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ON THE ANDREWS-BOWMAN CONTINUED FRACTION

Dharma P. Gupta and David R. Masson

Dedicated to Dick Askey on the occasion of his 65th birthday

ABSTRACT. Andrews and Bowman have obtained a continued fraction represent-
ing a ratio of very-well-poised g¢7 basic hypergeometric series. They call this
a full extension of the Rogers-Ramanujan continued fraction. We rederive their
result starting with contiguous relations for a terminative 4¢3 series. We then
use Carleson’s theorem to prove corresponding contiguous relations for a non-
terminating very-well-poised g¢7 series. Both minimal and dominant solutions
to the Andrews-Bowman three-term recurrence then are obtained. The minimal
solution yields their continued fraction result via Pincherle’s Theorem. A special
parameterization of the three-term recurrence yields a polynomial recurrence of
the type associated with rational biorthogonality of type R;r with the dominant
solution giving an explicit expression for the polynomial. An explicit discrete
biorthogonality then is stated. The basic beta integral associated with this or-
thogonality is a summation formula for a pair of 3¢2 s of type I which generalizes
the g-Vandermonde summation.

1. Notation

We follow the notation of Gasper and Rahman [4], but we omit the designation ‘g’
for the base in the g-shifted factorials and the basic hypergeometric functions. Thus,
with |g| < 1, we have

(@)o:=1, (a)n:= ﬁ(l —ag’™Y), n>0,
= . (1.1)
(ala ag,..., ak)n = H(a.’l)n'
j=1

A basic hypergeometric series is

[o o]
. . — § : (al’ a2y.-, a"‘)n [(_l)nqn(n—l)/2]1+s—r n
'I"¢s(a1’a2a-'-aa’r’ bl’b27"°7b87 Z) = (bl,b2,-~-,b3)n (q)n z.

n=0
(1.2)
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176 GUPTA AND MASSON

For a very-well-poised g¢7 series, we make use of the notation
W .= 8W7(a; b7 c, da €, f)

a,q\/a, —qv/a,b,c,d,e, 242
:=8¢7( a‘h/— CI\/_ f . a“q ) (13)

Va,—+/a,aq/b,aq/c,aq/d,aq/e,aq/f ’ bedef

We also denote a balanced 4¢3 series by

,b,c,d
¢ := a¢3(a,b,c,dse, f,9) == 43 <ae’ f’cg ; q)

where
efg = abcdg.

We follow the usual notation for variations of ¢ or W with respect to the parameters.
For example, W (f+) represents W with f replaced by fq, W (e+, f—) represents W
with e replaced by eq and f replaced by f/q, and ¢, represents ¢ with a, b, c, d, e,
f replaced by agq, bg, cq, dg, eq, fq, respectively.

In [8], we obtained a contiguous relation connecting W(f+), W, and W(f—) and ob-
tained the related continued fraction. This was shown to be connected with Watson’s
g-analogue [14] of Ramanujan’s Entry 40 [13]. In [9], we made a more detailed study of
the above three-term recurrence. It was shown that, when the related continued frac-
tion terminates, it has a singularity structure of simple poles which is associated with
a system of biorthogonal rational functions. We were unable to exhibit the orthogo-
nality explicitly in the non-terminating case. The associated W+~ case was studied in
[10] as a limit of a special linear combination of two balanced very-well-poised 1069
series. In another paper [7], we have used the g¢7 model to study the associated case
of the Askey-Wilson polynomials [4].

In a recent paper [2], Andrews and Bowman have obtained the second-order g-
difference equation for a non-terminating W(a;b,c,d, e, f) using variations of the pa-
rameter ‘a’. The connected continued fraction and its limiting cases also are given.
The proof depends on the properties of some auxiliary functions defined and studied
by Andrews [1] in his earlier work on g-difference equations for the very-well-poised
basic hypergeometric series.

We feel obliged to study the above problem for several reasons. Firstly, the three-
term recurrence satisfied by a hypergeometric function is essentially a three term
contiguous relation, and we should be able to obtain the Andrews-Bowman equation
from three-term contiguous relations. Starting with some contiguous relations for 4¢3
series, we obtain a contiguous relation for gW; which gives the result obtained by An-
drews and Bowman. Secondly, as a bonus, we are able to find a second solution to the
second-order g-difference equation which was not given in [2]. From the asymptotics
of the two solutions, we show that one of the solutions is a minimal solution. We
then apply Pincherle’s theorem [12] to obtain the value of the associated continued
fraction. Finally, we discuss a rational biorthogonality resulting from this study of
gW functions. As a byproduct, we have a summation formula for 3¢ s of type I

Andrews and Bowman have proved the following:
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Theorem A (Andrews & Bowman [2]). If

H(z) = (zg/b, zq/c, Tfigt)ifq/e, 20/ Noo . (z3b,¢,d, e, ), (1.4)
then
Q(z)H(z) = P(z)H(zq) + R(z)H(zq") (1.5)
where
Q(z) = (1 — 2°¢%05)(1 — 2?¢°o5)p(zq), (1.6)

P(z) = —xq(1 — %¢%0s) (01 — 2q03 + °¢P 0205 — z*q*0405)p(zq)
— (=1 - zqo1 + 2°q*05)p(z)p(2q)

—p(2) ( — 28¢ 0902 + 29q° 010405 — 2°¢°0405 + 2 q 0305 + 3¢ 0205

— 2*q70? — 3¢Po105 + 22¢Pos — 2203 + wqal), (1.7)
2 2 2
zq zq zq
R(z) = 1-—=(1-—= ) (1—— 1.
p(z) = 1 - 2°¢*04 + 2°¢*0105 — 2°¢°at, (1.9)
and o; :=0; %, %, %, %, %) denotes the j** elementary symmetric function of %, %, é,

L -}—wz‘th01=%+%+;1i-+%+%,...,a5=1/bcdef.

The resulting continued fraction is given by
H(z) _ P(@) R(z)/Q(z)
H

@0 %) pag)/Queq) +

Re0)/Q(d) (1.10)

P(zq%)/Q(zq?) +

P(zq?)/Q(zq?)
P(ed®)/Q(ae®) + -

Note the misprint in [2] in the definition of P(z). The coefficient of the term in z%¢'*
should be —qo202, and not —go205.
2. Three-term contiguous relation for W5

We start with a balanced 4¢3 series

¢ = 4¢3 (aéf’},c;d ;q) (2.1)

where

efg = abedg. (2.2)
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Wilson [15] has obtained a number of three-term contiguous relations satisfied by
terminating balanced 4F3’s. Following his procedure, we can obtain analogous results
for terminating balanced 4¢3’s. We indicate below the derivation of a few of these
which are relevant to our work.

If we subtract the series term-by-term, we obtain the following four relations:

6= (bg —a)(1 - )(1 — d)

¢(a_ab+) - Y= (1 — e)(l — f)(l _g) ¢+(a_), (23)
_ (e—a)1-bH)(1—(1-d)

demes) == o pa-aa-na-g 24)
 gla—e)1-H)(1—o)(1-d)

ot =0 = g e - pa-g) *+ 5

¢(e+,f+)—¢>= q(f_eq)(l_a)(l_b)(l—c)(l_d) ¢+(6+). (26)

(1-e)(1-eq)(1-f/q)1-F)(1-9)

In order to obtain another relation, we use Sear’s transformation [4, (III.15)] for
terminating balanced 4¢3 series; i.e., the transformation

e bed. N _ (/D90 0 n befc,e/d
4¢3( e, f,9 ’q) BGEOR (e bg'~ n/f bgt—" /g ,q) (2.7)

where efg = bedg' ™.

-If we apply (2.7) to the series ¢, ¢4(a—), ¢+(e+) with a = ¢~™, n > 0, we have,
respectively, the series

(£/8)n(g/b)n ;n a,b,e/c,e/d :
(f)n(g)n ags (e, ef/cd, eg/cd )
(f/b)n(g/b)n n a, bq, e/c, e/d .

(F9)n(99)n (ba)" s (6% ef/cd,eg/cd ’q)

(£/0)n—1(g/b)n-1 n— ag,bq,eq/c,eq/d
(f@)n-1(90)n-1 C (eq efq/cd,egq/cd’ q)

It can be seen that the three 4¢3 series given above are connected by the relation (2.5).
After writing this connecting equation, we reverse the transformations and thus arrive
at the following contiguous relation:

ag (1-a)(b—e)(c—e)(d—e)
e (1-e)(1—eq)
X ¢r(e+) —a(l—f)(1—g)¢p=0. (2.8)

(a—f)(a—g)¢4+(a—) —

Making appropriate substitutions from (2.3) through (2.6) into (2.8), we can easily
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derive the following:

(1-e)b-fb—9g)

' bg (1—f/q)(a—e)(c—e)(d—e)
e PHb) el T o
x [ple+, f=) — ] +b(1 —)(1—d)p =0, (2.9)
(1 —a)(b—e)[p(a+,e+) — ¢] = (1 - b)(a — €)[¢(b+,e+) — 8], (2.10)

a(1—a)(b—e)(c—e)(d —e)[plat+,e+) — ¢] +e(1 —e)(1 - f/g)(a—e€)(a—g)
x [¢p(a—, f=) — ¢] +ae(1—b)(1—c)1—-d)(a—e)p=0, (2.11)

b(a — f)(a—g)[d(a—, =) — 8] —a(b = F)(b— g) [d(b—, e~) — ¢]
+ abla—b)(1 —c)(1—d)
(1—-e/q)

We now proceed to obtain a 4¢3 contiguous relation in which four of the seven param-
eters are made to vary. Replacing (b, g) by (bg, gq) in (2.9), interchanging e and g in
(2.10), and then eliminating ¢(a+, g+) from the resulting equations, we have

bg® (1—f/9)(a—e)(c—e)(d—e)
e (f —eq)

bl —a)(1 - (1 d)] o(b+ g+)

bg® (1-f/a)(a—e)(c—e)(d—e)
- T (f — eq) ¢(b+a e+, f_, g+)

—(1—e)(1—g)(bg— f)¢=0. (2.13)

Next we replace (a, g) by (a/q,9/q) in (2.9), interchange e and g in (2.12), and then
eliminate ¢(b—, g—) from the two relations. We get

abg (1 — f/q)(a/g—e)(b—e)(c—€)(d—¢)
e (1—a/q)(f —eq)

+ab(b—e)(1 —c)(1 - d)] #(a—,9-)

abg (1 f/q9)(a/g—e)b—e)(c—e)d—€) o
T (1-a/q)(f —eq) Ha=r et f=9-)

ab(1 — c)(1— d)
—(1—e)(b—g/q) [ef —ab+ T (-g/e)

¢=0. (2.12)

[(1 ) (1-g)bg— )+

[(ef —ab)(1— )b —g/q)

]¢ 0.
(2.14)

We now let @ < b, f <> gin (2.13), e « gin (2.14), e & fin (2.11), and then eliminate
¢(a+, f+) and ¢(a—,e—) from the resulting three relations to obtain a three-term

contiguous relation connecting ¢, ¢(a+, e+, f+,g—) and ¢(a—,e—, f—, g+). We state
this result below as Theorem 1.
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Theorem 1. If ¢ := 4¢3 (aéb fc,d ) is a balanced terminating 4¢3 series, then
a(l—a)(b— f)(c— f)(d—f) [aq (1—g/g)(b—e)(c—e)(d—e)
D, (9—eq)

X $(at e+, f+ g=) + (L - &)(1 - f)(ag - g)¢]

LfA=HA-e/ga=fla-9)
D,
y [_@ (b-9)(1 - f/9)(a/a—g)(c—g)(d—g)
g (1—-a/q)(f - 99)

ab(1—¢)(1—d)
+a-0)6- e/ (g - )+ L0 )
~ el =a)b - He=Nd= N+ 1A= N1 -e/d)(a~Ha—g)
—af(1-B)(1 - )1 -d)(a= )¢ =0

#(a—,e—, f—,g+)

(2.15)

where

_ (1-¢ eq eq eq  eg g

1T e(g —eq) [efg(q R c d + be + cd it bd)

+eg(eq—g—aeq)+ae2fq2]
and
1-9)(f—a) eg fg ef
D, = abg{bg+cg+dg—bc—bd — = — =
2 g(l—a/q)(f—gq)[ g(g gras 9 q q2)

2
+bg’(e+f—gq9) - %]'
Note that it requires some simple algebra to write expressions D; and D; in the
form in which they are given.
It is now possible to obtain from (2.15), the required three-term contiguous rela-
tion for W7 by applying the Watson’s transformation [4, (III. 17)] of a terminating
balanced 4¢3 to a terminating very-well-poised g¢7:

ag/bc,d, e, f (aq/d,aq/e, aq/f, ag/def)oo
R ; 2.1
10s (‘I‘I/ba ag/c,def/a 4 (ag,aq/de,aq/df,aq/ef)oo sWr(a;b,c,dye, f) (216)
with f = q™", say.

In (2.16), we make the parameter substitutions:

aq aq aq def
= — = = = = — = — = — 2,1
A T’ B=d, C=e D-=f, 5 F o G " (2.17)
where the balance condition requires

G = ABCDg/EF. (2.18)
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The transformations (2.16) therefore may be rewritten as

é A,B,C,D \ _(CDq/G,BDq/G,BCq/G,q/G)o
%\ E,F,G ’1) T (BCDq/G,Bq/G,Cq/G, Dq/G)w

BCD BCDq BCDgq . EF
X8W7( G ) GE b GF ’B,C,D,BCD). (2'19)

We replace small letters in relation (2.15) by capitals and apply (2.19) to the three
series ¢, ¢(A+, E+, F+,G-), and ¢(A—, E—, F—,G+).

Thus (2.15) will yield a relation connecting three W7 series with parameters written
in terms of A, B, C, D, E, F. With the help of (2.17), we substitute back the values
of A, B, C, D, E, F in terms of a, b, ¢, d, e, f. After making simplifications, the
result may be stated as:

Theorem 2. If W = gWy (a; b,c,d,e, f; a2q2/bcdef) is a terminating very-well-
poised g¢7, with say f = q~™, then

a(1 —aq)(1 — ga/bc)(1 — ag/bd) - - - (1 — ag/ef)
(1 —aq/b)(1 —ag/c)---(1 —ag/f)
+ [2(1 — ag/bc)(1 — ag/cd)(1 — ag/ce)(1 — ag/cf)(1 — a’q®/bdef)(1 — a’q°05)p(a/q)

+b(1 — a/bc)(1 — a/bd)(1 — a/be)(1 — a/bf)(1 — a®/cdef)(1 — a®qos5)p(a)

+ {1—b—§+a(§+%+%> —a%qos(d+e+ f) —a’qos (1—%— %) }P(G/Q)P(G)]W

_ (1—a/b)(1 —afc)--- (1= a/f)(1 — a?qo5)(1 — a’05)
(1-a)

p(a/q)W(a+)

p(a)W(a—) =0. (2.20)

We next proceed to remove the restriction of ‘termination of series’ in the statement
of Theorem 2. We prove:

Theorem 3. If W(a—) := W+ (a/g;b,c,d,e, f;a?/bedef) is a convergent non-
terminating very-well-poised g7 series, then it satisfies the three-term contiguous re-
lation (2.20).

Proof. By Theorem 2, the relation (2.20) is valid for a terminating W. Suppose the
termination is due to the parameter f = ¢~™, n being a non-negative integer. We then
replace g~™ by g~ where z is a complex variable. We then multiply the left side of
equation (2.20) by (agq/f,a%q%cs), so that it becomes an analytic function of z which
we denote by F(z).

The function F(2) is zero for z = 0,1,2,..., and the three g¢7 series in F(z) are
absolutely convergent for ®(z) > 0 since |a?/bedef| < 1. Also, F(z) is bounded in the
half plane when |z| — oo.

Thus the conditions of Carlson’s theorem [3, p. 39] are satisfied. Accordingly,
F(z) = 0 for all values of z. This completes the proof of the theorem. d
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Remark 1. Note that, by the application of Carlson’s theorem, we can remove the
restriction of ‘termination of series’ in any three-term contiguous relation for a termi-
nating g¢7. However, Carlson’s theorem cannot be applied to remove this restriction
in a three-term relation for a terminating 4¢3. This is because of the fact that in this
case, due to the balance condition, one cannot obtain a corresponding F(z) which is
both analytic and suitably bounded.

Remark 2. We now write the relation (1.5) given by Andrews and Bowman in the
form

R(a/q)H(aq) + P(a/q)H(a) — Q(a/q)H(a/q) =0, (2.21)

with Q(z), P(z), R(z) given by (1.6), (1.7), and (1.8), respectively. Using (1.4), if
we change H s into W s in the relation (2.21), we observe that (2.21) and (2.20) are
identical.

However, the equality of the middle term, i.e., the coefficient of W, is not so evident,
and one needs to verify the following algebraic identity:

3(1 - Z_g) (1- %) (1- %) (1- :—;) (1- %)(1 - d®¢*o5)p(a/q)

o1 2) (1= &) (1= ) (1= &) (1- 222) 1 - aoeta
#[imo-ra(Gagag) st er ) -aws( = -5+ 1)) ()

= —a(l — a®qos)(01 — aos + a®oy05 — a4a4o5)p(a) + (1 + a0y — a®qos)p(a/q)p(a)
— [ — aﬁqsagag + a5q40104a5 - a5q4o405 + a4q30305

+ a*¢®o205 — a*qPo? — aPqP0105 + a®qoy — a’qos + ao1]p(a/q).

(2.22)

We have verified the above identity with the help of the Maple Software program.

3. The g-difference equation and its solutions

Replacing a by ag™ in (2.21), we obtain the second-order difference equation

R(ag" " )Uny1 + P(ag” " )Up — Q(ag™ ) Up—1 =0 (3.1)
where
_ n (aqn+1/b’ aqn+1/c’ cees aqn+1/f)°° n ) a2q2n+2
Un = H(aq") = (aq™* )00 sWrz (ag™;b,c,d, e, f; bedef )
(3.2)

Renormalizing (3.1), we obtain the equation

Xn+1 + ean - ann—l =0 (33)
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where

€n = P(aqn_l)

= —aq"(1 - a2q2”+la5)(01 —aq"o3 + a3q
3q3n+1

gq05 — a*q*"o405)p(ag™)

os)p(ag™ ")p(aq™)

5510405 — a5 oy

—(-1—aq"c1+a

- [-a6q6“+5aza§ +a

+ a4 4n+-3

g 3o305 + atq?™ 30905 — atq?™ 302 — 033" 20105
+a’¢®" oy — a®¢*"log + aq"dl]p(aq";"l), (34)
fn = R(ag""?)Q(ag" ") |
=ag" (1 — ag"/bc)(1 — ag"/bd) - - (1 — aq"/ef)
x (1 - a®¢*"05)(1 — a’¢***'o5)p(ag™*)p(ag™). (3:5)

From (3.2), we know that one solution of equation (3.3) is given by

x1 = anqn(n—l)/2 ln—I p(aqk_2) (ag"*!/b,aq"* /e, . ., ag™*/f)oo
" o (ag™*t1) o (agntl/be, agnt1/bd, . .. aq™*! /ef) o
W, np p a2q2n+2
. . > . .
X g 7(ag, » Gy :eyf7 de6f>, n2>0 (36)

A second solution to the equation (3.3) may be obtained by applying a ‘reflection’
transformation to (2.21). We make the parameter replacements

(a,b,c,d,e, f) — <§ 11411 g) | 3.7)

in the original equation, viz., the equation (2.21). Before making the parameter
replacements in (2.21) we expand P(a/q) in powers of ‘a’ to obtain the following:

13
P(a/q) =Y  Cra* (3.8)
k=0
where
Co =1,
C’1 = —01,

Ce = (1+q)os — (1+ g+ ¢°)os,
Cs=(1+q+ ¢+ ¢*)a105 — gos,
Ci=(q+a*+¢%)02 — (g + ¢*)o304 — (¢ + ¢°)o305 — (1 + ¢°) 0205,
(3.9)
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Cs = (1+q+ ¢+ q*)osos + (g + ¢°)o10305 — (1 + ¢°)o?
— (g+2¢° +2¢° + ¢*)010405 + ¢°0103,
Cs = (¢* + ¢*)020405 + (¢* + & + ¢*)o70? + (¢ + ¢°) o207
—(® + ¢®)oioyos — (¢ + ¢*)o102 + 2¢° 030405 — 03,
= —(¢* + ¢+ q*)olos — (g+ ¢°)oso? — (¢° + ¢*)o1030% + (¢ + ¢°)ouc?
+ (¢® + ¢*)o10%05 — 2¢°010902 + ¢Poio?,
Cs = (¢ +2¢° + 24" + ¢°)010402 — (@ + ¢ + ¢ + ¢°)o108 + (¢ + ¢°)o}
—(¢° + ¢°)02040% — ¢*ofo403,
= (¢* + ¢%)010208 + (¢* + ¢°)0208 + (¢° + ¢®)os0l — (¢ + ¢* + ¢°)oiat,
Clo =—(+¢* + ¢ + ¢®)osod + ¢°df,
= (¢* + ¢+ ¢°)o105 — (¢° + ¢°)oa0s,
Cm = ¢%0403,
Ci3 = —¢%0}. (3.10)

Under the reflection transformation (3.7), we see that
a"Ccy — —a'13q"60'5'5a13_k013_k, (3.11)
and, hence,
P(a/q) — —a™P05°q~*P(a/q). (3.12)
It is easy to obtain the reflected forms of @ and R. We find that

Q(a/q) — —q %05 *a~°(1 - a®¢%05)(1 — a’q*o5)p(a/q),
R(a/q) — —q*05%p(a)(1 — a/bc)(1 — a/bd) - - - (1 — a/ef).

Thus, we obtain from (2.21), the equation

—a" %5587 *p(a)(1—a/bc)(1—a/bd) - - (1—a/ef)H(ag) —a 305 °q~P(a/q)H(a)
+ a7 %5 *p(a/q)g™>(1 — a®q®0s)(1 — a®q®os)H(a/q) =0 (3.13)

where H(a) denotes the reflection of H(a).

Again, replacmg a by ag” in (3.12) and writing H(a/q) = Vpy1, H(a) = V,, and
H (aq) = V-1, we have

a4q4n+10.5p(aqn 1)(1 2 2n+20.5)(1 2 2n+30,5)Vn+1 _P(aqn—l)‘/n

— a~*g "85 ag" p(ag™) (1 — ag™/bc)(1 — ag™/bd) - - - (1 — ag™ /ef)Vp_1 =0
(3.14)
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where

(bg"*/a,cq ™" /a,..., g7 [a)oo
(7"*?/a)wo

xsw7( 41030/, 0/c,0/d e, o/ f; e —2"-1)- (3.15)

V, =

Renormalization of (3.13) yields the original equation (3.3). Hence, a second solution
of (3.3) is given by

X(2) = const. ( l)na4n 2n%—n o™ Hp(aqk 2)

bq""“/a cg"*/a,...,fg"" /a)
x a20, ( ) ) ] (o)
( 5)2n+2 (q_n+2/a)

bcdef g1 )

x sWr (q""“/a; q/bqfc,....q/f;—5— (3.16)

Omitting constant factors independent of n, X,(f) also may be written as

B n ( n—l)
XP =(-1) l:!_:_l(:)p(aqk 2)(aqn/b agq®/c,...,a9"/ f)oo(a2¢2"*205) 0o

x8w7(q-"+1/a;q/b,q/c, a/f L -%-1). (3.17)

4. Asymptotics and the continued fraction

From (3.6), it is clear that as n — oo,

n
Xw(zl) ~ anqn(n—l)/2 Hp(aqk—z). (4.1)
k=0

In order to find the asymptotics of the solution Xy(,z), given by (3.16), we make use of
the three-term transformation of a sWy into two 4¢3s. The standard transformation
formula is given in [4, (IIL.36)]. However, it is more convenient to use the following
form of the transformation derived in [10] as a limiting case of a generalized three-term
transformation for complementary pairs of 19¢yg s:

A2 2
8W7(A,B’CaD’E’F’ BCDEF)
_ (Aq,B,Aq/DC, Ag/EC, Aq/FC, A*¢°/ BDEF)o
" (Aq/C,Aq/D,Aq/E, Aq/F,B/C, A2q2/ BCDEF),

Aq/DB, Aq/EB, Aq/FB,C .
X 4¢3 (AZ//B C’q/qé A2 2%?DEF ,q) + idem (B; C). (4.2)

Note that the above formula also can be derived by first applying the two-term
transformation [4, (I11.24)] to sWy and then applying the three-term transformation
[4,(I11.36)] to the resulting gW5.
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Applying (4.2) to the gW7 in (3.16), we obtain

n bcde -
sW7(q +1/a;q/b,q/c,...,q/f; ! 42 1)

(q‘"+2 g cdg™" ceq‘" cfq~™ bdef q—Zn)
— a 'b a ’ a ' a ' a? )
(cq—n+1 dq—n+1 eq—n+1 fq—n+1 c bcdef q—2n—1)
a ' a ' a ' a 'b a? oo

(bdq "/a,beg™"/a,bfq™" [a,q/c
4¢3

bg~"/a,bq/c, bdefq~*" [a? ) + idem (b; ¢). (4.3)

Applying
(a4™™)oo = (=1)"a"q "D/ (¢/a)n (@)oo
and letting n — oo, we find that the right side of (4.3) is asymptotic to

(q2 cd ce ¢cf a aqg aq agq q) (bdef a2q)

a’a’a’a’qcd ce’cf'b a? ' bdef

=<cq dg eq’fqaaaac) (bcdef aq) ¢(lgq//i )

""""" a%q ' bedef
+ idem (b; ¢). (4.4)

. b .
Since 1¢1 (b‘i]//cc;b) = (bE]/)CO;oo , we infer that

sWr (q'"“/a;q/b,q/c, -/ f;

bcdef g1 )
has constant asymptotics. Consequently from (3.16), we have, as n — oo,

X? ~ (-1)"C ﬁ (p(ag®=?)). (4.5)
k=0

From (4.1) and (4.5), it follows that

X(l)

e =0 (4.6)

and, therefore, X,(ll) is the minimal solution to the second-order difference equation
(3.3).

We now apply Pincherle’s theorem [12] to obtain the continued fraction associated
with the equation (3.3). We use the formula

1)
1 _ X (4.7)
CF  px{V
where
CF=et R ﬁ‘-. (4.8)

n=2 € n
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Substituting from (3.4), (3.5), and (3.6), we have

1

fa
62+f3
63+-,'

e+

_8W7 (aq; b, c, d’ €, f; a2q4/deef)
B 8W7(a; ba c, dv e, f’ a2q2/bcdef)

(1-aq)

X 1-2)(1-%9)...-(1- f_lfq) (1 - a2q%05) (1 — a2¢305)p(ag)” (4.9)

If we replace a by z, this is Theorem 1 of Andrews and Bowman [2].

Remark 3. Andrews and Bowman [2, (3.16)] have obtained a limiting case of (4.9) by
writing f = ¢~ and taking the limit as N — co. This gives

8 a,b,c  de
372\ d,e ’abe _ T'(a,b,c,d,e) , U'(a,b,c,d,e)/S'(a,b,c,d,e)

b, (00 basca . de ) - S'abede)  T'(agbg.cq.dg.eq?)
dg,eq® ’ abe S'(ag, bg, cq, dg, eg?)

(4.10)

where

S'(a,b,c,d,e) = a®b?c?(d)2(e)3(1 — eq?)(1 — eq®),
T'(a,b,c,d,e) = abc(l — dg)(1 — eq?)(1 — eg®)

X [abc(e);; +de(1 — eq®){(ab+ac+bc+e—abc—e(a+b+ 0}

+d(1 —e){eg(ab+ ac+bc+e) — abc — e(a + b+ c)}] ,
U'(a,b,c,d,e) = d°¢(1 — e)(1 — ag)(1 - bg)(1 — cq)(a — eq) (b — eq)(c —eq).  (4.11)

Note that we have corrected, in (4.11), a number of misprints in the expressions for
S’ and T” in (2, (3.14)]. The above result was obtained earlier in [5] and [6], where
(4.10) is obtained with the help of the minimal solution to the three-term recurrence
for the associated big g-Jacobi polynomials. We refer to [5, (3.3)], which is the same
as (4.10). This is verified by writing

a= b=§, c=
q

A ¢ 1 D
q’ q’ q?

in (4.10) and simplifying it to the other form.
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5. Biorthogonal rational functions

Let us rewrite equation (3.1) with a new parameter ‘y’ inducted into the equation.
Making parameter replacements

e becdelf
a, b’ c, d, €, - < Yy Ty Ty Ty Ty T ) 51
( H vv'yyyy (5:1)
we find that
(01,02,03,04,05) — (yo1,y%02, %03, y*04, y%0s) (5.2)
and
p(aq™) — p(aq™). (5.3)

Consequently, we can easily show that
R(ag"™") — y~*R(ag" ™),

Q(ag™ ) — ( ﬁ"y) (1 - Bay)p(ag™),

and
_ 1
P(ag™ 1) e _Q(Any - By) (5.4)
where
A = —p(ag” ")p(ag™) + anBnp(ag™) + 6np(ag™?),
B, = pnp(ag™ ') + anp(ag™) + Ynp(aq™ ')p(ag™), (5.5)
and
an = —aq™ (01 — aq"os + a3¢*"o05 — a4q4"a4cr5),
Bn = a2g*" o,
Vo = ag"o1 — a3q"'"+1 os,
On 6q6"+5a cr +a® 5""'4010405 +a q4"+3a3cr5
e 302 — o3¢ 20105 + 2g* o
P = a5q5n+40,4o_5 4q4n+3a.20.5 + a2q2n+1 o3 — aq"crl. (5.6)

With the above substitutions made in equation (3.1), we have

agq™ _ a n+1 a n+1 a n+1
—Z—p(aq" Y (1——%0‘—) (1 qbd ) (1— if ) n+1 — (Any — Bn)Ys

—y(l ﬂ;”) (1= Buy)p(ag™)Yoor =0, (5.7)

with a solution given by

aq" /by, aq" /ey, ..., aq"* 1/ fy)oo
(g™ /y?) o

x gWo (aq”/yz;b/y, /Yy F1Y;

Yn=(

2

a2q?n+2y
). 69
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Renormalizing the equation (5.7), we obtain the equation in the form required for an
Rjp-fraction [11]. Namely

Zn(y) - (y - cn)Z —l(y) + )\n(y - an)(y - bn)Zn—2(y) =0 (5'9)
where
an = Qﬂ; = a-—2q—2n 1’ b = ﬂn = a—2q—2n 1‘75 1, Cpn = n/An7
5 5n
An=—7 Z —(1—aq"/bc)(1 - ag"/bd) - (1 - ag"/ef) o3p(aq™)plag"™?). (5.10)

From (5.8), a solution of (5.9) is
70 = (E) mH qn(n+1)/2 ﬁ (p(aqj_l))
y o\ A
y (ag™*?/by,aq™*?/cy, ..., aq""?/fy)oo
(ag"*?/y?)oo(ag™t?/bc, ag™t2 /bd, . .., aq™ 2 /ef) o

i1 )2 2q2n+4y
x gWy (aq Jy%:b/y, e/, Flyy ———— bode] ) . (5.11)

We can obtain a second solution to the equation (5.9) from the formula we obtained
for a second solution X2 to equation (3.1). The second solution to (5.9) works out

to be
n i—1
(2) — (—py\" plag’ ™)
= l:[( Aj
j=0

(20" /¥*) 0
" g™ by, a1 ey, - .., aq™ ] ) oo (022 5y) g
_ bedef _o, _
x sWr (yzq "/a;yq/b,ya/c, .., yq/f; yazf 2n ) (5.12)

‘We now consider the R-fraction of the type Rjr associated with the recurrence
relation (5.9). From (5.9), we have

L z) _ ! (5.13)
)\l(y_al)(y b1) Z(l) y—ct — Ao(y — a2)(y — b2) '
A3(y — a3)(y — bs)
y—Cc —
y—c — -
Substituting for Zg, Z_1, A1, a1,b1 from (5.9) and (5.11), we find that
1 Zél) _ _A1(y _ a—2q—20.5—-1)—1(y _ a—zq—305—1)-1
Ay —a1)(y —b1) zO) p(ag)atyq®o?
(%) (ﬂi ag® @) e (% be £.a2q4y)
w My oo\ by ey’ fy oo vy’ ylbedef) gy
(%) (82,%,.,%0) (222, L 00y
Y2 Joo\by' ey’ fy/ oo y2’y’y’ "y’ bedef
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An application of the transformation [4, (II1.36)] to the W7 in the denominator above
for ag/bc = 1 yields

(aq/y?,aq/de, aq/df,aq/ef)oo (5.15)
(aq/dy, aq/ey, aq/fy, aqy/def)oo '

Henceforth, we impose the restriction ag = bc. To the numerator W7 in (5.14), we
apply the g¢7 to s¢7 transformation [4, (II1.23)]. We then obtain

(a_eﬁ ag” %ﬁ) a’q’ a’q*
1 Z((,l) 1 A \dy’ey’ fy/eo @ bdef’ cdef ) .
My—a)ly—b1) z)  yplag) (ag ag o’¢* ag aq ag

by’ cy’ defy ) \de’ df’ef )

a¢ [2¢ _ [PC o P aP b c
defy’”\ defy’ defy ef " df " de’y’y
X g7 sq|. (5.16)
@ _ |a’¢ af ag’ ag® a’¢’ o’¢"
defy’ \ defy’ dy’ ey’ fy’bdef’ cdef

From (5.16), it is clear that the singularities are given by (agq/by, ag/cy)e =0, i.e.,

y=ag™!/b and y=ag™/c for m=0,1,2,....

The residue at y = ag™*! /b easily works out to be

(bq—m+1 bq—m+1 bq—-m+1) (q a2q4 a2q4)
A (ymgrtmiN2 g e T ) oo\ bdef cdef /oo
p(ag)  (Dm(@eo (bq‘"‘ abq‘"‘*"*) (gg ag g)
c ' def co\de’ df ef /o
abq—m+2.aq2 aq2 aq2 b2 —mel —m.
XSW7(—d—ef_’?’E’—d—e—’;’q v~ ™5q ). (5.17)

The Wy above is summed up by Jackson’s g-analogue of Dougall’s 7 Fg-sum [4, 11.22].
We thus obtain the residue at y = ag™+1/b as

(_azq“ by bg b_Q) (a_qz ag® a_qz)

,y(b)=_A1 bdef’d’ e’ f/o \bd’ be’ bf /m m

" p(aq) (gg ag ag ﬁ) ( cq a2q4)
de’df'ef agloo  \ Vb bdef/)m

(5.18)

The residue at y = ag™*!/c is similarly obtained. Using ag = be, it is given by

(asz’ og’ ag’ ﬁ) (22,2 %)

@_ A1 \def’bd’ be’ bf /oo \d’ e’ f/m

™ T plag) (32,55, 50) ¥ abdy ©
de’df’ef /o \ 7 Gf )

(5.19)
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The sum of the residues at all singularities therefore is given by
a*q* bg bg bg )

(baer 2% 7

A 1
®) 4 () 1
Tg(’ﬁn +7, ~paq) (aq ag aq) B2
de’ df ef a—q 0o
ag® ag® ag® (abq ag® ag® ad’ ) bg bg bq
X b1 bd b ' bf def’ bd ' be ' bf s d’e’f.q
of a’q’ (%) P abg
B bdef P “ Al e

An explicit polynomial solution. A lot of simplification takes place in the case
g = be. Applying the transformation [4, (II1.36)] to the gW7 in (5.12), we can write

Z,(lz) in the form
T (Plad D) (ag™/v?)
7@ = (=) (p(aq ) -
" ( ) jl}l Aj (aan aan aq""‘ ) (a2 2n+40'5y)
: by Toey T fy o0
gy’ de df ef a ag® ag® ag® v yq vq
(&L, 28y (8,49 ) Ty
o 'ag’ag’ag)ee \2 e’ A ef ) e f o
(d_y ey fy _def) (ﬂ aqg aq ayq® ) by -n Y cy g, W ayq i
CL’ a’ a ’ayqz foe) dy ey fy def a a def (5 21)

From (5.21), we write the expressions for Z; {2 and VA @ , and consequently, we obtain
Z; (2) /Z(()Z) After simplification, we have

p=f2(-3) () (-8 [ - (i)
—y+aq3y(1 + 1f+ i,)—gdz—f’i(i+%>]. (5.22)

In order to obtain a simplified expression for p(a)/A; in the case ag = be, we prefer

the expression for P; =

to write
1 S1
=A+8;, 09=—+As;+8g, 03=—+ Asy+ S3,
aq aq
s )
04 = a—2 + As3, 05 = a% (5.23)
where
si=1/d+1/e+1/f, se=1/de+1/df +1/ef,
A=1/b+b/aq. . (5.24)

83 = 1/d6f,
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Therefore, from (1.9), (5.5), (5.23), and (5.24), we get
p(a) = 1 agsz + a’q*s183 — a’q’s] = (1 — ag/de)(1 — aq/df)(1 — aq/ef),

p(agq) =1- ag®sy + a%q®sys3 — agqssg - a2q4/\33(1 -q), (5.25)
o1 = —agAp(a), B = ag®ss,

and

81 = a®q®(s2/aq + As3)p(ag) + a®q*ss [ =M1 — ag®sz + a®q°s153 — a3q"s3)

+ (1 - q)(—s1 — a®¢°sy83 + ag?ss + aq333)] .

Considerable algebra is required in determining the value of 4; from (5.6) and then
obtaining the value of A;/p(a) in the form below:

A 2 2 2
Foii (1 N %> (1 N %) (1 B a?qf‘) (1-ag®s2 +a%sad).  (5.26)

Consequently, the monic polynomial P; can be written from (5.22) in the form

ag(\ — gsg + agq*s3)
1 — ag3sa + a2¢®As3

aq(;b&+%— (3—+i+£f—)+s—;1;)

] : |
(g o+ op) Sy )

Pi(y) =y -

(5.27)

This provides a check of our calculations. In general, the monic polynomial solution
of degree n to the recurrence (5.9) in the case ag = bc is given explicitly by

P.(y) = 2P () /28 ) (5.28)
with Z$? given by (5.21). Thus,

2 2 9
aq aq aq” aq’ aq’ 2,4
ﬁp(aq"1)> (by’ cy’ de’ df ' ef )n(a 9°05Y)2n
Aj (ayg®/def)n
-n Y9 Y9 Y9
b d’ e b f
X493 by o Y n U iy
a’ a def

Patw) = (0

j=1

;g |- (5.29)
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The biorthogonality. We now record the biorthogonality associated with this Rj;-
fraction [11]. We first define the rational functions

Pn(y)
[Thei (¥ — ak41) (¥ — brt1)

2n
— _a_ 2n2 5nPn—(y)_
- (7)™ e (530

Sn(y) =

The biorthogonality then is given by

Z (b)Pk(aqm+1/b)Sn(aqm+1/b) + (c)Pk(aqm+1/c)3n(aqm+1/c)

m=0

0<k<n, bc=ag. (5.31)

A 3¢, summation formula. The large y asymptotics of (5.16) yields

(q a’q* a2q4) ag® ag® ag?

A ’bd'facdef 0o —67‘—’7’76—

(b) (o) 1 e .

";)(’Y +m) = p(aq) (aq aq aQ) 3¢z a?q* a?qt (5.32)
de’ df ef _bdef’_cdef

where bc = agq.

Comparing (5.32) with (5.20), we obtain a new 3¢2 summation formula. The 3¢5
s involved in (5.20) are of type I [4, p. 60] where the argument is ‘q’. Also, they may
be said to be 0-balanced because the product of the denominator parameters is equal
to the product of the numerator parameters. The 3¢2 in (5.32) is also of type I, but
is 1-balanced.

We thus arrive at a formula connecting a pair of 0-balanced, type I, 3¢5 s with a
1-balanced, type I, 3¢2. With a renaming of the parameters, we may write the identity
as

(F,Aq/E,Bq/E,Cq/E) (ABC ) (¢F/E,A,B,C)
3¢ ) +

(4/E)oo (B/9)oo
X 3¢h2 (Aq/ 52,/%?{5,/?/ F ;q) (¢, F, gF/E)oo 3¢2 (F/ Al}fl/FB/g/ ¢ ;q> (5.33)
where
EF = ABC.

A limiting case of (5.33) for F,C — 0 yields the non-terminating form of the g-
Vandermonde sum (see [4,(IL.23)].
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