Methods and Applications of Analysis © 1998 International Press
5 (2) 1998, pp. 195-216 ISSN 1073-2772

PERIODICITY IN DIFFUSIVE AGE-STRUCTURED SEIR MODELS

William E. Fitzgibbon, Jeff Morgan, and Mary E. Parrott

ABSTRACT. We consider a diffusive variant of the basic age-structured SEIR epi-
demic model with time dependent source terms. The source term for susceptibles
appears as a forcing term and the source term for the infectives appears as a
boundary condition at the age boundary a = 0. We produce the a priori estimates
requisite for guaranteeing the existence of time periodic solutions in response to
time periodicity in the forcing functions. Properties of the periodic solutions are
also investigated.

1. Introduction

Our long-range concern is to assess the input of temporal variations on the geographic
spread of disease through an age-structured population. Here the concern is to deter-
mine how seasonal or daily fluctuations in the ecology of the host or vector populations
affect the spread of infection. In the work at hand, we shall confine our attention to a
simple diffusive SEIR model and establish the existence of periodic solutions resulting
from periodic source terms, removal terms, and contact rates.

Although there has been a considerable amount of work pertaining to periodic-
ity and diffusive systems in mathematical biology, most of it has been concerned
with Lotka-Volterra systems, cf. [11] and the references contained therein. Periodicity
within the context of population dynamics has been treated in [12, 13, 18]. In [13],
periodic solutions are shown for a spatially-dependent Gurtin-MacCamy model with
periodic coefficients and a periodic external supply term, and the results are applied to
a non-fatal SIR epidemic model. Our work juxtaposes techniques recently developed
for diffusive, age-dependent epidemic models [2, 4-6] with methods for periodicity in
general reaction diffusion systems [14].

The model which we consider will be a variant of the basic age-structured SEIR
model where we consider a population subdivided into four subclasses: susceptible,
exposed, infective, and removed. We assume that contact between susceptibles and
infectives produces exposed individuals and that a “mass action” term proportional
to the product of the susceptibles and the infectives governs the transmission from the
susceptible to the exposed class. The exposed class consists of individuals in whom
the disease is latent and cannot be communicated. The period of latency is assumed
to commence immediately upon infection and have duration 7 > 0. Individuals pass
directly from the exposed to the infective state, and they remain infective for the
remainder of the duration of the disease. We assume a fixed interval of infectivity
[r,7 + o]. The removed class consists of individuals who have died or who have
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acquired permanent immunity by virtue of recovery. In either case, these individuals
no longer affect the dynamics of progression of the disease. We assume that individuals
are “harvested” to the removed class from both the exposed and the infective classes
with a removal rate A(¢) > 0. Individuals who survive the harvesting pass through
the age boundary at 7 + 0. What distinguishes the present situation from a standard
age-dependent SEIR epidemic model is the presence of time-periodic sources for the
susceptible and infected. The source term for the susceptibles appears as a forcing
term on the right-hand side of the equation for susceptibles. The source for the
infected has a somewhat more subtle representation because it will portray entry
into the process when the age of the infection is zero. We shall assume that our
population disperses through a bounded region and remains confined to this region
for all time. The mechanism of dispersion is assumed to be random Brownian motion
and is approximated in the standard manner by the diffusion operator.

2. The basic equations and preliminary results

This section is devoted to preliminary material which places initial-value problems
within the framework of abstract evolution equations. The results presented in this
section are general in that they require no assumptions on periodicity.

Throughout, Q shall be a bounded domain in R™ which lies locally on one side of
its boundary 8Q. We assume that 8Q is an (n — 1)-dimensional C1*¢(0 < ¢ < 1)
manifold. We introduce three independent variables z, ¢, and a representing the
n-dimensional spatial position, the elapsed time, and the age of the infection in an
individual, respectively. The basic state variables are u(z,t) and ¢(z, t, a) representing
the time-dependent spatial density of susceptibles and the time-dependent density of
the infection with respect to space and age, respectively. Integration of £(z,t,a) with
respect to a over the periods of latency and infectivity yields the spatial density of the
exposed class z(z,t) and the infective class v(z, t):

o(z,8) = / U,t,a)da,  zEQ, t>0 (2.1a)
0

T+0o
v(z,t) = / Uz,t,a)da, z€N, t>0 (2.1b)
T

The populations of the susceptible class, S(t), the exposed class, E(t), and the infective
class, I(t), can be obtained by integration over 2 with respect to z:

S(t) = /9 ww,t)de, E(t)= /9 Az t)de,  I(t) = /9 o(z,t)dz.  (2.2)

The following system of partial differential equations governs the process:

8u(8a;_, 2 diAu(z, t) - r(tyu(z, t)v(z,t) + f(z,t) (2.32)
86(9; ta) 65(95 at %) _ 4 ALz, t, a) — A)e(e t, a) (2.3b)

forz € Q,t >0, and a € [0,7 + o]. Homogeneous Neumann boundary conditions,
Ou(z,t) _ Ol(z,t,a) 0
on ~  On

€0, t>0,ac€ (0,7 + o] (where 9/0n denotes the outward normal derivative),
insure that the populations remain confined to 2 for all time. Because the differential

(2.3c)
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operator appearing on the left-hand side of (2.3b) is first-order hyperbolic, we need to
prescribe initial data for 4(z,t,a) when ¢t = 0 and a = 0. We have:

u(z,0) = up(z) for z € Q, (2.3d)
(z,0,a) = £o(x,a) forzeQ, ac0,7+0], (2.3¢)
£(z,t,0) := B(z,t) = r(t)u(z,t)v(z,t) + h(z,t) forz€Q, t> 0. (2.3f)

We make the following assumptions on the contact rate, the removal rate, the diffusion
coefficients, the initial data, and the terms f(z,t) and h(z,t):

(i) r(t), A(t) > 0 for all ¢ and (- ), A(+) € C[0, 00),
(ii) f(z,t) > 0for z € Q, t >0,
(iil) h(z,t) > 0 for z € Q, t > 0, and h(z,t) > 0 on a set of positive measure in
Qx RT,
(iv) f(-, -) and h(-, -) are continuously differentiable in each variable,
(v) uo(x) > 0 for z € Q, and up(+) € C(Q),
(vi) £o(z,a) > 0 for z € Q and a € [0, 7+ 0], and £y is continuous in the first variable
and continuously differentiable in the second variable,
(Vii) dy, do > 0.

We shall collectively refer to conditions (i)-(vii) as the “given hypotheses.”

We say that a pair (u,£) is a solution to (2.3a)—(2.3f) on I C R provided
(u(-,t),4(-,t, -)) satisfies (2.3a)—(2.3f) for t € I.

‘We note, however, that because of our techniques of obtaining solutions, namely the
method of integrating along characteristics and the method of steps, equation (2.3b)
will not, in general, hold when t —a = 0, 7, or 7 + 0. If the following compatibility
condition is satisfied, then (2.3b) will hold for all0 < a <7+ o0 and t > 0:

fo(2,0) = r(0)uo(z) / ™ to(e, @) da + h(z, 0). ©)

The following theorem is established by means of arguments similar to those estab-
lishing Proposition 2.2 and Remark 2.3 following the proof of this proposition.

Theorem 2.1. If the given hypotheses are satisfied, then for each pair {uo(z),%o
(z,a)} there exists a unique, globally-defined solution pair {u(z,t),4(z,t,a)} of (2.3a)-
(2.3f). For eachz€Q,t >0, a€[0,7+0], u(z,t) >0 and £(z,t,a) > 0.

We shall find it convenient to use the abstract theory of linear semigroups and
evolution operators. Standard references for this material include [7, 9, 15, 17]. We
will work in the Banach space C(2) and define a time-dependent family of densely-
defined closed linear operators, {A(t)|t > 0}, by:

(A(t))(z) = (deAv — A(t)v) (z) (2.4a)
with
D(A(t)) = {veC®Q)|veC*)and g—z- =0o0ndQ}. (2.4b)

It is well known that each A(s) so defined is the infinitesimal generator of an analytic
semigroup {T5(¢) | t > 0} on C(Q2). We let {T°(¢) | t > 0} be the semigroup generated
by (2.4a) and (2.4b) when A(¢) = 0. The family {A(¢) | ¢ > 0} is the propagator of



198 FITZGIBBON, MORGAN, AND PARROTT

a linear evolution system {V(t,s) | 0 < s <t < 0o} on C(2). This evolution system
functions as the solution operator for the time-dependent heat equation associated
with (2.4a) and (2.4b), i.e., if 8o(+) € C(Q) and 8(z,t) = (V (¢, s)8o)(z), then O(z,t)
is the classical solution to the linear parabolic initial-boundary value problem,

?H—g’—t) = dp Al(z,t) — A(t)0(z, ), zEQ, t>s, (2.5a)
09

s 0, eI, t>s, (2.5b)

0(z, s) = 0o(z), z e (2.5¢)

Elementary arguments give the following representation for V (¢, s):

V(t,s) = exp<— / ") dn)TO(t —s). (2.6)

Because {T°(t) | t > 0} is non-expansive, this produces an estimate on the operator
norm

¢
IVt 8)lo. < exp (- / A() dn) for 0< s <t (2.7)
We use the evolution system to represent solutions to (2.3b).

Proposition 2.2. Let {u(z,t),4(z,t,a)} be a solution pair of (2.3a)—(2.3f). The so-
lution of (2.3b) may be represented along the characteristic line a —t = c in terms of
the linear evolution operator V (-, -) as:

{(z,t,a) = V(t,0)l(-,a —t)(z)
forreQ, 0<t<a<7+0, and
U(z,t,a) =V (t,t—a)[r(t—a)u(-,t —a)v(-,t—a) + h(-,t — a)](z)
forzeQ, t>a, and a € [0,7 + o).

Proof. We employ the method of characteristics, cf. [4, 19, 20]. For ¢ € Rand a—t = ¢,
we introduce the cohort function,

We(z,t) = Uz, t,t + ). (2.8)
Direct computation yields
————awﬁ ) _ Do, t,t+ )

where D = /0t + 0/0a is the transport derivative. We set t, = max{0, —c} and
observe that by (2.3b) and (2.3c), the partial differential equation for the density of
infection with respect to age assumes the form
Owe(z,t)
ot
for x € 2, t > t,, with

= D{(z,t,t + c) = deAwc(z,t) — A(t)we(z, t) (2.92)

Ow,

5 =0 TE€ON, t>t. (2.9b)
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Solutions to (2.9a) and (2.9b) may be represented by means of the abstract variation
of parameters formula,

wel18) = Tt — to)we -, to) — /t "TO% — SAS)wel(-,8)ds,  (210)
and may also be represented via the evolution operator as
we( -, t) =Vt te)we(+ s te)- (2.11)
Ifc=a—t >0, then t, = 0, and we have by (2.3¢), (2.8), and (2.10),
£(-,t,a) = we(-,t)
= TO(t)we(-,0) — /Ot TO(t — s)A(s)we( -, s) ds

=T%(t)o(- a—1t) — /t TO(t — s)A(s)4(+,s,5+a—t)ds. (2.12)
0

In terms of the evolution operator, we have,
£(-,t,a) =V (t,0)( ,a—1), t<a. (2.13)

Ifc=a—t<0,thent, = —c =1t — a, and we have

t

(-, t,a) = To(a)we(-,t—a) — TO(t — s)M\(s)¢(+,s,5+a—1t)ds
t—a

= To(a)¥(,t—a,0) — /t TO(t — s)A(8)¢(-,s,5+a—t)ds

=T%a)B(-,t—a)— t TO(t — s)A(s)€(+,s,s+a—t)ds. (2.14)

Using the evolution operator we have,

o+, t,a)=V(t,t—a)l(-,t—a,0)
=V({t,t—a)B(-,t—a)
=V(t,t—a)[r(t—a)u(-,t—a)v(-,t—a)+h(~,t—a)], t>a (2.15)

O

Remark 2.3. We have shown that if solutions of (2.3a)—(2.3f) exist, then the solution
of (2.3b) has the representation given by (2.13) and (2.15). Having obtained this
representation, it is possible to solve our system (2.3a)—(2.3f) via the method of steps.
This procedure is similar to that of the proof of Theorem 3.1 of [4] and so is omitted.

We use the foregoing and (2.1a) and (2.1b) to provide an alternative formulation
of (2.32)—(2.3f). If we integrate equation (2.3b) with respect to age of the infection
over the intervals of latency, [0, 7], and infectivity, [,7 + o], we obtain the following
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system:
Q%%Q=%Aﬂﬂﬂ—rwwaﬂﬂ%ﬂ+ﬂ%ﬂ, (2.16a)
?‘z%ﬂ = dpAz(z,t) + £(z,1,0) = £(z, £, 7) = Mt)2(=, 1), (2.16b)

= dyAz(z,t) + r(t)u(z, t)v(z, ) + h(z,t) — (2, t,T) — A(t)2(, t)
Q%%Q=ubAa@ﬂ+z@¢ﬂj-a@u7+ay-xgq%g, (2.16¢)

for z € Q and t > 0, with boundary conditions,
Ou(z,t) _ Oz(z,t) _ Ov(z,t) 0

on on on ’
and initial conditions,

uw(z,0) = uo(z), 2(z,0)=20(z) = /OT 4o(z, a) da, (2.16¢)

z€N, t>0, (2.16d)

T+o
v(z,0) = vo(z) = / bo(z,a)da, z€Q.
T

We note here that the assumption (mentioned in the Introduction) that individuals
from both the exposed and infective classes are removed at the same rate, A(t), follows
from the assumption of a single underlying infection density function, £, from which
the spatial densities of both classes are defined (cf. (2.1a), (2.1b), and (2.3b)).

We shall find it convenient to let

U(z,t) = (u(z, t), 2(x, t), v(x, )7, (2.17)
and define, for z € Q, t > 7 + 7,
fl (:E, t7 U) = f(x’ t) - T(t)u(xa t)’U(iIJ, t)a (218)

fa(z,t,U) = r(t)u(z, thv(z, t) — [V(E,t — ) (h(-,t —T)
+rt—7)u(-,t—7)(-,t—71))] (=) + h(z,t)
fa(z,t,U) = [V(t,t—T)(h(',t—‘T)-l-T'(t—T)'u(',t—T)'l)(',t—T))](.’E)
—-[vit—r—-0)(h(-,t—T—0)
+r(t—7—0o)u(-,t—1—0o)(-,t— T —0))](x)

Then we note that by (2.3f) and Proposition 2.2 for t > 7 + o, (2.16a)—(2.16¢c) takes
the form

91.%.‘7;’_11) = dy Au(z, t) + f]_(:z:, t,U), (219&)
m$0=@mm@—xm@@+ﬁ@um, (2.19b)
w$ﬂ=@mmﬁ—xm@@+ﬁ@am. (2.19¢)

Because A(t), as defined by (2.4a) and (2.4b), generates an analytic semigroup,
{Ti(s) | s = 0}, —A(t) is a sectorial operator and fractional powers of —A(t) may be
computed, cf. [7, 9, 15, 17]. We set

A(t) = —A(2), (2.20)
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and for « > 0, define
- 1 o ¢] 1
—afgy o—
AT%(t) = ROl /o s* 7 Ti(s) ds (2.21)

where T'(-) denotes the Eulerian gamma function. It is known that A=%(¢) is a
compact operator on C(f) for each ¢ > 0 and has a well-defined, albeit unbounded
inverse. We define A%(t) = (A~%(t))~! and can show that A>8(t) = A*(t)AP(t) for
a, B € R. Moreover, there exists K(a) > 0 and 7 > 0 so that

| A% @)V (¢, oo <K@(E—9)"%0) a>0, 0<s<t, (2.22)
and
||Z"‘(r)z—°‘(s)|loo o <K(@(r-s), 0<a<l, nrs=0. (2.23)

Finally, we know that the operator V (¢, s) is a compact mapping of C(Q) to itself,
cf. [1]. We have the following compactness result.

Proposition 2.4. Let A be a bounded subset of C(Q)xC(Qx[0, 7+0]) and Ty > 7+0.
If B(Ty) is the subset of C(Q) x C(Q) x C(Q) consisting of solutions to (2.16a)—(2.16e)
at t = Ty with initial data uo(-), 20(-) = [y fo(z,a)da, vo(-) = f:'*'a bo(z,a)da
where {uo(-),%(-, -)} € A, then B(T}) is precompact. Moreover, uniformly bounded
trajectories of solutions are precompact.

Proof. We can obtain an a priori estimate for ||u(-,T1)||c0,@ using standard parabolic
techniques and use the representation formulae (2.14) and (2.15) to obtain an a priori
estimate for ||€(-,T1, -)|lco,@x[0,r+0]- This will provide estimates for ||z(-,T1)|lc,0
and ||v(-,T1)|loo,0 by using (2.1a) and (2.1b). In proving that B(T}) is precompact,
we shall confine our attention to the third component of the equations (2.16a)—(2.16e),
namely (2.16¢). (The arguments for the other two components are similar.) We have

PED) b do(a,t) — Aho(a 1) + La,t,7) - e b7 +0),
v(z,0) = vo(x) (2.24)
for z € Q, 0 < t < Tj. This may be written abstractly as
du(t
20 _ Ayt + F(- 1),

v(0) = v (2.25)

where F(-,t) = £(-,t,7) — £(-,t,7 + 0), and where it is understood that the point-
wise evaluation v(t)(z) = v(z,t). Solutions to (2.25) have the abstract variation of
parameters representation,

¢
o)) = V00 + [ VIEF(-,5)ds (2.26)

0
for 0 < t < Ty. By the boundedness of {u(-,t),2(-,t),v(,t) |t € [0,71]} with initial

data ug( ), 20(- ), vo(+) € A (obtained in a similar fashion as B(T}) above), (2.7), and
Proposition 2.2, there exists a positive constant M; such that

sup{IF (-, Dllooss | € [0, T3]} < M.
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We let II3B(T}) be the third component of B(T}), and~wé shall argue that A%(0)IIs
B(T}) is uniformly bounded for 0 < o < 1. If we apply A*(T1) to v(T}) and use (2.26)
and (2.22), we produce the estimate,

[A(T0)(T1)( )| 0.0 < K(@TT %€ oo ()00

Ty
+ K (o) M / (T4 — )=~ Ti=9)gs
0
I'l-oa)

< K(@)T7 %™ |lug(+) oo 0 + K ()M p (2.27)

We set M3 equal to the right-hand side of (2.27) and observe that by (2.27) and (2.23),
|42 IsB(T)| , o = |1A%(0)A=*(T1) A*(T1)IB(T)| . €

< T1K(a)M2. (2.28)

Because II3B(T1) = A~*(0)A*(0)II3B(T1), it is the image of a bounded set under
a compact transformation and hence is precompact. The second assertion of the
proposition follows from a juxtaposition of the foregoing argument and the proof of
Lemma 3.5 in [4]. O

Proposition 2.5. Let {u(z,t),4(x,t,a)} be a solution pair to (2.3a)—(2.3f) on [0,T1]
with initial data {uo(z),4o(z,a)} forz € Q anda € [0,7+0]. IfT1 > T+ 0 and
F(T1) is the mapping from C() x C(Q x [0, + o]) defined as

[]-'(Tl)] (wo(+)s40(+y -))(z,a) = {u(w, ), ¥z, Tl,a)}, (2.29)
then F(T}) is a compact operator.

Proof. The continuity of the mapping follows from continuous dependence arguments
associated with well-posedness. Compactness in the first component is an immediate
consequence of the previous proposition and compactness in the second component
follows from the representation of £(z,t,a) given in Proposition 2.2 and the precom-
pactness of B(T1). O

The results obtained in this section apply to general systems of the type (2.3a)-
(2.3f) having time-dependent source terms, mortality rates, and contact rates. For
the remainder of the paper, we restrict our attention to the special case where these
terms and rates are periodic functions of time.

3. Periodicity and formulation of the fixed point problem

‘We place the following periodicity assumption upon our model:
(P) There exists a T > 7 + ¢ so that

i) AC+T*) = A@®), r(t+T*) = r(¢t) for all ¢ > 0,

@) f(-,t+T*) = f(-,¢t), h(+,t+T*)=h(-,t) for all ¢ > 0.
The second part of the above stipulates a periodic source term for both the susceptible
and the infected populations. From the viewpoint of modeling, we can consider this
replenishment due to a fixed periodic spatially-dependent birthrate. We also assume
periodicity in the contact and the mortality rates; however, these coefficients may very

well be constant. Henceforth, we shall use the symbol T* exclusively to denote the
period of the given condition (P).
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By a “periodic solution with period T*,” we mean a pair {u(z,t),4(z,t,a)} which
satisfies (2.3a)—(2.3f) so that for allt > 0, a € [0,7 + 0], z € Q,
(i) u(z,t +T*) = u(z, ),
(ii) £(z,t + T*,a) = ¥(z,t,a).

Our periodic solutions shall be realized by demonstrating the existence of a fixed point
for the mapping F(T*). Here, our principle tool will be the following variant of the
Schauder Fixed Point Theorem which is given in [8].

Theorem 3.1 (Fixed Point Theorem). Let X be a Banach space and J : X — X be
a compact map. Assume that there exists a constant C > 0 such that ||z|| < C for all
z satisfying z = BJz for B € (0,1). Then there exists a fized point z* of J such that
|l < C.

In the present context, we designate X = C(Q) x C(Q x [0, 7 + o]) with the norm
| - || computed as the sum of the supremum norms of the components. We set wg =
(uwo(+),%(-,+)) and consider solutions to

wo = BF(T*)wo, 0<pB<«1, (3.1)

where F(T*) is defined by (2.29). The solution set to (3.1) will be denoted by A(T™),
ie.,

A(T*) = {wo € X | wo = BF(T*)wo for some 0 < B < 1}. (3.2)

Because we showed that F(T™) is a compact mapping in Section 2, we can apply
the Fixed Point Theorem if we provide a priori estimates for the set A(T™*). These
estimates will be obtained in the subsequent section.

4. A priori estimates

In order to obtain a priori estimates for the set A(T*), we shall obtain a priori esti-
mates for u(-,T*), z(-,T*), and v( -, T*) using equations (2.16a)—(2.16e) and (2.19a)—
(2.19c). Our first result provides L, estimates on the space-time cylinder Q x (0, T*).
In what follows, [[u(-, *)ll,ex(,r) = foT Jo u(z, t)dzdt.

Lemma 4.1. There exists a constant C1 > 0 so that if (uo(-), % (-, +)) € A(T*) and
T T+0o
zo(x) =/ Lo(z,a)da, wo(x) =/ 4o(z,a) da
0 T
for z € Q, then

”u( Tyt ) + Z( N ) + ’U( N )“LQX(O’T*) < Cl'
The constant C is independent of ug, £o and (.

Proof. We note that if (uo(- ), %(-, -)) € A(T*), then ug(z) = Bu(z, T*) and £o(z, a) =
B(z,T*,a) for some B € (0,1). Thus,

2(z) = 2(z,0) = /0 " 0(z,0,0) da = /0 " to(z,a) da
p / " Uz, T, 0) da = Bz, T*). (@.1)
0
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Similarly,
'UO(m) = ’U({l), 0) = ,B'U(ill, T*) (2)
From (2.16a), we have
%(w, ) = dyAu(s, £) — r(E)yu(z, Do (@, 2) + f(2,2). (4.3)

Integrating (4.3) over the space-time cylinder Q x (0,T*), we obtain

o
[ T+ [ oo 0t dode = fuo(- )l g + 1, s axcor
= Bllu(-, T o + 15 llnaxer)-
This yields
-
/0 /Q r(tue, ho(a, dodt < (B—D]u(-, T, 0 +K <K (44)

where K = |[f(-, *)lli,ex(o,r+). From (2.3b)—~(2.3f), we know that the function
{(z,t,a) satisfies the equations:

o o¢
5+ 5o = BAL-AW®)S, z€Q, t>0, a€(0,7+0],
e(ID, 07 a) = eo(il?, a’); z€E ﬁ’ a€ [O’T + 0'],
{(z,t,0) = r(t)u(z, t)v(z,t) + h(z,t), =z€Q, t>0,
.‘?£=0, T € 01, t>0, a€(0,7+0]
on

We also know that £o(z, a) and r(t)u(z, t)v(z,t) are nonnegative for z € Q, ¢ > 0, and
a € (0,7 + o]. We let L(z,t,a) denote the solution to the problem:

OL 0L

§+-a—a=d2AL—,\(t)L, z€QR, t>0, a€l0,7+a],
L(z,0,a) =0, z€Q, ael0,7+o0],
L(z,t,0) = h(z,1), z€N, t>0,

g%:o, z€dN, t>0, a€(0,7+0]

(L is obtained in a similar manner as £.) By the comparison principle, ¢(z,t,a) >
L(z,t,a). Furthermore, since we have h(z,t) nonnegative and not identically zero on
Q x (0,T*), we must have L(z,t,a) positive on some open subset of Q x (0,T*) x
(r,7+0). As a result,

T+0 T+0
v(z,t) = / {(z,t,a)da > / L(z,t,a)da.
T T

This yields the fact that v(z,t) is positive and bounded below on some open subset
of Q x (0,7*). Since r is positive, we can find an open subset of Q x (0,7*), which
we call E, and a positive constant § such that

r(t)v(z,t) > 8 for (z,t) € E. (4.5)



PERIODICITY IN SEIR MODELS 205
We now multiply equation (4.3) by u and integrate over Q x (0,7*) to obtain

'u,a—u — dyulu + ruv = uf,

ot
T T
||u2(-,T*)||m+2d1/ /IVu|2dxdt+2/ /ru%dxdt (4.6)
’ 0 JQ o Jo

=
=““3(°)|l1,9+2/0 /Qufdxdt.

Using the fact that uo(-) = Bu(-,T*) for some 3 € (0,1), (4.5), and Young’s inequal-
ity, (4.6) yields

™ ™ ™
2d1/ /IVu]Zdwdt+26/ /uz(w,t)dmdt<2/ /ufdacdt
0 Ja 0o JE 0o Jo
T* 1 T*
<e/ /u2dwdt+—/ /f2d:vdt
0 Ja €Jo Ja
47)

for £ > 0. We know that (cf., for example, [16, Chapter 11A)]) u(z,t) = () + v*(z, )
where u(t) = |—(17[ Jq u(,t)dz, and the residue u*(z,t) has the property that

/(u* (z,t))%dz < al/ |Vau(z, t)|? da (4.8)
Q o
for a positive constant a;. Using Young’s inequality, we have
/ u?(z,t)dz < a2/ w2 (t) dz + a3 / (u*(z,t))? d (4.9)
o Q Q
for some positive constants as and az. Since
/ 2 (t) dx = |QE2(t) = i} w2 (t) dz (4.10)
Q |E| Je
and
/ 2(t) dz < a4 / w2(2, 1) d + a / (W (2, )2 da (4.11)
E E E
for some positive constants a4 and as, (4.8)—(4.11) yield
/ w2(z,t) dz < K, / W2(2,t) dz + Ko / Vu(, )| de (4.12)
Q E Q

for some positive constants K7 and Ks. Consequently, if we choose € sufficiently small
in (4.7), then we obtain the bounds

T*
/ / u?(z,t) dz dt < K3 (4.13)
0 JQ

and

T‘
/ / Vu(, 8)[2 do dt < Kq (4.14)
0 JQ
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for some positive constants K3 and K4. By the Cauchy-Schwarz inequality, (4.13)
yields a positive constant K5 such that

T‘
/ / w(z,t) dz dt < Ks. (4.15)
0o Ja
We integrate equation (2.16b) over Q x (0,7*) to obtain

™ T
”z(-,T*)“ln +/ /Z(z,t,'r) da:d7'+/ / A@®)z(z,t) dz dt
’ o Ja 0 Ja

T*
< l20()]]; o +/ / r(t)u(z, t)v(z,t) dz dt (4.16)
’ 0 Jo
which yields, by (4.1) and (4.4),
T*
/ / A)2(z,t) dodt < K (4.17)
0 Ja
and
Tlﬁ
/ [ lz,t,7)dzdt < K. (4.18)
0 JQ
Since A is positive and bounded on [0, T%], (4.17) yields
T*
/ / z(z,t)dzdt < Kg (4.19)
o Jo

for a positive constant Kg. In a similar fashion, we obtain, upon integrating equation
(2.16¢) and using (4.2) and (4.18),

.
/ / v(z,t)dzdt < K7 (4.20)

0o Ja
for a positive constant K7. The bounds (4.15), (4.19), and (4.20) yield the conclusion
of the lemma. |

Lemma 4.2. There exists a constant C2 > 0 so that if (uo(-),%(-,-)) € A(T*),
then

max{”u( ) ’T*)”oo,n’ ||€(~,T*, ‘)Iloo,nx[o,r+a]} <G,
The constant Cy is independent of ug, £y, and (.

Proof. We begin working with equation (2.16a). We let ;1 (-, -) be the Green’s func-
tion associated with the problem

%te(m, t) = d1Ap(z, t), z€N, t>0, (4.21a)

g—z(w,t) =0, z€0Q, t>0. (4.21b)

Using the Duhamel formula, we have

-
u(z,T*) = /ngl(x =9, T")uo(y) dy +f0 /le(w -y, T* —s)f(y,s) dyds

-
- /0 /9 gz —y, T* — s)r(s)u(y, s)v(y, s) dy ds. (4.22)
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Hence,

”u( "T*)”w,Q < ”91(‘ ) T*)”w,Q”uO( : )”1,9 +[fC-s - )“oo,ﬂx(O,T*)- (4.23)
Here we have used the positivity of g, r, u, v and the fact that

[o-vT=aiwad| <IC 9w (424)
We now need an a priori bound on ||uo( - )|1,0 for (uo(-),%(-, -)) € A(T*). The Mean

Value Theorem, together with Lemma 4.1, guarantees that there exists an n* € [0, T*]
so that

Ioo,ﬂ

\ C
lluC-o )y g < 7 (4.25)

for a positive constant C. Then, similar to (4.22), we have
T*
u@T) = [[s@-nT —rwm)dr+ [ [ a@-nT -9 dyds
n*
T*
- [ | avle =0T = @iy, 9o(w. o) dyds. (426)
. rl*
Using (4.25), this yields
T'
- Ty < o mlla+ [ [ fns)dwds =8 (4.27)
7]*
for a positive constant C. Here we have used the fact that
| [ w1 =myutwrydy | <) (429)
)

Since (uo(-),%o(-, *)) € A(T*), uo(+) = Pu(-,T™) for some 0 < B < 1. Thus, from
(4.27), we have

[luo( )l < C- (4.29)

The Lo, bound for u(-,T*) now follows from (4.23) and (4.29).

We now wish to produce an a priori bound for |[£(-,T™, -)|lco,@x[0,r+0]- To this
end, we begin by producing an a priori bound for w(z,t) = z(z,t) + v(z,t). Again,
using the Mean Value Theorem and Lemma 4.1, we see that there exists an n* € [0, T%]
and a positive constant K so that

. K
lw(-n)le < 7 - (4.30)
We return to equation (2.16a) and integrate on § x (0,1), ¢ € (0,T*], to obtain

t t ,
Ilu(-,t)lll,n+/0/Qr(s)u(:c,s)v(a:,s)dmds=“uo(')“LQ+/O/Qf(w,s)da:ds.

(4.31)
The bound obtained in (4.29) for |lug(-)||1,o Will yield a positive constant K; so that
¢
sup // r(s)u(z, s)v(z, s) dzds < K;. (4.32)
tefo,7+] Jo Jo
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By adding equations (2.16b) and (2.16¢), we see that w = z + v satisfies
%U(w, t) = dpAw(z, t) + £(z,t,0) — A()w(z,t) — £(z,t, 7+ 0). (4.33)

Using the positivity of £(-, -, -) and w(-, ), and (2.3f), we integrate (4.33) over
Q x (n*,t), t € [n*,T*], to observe that

t t
lw(-,t)|,e < ”w("ﬂ*)ul,a +/n*/9h(x, s) dzds-l—/n‘/nr(s)u(x, s)v(z, s) dz ds.

(4.34)
Consequently, by (4.30) and (4.32), we are assured a positive constant K so that
(-, T o < K2, (4.35)

and because (ug(-),%(-, -)) € A(T*), we can conclude, upon using (4.1) and (4.2),
that

[[wo( )]l q < Ka- (4.36)
By using the Duhammel formula and (4.3), similar to (4.22), we find for ¢ € (0,7*],
lu(+, Dllcoe < [[uo(+)]l g0 + (-5 loo,@x0,7)-
Thus, there is a positive constant K3 so that
lu(-, t)loo,0 < K3 (4.37)

for t € [0, T*] where we have again used the fact that (uo(-),%(+, +)) € A(T*), which
yields a uniform bound on ug(-) from (4.23) and (4.29). Because of (4.37) and the
fact that 0 < v(z,t) < w(z,t) = z(z,t) + v(z, t), we obtain from (4.33),

%U(w, £) < doAw(z,t) + Kaw(m f) + hiz,8), z€Q, te (0T,  (4.38%)
-g%(z, t)=0, €09, te(0,T7], (4.38b)

w(z,0) = wo(z) = 20(z) +vo(z), z€Q, (4.38¢)

where Ky = K3sup;epor~7(t). We let ga(-, -) be the Green’s function associated
with the problem

?ait’(x, £) = dolp(z,t) + Kap(z, 1), €9, te(0,T"], (4.392)
%(x, H=0, z€dn, te(0,T (4.39b)

If we let 6(z,t) satisfy the equation

0e) = [ st~ wtmn) i+ [ [ oo —ut- b o)dyds,  (140)
then the comparison principle will yield
0 < w(z,t) < O(z, t). (4.41)
Hence, we may apply the Holder inequality to observe that
[w(-,T) |0 < llo2C Tl ollwo( )l o + IRC, o oxors.  (442)
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Using (4.36), the above yields a positive constant K5 so that
[w(-, Tl 0 < K, (4.43)
and also
[wo( )] g0 < Ks- (4.44)

Returning to (4.40) and (4.41), we observe that

lw(-,t)lloo, < [Jwo(-)l oo 0 + (-, Moo, 0x0,7%) (4.45)
for t € [0,T*]. Thus, we have the uniform bounds on z(-,t) and v(-,t) given by
l2(+, )lleo,0 < Ke (4.46)
and
[v(+ )l < Ko (4.47)

for t € [0,T*] where K¢ = K5 + ||h(-, - )|lco,2x(0,7+)- We recall from Proposition 2.2
that if a € [0, 7 + o], then

Yz, T*,a) = [V(T*,T* —a)(h(:, T* — a)
+7(T* — a)u(-,T* — a)v(-, T* — a))] (). (4.48)

By virtue of the bounds on ||u( -, T*)||c, and |[v(+, T*)||co,@ (from (4.23) and (4.47)),
we have K7 > 0 so that

|leC-, T, ')||oo,nx[o,r+a] < K7. (4.49)

This yields, via the fact that (uo(+),%o(", )) € A(T*), the uniform bound
140 M torsen < K7 (450)
O

Recent work, [2, 4-6], has produced the somewhat surprising observation that in
many instances, it is much simpler to obtain a priori estimates for systems which
involve both age dependence and diffusion than it is for systems which only involve
diffusion. The case at hand illustrates this point. System (2.16a)—(2.16e) may be
viewed as a system of reaction-diffusion type involving delays. The recent paper
[14] establishes criteria sufficient to guarantee the existence of periodic solutions to
reaction diffusion systems. It would have been possible to adapt the techniques from
[14] and to use duality arguments coupled with an iteration producing L, space-time
cylinder bounds for an increasing sequence of p’s to obtain the desired a priori L.,
bound for £(z,T*,a). However, the argument given here is much simpler and more
straightforward. We are led to conjecture that estimates obtained for reaction-diffusion
systems with an “artificial age dependence” may be used to approximate estimates
for reaction-diffusion systems in a manner analogous to the estimates obtained -via
approximation of conservation laws by vanishing viscosity arguments.
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5. Main results
We now provide sufficient conditions to yield periodic solutions.

Theorem 5.1. Assume the given hypothesis (i)—(vii) of Section 2 and (P) of Sec-
tion 3. Then there ezists a solution pair {u(z,t),£(z,t,a)} to (2.3a)—(2.3f) so that for
t>0,a€0,7+0], z €N, we have

u(z,t+T*) = u(z, 1), Yz, t+ T, a) = L(z,t,a).

Proof. We have demonstrated that the set {F(T*)wo | wo € A(T*)} where F(T*) is
defined by (2.29) is a bounded subset of the Banach space X = C(Q) x C(2x [0, 7+0])
and that the mapping F(T*) is compact on X. Thus the hypotheses of the Fixed Point
Theorem stated in Section 3 hold. Therefore, there exists (uo(-),%(,-)) € X and
an associated solution pair (u(z,t),4(z,t,a)) so that for x € Q and a € [0, 7 + 0],

u(z, T*) = uo(x), Uz, T",a) = {o(z, a).

If we let (u*(z,t), £*(,t,a)) = (u(z,t+T*),£(z,t +T*,a)), we can apply the unique-
ness result of Theorem 2.1 to insure that (u(z,t),4(z,t,a)) = (u(z,t + T*),
£(z,t+ T*,a)), and we directly infer the existence of a periodic solution. O

It is evident that z(z,t + T*) = 2(z,t) and v(z,t + T*) = v(z,t), and because
T* > 0, we have by (2.3f)

(u(a:, T*)a e(xa T*a 0)) = (UO(w)a Zo(x))
= (u(z, T*),r(T*)u(z, T*)v(z, T*) + h(z, T™))
= (u(z, 0),7(0)u(z, 0)v(z,0) + h(z,0)).

Hence, we see that the compatibility condition (C) holds. We obtain further regularity
results by applying standard parabolic regularity theory to (2.19b) and (2.19¢). It can
be readily shown that v( -, t) is eventually C?, and we can use periodicity and condition
(C) to infer that £(-,t,a) is C! for a € [0,7 + o].

6. Further considerations

We have established the existence of a periodic solution to our system (2.3a)—(2.3f)
under the condition that the periodic source terms f(z,t) and h(z,t) are nonnegative
for z € Q, t € [0,T*], and h(z,t) > 0 on a set of positive measure in Q x [0,T™].
We now look at the cases where one or both of these source terms is zero, and try to
obtain some qualitative feel for the nature of the periodic solutions. We shall refer to
a “trivial periodic solution” as one having the form:

u(z, t) = constant, 4(z,t,a) =0 (6.1)
forz € Q,t >0, and a € [0,7 + o]. We have the following result:
Proposition 6.1. Assume that the hypotheses (i), (iv)-(vii), (P) of Sections 2 and 3
hold.

(a) If f(z,t) = h(z,t) =0 for all z € Q and t € [0,T*], then every periodic
solution is a trivial periodic solution, and every solution to the initial-value problem
(2.32)—(2.3f) converges to a trivial periodic solution. If ug(x) > 0 on a set of positive
measure, then the constant of (6.1) is positive.
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(b) If f(z,t) = 0 and h(z,t),> 0 for z € Q and t € [0,T*], then ebery uniformly
bounded solution to (2.3a)—-(2.3f) is attracted to the periodic trajectory

0*(z,a) = {(0,[V(T* + s,T* + s — a)h(-, T* + s — a)](z)) | s € [0,T*]}.

(¢) If f(z,t) > 0 for (z,t) € a set of positive measure in Q x [0,T*], and if
(u(z,t),€(z,t,a)) is a periodic solution pair, then

v(z,t) = /‘r+a {(z,t,a) da # 0.

Proof. Assertion (c) is the easiest to prove. Assume that (u(z,t),0) is a periodic
solution. Then v(z,t) = 0 and (2.3a) becomes

Q’E‘%’_t) = dyAu(z, t) + f(z,1).

Integrating over  x (0,7*), we find that

-
0= [t Ty = ol My = [ WA Oa e

which is a contradiction. Thus, if f(z,t) > 0 on a set of positive measure and
(u(z,t),4(z,t,a)) is a periodic solution, then (z,t,a) # 0 and v(z,t) # 0.

To prove (a), we let U(z,t) denote the solution triple to (2.16a)—(2.16e) where
(2.16a)—(2.16¢c) have the form (2.19a)-(2.16¢) for ¢ > 7 + 0. We can adapt the ar-
gument of Theorem 3.3 of [4] to observe that, if ug(z) > 0 on a set of positive mea-
sure, then there exists a positive constant u* so that lim;—,., U(z,t) = (u*,0,0) and
limy—,o0 £(x,t,a) = 0 uniformly in z € Q, a € [0,7 + o]. Thus, there are no nontrivial
periodic solutions, and every solution of (2.3a)-(2.3¢) converges to a trivial periodic
solution.

To establish (b), we begin by observing that equation (2.3a) becomes
Ou(z,t)
ot

with homogeneous Neumann boundary conditions. Under the assumption of uniform
bounds on u(z,t) and 4(z,t, a) (and consequently on v(z,t)), we can adopt the invari-
ance methods used in Chapter 14 of [16] to argue that |Vu(z,t)| and |Vui(z,t)| are
uniformly bounded, and then apply the arguments in [3] to infer that u(z, t) converges
uniformly to its spatial average u(t); i.e., if

a(t) = ﬁ /Q w(, t) dz,

= di Au(z, t) — r(t)u(z, t)v(z,t) (6.2)

then
Jim [lu(z,t) = u()]|co,0 = 0. (6.3)

Integration of (6.2) over 2 immediately yields that %(t) is nonincreasing in ¢ and hence
must converge to a limit u* > 0, and therefore,

Jim [fu(z,£) — u*loon = 0. (6.4)
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We may use the representation given by Proposition 2.2 along with the fact that
h(z,t) is strictly positive and periodic to observe that there exists an € > 0 such that

{z,t,a) > ¢ (6.5)

whenever ¢ > 7+ 0, a € [0,7 + 0], and = € Q. The integration of (6.2) over Q x (0, %)
yields

t
-+ [ [ r(s)ute,s)o(a,5) dads = ol Yl
This implies that
t t T+0
/O/Qr(s)u(w, s)v(z,s)drds = /O/Qr(s) (/1- Uz, s,a) da)u(a:, s)drds < 056 "

Letting r* = inf{r(t) | t € [0,T*]}, and using (6.5), we see that

/Ot/Q 7(s) (/TH-” {(z,s,a) da)u(x, s)dzds > r*co /Ot lu( - ,8)||1.0 ds,

which implies by (6.6) that

/Ot lu(-,8)ll,eds < r*t’a /Ot/Q r(s) </TT+6 Lz, s,a) da)u(a:, s)dxds < co. (6.7)

This further implies that limsup;_,, ||u(-,?)||1,o = 0. However, u(-,t) converges to
the constant function »* in C(2) and thus must converge to u* in L;(Q), and we may
thereby conclude that u* = 0 and that u(-,t) converges uniformly to zero.

We combine the arguments of Proposition 2.4 and Lemma 3.5 of [4] to argue the
precompactness of the set {v(-,¢)[t > 0} in C(f2). Because we have seen that u(-,t)
converges, our representation formula from Proposition 2.2 shows that {£(-,t, - )|t >
0} is precompact in C(Q x [0,7 + o]), and we have thereby shown that the trajectory
6 = {(u(-,2),€(- %, -))|t > 0} is precompact in X. Letting wo = (uo(-),%(+, -)),
we may draw upon well-known results in dynamical systems theory, cf. [10], to see
that 6 has a nonempty, compact, connected omega limit set w(wp). If w* denotes an
arbitrary element of w(wyp), then we have seen that the first component of w* is the
zero function. Thus, we may assume that w* has the form

w* = (O,Z*(', ))

for some £*(-, -) € C(Q x [0,7 + o]). Moreover, there exists an increasing sequence
{tn} converging to infinity such that

\ liB1°° Uz, tn,a) = £*(z,a)

uniformly in Q x [0, 7 + o].
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It is clear that if n is sufficiently large, we can write
tn = m(n)T* +T* 4+,

where m(n) € Z* and the residual ¢}, € [0,T*]. We can select a subsequence ¢y, of
residuals so that

lim ¢}, =t¢* €[0,T"].
n'—o0
We relabel the convergent sequence of residuals {¢;} and hence

. k __ gk %
Jim 17 =¢" € [0, T™].

We observe that
Uz, tn, @) = £(z, (m(n) + 1)T* + 1}, a),
and hence
*(z,a) = Jim £(z, (m(n) + 1)T* + t3,a).
By the representation formula (2.15), we have, for n sufficiently large,

U, tn, @) = [V(tn, ta — a)(r(tn — a)u( -, tn — a)v(-,tn — @) + B(-, tn — a))] (2).
6.8)

From (2.6), we observe that

lim V(tn, tn — a) = V(T* +¢*,T* +t* — a).

n—oo
Also,

,}Eﬂo"'(tn —a)u(-,tn —a)v(:,tn—a)=0
uniformly on Q x [0, 7 + o], and
Jim h(-tn = @) =h(:,T" +¢" — a).

Therefore, using (6.8), we have

lim 4(z,(m(n) + 1)T* +t},,a) = lm £(z,tn,a)
n—oo n—oo
= [V(T* +t*,T* +t* — a)h(-,T* + t* — a)] ().
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Hence, we have shown that any element belonging to the w-limit set w(wp) is of the
form

w* = (0,£*(z,a))
and

£ (z,a) = nllngo £(z,tn,a)

= [V(T* +t*,T* +t* —a)h(-,T* +t* — a)| ().
We observe that
(0’ [V(T* + t*a T+t - a)h( : 7T* +t* - a)](x)) € 9*(27’ a)’

and we have demonstrated that if w(t) = {u(-,t),4(-,t,-)} is a solution pair to
(2.3a)—(2.3f), then

Jim_dis (w(tn), 6°(-, ) = 0.
‘We remark that the pair
(0, [V(T* +t*,T* + t* —a)h(-, T +t* — a)](x))
is periodic in £ with period 7™ and is a solution to the problem:
%;—(x, t) = diAu(z, t) — r(@t)u(z, t)v(z,t), z€Q, t>0, (6.9a)

%(az, t,a) + gg(a}, t,a) = doAl(z,t,a) — A(t)4(z, t,a),z € Q,t > 0,a € [0,7 + 0]

(6.9b)
with
u(z,0)=0, z€Q, (6.9¢)
£(z,0,a) = [V(T*,T* — a)h(-,T* - a)|(z),z € Q,a €[0,7+0],
(6.9d)
{(z,t,0) = h(z,t), z€Q, t>0, (6.9¢)
and
ou ot
a—n =0, % =0, z€090Q, t>0, ac [0,7' +0']. (6.9f)

Therefore, in case (b), we have characterized the attractor of bounded solutions to the
initial-value problem (2.3a)—(2.3f). |
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In conclusion, we have shown that under the assumption of periodicity in contact
and mortality rates, and the addition of periodic source terms for both the susceptible
and the infected populations, there exists a periodic solution of the SEIR model de-
scribed by (2.3a)—(2.3f) (and the given hypothesis (i)-(vii)). We have also considered
the cases where one or both source terms are zero, and further described the periodic
solution in these cases.

We remark that, instead of the “mass action” term r(¢)u(z, t)v(z,t) of (2.3a) and
(2.3f), a more general function f(¢,u,v) can be used to model the contact between
susceptibles and infectives. We require f to be nonnegative, polynomially bounded,
T* periodic, and

F(t,u, ) 2 r(t)uv

on © x [0,7*]. Then, using results from [14], we can show that all of our results ob-
tained above are still valid. This more general approach will be the subject of future
work. We also shall continue to investigate how other time-dependent distinguished
solutions govern the dynamics of diffusive, age-dependent epidemic models. Of par-
ticular interest will be the assessment of the role played by almost periodic solutions.
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