()

dz < (1-06)n(b, — ay);
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therefore,

(log 7 (br) — nby) — (logTn(an) — nay) < —dn(b, —an) < —6p < 0.

Then (5.14) cannot hold, and the corollary follows from this contradiction. O
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