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SOLVABILITY IN Lp OF THE DIRICHLET PROBLEM FOR A SINGULAR
NONHOMOGENEOUS STURM-LIOUVILLE EQUATION

N. Chernyavskaya and L. Shuster

ABSTRACT. We consider the equation
—(r(@)y' (@) +q(x)y(z) = f(z), =z€R ()
where f(z) € Ls(R), s € [1,00], r(z) > 0, g(z) > 0 for z € R, Rlﬁ € LY°(R),

and q(z) € L11°°(R). The inversion problem for equation (x) is called regular in
L, if equation (*) has a unique solution y(x) € Ly(R) of the form

y(z) = /_o:o G(z,t)f(t)dt, z €R,

with ||yllp < ¢||f|lp uniformly in p € [1, 00| for any f(z) € Lp(R). Here G(z,1) is
the Green function corresponding to (), c is an absolute constant. For a given
s € [1,00], we give necessary and sufficient conditions for the following assertions
to hold simultaneously:

the inversion problem for (*) is regular in Ly, and

lim|g| o0 y() = O for all f(z) € Ls(R).

1. Introduction

In this paper, we are interested in the existence and certain properties of the solution
of a Dirichlet problem :

—(r(2)y'(z))’ +q(x)y(z) = f(z), =z€R, (1.1)
Jm_y(@) =0 12

where f(z) € Ls(R), s € [1,00], and 7(z) and g(z) satisfy the conditions
r(z) > 0, q(x) > 0 for © € R; ;-130—) € L°°(R), q(z) € L(R).  (L3)

Our goal is to find all s € [1,00] such that if f(z) € Ls(R), then (1.1)-(1.2) is
solvable. Note that we consider (1.1)—(1.2) only for those equations (1.1) for which
the inversion problem is regular in L,. This means [1] that the following two assertions
hold simultaneously:

(R1) (1.1) has a unique solution y(z) € Ly(R) of the form

v@) =GN Y [ canswa, aer (1.4)
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uniformly in p € [1,00] for any f(z) € Ly(R). Here G(z,t) is the Green function
corresponding to (1.1):

u@)o(t), w2t

(@), o<t (15)

G(z,t) = {

and {u(z),v(z)} is a special fundamental system of solutions (FSS) of the equation
(r(@)7'(z))’ = q(z)2(z), = € R. (1.6)

(R2) There is an absolute constant ¢ > 0 such that for all p € [1, 0], one has

lylly < cllfll, i f(z) € Ly(R). (1.7)

In [1, 2], necessary and sufficient conditions for (R1)—~(R2) to hold were found. The
conditions coincide and become a criterion for a wide class of equations (1.1) which
we call standard; we denote this class by S (see [1] and §2 below). Now we can give
the precise statement of our problem I:

I Let (1.1) € S, let the inversion problem for (1.1) be regular in L,, and let
s € [1,00] be given. Under what condition, for any f(z) € Ls(R), would the
solution (1.4) of (1.1) satisfy the equality (1.2)?

Our main Theorem 3.1 gives a precise answer to this question for all s € [1, ).
In addition, we show (Theorem 3.2) that for (1.1) € S, Problem I for s € [1,00) is
equivalent to the following Problem II:

II. Let (1.1) € S, suppose that the inversion problem for (1.1) is regular in Ly,
and let s € [1,00] be given. Under what condition does there exist an absolute
constant ¢ = ¢(s) > 0 such that for any f(z) € Ls(R), the solution (1.4) of (1.1)
would satisfy an inequality ||ly|lc(r) < c(s)||flls?

We want to stress that our results are formulated in terms of the same auxiliary
functions (local integral averages of r(z) and g(z)) as the conditions of regularity of the
inversion problem for (1.1) in L,. This is convenient for applications and, on the other
hand, as in [1, 2], our results include Dirichlet problems for “interesting” equations
with oscillating coefficients.

Note that in the proofs, we mainly use the results of [1, 2, 5], which we summarize
for the reader’s convenience in §2. In addition, we would like to point out that auxiliary
functions of type d(z) (see §2, Theorem 2.4) were introduced and extensively studied
by M.O. Otelbaev. Such functions turned out to be an effective tool in solving various
problems related to differential and difference operators. For some of these results,
ideas, and original techniques, see [4]. The problem treated in the present paper was
not considered by Otelbaev. Our approach is based on combining his methods with
the method of studying the Sturm-Liouville operator which we proposed in [1, 2].

2. Preliminaries

In this section, we give some notions and results from [1, 2, 5]. Below we denote by ¢
absolute positive constants which are not important for the exposition and which may
differ even within a single chain of calculations. Throughout we assume that r(z) and
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q(z) satisfy the following conditions:

r(z) >0, q(z)>0 for z€R; ;'zlx—) € L°(R), q(z) e LY*(R), (2.1)
. xz dt xz _
|dl|lfloo (L_d el i q(t)dt) =00, TER. (2.2)
Theorem 2.1. [2] Consider the equation
(r(z)2'(z)) = q(z)2(z), =z€R. (2.3)

There exists a FSS {u(z),v(z)} of (2.3) such that
u(z) > 0, v(z) >0, v'(z) <0, v'(z) >0for z€R;
r(z)[v' (z)u(z) — v/ (z)v(z)] = 1 for = € R;

v(z) . u(z)
() o (z)

The FSS {u(z),v(x)} with properties (2.4) is called a basic FSS (BFSS) of (2.3).

Lemma 2.1. [2,3] Forz,t€ R, u and v have the following representations:
= X —1 : ——& v = X l * _46_
ute) = Vi (-3 [ i) v = Ve (5 [ i) @9
def Ju(z)v(t), x>t 1 toode
Gn = {u(t)v(z), 22 =viee (<3| [ el @9

where p(z) = u(z)v(z) and z1 is the unique root of the equation u(z) = v(z).

(2.4)

Corollary. One has the following equalities:

0 d§ _ 0o d§ o
/_oo mGEG _/0 @0 - ™ @7

Lemma 2.2. [2] For every z € R, the following equations in d > 0 have unique finite
positive solutions:

B T dt T B z+d ﬁ . z+d
1= /;,,_d % . - q(t)dt, 1= /m ol q(t)dt. 2.8)

Denote by d; (z), d2(x) the respective solutions of (2.8) and introduce the functions

T z+da(z)
w(w)=/ a w(x)=/+ i h(m)—M— z€R. (29)

—di(@) ")’ r(t)’ o) + ()’
Theorem 2.2. [2] For z € R, the following inequalities hold:
27 1h(z) < p(z) < 2h(z). (2.10)
Lemma 2.3. [2] For every z € R, the equation
z+d d€
1= / _— 2.11
s OO @10

has a unique finite positive solution in d. Denote this solution by d(z). The function
d(z) is continuous for x € R.
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Lemma 2.4. [2] Forz € R, t € [z — d(z),z + d(z)], the following inequalities hold:
97 lu(z) < v(t) < (), 97 lu(z) < u(t) < u(x), (2.12)

97'p(z) < p(t) <9p(z),  (36)7'h(z) < h(t) < 36h(2). (2.13)
Definition 2.1. [2] We say that a system of segments {A}pens, N’ = £1,42,...,
forms an R(z)-covering of R if the following conditions hold:
1 Ap = (87,84 Y (2, — d(2n), 20 + d(z,)], ne N,
2.0, =AF f n2>21; AY =45 if n< -1,
3. A] =AY, =1,

4 U An=R
neN’

Lemma 2.5. [2] For every x € R, there exists an R(z)-covering of R.

Definition 2.2. [1] A nonhomogeneous equation (1.1) and the corresponding homo-
geneous equation (2.3) are called standard if

m & sup(r(z)|p'(z)]) < 1. (2.14)
Tz€R
The set of all standard equations is denoted by S. By writing (1.1) € S, (2.3) € S, we
mean that (1.1) and (2.3) are standard equations.
Lemma 2.6. [1] Condition (2.14) holds if and only if there is ¢ > 1 such that
clo(z) < Y(z) < cp(z) forz € R. (2.15)

Definition 2.3. [1] We say that for a given equation (1.1), the inversion problem is
regular in Ly, if one has assertions (R1)-(R2) from §1.

Theorem 2.3. [1] For the inversion problem for (1.1) to be regular in Ly, it is
necessary, and for (1.1) € S it is sufficient, that

B ¥ sup(h(z)d(z)) < oo. (2.16)
z€ER
Corollary. Let (1.1) € S and B < co. Then
o
HY sup ( / G(z, t)dt) <cB. (2.17)
TzER —00
Theorem 2.4. [1, 2] Suppose there is a v > 1 such that
v r<r(x)<y for z€R (2.18)
For every x € R, consider the equation ind >0 :
z+d
2= d/ q(t)dt. (2.19)
z—d
Equation (2.19) has a unique positive continuous solution d(x) and, moreover,
¢ ld(z) < d(z) < cd(z), z€R, (2.20)
2v+1

(2y+2)"td(z) < p(z) < d(z), T€R. (2.21)

2
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Theorem 2.5. [1] Under condition (2.18), the inversion problem for (1.1) is regular
in Ly if and only if

K sgg((f(w)) < 0. (2.22)

Lemma 2.7. [5] One has d(z) — 0 as |z| — oo if and only if for any a > 0, one has
z+a
lim q(t)dt = . (2.23)
|z]—o0 Jp—q
3. Statement of results

In this section, we formulate the main results of the paper. Throughout, we use the
following notation: f(z) is an arbitrary function from Ls(R), s € [1,00], y(z) =
(Gf)(z) (cf. (1.4)). Problem I (see §1) is solved by the following theorem.

Theorem 3.1. Suppose that the inversion problem for (1.1) is regular in L. If s €
[1,00), then to have the equality

lim y(z) =0, (3.1)
|z|—00

it is necessary, and under condition (1.1) € S it is sufficient, that
Dy ¥ sup (h(x)d(x)l/s') oo, 14 l, =1. (3.2)
TER S S

If s = 00, then to have (3.1), it is necessary, and under the condition (1.1) € S it is
sufficient, that h(z)d(z) would have a limit as |x| — oo and

D, ¥ lxlli_x_'noo(h(x)d(a:)) =0. (3.2)

The following assertion gives a solution of Problem II (see §1).

Theorem 3.2. Suppose that the inversion problem for (1.1) is regular in Ly, then
(a) If for some s € [1,00], one has

lvllewr < c()llfls (3:3)

where ¢(s) s a positive constant depending only on s, then D, < oco.
(b) Let (1.1) € S, s € [1,00). Then (3.3) holds if and only if (3.1) holds.
(c) Let (1.1) € S and s = co. Then (3.3) holds if and only if B < oo (see (2.16)).

In the following assertion, we show that under the additional assumption (2.18),
one has equality (3.1) regardless of s and of the condition (1.1) € S.

Theorem 3.3.  Suppose that (2.18) holds and K < oo (see (2.22)). Then for any
s € [1,00), one has (3.1). For s = 0o, one has (3.1) if and only if (2.23) holds.

Remark. For r(z) =1 and 1 < ¢(z) € LI°°(R), Theorem 3.3 was proved in [5].
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4. Estimates of auxiliary functions.
Below we use the following fact:

Theorem 4.1. [2] Suppose that under assumptions (2.1) there ezist functions r1(z),
r2(z), q1(z), g2(z) such that

(1) r(z) = ri(z) + r2(2), q(z) = q1(z) + g2(z), = € R, where r1(z),q1(z) are
continuous and positive for x € R,

(2) for some constants a,b (b > 3a >0) and |z| > 1, one has inequalities

ri(z).
q1(z) P (4D

a1 < ;lT(;)) <a,a'< :1]11((:3)) <a for|t—z| < bd(z), dz)=

(3) there is § € (0,1] such that r(z) > dr1(z) for x € R; and
(4) lim|z|_,°° bl (:E) = lim|m|_,°° 2 (:13) =0 where

1 T+2z
wi () = —m/——— d ,
1@ T1(x)q1(z) IzIZl;g(z) /a: a(?) t‘
»o(x) = /r1(x)qi(z) sup / =+ ro(t) al
lel<bd(z) Je  T1(t)?

Then the following assertions hold:
(A) One has (2.2). Equations (2.8) have unique finite positive solutions dy(x) and
da(z) for every x € R. In addition, (2.3) € S and

—1_;__ < h(z) < _c—’
Vri(z)a(z) Vri(z)a(z)

(B) If, in addition, b > 160a35~2, then (see (4.1))
¢ td(z) < d(z) < cd(z), Tz €R. (4.3)

Corollary. [1] Let r(z) and q(z) satisfy the hypotheses of Theorem 4.1, then the
inversion problem for (1.1) is regular in L, if and only if infzecr ¢i(z) > 0.

z €R. (4.2)

Example. Consider (1.1) with the following coefficients:

r(z) = exp(—(2a — 1)|z|) + %exp(—(2oz —1)|z|) sin(exp(2alz])), @« > 1, z € R,
q(z) = exp(|z|) + exp(|z|) sin(exp(2ajz])), =z € R.

According to Theorem 4.1, set r1(z) = exp(—(2a — 1)|z|), ¢1(z) = exp(|z|), = € R.
Clearly, § = 1/2, d(z) = exp(—a(z)). Since all the functions are even, it suffices to
give the needed estimates for z > 1. Since d(z) = exp(—axz), it is easy to see that
inequalities (4.1) are true, say, for a = 2, b= 160a36=2 = 320. To estimate s; (z) and
»5(z) in this case, one can apply the second mean value theorem ([6], Ch.12, §3):

7 (z) = exp((a —1)z) sup

T+2
/ exp(—(2a — 1)t) - exp(2at) sin(exp(2at))dt’
|2|<bd(z) /=

/ o exp(2at) sin(exp(2at))dt]

<cexp((a—1)z) sup exp(—(2a—1)z)
|2|<bd(=)

S ceXp(—CYfL’),
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»(2) = exp(—(a — 1)z)

z+2
X sup E / (sin exp(20t) exp(—2(a — 1)t)[exp(2(a — 1)t)]?dt
|el<bd(z) 12 /=
1 T+2z
=exp(—(a—1)z sup |= / exp(—t)[exp(2at) sin(exp 2at)]dt|
|zi<bi(z) |2 /=

<cexp(—(a—1)x) sup exp(—z) / o exp(2at) sin(exp(2at))dt|

|z <bd(z)
< cexp(—axz).
It follows that all the hypotheses of Theorem 4.1 are satisfied, and thus
ctexp((a—1)|z|) < h(z) < cexp((a—1)|z|), z€R, (4.4)
¢ texp(—ajz|) < d(z) < cexp(—alz|), z€R. (4.5)

Since infe g q1(z) = infzer exp(|z|) = 1, by the corollary of Theorem 4.1, we conclude
that in this case the inversion problem for (1.1) is regular in L, and, in addition, by
Theorem 4.1, (1.1) € S. Let s € [1,00). By (4.4) and (4.5), one has inequalities

¢ Lexp (% - 1) < h(x)d(z)l/sl < cexp (% - 1)

and, therefore, D; < 00 if s > @, and D = 00 if s < @

By Theorem 3.1, we conclude that if 1 < s < oo, then the Dirichlet problem for
(1.1) with the above coefficients is not solvable in L;(R) for s < a (i.e., there exist
f(z) € Lg(R), s < a such that (1.1)-(1.2) has no solutions), and, conversely, for
s > a the Dirichlet problem is solvable in Ls(R) (i.e., for any f(z) € Ls(R), problem
(1.1)-(1.2) has a unique solution y € Ly(R) with |lylls < cllfllo, lsllogm < c(@If).
For s = 0o, we have Do, = 0 by (4.4)—(4.5), i.e., for any f(z) € Lo (R), the Dirichlet
problem has a unique solution y € L (R) with ||yllc(r) < ¢l fllco-

5. Auxiliary results
To prove Theorems 3.1-3.3, we need the following assertions.

Lemma 5.1. Lete €(0,1],t € [z —ed(z), z + €d(z)], z € R. Then

(1-e)d(z) <dt) < (1+e)d(z). (5.1)
For the function d(z), one has the relations
zl_l:r—ﬁoo(m +d(z)) = —o0, lim (z — d(z)) = oco. (5.2)

Proof. Let us verify that for z € R, one has the inequality
ld(z +mn) —d(=)| < Inl for |n] < d(). (5.3)
Indeed, suppose, for example, that 0 < n < d(z). Then
z+d(x) z+n+(n+d(z))
o—d(z) TERE) ™ Josn—mid@) TERE)

/z+d(m) d¢ S /w+n+(d(m)—n) d¢ '
o—d@) TEOME) = Jatrn—(d@)-m) TE)A(E)
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The first inequality implies d(z + ) < d(z) + 7, and from the second one, we obtain
d(z +n) 2 d(z) —n. Hence, — < d(z +n) — d(z) < 1. The case n € [—d(z), 0] can be
treated in a similar way.

To check (5.1), set t =z + 7 in (5.3). Then we can write (5.3) in the form

ld(t) —d(z)| < |z —t| for [t—z|< ed(z). (5.4)
In (5.4), set |t — z| < ed(z), € € [0,1]. Then
%— Slid(_x—:;!Se for |t —z| < ed(z).

The latter inequality is equivalent to (5.1). Now let us verify, for example, the second
equality of (5.2) (the first one can be checked in a similar way). Assume the contrary.
Then there is a sequence {z,}32; such that z, — co as n — 00, and z, — d(z,) <
¢ < oo. Relations (2.11), (2.10), and (2.7) lead to a contradiction:

B Ln+d(Tn) d€ T df l Tn df . .
1“/z,,_d(m,,) r(&)h(&)Z/c' r(&)h(s)zzfc r@pe T

O

Corollary. Fortec [z —d(z)/2,z+d(z)/2], = € R, one has the inequalities
27ld(z) < d(t) < 2d(z). (5.5)
Proof. In (5.1), set € = 1/2, and we obtain (5.5). O

Lemma 5.2. Lety € (0,00). For every x € R, the equations in d > 0
T z+d
¢ / ¢

_ = 5.6
= ] e (59

have unique finite positive solutions. Denote these solutions by di(z,v) and da(z,),
respectively. Then

m (z+da(z,7)) = —00, lim (z —dy(z,7)) = oo. (5.7)
T——00 T—00
Proof. Consider the functions

B T d§ B $+d_d§-—
n@=/ o 29 GG

Clearly, ®1(0) = ®2(0) = 0, and ®;(d) and ®2(d) are monotone increasing and con-
tinuous for d > 0. Let us verify that ®;(co) = ®2(00) = oco. Indeed, by (2.10) and
(2.7), we obtain

[ i
<I>2(0<>)—/ac r(g)h(g)zz/z r(€)p€)

€ d¢ 1 /“” d¢
®;(00) = / — > = ————— = 00
1) = | 7O 2 2 )—ee 7@00)
This implies the first part of the assertion. (5.7) can be checked similarly to (5.2). O

Lemma 5.3. Let (2.3) € S. Then
G(z,t) < ch(t)exp (—% /z &l) , z,t€R. (5.8)
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Proof.  Since (2.3) € S, we have m = 1 ¢, £ € (0,1] (see (2.14)). By (2.5) and
(2.10),

v'(€) _ 1+1(€)r'(€) € €
WO~ 2@0E > 20 > #@E’ -
Therefore,
v(t) e [t d¢
@) > exp (Z/a; m) for t>2z, z,t€R. (5.9)

Then, from (2.4), (2.6), (2.10), and (5.9) for ¢ > z, it follows that

_ v(x) el [t _de |
G(et) = v(a)ut) = plt) 3 < 2h(@)exp ( /m B )
This gives (5.8). The case t < z can treated in a similar way. o

6. Proof of the assertions on solvability of the Dirichlet problem

In this section, we prove Theorems 3.1 and 3.3.

Proof of Theorem 3.1 for s € [1,00).
Necessity. Assume the contrary: for any f(z) € Ls(R), one has (1.2), but Ds = co.
Then there is a sequence {z,}52; such that

|2 — 00 as 7 — 00, and A(z,)d(z,)* >n2, n=1,2,.... (6.1)

Forn=1,2,..., set
t
dé D . d(xn)
—_— if [t—z,<
L aw]) -

d(a:n)

1
fut) = 4 n2d@7e P (”
0 if |t —zp| > —=

By (5.2), one can choose {z,}32, in such a way that for n # m, one would have
(supp fr)N(supp fm) = 0. Now set fo(t) = Y. fn(t) and verify that for fo(t) € Ls(R),
n=1

[sora=g [ ora=Eb ([ (o[ 35)

n=1
:l:-,,+-—£—nEl 1 t d§
+ ——exp | —s — | dt
/w,, 4@ p( / d(g)) }
) ) 2
s oyt s —n 3

Since fo(t) € Ls(R), we have y(z) = (Gfo)(z) — 0 as |z| — co. Hence, y(z,) — 0 as
n — 00. Let us verify that this is not true and thus a contradiction. First note that
by (5.5), for t € [xn, — d(zn)/2, zr, + d(z,)/2], one has the estimates

/: dﬂé)' /: d(zn) _d€ | _ 20t — zn]

UG Twy| S @y SL on=L2e (6.2)
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Therefore, using (5.5), (6.2), (2.12), and (2.10) we get

v [ 05 (5) o (-] L)
+v<~%>/””"“le 2 (i) o (-] )

B ) )
>

Lex o 1)h(xn)d(mn)1/ exI;’(G 1),

a contradiction. Hence D, < 0.
Sufficiency. Let us apply estimate (5.8) and Hélder’s inequality to (1.4):

vl <e [ e (1| [ ) irom

<o [ e (2] [ 2 o) dt}l“'

Ao (- A r(&)h(&)l) e T e

Let us estimate the first factor. Let {An}nen+ be segments from an R(z)-covering
(see Lemma 2.5 and Definition 2.1). Then, by (2.11), one has inequalities, for ¢t € A,,,

t d§ 3 n—1 __df_ + L - i
/m r(h() ,;/Ak r(€)h() +/A; rOhE =Y e,

|n|—-1

& _ dé AT de L
/t r(€)h(E) ; /Ak r(&)h(€) +/t r(On(E) = 2 (n|-1) ifn<-1.
Throughout, we use the notation /= Y , N’ = +1,42,.... By Lemmas 2.5, 2.4,

n neN’
and estimates (6.4), we have
/a: r(€)h(€) D

/ ~ h(s)” exp( l) dt = Z / h(t)® exp(
<Z (/ h(t)® dt) exp( Inl = )<cz (h(a: % d(xn)) exp( [n ')

(Zexp (——))Ds <c¢< oo

n=0

o <e [~ exp (-2

(6.4)

Hence,

[ ksl rora, ser @
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Fix v € (0, 00) and denote w(z,v) = [z —d; (@,7), x+dz2(z,7)] where d; (z,7), da (z,7)
are the solutions of (5.6), respectively. Then from (6.5), it follows that

e < { Lo (53| ) 1r0ra
e (AL ] 0

(e o]

seten (<) [ e [T i
¢/ Jiguw(z,y) z—di(z,7)
seew (D) Ifli+e [ Is@p
T
From the latter estimate, by (5.7), we get

0< T ly(@)l” < cexp (-2) £z (6.6)

—di(z,y

In (6.6), -y is an arbitrary number. Letting « tend to infinity, we obtain Iim y(z) =0.
T—r00
Since 0 < lim |y(z)| < Iim y(z) = 0, we finally get lim y(z) = 0. The case £ — —oco
oo Z—00 T—00

T
can be treated in a similar way. O

Proof of Theorem 3.1 for s = co. Necessity. Let ¥(z) = (Gf)(z) — 0 as |z| — oo for
any f(z) € Loo(R). Choose fo(z) = 1. Then, using (2.10) and (2.13), we obtain the
inequality which implies (3.2'):

y(z) = /_ "~ Gla, ) fo(t)dt = /_ ” Gl byt

* z+d(z)
> u(a:)/ ’U(t)dt+v(:z;)/ u(t)dt > 2u(z)v(z)d(z) > h(:l:)d(:z:)
m—d(a:) T 9 9
Sufficiency. First note that if an — 0 as n — oo and ng is fixed, then
n+ng
dim ( Z ai) =0. (6.7)
i=n-—ng

Suppose that {An}ens from the R(0)-covering. Introduce the function k(z) =nif
T € [2n — d(2n),2n + d(2,)) for n € N'. Clearly |k(z)| — oo as |z| — co. Let ng be
any positive integer. Below we use (5.8), Definition 2.1, (6.4), and (2.13):

/_: Gla,t)dt < c/: h(t) exp (—% /: &D
=cn§//An h(t) exp (—% /m ﬁ)_ ) dt
k(z)+no

<c Z h(z:)d(z:) + ¢ Z h(z;)d(z;) exp (___Ii—ic(x)l).

i=k(z)—ng li—k(z)|>no



270 CHERNYAVSKAYA AND SHUSTER

From (3.2'), it follows that h(z)d(z) < ¢; for z € R. Take € > 0 and choose ng = ng(€)
such that 2c; exp (—22) exp (1) < &. Then we can continue the above estimate:

k(x)+no

/oo G(IL‘, t)dt <c Z h(:z:,)d(:z:,) + c1 exp (—%0-) iexp (-%)
B i=0

i=k(z)—ng
k(z)+no

<c Z h(x,)d(:cz) +e&.

i=k(z)—no

By (5.2) and (6.7), this implies

. . 0o k(z)+no
0< lim / G(z,t)dt < lim / G(z,t)dt < c lim Z h(z;)d(z;) +e=e.
z—00 J —00 z—00 J_ 4y T—00 i=k(z)—n0
Since ¢ is arbitrary, letting it tend to zero, we get
[e0)
lim / G, t)dt = 0. (6.8)
|z]—00 J _0o

(For £ — —o0, one can check (6.8) in a similar way.) Therefore,

0< lm o) <T@ )< T [ ” Ga0)I£(0)ldt

|z|—o0 |=
< Jm ([~ a@oa) 1l =0
|z]—c0 —00
O
Proof of Theorem 3.3. From (2.6), (2.18), (2.21), and (2.22), it follows that
G(z,t) < cexp (_L{f‘l) , =,t€R. (6.9)

Let s € [1,00). From (6.9) and Hoélder’s inequality, we get

vals [ Z G, D) ()ldt

<c </_c: G(z, t)dt) 1/ </_c: co t)lf(t)|sdt) 1/s
(/:’ o <_It__cz—|) dt) " (/: P (_It__cil) I (t)lsdt) "
=e (/_Z exp (‘@) lf(t)lsdt) e

el e[ ew (—'i‘—””—') f(®)1dt, ek (6.10)

—o0

Hence,
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Let A € (0,00). Then, from (6.10), it follows that
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P < { Lo e (FS ) oras [ e (125 If(t)lsdt}

A
<o (-2)Wls+e [ Ifopae
[t-z|<A
In (6.11), letting = tend to infinity, we obtain

0< hm ly(z)|® < cexp (——) 115

Since A is arbitrary, we deduce from (6.12) as A — oo that
: 8 T s _
0< lim Jy(@)|° < lim |y(z)|° =0.

Thus, y(z) — 0 as z — oo. Similarly, one can check that y(z) — 0 as £ — —o0.

(6.11)

(6.12)

Now, let s = 0o0. Necessity of our assertion follows from the proof of necessity of the
hypotheses of Theorem 3.1, inequalities (2.20) and (2.21), and Lemma 2.7. To prove

sufficiency, note that from (2.6), (2.18), (2.21), and (2.22), it also follows that

G(z,t) < C\/J(:L‘) exp (—lt_Txl> , t,r€R.

(6.13)

By Lemma, 2.7, we obtain d(z) — 0 as || — co. The conclusion of the theorem follows

from (6.13) and the following obvious inequalities:

vl < [~ e < /i ([ e (-154) ) 1£1e

—00

< ey/d(@) ] £lloo-

7. Proof of the theorem on estimating the solution of
the Dirichlet problem in the uniform metric

In this section, we prove Theorem 3.2.
Proof of assertion (a). Let s € [1,00). Introduce a function:

_J1vif te [z —d(x),z 4+ d(z)]
fo(8) = {O if t¢[z—d(z),z+d(z)).

Now note that if t € [z — d(z),z + d(z)], then from Lemma 2.4, it follows that
r+4d(x)

YOk [ e
h(x)d(a:)
81

y(t) = / G2, 1) f2(€)dE = ()

> §U(w)v(w)d(x) 2 ﬁﬁ(x)d(x) 2
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Therefore, if (3.3) holds, then
> Gzl

lyllccr) IGfllor
c(s) > sup ———~ = sup —5—— > Su
(9) 2 sup Tl = S AL 2SR AL

1 h(z)d(z) 1
> — sup AN _ " _p.
= 8l sen 2d(@)/s 162 °
If s = 00, then for fo(z) =1, as shown in §6, we have

vo)= [ Gt fuvde > M9
Therefore, if (3.3) holds, then

(w)d(w)

> "ﬂi‘f > sup(h(z)d(z))-
O

Proof of assertion (b). If (3.3) holds for some s € [1,00), then D, < co. Since (1.1)
€ S, Theorem 3.1 implies (3.1). Conversely, if (3.1) holds, then Ds < co. Since (1.1)
€ S, we can repeat the proof of sufficiency in Theorem 3.1 and obtain (6.5). This
immediately gives (3.3). a

Proof of assertion (c). Necessity is proved in (a). Since the inversion problem (1.1)
is regular in Ly, by Theorem 2.3, we conclude that B < oco. Since (1.1) € S, by (2.17),
we also have H < oo, whence

Iyllew < Slelg/ G(=z, )| f (@)t < H||flloo < B||flloo-
O
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