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ASYMPTOTIC APPROXIMATIONS FOR THE JACOBI AND
ULTRASPHERICAL POLYNOMIALS, AND RELATED FUNCTIONS*

T. M. DUNSTER'

To Richard Askey on his 65th birthday

Abstract. Uniform asymptotic approximations are derived for three fundamental solutions of

Jacobi’s differential equation, one of which is the Jacobi polynomial P,(,p ’q)(x) when the parameter
n is an integer. The case where the parameters p, ¢, and n appearing in the equation are real and
nonnegative is considered (with n not necessarily an integer), and where the argument z can lie
in unbounded complex domains. The results are obtained by an application of existing asymptotic
theories of a coalescing turning point and simple pole in the complex plane, and of a coalescing
turning point and double pole in the complex plane. The resulting approximations achieve a uniform
reduction of free variables from three to two, and involve either Whittaker’s confluent hypergeometric
functions or Bessel functions. Four cases are considered: (i) g large, p fixed, and n taking any value in
the range 0 < n < O(q), (ii) n large, p fixed, and ¢ taking any value in the range 0 < ¢ < O(n), (iii)
p and ¢ large and equal, with n taking any value in the range 0 <n < O(p), and (iv) n large, with p
and g equal and taking any value in the range 0 < p = ¢ < O(n). In cases (i) and (ii), the roles of p
and ¢ can be interchanged via well-known connection formulas (which are provided), and cases (iii)
and (iv) provide asymptotic approximations for the ultraspherical (Gegenbauer) polynomials when
n is an integer. Explicit error bounds are available for all the approximations.

1. Introduction. In this paper, we shall examine the asymptotic behavior of
solutions of Jacobi’s differential equation

d? d,
(1.1) (1-m2)ﬁ +[(g-p) - (p+q+2)w]£— +nn+p+qg+1l)y=0,
which is characterized by having regular singularities at x = +1 and z = co. We
seek asymptotic approximations for nonnegative values of the parameters for the case
where

1
(1.2) uEn+§(p+q+1)——)oo,

with one or more of the parameters n, p, and ¢ being considered large.

We shall consider the following four cases. In §2, we obtain asymptotic approx-
imations for ¢ large, p fixed, and n taking any value in the range 0 < n < O(q). In
§3, we obtain asymptotic expansions for the case n large, p fixed, and ¢ taking any
value in the range 0 < ¢ < O(n). In §84 and 5, we consider the case where p and ¢
are equal: in §4, we assume p and q are large, with n taking any value in the range
0 <n < O(p), and in §5 n is considered large with p and ¢ taking any value in the
range 0 < p = ¢ < O(n). With the aid of the connection formulas (1.23) and (1.24)
given below if necessary, the asymptotic approximations of §§2, 4, and 5 are valid for
all complex z, and the asymptotic expansions of §3 are valid for all z except at points
near the singularity at = 1. The roles of p and ¢ can be interchanged in the results
of §§2 and 3 again by an appropriate use of the connection formulas (1.23) and (1.24).
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When n € N, the most important solution of (1.1) is the Jacobi polynomial, given
by

Tn+p+1) < ()F(n+p+q+k+1)<m—1)k
1.3 pp9) .
(13) w (@) = n!T(n+p+qg+1) g Tlp+k+1) 2

Jacobi polynomials are one of the class of classical orthogonal polynomials (which also
include Legendre, Laguerre, Hermite, Chebyshev, and Gegenbauer polynomials), and
satisfy the orthogonality condition

1
(1.4) / [(1—2)P(1 +2)7] PP (2) PP (z) dz =0,  m #n.
-1
Amongst their many important applications, we mention their role in the interactions
of special functions and group theory[2]. In addition to P{""? (z), we shall consider,
in this paper, other solutions of (1.1), as well as the more general case when 7 is not
necessarily an integer.

There have been many investigations into the asymptotics of solutions of Jacobi’s
equation (1.1), although most have focused on the Jacobi polynomial (1.2) (see for
example [3], [5], [7], [9], and [12]). Frenzen and Wong [9] used an integral repre-
sentation to get an approximation (with error bounds) for the Jacobi polynomial in
terms of Bessel functions, for © — oo with p, ¢ fixed and -1+ § < z < 1. These
approximations were used subsequently by Qu and Wong [13] to settle Szegd’s 1926
conjecture on the monotonicity of Lebesgue constants for Legendre series.

In 1989, Chen and Ismail derived approximations for P{*+B™C+P™ (2) agn — oo
with A, B, C, D, and z all remaining fixed. Asymptotic approximations for a second
solution of (1.1), which at infinity is recessive (see [10, Chap.5, 7]), have been obtained
by Elliot [7] and Nestor [12], and most recently by Wong and Zhang [16]. Also Wimp
et al. [15] considered the numerical computation of an associated function which is
real-valued on the interval (—1,1). Nestor’s [12] approximations are valid for real z in
the interval (1, 00) and for a large range of the parameters, and include error bounds.
The results of §2 of the present paper are an extension of his results to all values
of z (real and complex). Most recently, Wong and Zhang [16] extended the results
of Elliot [7]; they employed an asymptotic theory of Olver [10, Chap.12], involving
differential equations having a simple pole, to derive an asymptotic expansion of a
second solution to the Jacobi differential equation, along with a two-term asymptotic
approximation for its zeros.

Returning to Jacobi’s equation (1.1), we note that for n € N and p = ¢ =
i%, we obtain, as a special case, the Chebyshev polynomials as solutions. More
genera.ly, when n € N and p and ¢ are equal, solutions of (1.1) are the ultraspherical

(Gegenbauer) polynomials c{” (z), which in terms of (1.3) are given by
1
L(r+5) Pr+n) po—gr—b) )y
L@r)T(r+n+3)
Asymptotic approximations for these polynomials can be obtained directly from the

results of §4 below.
When n is not an integer, pip) (z) is no longer a polynomial, and (1.3) generalizes

(1.5) C(z) =

to
Fn+p+1)
'n+1)T(p+1

1
(1.6) PP () = )F(—n,n+p+q+1;p+1;-2-(1—3;))
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where F' as usual denotes the hypergeometric function. Thus, in general, ppo (z)
has a branch point, or pole, at = —1 and z = oo. Its principal branch is restricted
to the z plane having a cut along the negative real axis from z = —1 and z = oo,
with other branches obtainable by continuation across this cut.

As we remarked above, we shall consider real non-negative values of the three
parameters n, p, and ¢, and in this case, pP9 (z) is uniquely characterized as being
recessive at = 1 (arg(z) = 0). It is always dominant at infinity and is recessive at
z = —1if and only if n € N.

We consider two companion solutions to P{P? (z). The first, which is recessive
at infinity, is defined by Szegé [14]

1 L1 —ente(l+t)nte
0D Q76 = g — t()n+1) @ el
or, as an alternative representation (see [7], [8], and [12]),
1 La-ePa+1t)e
18 Q6 = s T /_1 ( 2_(t+ Lreawa, ¢ [-11)

The representation we find most useful is in terms of the hypergeometric function

2 ) n+p+g+1

(19) Q9w = kP ( 25

x Fln+p+qg+1l,n+qg+1L2n+p+q+2;2(1—a)71),
in which for later convenience we have defined,

Tn+p+1)T(n+q+1)
2n+p+q+2)

(1.10) KP9 =

The hypergeometric function in the representation (1.9) has branch points at z = %1
and, along with the factor (z — 1)™""P~%!, takes its principal value in the z plane
having a cut along (—o0, 1].

We shall let y(ze™) (y(ze~™)) denote the branch of any solution y(z) of Jacobi’s
equation obtained from the principal branch by making a positive (negative) half-
circuit of the ellipse having +1 as foci and passing through z. Now, since Jacobi’s
equation (1.1) is unchanged when x is replaced by —z, with p and ¢ interchanged,
it follows that PP (ze~™) is also a solution of the equation. We shall take this as
the third fundamental solution, and since it is recessive at x = —1 (arg(z) = =), it
comes into play when n is not an integer. Note that P.%? ) (ze~™) has its principal
branch taken in the z plane having a cut along [1,c0). We remark that when n € N,
the solutions P{%P) (ze~"%) and P (z) are linearly dependent polynomials, and in
particular,

(1.11) PP (—g) = (=1)"P{P)(z).

We now record various results involving these three solutions which will be of use
later. First consider the asymptotic behavior of the solutions at the three singularities
of Jacobi’s equation (1.1). As z — 1 (arg(z) = 0)

F(n+p+ 1)
T(n+1) D(p+1

(1.12) P9 () = ){1 +0(z - 1)},
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and as z — 17 (arg(z) = 0)

(1.13)
Y

Tp)T(n+q+1)/ 2 \° T(n+p+1)T(-p)
n+p+qg+1) <z—1> T(n+ 1) }{1"'0(33"1)},

in the latter case provided p # 0,1,2,... . f p=1,2,3,..., then from (1.9) and [1,
Eq. 15.3.14], we find as z — 1%

p
(L14) QPI(z) = gﬁ’(’ﬁ(’; : Zi B <z i 1)

sin{(n +p)r} T(n+p+1) 2 —p
2sin(nm) T(n +1) T(p + 1) hl(:v 1) +O{(:v -1 +1}

where the limit is taken on the second term on the right-hand side when n is an integer
or zero. If p =0, then

(1.15)
QO (z) = %m(xf 1>‘7— W +a+1) - 2h(+1) +0{(@ ~ Dz ~ 1)}

where ¥(z) = I'(2)/T'(2) is the digamma function, and v = —(1) is Euler’s constant.
Next, as £ — —17 (in the principal plane)

_sin(nm)'(n +p+1) T'(g) ( 2
aln+p+q+1) z+1

(1.16) PP9)(g) = )q{l +O0(z +1)},

provided that n is not an integer and ¢ > 0 and ¢q # 1; in the latter case, (1.16) still
holds, but the O(z + 1) term must be replaced by O{(z + 1) In(z +1)}. If ¢ = 0 (and
n is not an integer), then
i 1
P#O(z) = —Smgrm [ln{ 3@ 1)} +2y+$(nt+p+1) +p(n+ 1)]
(1.17) + cos(nm) + O{(z + 1) In(z + 1)},
and finally, if n is an integer, then

F'n+qg+1)

(1.18) PP (@) = (-1)" T(n+ 1) (g +1

){1 +O0(z+1)}.

As z — —1+10 (arg(z) = £7) and ¢ > 0,

. i L +p+1) T(q) 2 !
(1.19) QP (z) = —e a1 ( ) {1 +O0(z + 1)},

except when ¢ = 1, in which case the O(z + 1) term must be replaced by O(z + 1)
In(z -+ 1). If ¢ = 0, then

QPO (z) = %e*(nﬂ’)ﬂ [ln{ %(z + 1)} +2y+9Y(n+p+1)+9p(n+1) Fmi

(1.20) +0{(z +1)In(z + 1)}
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Next, as £ — oo,

9 ) n+p+q+1

(121 Q@ =k (2) T 10

and

Tn+p+qg+)Tm+1)\2

with principal branches applying in both cases.
We also shall find the following connection formulas very useful:

. . 9eTF(ntp)mig
(123) Pép,q) (.’L’) — e:F'mrzP',S'q,p) (xe:l:m)_'_ € - Sll’l(’nﬂ') Qslp’q) (:L‘)
and
(1.24) QUP) (pet™) = —F(rtpramiE.a)(g).
We also note the continuation of the solutions around the singularity z = —1.

Suppose that z lies on the upper part of a cut from [—1,1] with arg(z + 1) = 0 and
T # £1; we let —1 + (z + 1)e®™* denote the corresponding point on the lower part
of the cut where arg{—1 + (z + 1)e*"*} = 2r (i.e., the point obtained by encircling
the singularity x = —1 once in the positive sense). Then from (1.6) and [10, Chap.5,
Eq.(10.12)], we find that

(1.25) P7(LP,4) (_1 +(z+ 1)e2”i)= e—2q7riPTSp,q) (z)
+ 2ie” 1 sin{(n + q)w}Pr(lq’P) (ze™™).

Hence, from this and (1.23), we obtain (assuming temporarily that n is not an integer)

(1.26) QPP (~1+ (z +1)e*™) =

776_("+P+24)7"i [
n

(P.9) (1) — e~ P(0:D) (=i
Zeminm) LLn (@) =TT (e )]

noting that pLo?) (ze~™), being analytic at z = —1 for all values of the parameters,
is unchanged when z is continued to —1 + (z + 1)e*"%. Thus we arrive at

(1.27) QPP (=1+ (z + 1)e*™) = e~ 2™ QWPD (z) + mie~ ("FPH20)™ p(a.p) (=)

where n again can be an integer.
Similarly, if y(1 + (z — 1)e*>™*) denotes the branch of a solution y(zx) obtained by
encircling the singularity z = 1 (but not £ = —1) once in the positive sense, then

(1.28) QPD(1 + (z — 1)e?) = e~ P™QPD () — mie P PP ().

The plan of this paper is as follows. In §2, we obtain asymptotic approximations
for the case where ¢ is large, p is fixed, and n taking any value in the range 0 <
n < O(g). We shall show that, for this case, the resulting differential equation has a
turning point lying in the interval (—1,1) which is bounded away from a double pole
at z = —1, but which can coalesce with a simple pole (at £ = 1) when ¢ — co with
n = o(g). We apply the theory of [6] which provides asymptotic approximations in
terms of Whittaker’s confluent hypergeometric functions, which are uniformly valid
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for complex values of z, and in particular, in unbounded domains which contain the
singularities £ = 1 as well as the turning point. We obtain approximations for all
three Jacobi functions PP? (z), PSP (ze=7), and Q{*? (z) directly, but for the first
two only in restricted domains. However, we show how these approximations can
be extended to all real or complex z values with the aid of appropriate connection
formulas. As we remarked above, Nestor [12] obtained similar approximations for
P{P?(z) and Q7 (), but only for real z lying in the interval (1,00). The results
of §2 are valid for all complex z (with the aid of appropriate connection formulas, if
necessary), and in particular, for the special case of z real for —co < z < 0.

In §3, we obtain asymptotic approximations for the case where n is large, p is fixed,
and g takes any value in the range 0 < ¢ < O(n). Again we find that the differential
equation has a turning point which lies in the interval (—1,1), but this time it is
bounded away from the simple pole (at £ = 1) but can coalesce with the double pole
(at z = —1) when n — oo with ¢ = o(n). For this case, the theory of [4] is applicable
and provides asymptotic expansions in terms of Bessel functions, which are uniformly
valid for complex values of z in unbounded domains which contain the double pole
z = —1 and the coalescing turning point, with only a neighborhood of the simple pole
¢ = 1 excluded. We obtain expansions for the Jacobi functions P{"" (ze~™) and
Q' ’Q)(x) directly, with the corresponding expansion for ppo (z) then coming either
from (1.11) (if n € N) or from (1.23) otherwise. For approximations which are valid
in complex domains containing the simple pole at = 1 for the case n large, with p
and ¢ fixed (so that there is no turning point), we refer the reader to [7] and [16].

In §4 and §5, we consider the case where p = ¢, which corresponds to the equation
satisfied by the ultraspherical (Gegenbauer) polynomials c{” (z) defined by (1.5). In
84, we consider the case where p and g are large, and the results are uniformly valid for
n taking any value (again not necessarily integer values) in the range 0 < n < O(p).
For these parameter ranges, we find that the equation has two turning points in
(—1,1), which are symmetrically located about the origin and bounded away from
poles located at z = 1, but which coalesce with one another when p = ¢ = co with
n = o(p). A general asymptotic theory of coalescing turning points is provided by [11],
but only for real values of the independent variable. However, since the differential
equation in question is even in z, we can apply a simple transformation ¢t = z2 so that
the resulting equation (in terms of t) is of the type considered in §2, namely one having
a coalescing turning point and simple pole. We, therefore, again are able to apply
the theory of [6], and the resulting asymptotic approximations involving Whittaker
functions are uniformly valid for complex values of ¢ in unbounded domains which
contain the turning point and simple pole. As in §2, we obtain approximations for
all three Jacobi functions PP (z), PP (ze~™), and QPP (z) directly, but for the

first two only in restricted domains. The approximation for P{PP)(z) is extended to
all real or complex ¢ (and corresponding z values) via a matching with a solution of
Jacobi’s equation which vanishes at z = 0.

Finally, in §5 we consider the case where n is large, and the results given are
unifcrmly valid for p and g taking any value in the range 0 < p = ¢ < O(n). For
these parameter ranges we find, as in §4, that the equation has two turning points in
(—=1,1) which are symmetrically located about the origin, but this time are bounded
away from one another, and which coalesce simultaneously with double poles located
at £ = +1 when n — co with p = ¢ = o(n). As in §3 the relevant general asymptotic
theory is provided by [4]. We consider the case |arg(z)| < im (i.e., focusing on the
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turning point which can coalesce with the double pole at z = 1), with extension to
other values of z obtainable from appropriate continuation formulas.

The general theories of [4] and [6] which are applied in this paper provide explicit
error bounds for all the approximations.

2. q large, n small or large, and p fixed. For convenience we first define

4 - _q
2.1 == =2
(2.1) p=2, 4=
where u is defined by (1.2). Since all parameters are to be non-negative, we observe
from (1.2) and (2.1) that 0 < $,§ < 2 and 0 < u < co. In this section, we suppose
that p is fixed (and hence p — 0 as u — oo) and allow q to satisfy

(2.2) §<G<2

where here and throughout ¢ is used generically to denote an arbitrary small positive
constant. If p is large and q is fixed, the results of this section are applicable via the
relations (1.23) and (1.24) above.

We begin by removing the first derivative in (1.1) by observing that if y(z) is any
solution of Jacobi’s differential equation, then w(z) = (z — 1)(P+D/2(z 4 1)(a+D/2y(z)
satisfies

(2.3) w'" = {v*f(§,z) + g(z) }w
where

_ p?-1 1
(24) 90 = e e G+
25) fr) = 2= z(q)

-1z +1)?2

and for convenience,

(2-6) z(q) = 5¢ — 1.

Eq. (2.3) has a turning point at z = z;(¢) and regular singularities at z = +1.
The dominant term, f(§, z), has a simple pole at z = 1 and a double pole at £ = —1.
From (2.2), we observe that the turning point lies in the interval

(2.7) —1+46 <z(§) < 1,

and as such can be arbitrarily close to the simple pole (which we term as “coalescing”),
but is bounded away from the double pole. Note that (2.7) incorporates the case
g — oo with n = o(q) since ¢?/(2u?) — 2 in this case, and consequently from (1.2),
(2.1), and (2.6), we see that z.(g3) — 1.

The theory of Dunster [6] is applicable here, and in the notation of that paper
a =2 — 1¢*. Following [6], we apply the following general Liouville transformation

(of new independent variable ¢(z) and dependent variable W (£))

(2) (e = (gﬁ) (o)
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which takes Eq. (2.3) to the form

d2W r— ((j) 1 d? 1 o

2. — 2.2 t .2 2 @ a2

(2.9) v {u:c __(x—l)(w+1)2+w 9(z) + 37 ——=(272) y W

where £ = dz/d¢. We now choose £(z) so that the coefficient of u? is simpler, but
retains the characteristic of a simple pole and a coalescing turning point. Thus, for
suitably chosen a = a(u, §) (see (2.18) below), we prescribe

o z—z(q) _§-a
(2.10) P DR P

Thus, from (2.8),

oo _ (2o m(@))} ¢ wle
210 Ww_( a-¢ ) (z—-1)i(z+1)3 (=),

and the result is

(2.12)

EW [ yé—a  pP—1 P08
a2 ‘{“2 £ T T }W'

In this equation, 1/3(0:, £) is given explicitly by

1o (1—p)(E-a)a+]) | a8 —3a)
@13) )=+ 0 oz @) T 166E - )
L E- @@+ D0 - a@) (4 + 7o~ 5+ 2@ - 1)

16(z — 1)(z — 2:(9))°

and will be seen to be analytic at £ = 0 (which will correspond to z = 1). For suitably
chosen a, it also will be analytic at ( = a (which will correspond to z = z(§)).
Moreover, we shall show that £ becomes unbounded at both x = —1 and z = o0, and
that 1)(a, £)/€ will be integrable at both these singularities. This in turn will establish
that the asymptotic results of this section will be valid at all three singularities of the
original equation (1.1).

Let us first suppose that z (and ) are real. Then, integration of relation (2.10)
yields for z4(§) <z <1 (0< €< a)

(2.14) /E a7 %df_/l t—z(q) | * dt

' o L T Y O t+1
where the arbitrary integration limits are chosen so that £ = 0 corresponds to z = 1.
Hence, for z:(q) < 7 < 1,

(215) Vé(@-¢&+ % arccos{ 2 ;% }: arccos{ Z-1-2(g) 1__1;(:23(5) }

- (1 - %a) arccos{3x — 129 —2) }

1 +2)(1 — ()

The branch of the inverse cosines are such that they are continuous and increase
montonically from 0 to 7 as z increases from 0 to a (respectively,  decreases from 1
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to z¢(g)). Thus, for the turning points to correspond, i.e., z = z:(¢) to map to ¢ = a,
we require

1 1
“fa—-T1)2 Voft—z(@) )2 dt
(216 /0{ T } dr—/m(a){ 1-t } t+1°

or, equivalently,

2.17) %a: 1—,/%(1+xt(¢;)).

Invoking (2.6) yields

(2.18) a=2-q,
and as such the restriction § € [6,2) corresponds to
(2.19) 0<a<2-4.

For -1 <z < 4(q) (@ < € < 00), we have

3 3 z(4) G —t 3 dt
T—w _ ¢ z¢(q) —
(2.20) /a{ - } dr—/z { 2 } <

and hence .
€€ — o)) ? - %aln{% — o+ 20— a))F) + %aln(a)
 nd 1= 2+ 2(@) — 2[(1 - 2)(2e(q) — )]
22 =1o{ ) }

(1= L\ d L=82 4 2(@B — 2) — 221 + () (A — ) (24(d) — )]
(1= 32)nf T+ 21~ 2() }

Finally, for 1 < z < 00 (—00 < ¢ < 0),

o [ e (52

and, hence,
[~ - 0] - gam{a—2 - 2-gla— gt} + Janie)
2= 1-2() +2[(x — 1) (2 — 2(d)] ?
(2.23) - ln{ 1-2,(9) }

(12 1) 3 L m@ (@ = 3) + 220 + 2@ - )@ - 2(@)]
(1= 3o)n{ (= 2d@) G + 1) J

For complex z and ¢, the relationship (2.21) relates the two variables. The branches
are chosen so that ¢ is real and positive for z real and lying in the interval -1 < z < 1,
and a continuous function of z elsewhere for z lying in the plane having a branch cut
along the real axis from z = —1 to z = —oo0.
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Figure 1(a): z plane

Figure 1(b): £ plane
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Figure 1(b) shows the { domain corresponding to the cut z domain which is
depicted in Figure 1(a) (with neighborhoods of the singularities z = —1 and z = co
excluded). In Figure 1(b), the curve AC in the & plane corresponds to the upper lip

of the cut from z = —1 to z = —oo and is given parametrically by
S(r—a)t 1
(2.24) / { } dr=s— (1——a>7ri (—o0 < 8 < 00).
o T 2
This curve has horizontal asymptotes of Iné = —77 and Im¢ = —(1— %a)m‘ = —%ijﬂi
at Re £ = —oo and Re £ = oo, respectively. The curve A'C’, corresponding to the
lower lip of the cut from =z = —1 to z = —o0, is the conjugate of AC.

Also, in Figure 1(b), three subdomains 159 ), j =1,2,3, of the z plane are depicted
(see [6, §4]). With respect to the singularity at & = 0, the values of arg(¢) in each
of these three domains will be chosen according to the solution being examined (see
below). We remark that the domain S5 is the one in which P{%P) (ze~7) is recessive
(for large u and considered as a function of z). The curve BEB' which, along with
the interval (—oo, a + 1/(2u)], separates the three domains is given by

3 o\ 2
(2.25) Re / (T "‘) dr =0
a+1/(2u) T

and emanates from ¢ = o+ 1/(2u) at an angle of 37 with the positive real axis. If
this curve were to be continued to infinity, it would be asymptotic to the curve (when
a>0)

(2.26) (Im €)% = : 61u2 (1+b)%exp {%(mme €— b)} — (Re §)?

where

(2.27) b=ua+v2ua+1.

When a = 0, the curve becomes the vertical line Reé = 1/(2u). The corresponding
curve in the z plane envelops the singularity at = —1, as shown in Figure 1(a), and

in this figure, the three z domains corresponding to 5’&7 ), j =1,2,3, are denoted by
X9, j=1,2,3, respectively.

We shall choose the arguments of both variables according to the solution that
we are studying. For the function Q¥'?(z), we introduce a cut along the real axis
from z = 1 to £ = —oo and, correspondingly, from ¢ = 0 to { = co. Then in these cut
domains, we specify that 0 < arg(¢) < 2r and —7 < arg(z—1) < 7. For P{#? (ze~™),
we introduce a cut along the real axis from z = 1 to £ = co and, correspondingly,
from ¢ =0 to { = —oo. Then in these cut domains, we specify that —7 < arg({) <=
and 0 < arg(z — 1) < 27. For P{"?(z), no further cut is required since this function
is analytic at x = 1. However, with regard to the cut from z = —1 to £ = —o0, we
specify that —7 < arg(z + 1) < 7, and in the corresponding ¢ plane, arg(¢) takes its
principal value.

We next record the behavior of the two variables in the vicinity of the three
singularities. Firstly, from (2.23), we find that £ — 0 as z — 1 such that

8 8(24 — 7a)

(2.28) z=1- 26+ 3oy

£ +0(%).
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Thus, from (2.13), we find that

(2:29) Ha9=22"J00, -0,

Next, from (2.23), we see that Re £ - —oo as £ — oo such that

_ (1 _ 1a) lna{ ARA0RS m2((ql) T2.@)

(2.30) —¢+ %aln(—-{) + —21-a + %aln(4>+0(§_1) =In(z) — ln{l - a:t(tj)}

: broe),

which on exponentiating and invoking (2.17) yields
1 1 1 1o —¢ -1
(2.31) T = 2exp Fat 2—§a In I—Za (=& {1+ 0™},

as Re§{ = —o0.
Finally, from (2.21), we find that Re £ = oo as £ = —1% such that

(2.32)
1 11 1 L 1 1+ 24(q)
£ — ialn(ﬁ) - §a+ §a1n<za)+0(§ h= (1— ia)ln{S(l—wt(d;)(1+w)}

3+ z4(q) — 2v/2(1 + 2(9)
+ln{ 1 —z4(q) t

}+O(a: +1),
and hernce, again on exponentiating,

(2.33) z=—1+ (2— )’ 2%/(2-a)¢a/(2=0)
y exp{ a+(6—a) ln(22) : c(:l —a)ln(4 — a)

ba+oey.

Thus, from (2.13), (2.31), and (2.33), we see that, as £ — oo,

- _1-p? 1
(2.34) B =122 +o(z),

regardless of the direction at which £ approaches infinity, i.e., (2.34) holds as z — oo
or as £ — —1. From the error bounds supplied by [6, §4] this confirms that our
approximations will hold at all three singularities of Jacobi’s equation. If we neglect
the (o, €)/€ term in Eq. (2.12), we have the so-called comparison equation

2w - 2_1) ..
(2.35) %2={ﬁ5§a+p%2}w,

which has exact solutions in terms of the Whittaker’s confluent hypergeometric func-
tions M1 ,q4,1,(2u), Wiya,1p(2u€) and W_%w’;p@u{e"").‘ Recall that p is fixed,
so these are functions of two free variables, and therefore, if they are used as ap-
proximants, they achieve a uniform reduction of free variables. In [6], it was proved

that these Whittaker functions are indeed asymptotic approximations for solutions of
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(2.12), and in particular, Theorem 2 of [6] provides the following solutions of (2.12)
which are recessive at certain singularities of the ¢ plane

(2.36) WO (u,0,6) =UY, 1 (208) +E9 (v, 0,)
where

(0) Tk+m+ %)
(2.87) &) = St L M (2),
(2.38) (1) ) (z)=e ~MTi (BYW g m (26 ™),

. (k—m—%)mi

(2.39) ulgjlq)n(z) = ew"‘ Wi,m(2),
with
(2.40) v(k) = kFe k.

Theorem 2 of [6] provides explicit bounds for the error terms g9 (u, a, €) appearing
in the asymptotic solutions (2.36), which are uniformly valid in certain unbounded
complex domains containing the pole and turning point, and for a € [0,2 — §] in the
present case.

Let us consider j = 0 first. It is well known that

(2.41) My m(2) ~ 2™3, z—0, —2m ¢ N,

and hence, W (u, a, £) is uniquely characterized as being recessive at the singularity
€ =0 (i.e., z = 1). The bound on £ (u, a, £) establishes that, except near the zeros

of UfY), 1, (2u8),
3UQ, 5P
(2.42) O (u,a,€) = Z:li(ga lp(Zu{)O{(ua + 1)%u“1+6}
2 12

uniformly for all £ under consideration when n ¢ N, and in £ € Sy SMu Sa 3% otherw1se
(see [6, Eq. (4.66)]). It is worth remarking that when n € N, the region S must
be excluded because in this case the approximant U;Ja, 1 p(2u§) is recessive at both
¢ =0 and at infinity in .SA'S) (i.e., at z = £1); in essence the region of validity is the
union of a neighborhood of ¢ = 0 (the characterizing singularity of recessiveness of
Z:lgza’% p(2u§)) and adjacent regions in which I];OJO(’% p(2u§) is dominant. Therefore,

since Z;{S)Ja 1 p(2u§) is recessive in 8&) when n € N, this domain must be excluded
2 2

frém the region of asymptotic validity.

We are now in a position to make an identification of the asymptotic solution
(2.36) when j = 0 with a standard solution of Jacobi’s equation. In particular, we
can assert the existence of a constant D(® (u, ) such that

(2.43)

() () = — DV (w,0) a=t iz 0y
) = T e ) {200+ 20000
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since both sides of (2.43) are solutions of Eq. (2.12) which are recessive at z = 1
(£ =0). Using (1.12), (2.28), (2.37), (2.40) — (2.42), we can compare the behavior of
both solutions at £ = 1, and from this, we find that

grHi-ueha—u(9y + g)=$P(2u — g)*~ 3¢

2.4 DO =
(244) (u,0) Vul(n+1)
Next, for some constant D) (u,a), we make the following identification of two
solutions which are recessive at £ = —1 (£ = +00)

D@ (u,a) { a—¢& }%
(1 —z)2pti(1+2)20 | €(z — 2¢(a))

x {L?i“{,  (2u€) + €D (u, a,e)}-
Zuo,3p

(2.45) PP (ze ™) =

By comparing both sides as z — —11 and invoking (1.12) (with p and g interchanged
and z replaced by —z), (2.32), and [6, Eq. (4.24)], we arrive at

ri28FH30grth Qu — )+ 3T (n + g + 1)
Vi (2u+q)*tED(n+ D)I(g+1)

(2.46) DW(u,a) =e™"

Eq. (2.45) then provides a uniform asymptotic approximation which is valid for
Ee S'S') (but not for £ € S’&l) U 5’&2)).
Next, we have the relationship

(2.47)
Wiy - DD a) E-a \¥fn ;
A = e @) (a0 + € a0,

since both functions are solutions of the same equation which are recessive at x = co.
On letting £ = oo (£ = —o0, arg(§) = 7), we find, from (1.21), (2.31), and [6, Eq.
(4.21)], that

(2.48) DW (u, 0) = e2Pmi (P25 2% (9 — q)397%(2y + g) "2

where K9 is defined by (1.10). This approximation is uniformly valid for all ¢ in
the domain depicted in Figure 1(b) where 0 < arg(¢) < 27 (i.e., for all values of z in
the principal plane of Q7 (z)).

In summary, (2.43), (2.45), and (2.47) provide asymptotic approximations for the
three standard solutions of Jacobi’s equation as u = n + %(p + g+ 1) = oo, which
are uniformly valid in the stated unbounded complex domains. Although the approx-
imations (2.43) and (2.45) do not hold in the full planes of the respective principal
branches, the required extension is easily achieved via appropriate connection formu-

las. In particular, when n € N, the approximation (2.43) does not hold for £ € 3P

(since ppo (z) is recessive in this domain under these circumstances), but in this
case, we can simply use (1.11) and (2.45) to obtain the required approximation which
is valid in S’((,g). Likewise, when n ¢ N, an approximation for PP (ze~™") which is
valid for ¢ € 3 U S is obtainable from (1.23), (2.43), and (2.47). Thus, taken
together, and with the aid of appropriate connection formulas if needed, the results
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of this section are valid for all values of z in the planes of the principal branches for
the three Jacobi functions PP'? (z), PSP (ze~"%), and QY (z).

The results of this section hold for ¢ large, p fixed, and n small or large, under
the restriction (2.2), which is equivalent to

(2.49) 0<—4+—=—<

Therefore, since p is fixed, for large g, the parameter n, which does not necessarily
have to be an integer, is permitted to take any value in the range

(2.50) 0<n<Aq

where A is any fixed positive constant (independent of q).

3. n large, q small or large, and p fixed. We now consider the case where
the turning point can coalesce with the double pole, i.e.,, =1 < z4(§) < 1 — 4. Thus,
with the assumption that p is fixed, from the definition (2.6) of z:(§), we see that ¢
now will be allowed to lie in the interval [0,2 — §]. Hence from the definitions (1.2)
and (2.1), this is seen to be equivalent to

(3.1) 0<g<An

where A is any fixed positive constant (independent of n). Thus the results of this
section will be valid for p fixed, n large, and all ¢ lying in the (large) interval (3.1).
The singularities £ = —1 and =z = oo will be included in the domain of validity, but
the singularity x = 1 must be excluded this time.

From the definition (2.6), we see that the turning point coalesces with the double
pole when § — 0. We shall use the general asymptotic theory of Boyd and Dunster [4]
which is applicable to differential equations having a coalescing turning point and
double pole in the complex plane. The approximations are asymptotic expansions,
and involve Bessel functions.

Firstly, from (2.5), we see that

. iy 1
(3.2) f@,z) = 4(qu1)2 +O(;__|:_1)-

In [4], it was assumed that if the double pole is located at z = zo, say, then the
leading term of the Laurent expansion of f and g in the vicinity of the double pole
(at zo = —1 in our case) must be ta®(z — zo)~2 and —}(z — zo) ™2, respectively.
Thus, in the notation of [4], @ = §, and from (2.4), we see that g has the appropriate
behavior at z = —1.

Now, from [4, Eq. (2.1)], we perceive that the required Liouville transformation
is given by

(3.3) W(C) = (m c f}(f))%

w(z),

with

(3.4) a _ 2({ z — z4(§) }%.
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The result of this is to transform (2.3) into the form

W [ L(F 1 PG 1
(39 () -
where in this case the Schwarzian is given by
(3.6)
S C+4¢ (=@ [(@+ 1)1~ 24(3)4e® + Tz + 34(g)(z — 7) = 5)
9 = g it | (-2 - a@)

8% - 1)(z+1)
(I —2)(z —z:(9) |

For large u, the new equation (3.5) has a double pole at { = 0 and a turning point at
¢ = §, which will correspond to z = —1 and = = (), respectively. The asymptotic
expansions for solutions of (3.5) furnished by [4] will be valid in certain unbounded
domains which will include both of these critical points. We emphasize that the results
will be uniformly valid for 0 < § < 2 —d, and hence the turning point is permitted to
coalesce with the pole.

Let us first consider real values of the independent variables. For z:(¢) <z <1,
integration of (3.4) yields (cf. [4, Eq. (2.2a)])

¢ (o _ a2)2 z (A 3
(3.7) / el 9L d7'=/ {t zt@} dt
‘72 27' mt(q) l—t t+1

where the lower limits were chosen for the turning points to correspond. On explicit
integration, (3.7) gives the relationship

38) V(-#-4q arctan{ C_{i—(i_?_ }: arccos{ M}

1—z:(q)
1 {1—3z+zt(d)(3—x)}.

~ 398N “ TN = (3)

2
The branch of inverse tangent is such that it is continuous and increases montonically
from 0 as ( increases from @. The branches of inverse cosines are such that they
are continuous and increase montonically from 0 to w as z increases from z;(§) to 1.
From (3.8), we observe that the simple pole at = 1 corresponds to the finite point
¢ = (1, say, where

_|_

1 1
(3.9) (G — 62)% - da,rctan{ E(Cl - ~2)% }: (1 -3 (j) T,
when § # 0. When § = 0 (a = 2), this singularity is located at (; = 2. In this section,

the asymptotic expansions will not be valid in a neighborhood of this singularity.
Next, for —1 < £ < z¢(§) (or correspondingly, 0 < ¢ < §),

72 ("2 o\ z¢(q) =\ 3
g¢-7m2 , z¢(q) — dt
(3.10) /( o7 dT_/m { 1—¢ } t+1

which on integration yields
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A

A B C D E,.
O &—0—0 Qo
1) T 0) @) E'

(x,(2)

Figure 2(a): z plane

(3.11) ¢In{(q® - )2+q}——qln(C) @ -t

_ 1—2z+24() — 2{(1 — 2)(z:(d) — z)}*
= { 1-2:(0) }
3 lqm{ 1 -3z +24()(3 — ) — 2{2(1 + 24(1)) (1 — ) (z:(§) — x)}* }
2 (@ + (1 - ())

From this, we find that ( — 0 as z — —1 such that

_ 2% (2-§G
(3.12) =1+ — (2+ ) ¢+0(¢%).

Finally, for —oco < z < —1 (—o0 < { < 0), the relationship is found to be

(313) §in{(@ - 0¥ +d) ~ 3aln(~0) - @ - O)*

_af 128+ 2(@) — 2{(1 - 2)(2:(d §) —z)}%
=in{ 0@ }

B 1q1n{ 1 -3z +2:(9)(3 ~ :c) —2{2(1 + 2(D) (1 — 2)(ze(q) — 2)}* }
2 —z = 1)(1 - 2(9))

For complex values of the variables, we shall introduce a cut along the real axis
from z = —1 to £ = +oo (and correspondingly ¢ = 0 to {( = +o00) and restrict the
arguments so that 0 < arg(z + 1) < 2, and correspondingly, 0 < arg(¢) < 27. Then
in these cut planes, (3.13) defines the relationship between the variables, where the
branches of both sides are selected so that {(z) is real and negative when z is real and
lies in the interval (—oo, —1) (arg(z) = 7), and a continuous function of z elsewhere
in the cut plane.

Figure 2(b) depicts the ¢ domain, A say, corresponding to the cut z plane (in
which 0 < arg(z — 1) < 27), the latter being shown in Figure 2(a). The curves DE
and its conjugate DE' in Figure 2(b) correspond, respectively, to the upper and lower
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ox

E—,/

Figure 2(b): ¢ plane

lips of the cut from z = 1 to £ = co. These curves are given parametrically by

C(r—a2)3
(3.14) / =a)= dr = +is, 0<s < oo,
¢ 27

1

and at infinity are asymptotic to the parabola Re ¢ = 7% — (Im ¢)2/(47?). Note that
arg(z -- 1) = 0 on the upper lip DE of the cut from z = 1 to £ = 0o, and hence both
PP (z) and Q7 (z) are real on DE.

With the above choices of branches, we find, from (3.13), that ( —» —~oo as
T — —oo such that

(3.15) T~ —4_86 (;—t—g) Eexp{(—C)%}.

Heaving made the appropriate transformation, we apply Theorem 3 of [4] to obtain
the following two asymptotic solutions of (3.5)

N ~
1 1 As E]
(3.16) Win,1(u,3,¢) = 208 T, (u¢®) S %O
s=0
2 1 Nl Bs(q, -
+ -UEJ;(ucf) 3 % + S (1,4, 0),
s=0

and
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(3.17) Winy1(u,d,¢) = CEH (u(? )Z u2sc

s=0

N-1
roa B;(q,
v ueh Y 28O L0 w0

s=0
where Ag(g,¢) =1, and for s =1,2,3,...,
(3.18)

1 C 1
Bu@.0 = C-#)} [ =@ Hralan + 4@ - @A) pdr
and

(319)  A3,() = (B /¢% Boer(@,7)d7 + A().

Here {\;(§)}Y, are arbitrary integration constants, and we shall choose them for our
convenience later. The error terms in (3.16) and (3.17) are bounded by Theorem 3
of [4] (with n replaced by N and a replaced by ¢). These bounds are valid for all
¢ € A except for a neighborhood of the singularity at { = ¢(; and prove that both
error terms are (lC(j) (u(l)O(u‘ZN‘l) as u — oo uniformly for 0 < § < 2 -4, except
near the zeros of the Bessel functions CqJ )(uC z).

The characterizing property of the two asymptotic solutions (3.16) and (3.17) is
their recessiveness at ¢ = 0 and ¢ = ooe™, respectively. The corresponding recessive
solutions of Jacobi’s equation are P{"P) (ze~™) and Q'"?(z), these being recessive

at £ = —1 (arg(z) = ) and = = oo, respectively. Now from the well-known behavior
of Bessel functions [10, Chap. 12], we find that as { = 0,
2<%(4+1) u q N A (q N- q
9 (0) u s ~
(3 0) 2N+1(u qaC) I\(q+1) 2 1+s_2_; ’I.L2s q Z

Thus we have the relation

: DY), (u,9) (- \*
3.21) PP (ge~™) = 2N+ ( g (0) 7
G2 BT = Ga il e ni s n@) e ted

for some constant Dg])\), 41 (u, ). We determine this by letting x — —1, and as a result
deduce from (1.12) (with p and ¢ interchanged and z replaced by —z), (3.12), (3.20),
and (3.21) that

) o 25P+80-168(2u — )¥~ 29T (n + ¢ + 1)
(3.22) Dypyq(u,q) =

(2u + q)“+%‘11"(n +1)
-1
[1"'2 w2s +qZ u2s+1 ] .
s=1 s=0

Next we can identify the two solutions of (3.5) which are recessive at infinity, and this
results in the relationship

Dg\)/+1(“"j) ( ¢-¢ ) w

(p.9) —
(3'23) anq (:L') = C%(l —z)%”"'%(a:+ 1)%(1 .’E—iL‘t(Q) 2N+1(u q, )
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where again DS\), +1(u,q) is some constant which is to be determined. One method
of finding this constant is to allow £ — —1 + 30 (arg(z) = m) on both sides of
(3.23), assuming temporarily that ¢ > 0. Using the well-known identity Hél)(z) =
Jq(2) + iY,(z) in (3.17) with [10, Chap. 12, Egs. (1.07) and (1.08)], we find for the
right-hard side of (3.23) that

629 Wi a0 ~-T2(2) oo

N
A-<>‘ (q B q, ) ~
x [1 + Z u2s - Z 2(s+1 + 68\)’+1( Q)
=1 5=0
as ( = 0 with ¢ > 0 where
(3.25) 5§N+1 (u,§) = hm {C2 H(l) (u( ) } ege,ﬂ (u,4,¢).

Then from (1.19), (3.12), (3.23), and (3.24), we deduce that

(3.26)

(p—9)-1p
) . _(nipymi2? (n+p+1)
Dipvsa (v, 8) = —mie™¢ ) eqr(n+p+q+ 1)
Aq = B,(4,0 -1
[1+ E ( ) E ——;2(S+1) 6(1)+1(u, qa| .

s=1 s=0

(2u+ )"+ 9(2u — g)Tv+3

By analytic continuation this representation holds for ¢ = 0 as well. The con-
stant 6&', +1(u, @), whose existence is guaranteed by the existence of the coefficient
Dg\),ﬂ(u,q), can be bounded via [4, Eq. (5.16)] and is O(u=2¥"1) as u = oo uni-
formly for 0 < §<2—4.

We now show how both Dz(;\, 4+1(u, @) and Dziv +1(u, @) can be computed more eas-
ily and, as a by-product, give a scheme for easily calculating the constants {\;(§)}I_
and {B,(§,0)})'. Firstly, consider a circuit in the positive sense around the sm-
gularity * = —1. In the {-plane this corresponds to a circuit in the positive sense
around ¢ = 0, and hence ¢z — (Ze™ as z —-> —1+ (z+1)e?™®. Therefore, on inserting

(3.21) and (3.23) into (1.27), and using H{" (z) = Jy(z) + 1Yy(2) and the well-known
continuation Hq )(ze’”) = —e~1{J,(2) — iY,(2)}, we find that all the Y terms can-
cel, and as a result the following relationship between the constants D2 ~N41 (%, @) and

D2N+1 (u,q)
(3.27) 7?iD§3\)r+1 (u,9) {32N+1 (u,q,¢) + 6%3\),_,_1 (u,§,Q) } = —e(p+n)”iDg\),+1 (4, )

8 {ij"‘l (u,4,¢) + ES\)J+1 (u,d,¢) + eqmezNH (u, 4, Cezwi)}
where

N ~
(628 Fivea(wd0) =208 pch) 3 2L Xy )Z 5. ity

s=0
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Since the left-hand side of (3.27) represents a solution of (3.5) which is recessive at
¢ =0, it follows of course that the function on the right-hand side is the same recessive
solution of (3.5) (to within a multiplicative factor). Hence, on dividing both sides by
Jon+1(u, 4, ¢) and letting ¢ — 0, we can assert that

(3.29) 7rzD2N+1(u q) = —e("""”)’”{l +O(u2N- 1)}D2N+1 (u, q).
Then, on inserting (3.22) and (3.26) into (3.29), we find that

(3.30)
0 ) _ N B@0) o oven)
(1420055 ZED) (145 20 g 2D o)
_22e1(2u - ¢)** T(n+p+q+1)I(n+ g+ 1)
- (2u + q)2¥+tiT(n + p+ 1)T'(n + 1)

Recall that the integration constants {A;(§)}}_; are at our disposal. Let us now
choose these so that

N ~ N-1 ~ N N-1 ~
A (q) ~ Bs(q’o) )‘s(q) ~ Bs(Q> 0)
a1+ 2@y 2N (143 D gy 20
s=1 s=0 s=1 s=0

This is achieved by selecting each constant As(§) (s = 1,2,...,N) in turn so that
the coefficient of ©~2¢ in the expanded series on the left-hand side of (3.31) vanishes:
note that the coefficients of the odd powers u=2*~! are zero regardless of the choice
of {A\s(d)}L,. Then, on multiplying the corresponding sides of (3.30) and (3.31), and
then taking square roots, we arrive at

Z B (4,0) _ 2%9(2u — q)“_%q

(3.32) =
= T T T T u gt
Tn+p+g+1)I(n+q+1) —aN—1 3
X [ Fn+p+1)I'(n+1) 1+0( R

and hence from (3.30) or (3.31)

) ~ B (q’ ) ) 3 (2u+q)u+%q
(3.33) 1+z w25 ZO T2 + 055414, @) = 29¢4(2u — q)*~ 34

1

I(n +p+1)I‘(n+1) N 2
x{rm+p+q+nrm+q+n{1+ow2Nlﬁ]'

From (3.22), (3.26), (3.32), and (3.33), we consequently arrive at the following repre-
sentations

1
. 1 4[Tn+p+1DI(n+qg+1)]2 CoN_
34) DO — 93(p+e)-1 oN-1
(3.34) D3y (u,g) =22 Tntptat DD |1 TO¢ )y

and
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(3.35) DSV, (u,§) = —mie~("TPImigh (a1

Fn+p+1)I'(n+q+1) 3 _aN—
I‘(n+p+q+1)1"(n+1)] {1+O(u N 1)}'

These are simple formulas for the coefficients, but they only provide an approx-
imation since they involve a small but unknown constant. However, the coefficient

Dg?\, 1 (u G) can be computed to arbitrary accuracy by first computing the constants
{Xs(@) L, and {B,(§,0)}Y=! via the formal expansion (see (2.1) and (3.32))

(3.36)
pur (2=7) " [~ 30) + 3p+ Y01 - 30) - 3o+ 1))
(26) (4 )—hu (2 q) [F( (1-39) +5p+35)(ull —50) —3p+ )]

u 2+3¢) |T(u(l+350) + 52+ Tl + 50— 5p+5)

~1+z“‘1) 232(3;?)‘

Then, after computing the first N such terms of each set, their insertion into (3.22)
yields an exact representation for Dg% +1(u, @) as required.

On using Stirling’s formula for the asymptotic expansion of the Gamma function,
and Wlth the aid of a symbolic software package such as MAPLE, the constants
{As(@)}L, and {B;(q,0)}Y-! can readily be computed via an expansion of the left-
hand side of (3.36) in inverse powers of u. For instance, we find the first two of each
set to be

3 1 — 3p?
. B =
=52 2\2
o _ ¢(1-3p)
(1 - 3p%)® — 36(¢ + 12)(15p* — 3052 +7)
and

(1 = 3p7)[5¢*(1 — 3p")° — 144(¢” + 12) (15p* — 30p> + 7))
155520(4 — %)%

(340)  X(@) =

Turning to the coefficient Dg\), +1(w,d), we now have two representations, namely
(3.26) and (3.35), but neither provide a means of calculating this coefficient to ar-
bitrary accuracy. However, an alternative method of determining DS\), +1(u,q) is to
allow ¢ - —oo (arg(¢) = =) in the relation (3.23). To this end we see from [10,
Chap. 7, Eq. (4.03)] and (3.17) that as { = —o0

‘ 2\?% ;s /o101 1
(3.41) W2(11\1)+1(U,q, ¢) ~ (E) ¢* exp{z (u(f - §q7r— Zw)}

where

(342)  AJ(q0) = lim As(3,0), be(g00) =1 lim (¥By(q,0).
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Hence we find, from (1.21), (3.15), (3.23), and (3.41), that
(343) Dyy1(u,9) = —ie=PEED, [ U g (2 — g vz 4+ g)ho-
N-1, /- -1
q, 00) bs(4, )
AR
s=0

This gives the exact representation for Dg\), +1(w, ) that we were seeking. Rather than
calculating the limits (3.42) directly (which can be difficult), we instead use (3.29),
(3.34), and (3.43). From these we arrive at the relation

(3.44)

\[ 2- g\ 16 \*[C@+ 1)+ Ip+ DO + 1g) - p+ D]
(2+Q> (4—42> 1"(2u+1)

x [D(u(l - 18) + ip+ LT (u(1- 1) - Ip+1 %~1+2 Z—bsjf;ff),

s=0

and by expanding the left-hand side in a similar manner to (3.36), we can compute
{A4(d,00)}N; and {bs(§,00)} 7 quite readily. For instance, we find that the first
four terms are

L U P 12
24 2 ~2 _ 2
(3.46) Ay(G,00) = P+ T~ 12)

1152(4 — @)z
(2p* — 3)(4p* + 16p® — 5) + p**(25p® — 49)

bi1(gd,00) =
' 3 (360p%G2 — 1394* + 15484 + 92016)
414720(4 — §2)3 ’
and

p?(4p* + 58p? — 125)

(3.48) Ax(g,00) = (4— )" (24P + ¢ — 12)

2304
°3%(2328p° + ¢ — 4632)  571¢° — 6732¢* — 361584¢° — 544320
110592 39813120 ’

Finally, to obtain an asymptotic expansion for the Jacobi function P(p ) (z), we
insert (3.21) and (3.23) into the right-hand side of (1.23), and invoke (3.29), and as a
result, we obtain the relation

(3.49)

Din 41 (4,3) (-¢ \* 443, 0)
(P () = 2N+1 q 1 1 s\4,
F0(a) g%(l — ) 2P+ (g + 1)29 (m - xt(ﬁ)) [ZC Ca (UC >s=0 u?s

2. B Bs(6,0) | ) ©)
'{; ; ( C ) Z nﬂz€2N+1(u; ij) C) —2i Sin(nﬂ.)e2N+1 (U, (f; C):|

2s
s=0 u
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where
(3.50) ¢, (ug%) = cos(nm)J, (ug%) +sin(nm)Y, (ug%) .

This expansion is valid for the same values of the variable and parameters as the
expansions (3.21) and (3.23), i.e., for all z in the cut plane 0 < arg(z + 1) < 27
except points at or near the singularity = 1, uniformly for large n, fixed p, and all
q satisfying (3.1).

Recall that P{"? (z) is the Jacobi polynomial, and hence is recessive at z = —1,
when n € N, and indeed in this case the right-hand side of (3.49) reduces to (—1)"
times the right-hand side of (3.21), (as expected from (1.11)). This confirms that
(3.49) holds for all non-negative values of n (integer and non-integer).

4. p and ¢ large and equal, and n small or large: the ultraspherical
polynomials. In this and the following section, we consider the case where both p
-and ¢ are large. We first rewrite (2.3) in the form

d? -z -z 3+ 22
(4.1) Ev% = {Uz (z ($21)_($1)2 2) - 4(3;2+_xl)2 }w
where
(42) v = 7@ -7 F 3VE- G+ OIA- G- D,

and therefore we perceive that there now are two turning points. We shall focus on
the case where p = g, which when n € N leads to the ultraspherical polynomials as
soluticns of Jacobi’s equation (1.1) (see (1.5)). As in the previous two sections, we do
not insist that n € N, and we also provide asymptotic approximations for companion
(non-polynomial) solutions.

When p = g, (4.1) becomes

Pw [, 2-p 3+ z?
(43) dz? {“ @2 —12  4(z2 - 1)? }“’
where
(4.4) p=1-p,

and now from (1.2)

(4.5) u=n+p+%—>oo.
Note that our general assumptions 0 < p < oo and 0 < n < oo now imply that
0 < p < 1, where p is defined by (2.1). Hence 0 < 8 < 1.

The differential equation (4.3) is characterized by having two turning points at
z = ++/, which coalesce with one another when 8 — 0 (5 — 1), and coalesce with
the poles at £ = +£1 when 8 — 1 (f — 0). In this section, we allow the turning
points to coalesce with one another, but not with the poles. Thus we shall assume
that § < p < 1 or equivalently p — 0o, and for all n satisfying

(4.6) 0<n<Ap
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where A is an arbitrary positive constant (which is independent of p).

Although a general theory of coalescing turning points exists [11], it only holds
for real values of the independent variable. However, since (4.3) is an even equation
in z, we can make the following simple preliminary Liouville transformation

(4.7) t=a®,  y(t) = tiw(a),
to recast it in the form

d%y , t—f 42 — 3t +3
(48) az - {“ at—1)2  1682(t— 1) } v

In what follows, we assume that 0 < arg(z) < m, and hence, 0 < arg(t) < 2.
Extension of the following asymptotic results to the range —m < arg(z) < 0 can be
achieved via the analytic continuation formulas

2eP™ sin(n)

(49) PP (ae™™) = e PP (z) - T2 Q) (),
and
(4.10) Q) (ge=i) = —e(nt2)TiQE) ().

It is now clear that we again can apply the theory of a coalescing turning point
and simple pole of [6] to (4.8). To this end, let us now make a second Liouville
transformation

(411) (@)2_ n(t - B)

dt ) — 4t(t-1)2(n—a*)’
1
AN
(412 v = () vo,
to transform (4.8) into the desired form
’U { pn—a* m’—j df*(a*,n)}
4.13 LA " n U
(4.13) dn? n n? U

where, in the notation of [6, §4], & has been replaced by a*, ¢ by ¥*, W by U, and &
by 71, (to avoid confusion with §2 above). Thus from [6, Eq. (4.6)]

B(g_ g1/
(4.14) a*:l/o {%} —l—d_is=1—\/1—,3=1—13.

s
It turns out that, with the choice m = i, the function ¥*(a*,n) is given by

3n + 2a* m—a*)Q—-t)(t—4p*t+p* - 1)
6(n — a*)? 4(t - p)®

and is analytic at 7 = 0 (see (4.27) below).
Therefore, the transformed equation takes the form

2U n—ao* 3 Y(a*,n)
4. bl oy - 2
(4.16) dn? {u n 1672 * 7 }U’

(1) yretm) =1
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H G F’fE' D'\ (0)/4 D E$ F G H
D B B D

Figure 3(a): z plane

and the corresponding Liouville transformation is explicitly given by

_ 1 (=B \*
(@17) U = oy | gy} Y0

with

N (o a*) 3 t(e_B)2
(4.18) / {T O‘} dT:l/ {3 ﬂ} ds_
o T 2 /g s 1—s
Explicit integration of (4.18) yields the relationship (for complex values of the
variables)

b —ant o @2t )i V=B (¢
419) 7} -a"t - 5 a =5 ol

+¢1—_zm{(#)i l_ﬁ}+;ln(g)+ln{1_(t_—t_ﬁ.)%}.

As mentioned above, we choose arg(n) to lie in the interval [0,27]. The branches in
(4.19) are chosen so that n(t) is real and negative (arg(n) = m) when ¢ is negative
(arg(t) = 7 ), with n(¢) then being a continuous function of ¢ elsewhere in the cut
plane 0 < arg(t) < 2. In particular n(t) lies above or below the cut along the positive
real axis when t lies, respectively, above or below the cut from 0 to 1.

The map of the upper half z plane to the ¢ plane is depicted in Figures 3(a) and
3(b), and the corresponding domain in the n plane is depicted in Figure 3(c). In
Figure 3(c), the curve F'H in the 7 plane corresponds to the upper lip of the cut from
t =1tot = oo and is given parametrically by

N(r_o*)?
(4.20) / {T “ } d7'=s+-1—(1—a*)7ri, —00<§<00.
o* T 2
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Figure 3(b): ¢ plane

A+
Sa‘

(@ +1/Q2u)+i0)

(~pmil2)Q

Figure 3(c): n plane
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This curve has horizontal asymptotes of Imn = %m' and Imn = %(1 —a*)m = %ﬁm’
at Ren = —oo and Renp = oo, respectively. The curve F'H', corresponding to the
lower lip of the cut from ¢ =1 to t = oo is the conjugate of F H.

Also in Figure 3(c) three subdomains, gél*), S’;;, 5’0} of the n plane, are depicted.
The domain 5'((,1,,) is an extension of that given by [6, §4] to 0 < arg(n) < 2w (where
o has been replaced by a*). The cut [0,00) separates the domain 3&3,) described in
[6, §4] into two components, which we have labelled 5;1 and S’Q_,., and we note that
0 < arg(n) < im for n € SI. and &n < arg(n) < 2 for n € S;.. The curves DG
and D'G' depicted in Figure 3(c), which along with the interval (—oo,a* + 1/(2u)]
separate the three domains, are given, respectively, by (cf. (2.25))

1
n —a*\ 2
(4.21) Re/ (t a) dt = 0.
a*+1/(2u)£io \ T

The = domains corresponding to 5"9), 8., and S7. are labelled as X’S), Xk,

and X, o+ Tespectively, in Figure 3(a), and the corresponding ¢ domains are labelled

as T\ T, and 2., respectively, in Figure 3(b).
Next, from (4.19), we infer that Ren — —oo as t — oo such that
. pri _(1+5)° s —2n41

(4.22) t~eP™(1+p) “de 17 " Pe ,

and 7 = co £10 as t = 1 £40 (z — %1) such that

. 1

p de \? 1, { 2n }
4.23 t~1-— — - P oexpy —— — 1.
(4.23) 1 +p)(1 +p) 7 U5

In the special case when n and t are real with 0 < n < o* (0 < t < () the
relationship between the variables can be expressed as

(M

ds

(4.24) /(,n{a*;T}%dT=%/(,t{ﬂ;s}_1_5’

which on integration yields

a* (a* - 277)
+ 5 arccos "

=

(4.25) 7% (e — 1) ~

s (25 e (25) )

The branches of the inverse cosines are such that they are continuous in 0 < < a*
(0 < t < B), with the one on the left-hand side increasing montonically from 0 to
7 when 7 increases from 0 to «*, and the ones on the right-hand side increasing
montonically from 0 to %w as t increases from 0 to (.

From (4.25), we find as ¢t — 0 that

4 4(5 + 7p)

— _ 2 o) 3,
55" " 3aspe " T o)

(4.26) t
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and hence from (4.15)

a*

(4.27) P*(a*,n) = - 82—

+ O(n).

We again can apply Theorem 2 of [6], with the above changes in notation of the
variables. The identification of the Jacobi functions then follows in a similar manner
to §2. Firstly, for the solutions which are recessive at z = 1 (7 = oo + 40), we find
that for some constant D4 (u,a*)

(4.28)
n—a*

n(z? - B)

The asymptotic solution on the right-hand side of this equation is W@, as given by
Theorem 2 of [6], where the so-called reference point is chosen at 7 = oo +40. The
7 region of validity of this approximation is S'C',"*, i.e., the domain in which the error
term, which we have denoted by &} (u,a*,n), satisfies the bound [6, Eq. (4.80)] for
j=4.

By comparing both sides of (4.28) at £ =1 (n = oo + i0), we find, on employing
(4.23), that

1
4
PP (@) = Dufw )1 - o) b {ugs,. s +etwann .

(420)  Da(u,a®) = —i-brmi L P T DIP ()34 - p) 3
. (o) = — |

Val(n+ 1)I(p+ 1)
In a similar manner, we find that for the solutions which are recessive at z = —1
(n = oo —10)
(4.30) 1
PPP) (ze™™) = Dy(u,a*)(1 - z2)~%v{ ﬁﬁ} ) {w‘ga (2un) + &7 (v, 0", n)}

where the asymptotic solution on the right-hand side is again W@, as given by
Theorem 2 of [6], but this time where the reference point is chosen at 7 = co —40 (with
the corresponding error term denoted as €; (u,a*,7) to distinguish it from the error
term €] (u,a*,n) given in(4.28) above). The 7 region of validity of this approximation
is S7.. Note that even though the right-hand sides of (4.28) and (4.30) are seemingly
identical, the error terms differ when n ¢ N, and as such the two asymptotic solutions
are linearly independent in this case, with the domains of asymptotic validity being
disjoint.
Our third identification, of recessive solutions at infinity, yields

(4.31)
1
(p,p) _ * 2 _ -1 7 — a* 4 ~(1) ~ *
anp (2,‘) - Dl(’U,,Of )(ZB 1) zp{n(mg _,B)} {U%ua*,%(%ﬂ) +El(u’a ,77)}
where, from a comparison at z = co (Ren = —00) and use of (4.22), we have
. (P,9) 92utp+i, u
(4.32) Di(u,a*) = e—%(n-{-p)m Kn*2 2u

(u+ p)3(u+P) (u — p)3(u=p)”
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This approximation is valid for all # and z under consideration.

It remains to obtain an approximation for PP () which is valid for points
excluded from the region of validity of (4.28), i.e., for n € 5’&9 US;.. We shall do this
by identifying the asymptotic solution W of Theorem 2 of [6] which is recessive at
1 = 0 with the Jacobi functions. With regard to the original equation (4.3), the point
7 = 0 corresponds to = 0, which actually is just an ordinary point of the equation.
The appearance of ¢ = 0 and, correspondingly, n = 0, as a pole in the differential
equations (4.8) and (4.13), respectively, comes from the fact that the preliminary
transformation (4.7) is not regular at that point. Thus in order to match W(©, we
seek a solution of (4.3) which vanishes at z = 0, i.e., one which is O(z) as ¢ — 0.

To this end we first utilize (1.6), (1.9), and [1, Egs. 15.1.24 and 15.2.1], and from
these it can be shown that

_ cos(inm)T(n+p+ 1)T(3n + 3)
T VAl +)T(En+p+1)
sin(3nm)T'(n +p+ 1)I'(3n)

(4.33) PP (g)

+ O(a?
VAT@IGn+p+13) @)
asz — 0, and
- —(p+in)wi 1 1
38 Qo) = - VATt t DRnt )
2l(n+1)I'(zn+p+1)
—(p+3n)mi /T e
e 3 ﬁl(n+p+1) (2n)x+0($2)
2l(n)T(zn+p+3)
as z — 0+ {0. From (4.33) and (4.34), we see that as £ — 0 + 10
(p+in)mi 1
4.35) PPP(g) — 2% €031 ) ()
P nr
= —ge2"™ (n+p+ DUGn) z + O(z?),

VaT(m)IT(in+p+1)

and consequently our required “recessive” solution at = 0 is given by the combina-
tion on the left-hand side of (4.35). Therefore, the left-hand side of (4.35) is equivalent
to

1
* 2y—1% a* — n * ~(0) 2 *
(4.36) Do(u,a*)(1 —z%) 2p{m} {U%W‘,%@un) +éo(u,a”,n) ¢,
for some constant Do (u,a*). The error bound for €q(u,a*,n) given by Theorem 2 of
[6] holds for all n (and z) under consideration when n ¢ N, and for n € 3((11,) when
n € N. The constant Do(u,a*) is found by comparing the behavior of (4.36) at z =0
(n = 0) with (4.35), and invoking (4.26). As a result, we find that

u—p>%(“_p) F'n+p+1)
¢ 2 fa(u+ p) (0 + DL+ p+ 3)

Thus, on equating the right-hand side of (4.35) with (4.36) and referring to (4.31), we
arrive at our desired approximation

(4.37) Do(u,a*) = -ie%”’”'(
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(4.38) PP (z) = (22 — 1)—%1’{7’(’;2 @ ﬁ)}z [Do(u, ar)edrmil g { ((Ea* 1 (2un)

e(ptim)mi cos(3nm) {

us

+ €o(u, a*,n)}+2iD1(u, a®) U(lga* 1(2u17 )+ €1(u, a ,n)}]

which is valid for € S( Y when n € N, and for n € S(l) USZ. when n ¢ N. An
approximation for P{"P)(z) which holds for 7 € S-. when n € N comes directly from

(4.30) and the relation (1.11). Thus an approximation for ppP) (z) is available for all
1 and all n under consideration.

As a final remark both asymptotic solutions appearing in (4.38) are actually valid
forn € S"' as well as when n ¢ N, but (4.38) should not be used for € S when
n ¢ N since there is severe cancellation in the dominant terms on the right- hand side
(since the left-hand side is recessive). However, this is not a problem since (4.28)

provides the required approximation for P{*?)(z) when n € S +., which is valid for all
non-negative n.

5. p and ¢ small or large and equal, and n large: the ultraspherical
polynomials. As we noted at the beginning of the previous section, when p = ¢
Jacobi’s equation takes the form (4.3), and when u — oo, has two turning points
located at © = /B where 3 is defined by (4.4). In this section, we consider the
complementary case where these turning points can coalesce (simultaneously) with
the double poles at £ = %1, respectively, but now are bounded away from one another
(i.e., bounded away from the origin). Thus the results of this section are valid for
0 < B <1, or equivalently, for 0 < p < 1 — 4. Thus we will construct asymptotic
expansions which are valid for n — oo and all p (equal to g) satisfying

(5.1) 0<p< An

where A is an arbitrary positive constant (which is independent of n).
The analysis for the present case follows similarly to that of §3. We first observe
that the coefficient of u? in equation (4.3) has the behavior

22— P 1
(5.2) (22— 12 4(z—1)2 +O<x—1)

as z — 1, and hence the role of a of the general theory given by [4] is played this
time by p. Thus, if we denote the new independent Liouville variable by p and the
corresponding dependent .variable by W(p), then the appropriate transformation is
given by

(5.3) W)= (%) (o)
o4 o -z

which results in our new equation

dQW_ of P 1 T/;(f’,l’) I
(5.5) dpz—{“ (W‘%)““_p 'W}W
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where
ooy p+4pt (P —p)(1 —2*){(46 - 3)z* + f* — 26}
R 65(a> ~ B |
Integration of (5.4) yields
GRS L A G L

where the integration limits are chosen so that the turning point z = /B of the
original equation (4.4) is mapped to the turning point p = $? of the new equation
(5.5). Note also that the double pole z = 1 of the original equation (4.4) is mapped
to the double pole p = 0 of the new equation (5.5).

Explicit integration of (5.7) gives the following relationship:

(58) Fhlp+ @ - )} - 3phle) - (7 - )}

_ 5[ 2= 0)27 — p+ 2a(a’ — )} L1
= —2-ln{ D) }—ln{x + (2% - B) }+§ln(ﬂ).

For simplicity, we shall consider only the right-half plane | arg(z)| < 3, with exten-
sion beyond this easily obtained from the continuation formulas (4.9) and (4.10). The
branches in (5.7) and (5.8) are taken so that p is negative when z lies in the interval
(1,00) and is a continuous function of = for all other values of z in the half-plane
|arg(z)| < 3w With regard to the branch cut associated with Q") (z) along the
real z axis from 0 to 1, the corresponding (finite) cut in the p plane runs along the
positive real axis. With this cut, we specify, for definiteness, that 0 < arg(p) < 27 .

The following limiting behaviors are deducible from (5.8) and will be required
later:

1

69 o= 3VImF{ L} Tep{(-p 1+ 06} (oo )

N

and

5.10 e [1=8\7 | o 0
(5.10) w—l—m{ ~} p+0(p*) (p—0).

The asymptotic expansions furnished by Theorem 3 of [4] now will be written in
the form

: 2 Au(B,p)
- (© _ . X ’
W2(1\2+1 (u, D, p) = 2p2 Jp(up?) Z _su2_s__
(5.11) pr
2 ! B,
pJ' upz) Z (p p) +€2N+1(u p,p)
s=0
A
2N+1(u’p7 P) sz(l)(upz) Z gsp)
(5.12)

) B »P) _
D S LI
s=0
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where Ag(p,p) =1, and for s = 1,2,3,...,
(5.13)
Bi(p,p) = (o~ ") / e ) Hr LG, + AL, — B, VA6, ),

(5.14)  A,5p) = —pf?;_l(ﬁ, o)+ / " 5, 7 Beor (5, 7)dr + a(D).

As in §3, we shall select the integration constants {X:(P)}; to simplify certain
connection coefficients.

The solutions (5.11) and (5.12) should be compared to (3.16) and (3.17), which
have the same forms. For the solution (5.11), which is recessive at £ =1 (p = 0), we
find in a similar manner to the determination of (3.21) and (3.22), that

DN (wB) (7 —p % _
(5.15) PP (z) = (12_1\’;;)%%% {x2 = ﬂ} W1 (w5, p)

where, with the aid of (5.10),
(5.16)

Dg}\)f+1 (v, p) =

2?7 1ePP(n+p+1) fu—p 3u S\S_(p?)_ = B3,0]7"
r(n+1)(u2—p2)%f’<u+p) [qu P ] '

s=1 s=0
This asymptotic expansion is valid for all z in the half-plane |arg(z)| < $7
Likewise, for the solution (5.12) which is recessive at £ = co (p = —00), we find
DY (u,p) P —p i
5.17 (00) () = D2n (% { } WO (w5,
(5.17) Q" (z) (@ — 1)%pp% z2 — 8 on+1(% B, p)

where, by a matching at z =1 (p = 0), it is found that

e3PPI (n 4 p + 1)(u 2)%,, u+p tu
ePI"(n+2p+1) -P u—p

(5.18) ES\),H(U p) =i

X (p & B(3,0) | e N
[1 + Z Py, 2t 8w
s=0
in which
(1 1 1 - 1
(5.19) SR (w,9) = ;gx}){pfff},“ (upf)} Efva (.5, 0)-

Again the expansion (5.17) is valid for all z in the half-plane | arg(z)| < 7 .

As an alternative representation for Dg ~N+1(u, D), which does not 1nvolve an un-
known constant, we compare both sides of (5.17) as p — oo; with the aid of (1.21)
and (5.9), we then find that

~ Llpmi r + 4 - %p > %“
(5:20) D{Ryy (v, B) = mies? Qu—ré,)){ (:+1f)} {uzu 2}
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[1 + Z i Es,fzﬁ.iff)] B

s=1 s=0

where

1

(5.21) Ay(pr00) = lim A,(f.p),  be(p,00) =i lim_p2B,(p,p).

Next, using (1.28) (with ¢ = p), (5.15), and (5.17), we find, by following the
procedure which yielded (3.29), that

(5.22) DS 1 (u, ) = m’e%m{1 + O(u-w—l)} D41 (u, ).

We then choose the constants {\s(5)}XY, in turn so that

(5.23) (1 +Z Z 2s+1 )(1 +Z Z i‘b’(ﬁ?)>

s=1 s=0 s=0
=1+ 0@ ),

(cf. (3.31)). Therefore, from (5.16), (5.18), (5.22), and (5.23), we arrive at our desired
simplified forms

~(0) L 2"'T(n+p+1) —aN-1
(5.24) Danvia (,P) = [C(n+2p+ 1I(n + 1)) {1 + Ol )}’

and

2 (1) 5\ — g lpm’ 2p—11-\(,n + V4 + 1) { —2N -1 }
5.25 b B) = mied 1+ 0 .
(5:25) 2+ (1 P) = mie Cn+20+ Ol(n+ ) ( )

Finally, if exact representations for Dg?\), 4+1(u,p) and Dg\r + (u,p) are desired

we can return to (5.16) and (5. 20) with the coefficients {X\s(5)};, {Bs(5,0)}Nh,
{A5(p,00)}¥,, and {bs(p,0)}N-;' being computed via the formal expansions (cf.
(3.36) and (3.44))

o) () i)

(520 X6 (p) B,(5,0)
~1+Z ZO 2s+1 ?
1 (1= 5\ PP [D(u(1 +5) + 1T (u( - §) + 1)]?

(5.27) - (1+ﬁ) fl‘(u)

BS ~’
14y Aell0) 5 blhc)

s=1 s=0
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