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ORTHOGONAL POLYNOMIALS AND CUBATURE FORMULAE ON SPHERES
AND ON SIMPLICES

Yuan Xu

ABSTRACT. Orthogonal polynomials on the standard simplex ¢ in R% are shown
to be related to the spherical orthogonal polynomials on the unit sphere S¢ in
RA+1 that are invariant under the group Zs X --- X Zz. For a large class of
measures on S¢, cubature formulae invariant under Zz X .-+ x Zg are shown to
be characterized by cubature formulae on ©%¢. Moreover, it also is shown that
there is a correspondence between orthogonal polynomials and cubature formulae
on ©¢ and those invariant on the unit ball B¢ in R¢. The results provide a new
approach to study orthogonal polynomials and cubature formulae on spheres and
on simplices.

1. Introduction

The purpose of this paper is to study the connection between orthogonal polyno-
mials and cubature formulae on spheres and on simplices. A special case of the
results shows that the orthogonal polynomials with respect to the measure
(ug -+ ug(l —uy — -+~ — ug))"/2du on the standard simplex ¢ on R? are related
to the spherical harmonics on the unit sphere S¢ in R%*! that are invariant under the
group Zg X -+ X Zn, and there is a one-to-one correspondence between cubature for-
mulae on X% and cubature formulae on S¢ that are invariant under Zs X - - - X Zg. The
main results will be established for a large class of measures. Orthogonal polynomials
on the sphere with respect to a measure other than the surface measure have been
studied only recently (see [3-5, 8, 25] and the references there). The most important
development has been a theory developed by Dunkl [3-5] for measures invariant un-
der a finite reflection group, in which the role of Laplacian operator is replaced by a
differential-difference operator in the commutative algebra generated by a family of
commuting first order differential-difference operators (Dunkl’s operators). Motivated
by the work of Dunkl, we used an elementary approach in [25] to study the connection
between orthogonal polynomials and cubature formulae on the sphere $¢ and the unit
ball B¢ of R%. It was shown that we can construct homogeneous orthogonal polyno-
mials on S? from the corresponding orthogonal polynomials on B¢ for a large class of
measures.

The present work is a continuation of [25] in spirit. For a large class of measures,
we will show that orthogonal polynomials on £¢ and those on S¢ which are invariant
under the group G = Z, X -+ X Zy are connected by a simple transformation. The
result offers a way to study the structure of orthogonal polynomials on the sphere;
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it also may lead to new understanding on orthogonal polynomials on the simplex.
Together with the results in [25], we also obtain a correspondence between orthogonal
polynomials on the simplex and those on the unit ball that are invariant under G.
Our approach is elementary as in [25]; it is motivated by [3] in which the connection
between orthogonal polynomials on S? and £2 is used to study orthogonal polynomials
with symmetry of order three; the approach does not involve differential or differential-
difference operators.

A closely related question is how to construct cubature formulae on spheres and
on simplices. According to a theorem of Sobolev [16], in order to establish a cubature
formula invariant under a finite group, one only has to verify those polynomials that
are invariant under the same group. In particular, to establish a Z3 X - - - X Zy invariant
cubature formula on S¢, we only have to consider the homogeneous polynomials that
are invariant under the group G. This consideration leads us to establish a one-
to-one correspondence between the cubature formulae on ¢ and the Zp X --- X Zy
invariant cubature formula on S¢. Moreover, using the result in [25], we also have a
correspondence between the cubature formulae on £¢ and the Z, x - - - X Z, invariant
cubature formulae on B¢. These results allow us to transform cubature formulae on
one domain to another. Over the years, there has been a lot of effort devoted to
the construction of cubature formulae on the sphere, on the ball, and on the simplex
(mostly with respect to the Lebesgue measure); see [6, 12, 15, 17] for some of the
references. It is remarkable that the simple correspondence between cubature formulae
on these regions has not been noticed before. It yields, in particular, many new
cubature formulae on spheres and on simplices; some of them can be derived from
the known cubature formulae on a different domain by the correspondence. Because
the main focus of this paper is on the relation between the orthogonal structure and
cubature formulae on spheres and on simplices, we will concentrate on the theoretic
side of the matter. The examples of new cubature formulae will be reported in a
separate paper [7].

The paper is organized as follows. In Section 2, we introduce notation and present
the necessary preliminaries, where we also prove the basic lemma. In Section 3,
we discuss the relation between orthogonal polynomials on S¢ and those on £¢. In
Section 4, we discuss the relation between cubature formulae on the unit sphere and
those on the simplex.

2. Preliminaries and basic lemma

Basic notation. For x € R%, we denote by P, = [x| = /23 +--- + 23 the usual
Euclidean norm. Let B? be the unit ball of R? and S¢ be the unit sphere on R3+1,
that is,

Bi={xeR?:|x|<1} and S%={yeR¥*!:|y|=1}.

We also denote the £! norm of x € R? by |x|; = |z1] + -+ + |z4]. Let £¢ be the
standard simplex in R?, that is,

Y={ueR?:u; >0,...,uq >0,1— |u|; >0}

For d = 2, the simplex %? is the triangle with vertices at (0,0), (1,0) and (0,1).
Throughout this paper, we fix the following notation: for y € R%+!, we write

Y=, YarVas1) =X =r(x,za1), x €8% xeB (2.1)
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where r = |y| = Vg +--- + y3,, and x = (24, ...,24).

Polynomial spaces. Let Ny be the set of nonnegative integers. For a = (a1,...,04) €
N¢ and x = (z1,...,24) € RY, we write x* = z{*...25%. The number |a|; =
aj + -+ +oq is called the total degree of x®. We denote by IT¢ the set of polynomials
in d variables on R? and by II¢ the subset of polynomials of total degree at most n.
We also denote by P2 the space of homogeneous polynomials of degree n on R?, and
we let 7¢ = dim PZ. It is well known that

dimI1¢ = (n:d) and r¢=dimPg = (n+3—1).

Weight functions. Throughout this paper a weight function on a compact region {2 is
a nonnegative function on Q whose integral over Q is positive. We will take Q = S¢,
B2, or £ most of the time. On B¢ and ¢, we use dx (Lebesgue measure), and on
S, we use rotation invariant measure dw (surface measure).

Orthogonal polynomials on B% and T¢. Let Q denote either B¢ or X¢. Let W be a
weight function on Q. It is known that for each n € Ny, the set of polynomials of
degree n that are orthogonal to all polynomials of lower degree forms a vector space
V,, whose dimension is r&. We denote by P, = {PP'}, 1 < k < rd, and n € Ny, one
family of orthonormal polynomials with respect to W on € that forms a basis of II¢
where the superscript » means that P € I1¢. The orthonormality means that

| PROIPPGIW (x)dx = 808

For each n € Ny, the polynomials P, 1 < k < rd, form an orthonormal basis of
Vn. We note that there are many bases of V,; if @) is an invertible matrix of size
rd, then the components of QP, form another basis of V, which is orthonormal if
Q is an orthogonal matrix. For general results on orthogonal polynomials in several
variables, including some of the recent development, we refer to the survey [23] and
the references there.

Ordinary harmonics and h-harmonics. The ordinary harmonic polynomials on R4+1
are the homogeneous polynomials satisfying the Laplace equation AP = 0 where
A = 8}+---403,, on R*! and §; is the ordinary partial derivative with respect to the
i-th coordinate. The spherical harmonics are the restriction of harmonic polynomials
on S¢. They are orthogonal polynomials with respect to the surface measure dw on
Se.

The theory of h-harmonics has been established recently by Dunkl (see [3-5]). For
a nonzero vector v € R4t1, define the reflection oy by

Xoy i=x—2(x-v)v/|v]?, xeR¥L,

The h-harmonics are homogeneous orthogonal polynomials on S¢ with respect to h2dw
where the weight function h, is defined by

m
ha(x) == H |x - vi] e, a; >0, (2.2)

i=1
with o; = «; whenever o; is conjugate to o; in the reflection group G generated
by the reflections {oy; : 1 < ¢ < m}. The function h, is a positive homogeneous
G-invariant function. The key ingredient of the theory is a family of first-order
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differential-difference operators, D; (Dunkl’s operators), which generates a commu-
tative algebra [5]. The h-Laplacian is defined by Ap = D? + - -- 4+ D3, ;, which plays
the role of the Laplacian in the theory of ordinary harmonics. In particular, the h-
harmonics are the homogeneous polynomials satisfying the equation ApY = 0. The
h-spherical harmonics are the restriction of A-harmonics on the sphere.

Orthogonal polynomials on spheres for S-symmetric functions. A weight function H
defined on R¥t! is called S-symmetric if it is symmetric with respect to ygy; and
centrally symmetric with respect to the variables y’ = (v1,...,%4); ie.,

H®Y',ya+1) = HY',—ya+1) and H(y',ya+1) = H(=Y', yat1)-

In particular, the weight functions of the form H(y) = W(yi,...,v3,,) are
S-symmetric. It is proved in [25] that there is a unique decomposition

(n/2]
Pitt = @ Iy Hp—2x(H) (2.3)
k=0
where Hp(H) is the subspace of homogeneous polynomials of degree n which are
orthogonal to polynomials of lower degree. If H = h? where h is a reflection invariant
weight function as in (2.2), then H,(H) is the same as the space of h-harmonics on
R4+1; in particular, when H = 1, it is the same as the space of ordinary harmonics.
It also is proved in [25] that an orthonormal basis of H2+! can be constructed using
orthogonal polynomials on B¢ as follows. Associated to the weight function H, we
define two weight functions

W (x) = H(x,v/1~[xP)/v/1~[x? and W®(x)=H(x,v/1~[xP)v1-[x]?

on B?. We denote by {P} and {Q}} systems of orthonormal polynomials with respect
to the weight functions W) and W), respectively, where we keep the convention
that the superscript n means that PP and Q7 are polynomials in IT¢, and the subindex
k has the range 1 < k < rd. Keeping in mind the notation (2.1), we define

YO(y) =r"PP(x)  and YD (y) =r"2s1QF (%) (2.4)

where 1 <k <rd, 1 <j<rd_,, and we define ij? (y) = 0. It is proved in [25] that
these polynomials are homogeneous polynomials in y, and they form an orthonormal
basis for the space Hy(H).

The group Zs X - - - X Zy. In the rest of this paper, we reserve the letter G for the group
G =127 X+ xZy = (Zx)™. It is one of the simplest reflection groups. The elements
of G take the form a = (¢1,...,&m) Where ¢; = £1. For a function f defined on R™,
the action of @ € G on f is defined by R(a)f(x) = f(xa), x € R™, a € G; we have
R(a)f(x) = f(e1%1,- .- ,Em®Zm). If R(a)f = f for all a € G, we say that f is invariant
under G. We take the convention that the size of G agrees with the function it acts
upon, so that we do not have to write G = G,,. We will take m=dorm=d+1in
subsequent sections.

Basic Lemma. We let dw = dwg denote the surface measure on S¢, and the surface
area
o (d+1)/2

W(Sd) =UJd(Sd) = Ld d(l.)d = W
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Let H be defined on R4+, Assume that H is symmetric with respect to z4y1; i.e.,
H(x,z441) = H(x,—z441) where x € R?. It is proved in [25] that for any continuous
function g defined on S¢, we have

/ 9(y)H(y)dw
gd

[9(x, v/1 = [x[?) +g(x, —/1 = [x[?)| H(x, /1 - [x[*)dx

= (2.5)
Bd V1-=|x|%

This formula connects the integral on B¢ to S¢, and it plays an essential role in [25].

The following establishes a relation between the integrations over the unit sphere and
over the standard simplex.

Lemma 2.1. For any continuous function f defined on S¢,
du

2 Yl dw=2/ Uty..eyUgy 1 — U . (26
/sdf(yla ayd+l) Edf( 1 ) Ud, | |1)\/u1---ud(1—|u|1) ( )
Proof. Tt follows from (2.5) with H = 1 and g(y) = f(y,...,¥3,,) that
/ f@d, .y dw = 2/ f(z2,...,2%,1 - |x|2)————d—>f———
Sd Bé V1= |x|?
Since the function g(z?,...,z2) is invariant under the action of G, we can write its
integral over B¢ as 2¢ times the integral over B4 = {x € B? : 21 > 0,...,z4 > 0}.
Upon changing variables u; = @3, ...,ug = #3 in the integral over B%, we obtain
du
/ g(z?,...,23)dx = / g(u1, ... Ug) —— (2.7)
Bd »d Uy - Ug

where we have changed the integral over Bi back to the integral over B%. Putting

these two formulae together with g(x) = f(x,/1— [x[1)/+/1 — [x|1 completes the
proof. O

In the case d = 2, the formula (2.6) has appeared in [3, Lemma 1.6, p. 689]. We
note, in particular, that the Lebesgue measure on S¢ is related to the weight function
1/4/(u1 ... ug(1 —[uly) over =4.

3. Orthogonal polynomials on spheres and on simplices

In this section, we discuss the relation between orthogonal polynomials on spheres and
on simplices. We need some notations.

Definition 3.1. Let H(y) = W(3%,...,y3,,) be a weight function defined on Ré+?.
Associated to H, we define a weight function Wy on the simplex £¢ by

Ws(u) = 2W (ug, ..., ug, 1 = [u)1)/v/u1 -+ -ug(1 = |uly), uex?d (3.1)

and we normalize the weight function W so that, recall the formula (2.6),

/ W(yf,...,yg_i_l)dw:/ Ws(u)du = 1. (3.2)
Sd »d
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It is evident that H is S-symmetric on R%*t!. Recall that the space of orthogonal
homogeneous polynomials of degree n associated to the weight function H is denoted
by Hn(H). If a polynomial P in H,(H) is invariant under G, then P has to be of
even degree, which means that n is even. We define a subspace HS, of Ha,(H) by

HS, = {P € Hon(H)|P(xa) = P(x), a€ G},

that is, H$, contains polynomials in Ha,(H) that are invariant under the action
of G. Similarly, we define P, to be the subspace of Pg+! containing all invariant
homogeneous polynomials on R3+1.

Let R} denote a basis of orthonormal polynomials of degree n with respect to the
weight function Wx on £¢ where we keep the convention that the superscript 7 means
that R} are polynomials in I1¢, and the subindex k has the range 1 < k < r¢. Keep
in mind the notation (2.1). We define

S (y) =r*"RR(a%,...,23), 1<k<rl (3.3)
These polynomials are in fact homogeneous polynomials in y € R+,

Theorem 3.2. Let W be a weight function on R*!, defined as in Definition 3.1.
Then the functions S2™ defined in (3.3) are homogeneous polynomials of degree 2n on
RH1, and the set {S™ : 1 < k < rl} forms an orthonormal basis for HS,. Moreover,

n
Pg, = P lyP*HS, ok (3.4)
k=0

that is, if P € P,f" , then there is a unique decomposition

P(y) =) [y *Pu(y), P €H.
k=0

Proof. Recall the notation (2.1); we see that S2™ takes the form
S (y) =" RR(af,...,dh) =" Y apai oo
|B]1<n
where ag are constants. Since y; = 7x;, it is not hard to see that S2" is a homogeneous
polynomial of degree 2n in the variables y € R%*+1. To show S2" € H,(H), we need
to show that it is orthogonal to polynomials of degree less than 2n with respect to
H(y)dw on 8% We consider Ps(y) = y? for f € Né+! and |B|; < 2n — 1. If one

of the components of 8 = (B1,...,04+1) is odd, say B3; is odd, then we conclude by
symmetry of z; — —z; that

| SE@P@HEE = [ B YW sha)do =0

Hence, we only need to consider the case when all components of 3 are even; in such
a case we write 8 = 27 for v € N4*! and |y|; < n — 1. Then the basic formula (2.6)
shows that

| sy Em s = [ REel - ajt (- a1 = = 00 Wa(x)ix =0
Sd zd

by the orthogonality of R} to polynomials of lower degrees. Since it is evident from
(3.3) that S?" are invariant under G, we have shown that S?" are elements of HS,.
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Moreover, if we replace y** by 52"(y) in the above formula, then it follows from the
orthonormality of R that {S?": 1 < k < r¢} forms an orthonormal set.

Let P be a homogeneous polynomial on R¢*+! that is invariant under G. Then P is
necessarily of even degree, say degree 2n, which is of the form P(y) = p(y3,...,%2,1)
where p is homogeneous of degree n. Using w¢21+1 = 1-—z?—--.—2z2 whenever possible,
we can write P further as

P(y) =r?"q(z?,...,22), getd
where ¢ is a polynomial of degree m, not homogeneous in general.  Since
{RF,1 < j < 78,0 < k < n} forms a basis for all polynomials of degree n, we
can write q in terms of R;?. Therefore, we have the unique expansion

d d
n T n

Tk
P(y)= r2" Z Z b ',kR.I;(aﬁa s ,(Bg) = Z Z bj’kr2n—2ksj2k (¥)-

k=0 j=1 k=0j=1

In particular, if P € HS,, then it follows from the orthogonality of P to polynomials
of lower degree that P(y) = 3_;a;S7"(y). This shows that {S?,1 < j < rd} forms
an orthonormal basis of H$,, and the unique decomposition (3.4) holds. g

As a special case of the theorem, a basis of orthonormal polynomials associated to
the weight function Wx(b) = (u; - - - ug(1 —|ul|;))~%/2 yields, by (3.3), an orthonormal
basis for spherical harmonics that are invariant under G.

Since {S?} forms a basis of HS,, it follows that the dimension of HS, is rd. We
formulate this as a corollary.

Corollary 3.3. Let W be a weight function on R%*t! defined as in Definition 3.1.

Then
dimHS, = (”+d_ 1) and  dimPE = (”:d).

n

For the h-harmonics, the decomposition of Pg, in terms of HS, was established in [4]
using the differential-difference operators. The importance of the above theorem lies
in the relation between orthogonal polynomials on the sphere S¢ and on the simplex
34, In view of the result in [25], we can also establish a relation between orthogonal
polynomials on the simplex ©¢ and on the ball B4,

Let U be a weight function defined on R?. We define a weight function Us on £¢
by

U}:(u) =U(u1,...,ud)/\/u1---ud, uexd (35)
‘We denote the space of orthogonal polynomials of degree n with respect to the weight
function U(22,...,23) on B? by V,(BY). If P € V,(B?) is invariant under G, then it
must be of even degree. We define a subspace Vg, (B?) of Vo, (B?) by
V5 (B%) = {P € Vo, (B?) | P(xa) = P(x), a€G}.
That is, V2 (B?) contains orthogonal polynomials in Vs, (B?) that are invariant under

Theorem 3.4. Let U be a weight function defined on R%. Let R} be orthonormal
polynomials with respect to the weight function Us,. Then the polynomials T2"(x) =
RP(22,...,22) are orthogonal with respect to the weight function U(z3,...,23) on
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B4, and {T?",1 < k < 2} forms an orthonormal basis for V§,(B?). In particular, it
follows that dim V§, (B%) = rd.

The theorem follows as a corollary of Theorem 3.2 and the results in [25]. It also
can be proved following a similar line as in the proof of Theorem 3.2, using the formula
(2.7) instead of (2.6); we leave the details to the reader.

These two theorems point out a rather basic relation between orthogonal polyno-
mials on the simplex X¢ and those on the sphere S¢ and the ball B%. It is rather
remarkable that, except for the case discussed in [3], they do not seem to have ap-
peared in the literature. Let us illustrate them by an example, in which we look at
the classical orthogonal polynomials.

Example 3.5. Let us consider the weight functions H(y) = Hagl|y1 |2 |y2|22|ys|?*e
on S? where H, is a normalization constant so that H is normalized as in Definition
3.1. The corresponding weight function Wx on the simplex £¢ is given by

W2(x) = 2H,a2 2232712 (1 — gy — 35)5~1/2, (3.6)

In an effort to understand Dunkl’s theory of hA-harmonics, in [24] we studied in detail
the orthogonal polynomials on 5% associated to H(y) = Hay{* -+ yg5t', d > 2. In
particular, an orthonormal basis of h-harmonics is given in terms of the orthonormal
polynomials D) of one variable with respect to the measure (1—2)*[t|2# on [—1, 1],
which in turn can be written in terms of Jacobi polynomials. For d = 2, using the
spherical coordinates

y1 =rcosby, y2=rsinb cosby, yz3=rsinb;sinfy, r=|y|,
some of the h-harmonics of degree n (Y"’(l) in the notation of [24]) are given by

Yi(y) = "D(k+az+°’3+1/ 20a) (cos 61)(sin 6y )"D,(f‘3 2) (cos 62)

where 0 < k < n and A} are normalization constants. (It should be mentioned

that the spherical coordinates adopted above are in the reverse order of the spherical
coordinates used in [24].) On the other hand, an orthonormal basis for Wx can be

given in terms of the Jacobi polynomials P by (cf. [10])

Ry (o1, 32) = BpPRFerten =D (00, — 1)(1 — gy )rpfe b P (222 1)
— &1

where 0 < k < n, n > 0, and By are normalization constants. According to Theo-
rem 3.2, the polynomials

Sl%n(Y) = ,,-2‘"-R (11:1,372), y= (yla ?/2,:1/3) = 7'(171,.’1?2, 1)3),

are h-harmonics with respect to H. In fact, using the spherical coordinates and
the formula D()"“ )(cos§) = const PA-1/n= 1/2) (cos20) [24], we see from the above
formulae for Y" and R7 that, up to a constant, the polynomials S?"(y) and Y2 (y)
are identical. In partlcula.r this shows that Y2"(y) forms a basis for h-harmomcs
invariant under G.

Moreover, by Theorem 3.4, the polynomials T*(z1, z2) = R (%, z3) are orthogonal
polynomials on B? with respect to the weight function

U(z1,z2) = 2H,;.£|a:1|"""‘1 |a;2|2“2 (1- a:'f - a:g)2“3_1/2.
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If oy = a2 = 0, we can use the quadratic transform P, (’\ ) (t) = const P ~1/2) (92-1)
[18, p. 59, (4.1.5)] to conclude that

1 q.-1 T2
P(2k+a3,2k+a3) 33 1— w2 k:P(O‘S 21033 .
2n—-2k ( 1)( 1) 2k \/ﬁf

Apart from the constant, these polynomials with a = a3 — 1/2 are exactly the same
as oPs;, o), given in [10, formula (3.8), p. 449] where the polynomials 3 P are given

as an orthogonal basis for the weight function (1 — 27 — z3)*~%/2.

T (z1,x2) = const

The case oy = as = ag = 0 in the above example is of particular interest, since
h-harmonics reduce to the ordinary harmonics when o = 0. Another interesting case
is @1 = as = ag; Dunkl [3] studied the h-harmonics that are invariant under the
symmetric group of order three in this case. Among other things, an orthogonal basis
invariant under the permutations of z1, z2, and 1 — z; — 3 is given, which leads to
h-harmonics invariant under the octahedral group.

4. Cubature formula on spheres and on simplices

In this section, we discuss the connection between cubature formulae on spheres and
on simplices. For a given integral L(f) := [ f du where dp is a nonnegative measure
with support set on X¢ or B¢, a cubature formula of degree M is a linear functional

N
Tn(f) =D Mef(xk), M ER, x €RY,

k=1
defined on II¢, such that £(f) = Zn(f) whenever f € I14,, and L(f*) # Zm(f*) for
at least one f* € 14, Y+1- When the measure is supported on 8¢, we need to replace
14, by %} in the above formulation and require x; € S¢. The points X, ..., Xy in
the formula are called nodes, and the numbers Aq,..., Ay are called wezghts Such a
formula is called minimal, if N, the number of nodes, is minimal among all cubature
formulae of degree M.

We are interested in the cubature formulae that are invariant under the action of
the group G. A linear functional Z(f) is called invariant under G if Z(R(a)f) = Z(f)
for all a € G. In order to write down an invariant cubature formula explicitly, we
need more notation. For u € R™, m = d or d + 1, we denote its G-orbit by G(u),
which is defined by G(u) = {ua | a € G}; we also denote by |G(u)| the number of
distinct elements in G(u). A cubature formula is invariant under G if the set of its
nodes is a union of G-orbits, and the nodes belonging to the same G-orbit have the
same weight. In the case we are considering, the invariant cubature formula, denoted

I$(f), takes the form

R o S R

aeG ee{-1,1}m

where the summation ), . f(u;a) is understood as taken over all distinguished ele-
ments of G(u;) as explained in the second equality. We note that |G(u)| = 2* where
k is the number of non-zero elements of u in this case.

The main result in this section establishes a correspondence between cubature for-
mulae on the simplex £¢ and a Zg x - - - X Z invariant cubature formulae on the sphere
S¢. Because of their applications in numerical integration and in areas ranging from
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coding theory to isometric embeddings between classical Banach spaces, cubature for-
mulae on the sphere have been under intense study for years. One of the important
approaches in the construction of cubature formulae was initiated by Sobolev [16],
which dealt with the invariant cubature formula under a finite group. The fundamen-
tal result of Sobolev states that a cubature formula invariant under a group is exact
for all polynomials in a subspace P if, and only if, it is exact for all polynomials in P
that are invariant under the same group. Since this result helps to reduce the number
of polynomials that need to be evaluated by a great deal, it has been used to construct
a number of cubature formulae on the unit sphere S (cf. [6, 11, 15, 17] and the refer-
ences there). In the case we are considering, the results in the previous section shows
that the invariant polynomials on S¢ can be identified with the polynomials on the
simplex ¢ under a proper change of variables. Therefore, Sobolev’s result suggests
that the Zy X - - - X Zy invariant cubature formulae are related to the cubature formulae
on the simplex. Indeed, we have the following result which does not seem to have been
noticed before.

Theorem 4.1. Let Wy be a weight function on ¢ as defined in Definition 3.1. Sup-
pose that there is a cubature formula of degree M on £¢ given by

N
./zd fu)Wg(u)du= Z)\if(ui), fenyg, (4.1)

=1
whose N nodes lie on the simplez %%, that is u; = (wi,...,u9) and u; > 0,

1—|u|1 =2 0. Then there is a cubature formula of degree 2M + 1 on the unit sphere
S,

N
/5 SOWEE Ao =Y N Y i) /IG0), ge T, (42

=1 a€G
where the nodes v; = (Vi 1,...,id+1) € S? are defined in terms of u; by
Vi = ('011,1, e ,'Ui,d+1) = (1 /ui,l, ey 1/11,1;,,1, 1-— |ui|1). (4.3)

On the other hand, if there exists a cubature formula of degree 2M + 1 on S¢ in the
form of (4.2), then there is a cubature formula of degree M on the simplez £ in the
form of (4.1) whose nodes u; € £¢ are defined by

u; = (u,-yl, o ,ui,d) = (’l),iz’l, .o .,vzd). (44)

Proof. Assuming (4.1), we prove (4.2) for the polynomials g5(y) = y?, 8 € N¢*1, and
|81 < 2M + 1. If one of the components of 8 = (fi,...,04) is odd, say £ is odd,
then the integral in the left-hand side of (4.2) is zero by symmetry. Moreover, let
ap = (-1,1,...,1) € G; we have that

> gs(via) = Y ga(viaoag'a) = Y gs(viaoh) = — Y _ gs(vibd),
a€eG aeG beG beG

which implies that the right-hand side of (4.2) is also zero. Hence, we only need to
verify (4.2) for goy(y) = y?, |7l1 £ M. Since go, is clearly invariant under G, the
right-hand side of (4.2) with g = goy becomes

N N
DN Y 9(via)/IG(Vi)| = Y Nigay (Vi)

=1 a€G i=1
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Hence, taking into consideration (4.3), it follows from the basic formula (2.6) that
(4.2) with g = go is equivalent to (4.1) with f(u) = u]" -+ - u)*(1 — |u|1)7#+, which
holds true since |y|; < M.

On the other hand, assuming (4.2), to prove (4.1), we only have to restrict (4.2) to
invariant polynomials of the form g(y) = f(v,...,%2), ¥y € R%*!, and use the basic
formula (2.6). O

Although both the statement and the proof of this theorem are simple, its impor-
tance is apparent. It allows us to transform back and forth between cubature formulae
on X% and Zy X - - - X Zy invariant cubature formulae on S¢ for a large class of weight
functions. Before we go any further, let us determine the number of nodes in the
cubature formula (4.2).

Evidently, the number of nodes of (4.2) depends on how many nodes of (4.1) are on
the boundary of £¢. Recall that ¥4 is defined by d+1 inequalities: u; > 0,...,uq >0
and 1—|u|y > 0 for u € R, A k-dimensional face of £¢, 0 < k < d, contains elements
of ©¢ for which exactly d — k inequalities become equalities. In particular, if k£ = d,
then none of the inequalities becomes equality, so that the (unique) d-dimensional face
of ¥¢ is the interior of ©¢. We also note that a 0-dimensional face is one of the vertices
of the simplex %%. For 0 < k < d, we define

Ny, = number of nodes in (4.1) which lie on k-dimensional faces. (4.5)

Then the number of nodes of (4.1) is equal to No + Ny + --- + Ng. We have the
following corollary.

Corollary 4.2. Let Nyr(2%) and Nopry1(S?) denote the number of nodes of the for-
mula (4.1) and the formula (4.2), respectively. Then the following relation holds

Nu(EH=No+Ni+--+Nig <=  Nop41(8%) = 291N, + -+ - +4N; + 2N,.

Proof. If a node u; of (4.1) lies on a k-dimensional face of ¥4, then it follows from the
definition that the corresponding node v; in (4.3) has exactly k + 1 nonzero elements,
which implies that |G(u;)| = 2*¥*+!. Moreover, if v; is a node of a cubature formula of
the form (4.2) which contains exactly k + 1 nonzero elements, then u; in (4.4) lies on
a k-dimensional face of £¢. O

There are lower bounds on the number of nodes of cubature formulae, which are
used to test whether a given cubature formula is minimal. The lower bound for
cubature formulae on X% is given by

Ny (24) > (" : d) = NEB»Ed), M=2n or M=2n+1. (4.6)

This lower bound is well known (cf. [17]), and it holds for all cubature formulae with
respect to weight functions on ¢ or on any other domain that has a positive measure.
For cubature formulae of odd degree with respect to the weight function W& on %2
in (3.6), there is an improved lower bound [2]

Nania(®) 2 (" F7) 4 [ = g o9) @)

which is the same as the lower bound for cubature formulae of degree 2n + 1 with
respect to a centrally symmetric weight function, such as (1 — |x|?)* on B2. This
bound follows from a general result of Méller [14], but the verification [2, 21] uses
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explicit formulae for the orthogonal polynomials with respect to Wg. It is not known
whether the lower bound (4.7) holds for other weight functions on %2. For cubature
formulae on S¢, we only give the lower bound for odd degree since the cubature formula
(4.2) is of degree 2M + 1. We have

M+d :
Naesa(59 2 2("1 %) = N1 (59), (48)

(cf. [14,15]) which holds for all centrally symmetric weight functions on S%. We note
that for large M, the order of both Njj®(2?) and NR{R, , (S¢) is O(M*).

The following corollary states that if the cubature formula (4.1) is close to a minimal
formula for M relatively large, then so is the Zg X - - + X Zg invariant cubature formula
(4.2).

Corollary 4.3. Let the notation be the same as in Corollary 4.2. Then
Ny (2% = Nif*(E) + O(M*Y) = Noar4a(5%) = N5jf(8%) + O(M471).
Proof. This follows easily from the following asymptotic formula

n+A _ ]_"(n+A+1) B A B
( " ) STt~ e TOmT) A0,
and the formulae (4.6) and (4.8). 5

It is worth mentioning that an attractive feature of the correspondence in Theo-
rem 4.1 is that the degree of the Zy x --- X Zg invariant cubature formula (4.2) is
more than twice the degree of the cubature formula (4.1) on X¢. Since it is eas-
ier to construct cubature formulae of lower degree, the theorem offers an effective
method to construct cubature formulae on the sphere. However, most of the exist-
ing cubature formulae on X¢ are constructed for the Lebesgue measure dx (see the
survey [12]), which corresponds to the measure |y; - - - Ya+1|dw on S¢; and there are
few cubature formulae known for the weight function (ug - -+ ug(l —u; — - - - — ug))*/?
on ¥¢, which corresponds to the surface measure dw. On the other hand, most of
the existing cubature formulae on S¢ are constructed for the surface measure dw,
from which we may obtain cubature formula on %¢ with respect to the measure
(uy---ug(l — ug — --- — ug))/2. Hence, Theorem 4.1 also will help us to obtain
new cubature formulae on £¢. We indicate the power of the method by the following
example.

Example 4.4. The following is a Zy X Zy X Zg invariant cubature formula of degree
5 on the unit sphere S? with 12 nodes [1] and [17, p. 296, formula Us: 5-1],

/S P, v = 5 I £5,0) + F(0, £1,9) + f(ds,0,%0)] (49)
where the sum is taken over all possible choices of (£1,+1), and 7, s are given by

r?=(5++5)/10 and s®=(5-+5)/10.

It is a minimal cubature formula on S? by (4.8). We note that r? + s> = 1. Using
Theorem 4.1, we can transform it to a cubature formula of degree 2 on X2,

L e s = 6% 410, + £60), (@10

122(1 — z1 — x2) B

which is in fact a minimal cubature formula of degree 2 by (4.6).
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On the other hand, a minimal formula of degree 3 has four nodes; it follows from the
general theory of minimal cubature formulae [14] that these nodes are common zeros
of two orthogonal polynomials of degree 2. Since a basis of the orthogonal polynomials
with respect to W3 is known explicitly (cf. Example 3.5), it is not hard to find such
a formula. Let R} denote the orthonormal polynomials of degree n given in Example
3.5 with respect to the weight function W2. We have

R3(z1,2) = 3(3 — 302; + 3522)/8,
Rf(a:l,mg) = 3\/5(—1 + 7.’1:1)(—1 +z1+ 21132)/4,
R3(z1,22) = 3v/35(1 — 221 — 8z + =2 + 8125 + 822)/8,

where we take the subscript of R} as k = 0,1,2 instead of k¥ = 1,2, 3 as in Example
3.5. The two polynomials of degree 2 that have four common zeros are elements of
the subspace spanned by these three polynomials. It turns out, however, that R and
R2 have four common zeros. We denote these zeros by (s;,t;), 1 < i < 4; they yield a
minimal cubature formula of degree 3 in the form

4
f2 f(.’lrl, xz)Wg(.’Dl, xz)d.’ltld:vz = 27!'2 /\if(si,ti) (4.11)
x i=1

where the nodes (s;,t;) and the weights A; are given by
s1 = s2 = (15 +2v/30)/35, s3 = s4 = (15 — 2/30) /35,

tr= (10~ V30~ /65~ 10v30 ) /35, t>= (10~ v30++/65 - 10v30) /35,
t3=(10+\/3_—\/65+10\/§5)/35, t4=(10+\/§6+\/65+10\/3ﬁ)/35

A =X = (18 — /30) /72, A3 = A¢ = (18 +/30) /72,

and t1, to, t3, t4 are exactly the zeros of the polynomial 1225t* — 1400t3 + 410¢2 —
40t + 1. We found the nodes and the weights with the help of the computer program
Mathematica. For more on the minimal cubature formula, we refer the reader to [14,
15, 21, 22] and the references there. Since all nodes of (4.11) are located inside the
triangle X2, it yields a Zy X Zy X Zy invariant cubature formula of degree 7 with 32
nodes,

4
/;2 f(ml,a:z,asa)dw = gZ}\sz( + \/:9;, :]:\/E, :E\/l - 8; — ti) (4.12)
i=1

where the inner sum is over all possible choices of signs. Both cubature formulae
(4.11) and (4.12) appear to be new. Since N¥7(S?) = 20 by (4.8), the formula (4.12)
is far from a minimal formula. In [1] or [17, p. 299, formula Us: 7-2], a Zs X Z X Zs
invariant formula of degree 7 with 26 nodes is given, which yields via Theorem 4.1,
however, a cubature formula of degree 3 on X2 with 7 nodes.

In order to construct a Zg X Zy X Zs invariant cubature formula on S? with respect
to surface measure, we only need to work with a cubature formula with respect to W3.
Several methods used to construct cubature formulae for the Lebesgue measure on .2
may be extended to construct cubature formulae for the weight function W3, including
the method of constructing minimal formulae. At the moment, there is a better
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understanding of the structure of the cubature formula on the simplex, especially the
minimal cubature, and less of the structure of cubature formulae on the sphere. Using
Theorem 4.1 in both directions, a number of new cubature formulae on S¢ as well as on
¥4 can be constructed. We will present the bulk of the new formulae obtained through
Theorem 4.1 in [7], where, among others, formulae on S2 that are invariant under the
octahedral group (called fully symmetric formulae in [9, 17]) will be constructed by
considering symmetric formulae on the triangle %2 (see [13]).

As suggested by Theorem 3.4 and Sobolev’s principle, there is also a correspondence
between cubature formulae on the simplex ©¢ and the cubature formulae on the unit
ball B¢, which we now describe. Let us denote by R the positive quadrant of R?,
that is, if x = (z1,...,24) € R%, then z; > 0 for 1 <4 < d. For x € R4, we define

x/2 € RE by x1/2 = (\/21,. . ., /Zd)-

Theorem 4.5. Let U be a weight function defined on R and Us be defined as in
(3.5). If there is a cubature formula of degree M on ¢ given by

N
| f@Usda= Y xf), e, (413)

i=1

with allu; € R, then there is a cubature formula of degree 2M +1 on the unit ball B¢,

N
/B LU, zddx =3 N Y o) /IG)l, 9 €My (419)
i=1 a€G
Moreover, a cubature formula of degree 2M +1 in the form of (4.14) implies a cubature
formula of degree M in the form of (4.13).

The proof of this theorem follows exactly as that of Theorem 4.1 if we use the basic
formula (2.7) instead of (2.6). We notice that (4.13) is the same as (4.1), except that
we no longer require its nodes to be on £¢. If a node of (4.13) is not on %¢, then the
corresponding nodes of (4.14) will be outside of B%. Let Nj be the number of nodes
of (4.13) which lie on k-dimensional faces of £¢ as in (4.5). Then we also have

Corollary 4.6. Let Nis(2?%) and Napry1(B?) denote the number of nodes of the for-
mula (4.13) and the formula (4.14), respectively. Then the following relation holds.

NM(Ed) =Nog+Ni1+---+N; <= N2M+1(Bd) = 29Ny + .-+ 2N; + Np.

A corollary similar to that of Corollary 4.3 also holds. We note that in the corre-
spondence of Theorem 4.5, the Lebesgue measure on ¢ corresponds to the measure
|z1---z4/dx on BY, and the Lebesgue measure on B¢ corresponds to the measure
du/\/u; g on X% In view of Theorem 4.1, another interesting case is the corre-

spondence between dx/+/1 — [x[2 on B¢ and du/(u - - ua(1 — |ul;))*/2 on B¢

Example 4.7. Let us consider the cubature formula of degree 2 in (4.10) of Example
4.4; by Theorem 4.5, we can transform it to

dzid
/B 2 f(wl,m)\/—l_””l?——%g = Z[DfEnx) + 30 0,20 + 3 f(s,0)]

where the summations are over all possible choices of signs. This is a cubature formula
of degree 5 with 8 nodes for Wa(x) = 1/4/1—|x|?. The number of nodes of this
formula is one more than the lower bound (4.7); we have remarked that (4.7) holds for
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cubature formulae with respect to Wg on B2. Using Theorem 4.5, we also conclude
that the cubature formula (4.11) yields a Z X Zy X Z, invariant cubature formula of
degree 7 with respect to Wg on B? with 16 nodes.
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