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IDENTITIES AND POSITIVITY CONJECTURES
FOR SOME REMARKABLE OPERATORS IN
THE THEORY OF SYMMETRIC FUNCTIONS*

F. BERGERONT, A. M. GARSIA}, M. HAIMAN#, AND G. TESLER?

To Richard Askey on his 65th birthday

Abstract. Let J,[X;q,t] be the integral form of the Macdonald polynomial and set H,[X;q,t]
= ") J,[X/(1—1/t); q,1/t], where n(p) = >°;(i—1)p;. This paper focusses on the linear operator
V defined by setting VH, w = t"(“)q"(“')qu. This operator occurs naturally in the study of the
Garsia-Haiman modules M,,. It was originally introduced by the first two authors to give elegant
expressions to Frobenius characteristics of intersections of these modules (see [3]). However, it was
soon discovered that it plays a powerful and ubiquitous role throughout the theory of Macdonald
polynomials. Our main result here is a proof that V acts integrally on symmetric functions. An
important corollary of this result is the Schur integrality of the conjectured Frobenius characteristic
of the Diagonal Harmonic polynomials [11]. Another curious aspect of V is that it appears to encode a
g, t-analogue of Lagrange inversion. In particular, its specialization at ¢ = 1 (or ¢ = 1) reduces to the
g-analogue of Lagrange inversion studied by Andrews [1], Garsia [7] and Gessel [17]. We present here
a number of positivity conjectures that have emerged in the few years since V has been discovered.
We also prove a number of identities in support of these conjectures and state some of the results
that illustrate the power of V within the Theory of Macdonald polynomials.

Introduction. The study of V and some closely related variants relies on a
number of important discoveries, including the introduction of a family of plethystic
operators with remarkable properties. This amounts to an extension of Classical
Symmetric Function Theory which should have a variety of applications even outside
of the Theory of Macdonald polynomials. These developments have been emerging
from several published and unpublished works. However, most of what is needed
here is given a detailed presentation in the paper “Explicit Plethystic Formulas for
Macdonald g,t-Kostka coefficients”[13]. The reader is urged to get a copy of that
paper as an aid to reading the present one. To avoid unnecessary duplications we
shall limit ourselves to giving the most important definitions, stating the basic results
and refer the reader to the appropriate sources for the omitted details.

We shall work with the algebra A of symmetric functions in a formal infinite
alphabet X = z1,z2,..., with coefficients in the field of rational functions Q(g, t).
We also denote by Az, ;) the algebra of symmetric functions in X with coefficients in
Z[g,t]. The space Az[g,,1/4,1/4 is analogously defined. We write A= for the space
of symmetric functions homogeneous of degree d. Similarly we define AS? and A>?.
We shall make extensive use here of “plethystic ” notation and we need to recall its
definition. Briefly, if E = E(t1,t2,ts,...) is a given formal series in the variables

* Received August 31, 1999.

t Mathematics Department, Université du Québec 3 Montréal, Montréal, Québec, Canada (berg-
eron@lacim.uqam.ca). Work carried out under NSERC and FCAR grant support.

¥ Mathematics Department, University of California, San Diego, La Jolla, CA 92093, USA
(garsia@schur.ucsd.edu). Work carried out under NSF grant support.

363



364 F. BERGERON, A. M. GARSIA, M. HAIMAN, AND G. TESLER

t1,t2,t3,... (which may include the parameters g,t) and f € A has been expressed in
terms of the power basis in the form

f = Q(PI;P27P3;-~)
then the “plethystic substitution” of E in f, denoted f[E], is simply defined by setting

1.1 F[E] = .
( ) [ ] Q(p1>p2vp37 ) pk—>E(t’f,t’2°,t§,...)

This operation is easily programmed in any symbolic manipulation software which
includes a symmetric function package. It is also very convenient to express, in a
compact form, many of the basic identities of Symmetric Function Theory.

We shall adopt the convention that inside the plethystic brackets “[]”, X and
X, respectively stand for z; + x5 + 3 + --- and 1 + 2 + -+ + z,. We also need
to introduce a plethystic notation for the customary operation of replacing variables
by their negatives. This is to be distinguished from the operation resulting from the
“plethystic” minus sign. We will represent the former operation in two ways. We may
prepend the variable in question by a superscripted minus sign or we may multiply it
by a symbolic “ ~1” which for convenience will also be denoted by “€”. For example,
the definition in I.1 requires that

pel~Xn] = —(a+a5+- - +ap)

while this additional notation yields
pr[ " Xn] = pr[ T1x Xn] = peleXn] = pelXal |, _,, = (-DF @t + a5+ +2h)

From this we easily deduce that the fundamental involution “w” acting on a symmetric
polynomial P of degree < n may be expressed in the form

(1.2) WP[X,] = P[-"X,] .

Partitions will be represented and identified with their “french” Ferrers diagrams.
Given a partition p = (g > p2 > -+ > pr > 0), we let the corresponding Ferrers
diagram have p; lattice cells in the i*" row (from the bottom up). It will be convenient
to let |u| and I(u) denote respectively the sum of the parts and the number of parts
of p. In this case |p| = p1 + p2 + -+ + pr and {(p) = k. As customary the symbol
“uw + n” will be used to indicate that |u| = n. We shall also adopt the Macdonald
convention of calling the arm, leg, coarm and coleg of a lattice square s the parameters
au(s),1u(s),a),(s) and I}, (s) giving the number of cells of ;1 that are respectively strictly
EAST, NORTH, WEST and SOUTH of s in p.

We set
M) =Y G- Dm = U6 = P ) -
=1 sEp SEW

If 5 is a cell of p we shall refer to the monomial w(s) = ¢% (¢ (9) as the weight of s.
We also set

L3) Bulgt)=Y ¢%O® and Mugt)= [[ (1-¢w08O).
s€n s€p/(0,0)
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It will be also convenient to set

— ) ) = a5, (8) 4. (5)
(1.4) { Tu t q Hseuq

D, = (l—t)(l—Q)Bu(q,t)—l .

This given, our operator V is defined by setting

(L5) VH, = T,H,,
with
(L.6) AuX;q,t) = "W (750 1/t]

where J,[X; g,t] is the “integral form” introduced by Macdonald in [22. ch. IV (8.3)].
Note that from 1.6 we derive the Schur function expansion

(L7) BX0,8 = 3 SaX)Kau(g,0)
A

where Ky,(g,t) = ¥ Ky, (g,1/t) with Kx,(g,t) the Macdonald gq, t-Kostka, coeffi-
cient. We should point out that in this paper Sx\[X] denotes the the ordinary Schur
Function indexed by . By contrast, in Macdonald’s book [22], the symbol Sx[X]
represents what we would denote here by “Sx\[X (1 —¢)]”

The operator V played a crucial role in developments relating Macdonald poly-
nomials to Representation Theory [6], [8], [12] and to Geometry [5],(19]. Computer
experimentation with V revealed that it has some truly remarkable properties. In this
paper we present a collection of results and conjectures about V that have emerged in
the few years since its discovery. As a matter of example it is worthwhile having a look
at the following beautiful matrices which express the action of V on Schur functions
indexed by partitions of 4:
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S S31 Saa So11 S1111
W el ey
VSi— 0 —t3¢8 —t3¢8 -3¢ (110 —t3¢8
01 o1l 0110
| 0001l
) 100007
Lo 100 }ggg 01000
VSsi— 0 t2¢2 22 (010 242 2¢2|01100
01 0210
001 col ] 00110
00001l
VSp— 0 —t% ¢* 0 —t2¢? [(1) (1)] —t3¢3
100000
1000 10000 010000
100 0100 11000 011000
VSu—+ 0 —tg|010]| —tgq -tg|02100]| —tq
001 0110 toaae 001100
0001 09210 000110
000001
1000000
| 10000 100000 (0100000
1000 110000
T oe 01000 21000 0110000
VSi— 1 11100 0111000
1110 022100
ci1, 01110 015290 0011100
00101 0ot 0001110
0000001

Here at the intersection of the row indexed by VS, with column indexed by S,
we have placed the coefficient of Sy in VS,. These coefficients are depicted by the
convention that represents the polynomial

¢’ (a + bg + c® + dt + etq + f?)

[ o000
2@ |d e 0

by means of the symbol

a b c

A close inspection of these matrices suggests a number of remarkable properties of
the image of a Schur function by V. To begin with we might infer that V of a Schur
function is always totally Schur-positive or totally Schur negative. We also might
recognize that the coefficient of S;4+ in VSy4 is the g,t-Catalan Cy(g, t) studied in [11].
Similarly, we discover that, up to a factor, the coefficient of Sj4 in V.S is Cs(g,1).
Now the first observation leads to a conjecture and the second is a particular case of
a general theorem that will be proved here. More precisely, we have the following:

CONJECTURE 1. For any pair of partitions A, and for a every positive integer
m we have

(1.8) (~1)“M)(V™ Sy, S,) € N[g,t]
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with (, ) the Hall inner product and

W) = (l(;)) + Y i-1-X) .

Ai<(i—-1)

We should mention that the sign in 1.8 was identified by M. Bousquet-Melou [4]
who gave a combinatorial interpretation to the left hand side of 1.8 in the special case
u = 1" We should add that in the case p = 1™ there is a more explicit conjecture.
More precisely, it was conjectured in [11] that the bigraded Frobenius characteristic
DH,[X;q,t] of the Diagonal Harmonics (rewritten in terms of V), is given by the
formula

(1.9) DH,[X;q,t] = Ve, ,

in fact, the simplicity of this expression for DH,[X;q,t] was one of the original moti-
vations of the first two authors for introducing this operator. We should also mention
that the Schur-positivity of all the successive powers of V on e, was conjectured in
[19] to have also a representation theoretical explanation.

A variety of other beautiful identities and positivities have been discovered
through computer experimentation. Some of them can actually be proved but others
appear out of reach to this date. All of these results have remained unpublished for
a number of years since no tools have been available, until recently, to allow a direct
study of V, other than the Macdonald polynomials, which themselves are fraught with
unsolved difficult conjectures.

The specialization of V at t = 1, denoted “V;—;”, can be shown to be a multi-
plicative operator closely related to the g-Lagrange inversion problem studied in [7].
This connection, which has already been pointed out in [11], shows in particular that
a very recent result of C. Lenart [20] is none other but a proof of the special case
m =1 and ¢,q = 1 of Conjecture 1.

Our main result here is a proof that V acts integrally on Schur functions. In
particular, by way of the identity in 1.9, we obtain a proof that DH,[X; g, t] is in fact
a Schur integral polynomial and, a fortiori, we now have an elementary proof that the
elusive g, t-Catalan c,(g,t) of [11] is a polynomial with integer coefficients.

Our experience is that almost every expression or identity that arises in the con-
nection between Macdonald polynomials and Representation Theory may be simply
formulated in terms of V.

Our proof of the polynomiality of V hinges on the development of a theory of
plethystic operators which promises to play a central role in the theory of symmetric
functions. The basic ingredients of this theory are operators Dy and Dj defined for
any integer —oo < k < 400 and acting on a symmetric function F' in the alphabet
X =z1 4+ x5+ 23+ ... according to the plethystic formulas

DiFIX] = (FIX+Y4]%,50(~2)"enlX])
DiFIX] = (F[X = 2] 5,50 2 hnlX])

)
zk

(L.10)

zk

Here “ Iz,c” denotes the operation of taking the coefficient of 2* in the preceding
expression, e, and h,, denote the elementary and homogeneous symmetric functions
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indexed by m, and for convenience we have set
(L11) M=(1-t1-q, M=0-1/8)1-1/q).

These operators are connected to V and the polynomials H, » through the following
basic identities:

@  DoH,=-D,(q,t)H., , ()" DjH,=-D,(1/q,1/t)H,
(’I,Z) Dk €& Dk = MDk_H ('L’t)* D,"; € — €& D; =-M DZ+1
(i) Ve, V™l=-D (1i)* VDiV-1l=¢

(iv) V18,V =24D_, (iv)* V-lD*V=-M&

(1.12)

where g, is simply the operator “multiplication by e;” and 0; is its “Hall” scalar
product adjoint.

A close study of the operators Dy, Dj led to the discovery of a number of re-
markable symmetric function bases. The typical result here can be stated as follows.

THEOREM L.1. For A = (A1, Ag,... , A5, 1%) with A\ > A2 > - A >2anda >0
set

(1.13) WilX;q,t] = efDie 'Die*™'---Dieg ™
This given, the collection

(114) {WA[X;Q; t]})\l-k

is a basis for the homogeneous symmetric polynomials of degree k. More precisely we
have the ezpansion

(1.15) Pyny[X;q,t] = Mrhy + <--- (for some r <k —1)

where the symbol “< ---” is to express that the remaining terms involve homogeneous
basis elements which follow hy in a suitable total order.

Of course the same identities hold true with D7 replaced by D; in I.13.

At this point it is convenient to introduce, for a given quantity @, the “transla-
tion” operator Tg which acts on a symmetric function P[X] according to the plethystic
formula

TeP[X] = PIX+Q].

This given, perhaps the most remarkable property of V is expressed by the following
result, proved in [13].
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THEOREM 1.2. Let
(1.16) o= vir?!
and for a given symmetric function F set
I = OF = VFX-"1].

Then we have

(L17) Op[Du(g,t)] = (F, HJX + L;qt]), ,
where ( , >* is the scalar product defined by setting
o huhl, A=p,
(1.18) (Hx, Hu)* =
0 otherwise ,

with
(119)  hu(g,t) = H(qau(s) —w@H) and Rl (gt) = H(tlu(s) _ g (9+1)

seEu SEW

We should point out that, in particular, this implies that certain images of V
have rather surprising vanishing properties. More precisely, it follows immediately
from 1.17( that

COROLLARY L.1. For any given symmetric function F' of degree k we have

0 if lul <k

(1.20) g [D#(qat)] = { (6;;_kF, ﬁ#)* if lul=n>k

where for convenience for any symmetric function F[X] we set

1.21) FX] = Flaa=g] -

This paper is divided into five sections. In the first section we state the basic
identities we need in our developments, prove Theorem I.1 and derive from it the
integrality of V. We also derive there a number of other consequences of the identity
in I.17. In the second section we work with the special case ¢t = 1 and relate the
action of V;=; to ¢-Lagrange inversion. In the third section we state a few positivity
conjectures and establish a number of results in their support. In the fourth section, as
a by-product of the symmetric function identities developed here and in [13] we derive
a new formula for the g, t-Catalan introduced in [11] which makes it quite evident that
it is a polynomial in ¢ and ¢. In the final section we prove a number of identities and
derive a plethystic form of the higher indexed Macdonald operators.

1. Basic properties of V. Let us recall that the Hall scalar product “(, )” on

(1) See [13] Theorem 1.2
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A is defined by setting for the power basis {p,},

2z ifp) =p® =p
<Pp(1> ) P,,m) =
0 otherwise

where for a partition p = (121,292,395 ...) we set as customary
zp =1912923% ... a1 loplag!- - .

We shall systematically use the symbol Q[X] here as in [13] to represent the
symmetric function

1 Dk
QX = — = i I
X] Ul—mi e"p(; k)
In the same vein we shall also set

(1.1) 0x] = wox] = [[a+e) = exp(z(—l)”;’lpk) '

E>1

This given, we have the following basic expansions ([13] Theorem 1.3):

~ p[X]Pp[Y]
) Ole=te] = X s a0 -0 - o

w2 Y U] = XSlmasl vl = 2SS,
A A

o Q=P

H,[X;q,t] H,[Y;q,t]
D N

In particular we see from 1.2 c) that ﬁ[(—l_—qX)(Ll:t—)] is the reproducing kernel of the
x-scalar product defined by 1.18. We also see from 1.2 a) that the x-scalar product
may also be defined by setting

(—D)IPI=HO) 2, p,[(1 = £)(1 - q)] if p) = p = p,
(1.3) (:pp(l) , pp(2)>* =
0 otherwise.

From this we derive that the Hall and the *-scalar products are simply related by the
identity

(1.4) (P,Q), = (PwQ) ,
where for convenience we set, for every F[X] € A,
(1.5) F(X] = F[XQ1-t)(1-q)]=F[XM].

Here and after we shall denote by “S,” the operator “multiplication” by the Schur
function S,,. Note that since the skew schur function Sy, is defined from the expan-
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sion
(1.6) Sau = D Su{SuSu,Sx) ,
v

we see that the Hall scalar product adjoint of S, is the operator “0s,” defined by
setting for the Schur function basis
(1.7) BS”S)\ = SA/u .
We should point out that we have also set

0s, = &

We shall also need some more general “translation” and “multiplication” operators
defined by setting set for every @ € A and any alphabet ¥

a) Ty Q[X]
b) Py QX]

It is easy to show (see [13]) that these operators have the following useful “Schur
function” expansions:

QX +Y]

(9 axvIQlX]

a) Ty = Z Su[Y]aS,‘ )

(1.9)
b Py = Y SuYIS,,
N

which show that Py is the Hall adjoint of 7y. Note that if X consists of a single
variable u we have

(1.10) Tu = > u™ds, .

m>0
It is also important to note that we have the commutativity relation (see [13])
(1.11) TvPz = QYZ]PzTy .

Another useful ingredient which occurs in our developments is the involution “}”
defined by setting for any F' € Azq 1 ,1/4,1/¢]

(1.12) L F[X;q,t] = wF[X;1/q,1]t]

It can be shown (see [12]) that we have

(1.13) J,I:I”[X;q,t] = ~u[X§q,t] .

1
Ty
We also have

a) 1Til=T71
(1.14) by V= V!

¢ Dyl = (-1)*D;.
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Finally, we should point out that by combining 1.5, 1.12 (i) and (¢)* with 1.2c) we
deduce that the operators V, Dy and D{ are all self-adjoint with respect to the *-
scalar product.

This completes the collection of basic facts we shall need in our further develop-
ments.

Proof of Theorem I.1. To show that the polynomials
WilX;q,t] =" efDje;* 'Diey* " --- Diey*™'1 AZAe > 2 A >1

form a basis of A, it is sufficient to establish that those for which a = 0 and A; +
A2 + -+ + Xs = k, span A=* modulo e; A=F~!. To this end note that for any m > 1
and F' € A we have

Die™'F = (er— M/[2)"'F[X - M/z]Q[2X] |,

= (- M/2)"T'F[X - M/Z]Q[=X] |, (mod e;A)
_ ( _ M)m—l ZF[X - Mv/z]ll/zkﬂ[ZX] Iz,,..,.,,
k>0

= (= M) 'hp[X]F[X] + (termsin hmi1,hmizy--- ) -

Thus it follows that, when all A; > 1,
(1.15)

* - * — * - =\ [ A=1(A
WilX;q,t] = Die}' 'Dije* .- Diep*™' = (—M)H ()hxlhxz"'h,\, + -

where the omitted terms involve complete homogeneous basis elements h, with g > A
in lexicographic order. This shows that the collection

B=* = {W\[X;q,8]: AFk&all\;>1}

is an independent set in A=*/ QIA=k“1 . To complete our proof we need only verify
that the cardinality of B=* is equal to the dimension of A=%/e;A=%¥=1. In other
words we must show that

#{A:AFE&N >1} = #{X: ARk} — #{): /\I-k—l} .
However, this follows immediately by equating coefficients of ¢* in the power series

identity
1 1
mzzl_qm m211_qm

REMARK 1.1. Note that, since the definition in 1.12 gives that | 1 = 1 and
le; l=¢, from 1.14 c) we derive that

(1.16) IWAX;q,t] = (=1)°efDigy* 'Digy* - Dig* 'L .

Thus, the invertibility of “|” yields that also these polynomials form a basis of A. In
fact, more than that is true. For a partition A= (A1 > A2 >--- 2> As > 1%) set

(117) Ux[X;q,t] = D¢e, DM e, D} 1 ...e,D}711 .

This given we have
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THEOREM 1.1. The operator V may be computed from the identity
(1.18) VI[X;q,t] = (-1)*Zi==D) 1y[X;q,1] .
In particular, the collection

(1.19) {U[X;q,t] },
is also a basis, and necessarily V is a polynomial operator, that is

(1.20) VAzige) € Azigp) -

Proof. Note that from I1.12 (i4¢) and (4¢7)* written in the form
a) Ve, = =DV , b) VDe} = ¢V
it follows that
VWAlX;q,t] = (=D1)%e (=D ey (=Di)*2 7y (-D1)*711

and this is 1.18. The fact that the collection in 1.19 is a basis then follows from
Theorem 1.1 and the invertibility of V. Note next that the triangularity expressed
by 1.15, together with a closer look at the later terms, yields that, at the very worst,
the complete homogeneous basis {hx[X]} ,, admits an expansion in terms of the basis
{WA[X;q,t]}A with coefficients in Z[q,t,1/q,1/t, M ~]. Combining this with 1.18
and the definition of D; yields that

VAZ g Z[q7t)1/q)1/t>M_1]AZ .

In other words, at worst, V introduces powers of ¢, g, (1 — t) and (1 — q), in the
denominators. To eliminate these denominators we must show that for FF € Az , VF
has no pole at ¢ = 0,¢t =0, ¢ = 1 and ¢ = 1. By symmetry, it is sufficient to deal
with the cases ¢ = 0,1, and for these we can take F' to be an element of any basis we
choose of Z(t) Az.

For ¢ = 0 we may take F = H,[X;0,t]. In fact, it follows from 1.7 [22, ch VI
(8.4) (ii)] that

(1.21) HX;0,t] = ) SA[X]Kau(t)
A

with Ky, (t) the Kostka-Foulkes polynomials. We may write 1.21, for a particular
degree d, in matrix form as

(1.22) (H[X;0,t]), = (S[X]),Ka(t) -
In the same vein we may write 1.7 in the form
(1.23) (H[X;q,t]), = (SIX]),Kalgt) -

Now 1.22 and 1.23 may be combined into
(H[X;q,t]), = (H[X;0,¢]),K(t)7 Kalq,t) .
Thus the polynomiality of the K, (g, ) ([14], [15]) yields that the entries of the matrix

llaau (@ )l ura = K ()7 Ka(g, t)
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are necessarily polynomials in ¢ with coefficients rational functions of ¢; in particular
they have no poles at ¢ = 0. Since ||axu(g,t)||x,u-a tends to the identity matrix
as g—0, its determinant does not vanish at ¢ = 0. This implies that, by inverting
llaxu (g, t)||x,ur-d, we will obtain an expansion

(1.24) H\[X;0,t] = wa g, )H,[X;q,t] ,

with the by, (g, t) rational functions in ¢ and ¢ with no poles at ¢ = 0. Now L5 gives

VHVX;0,t] = D bau(g, ) "W H,[X;q,¢]
I
Since nothing on the right hand side has a pole at ¢ = 0, this completes our argument
for the case ¢ = 0.

_ We can treat the case ¢ = 1 in an entirely analogous manner using the basis
{H,[X; l’t]}u' In fact, it follows from [22 ch VI 8.4 (iii)] that

1(u")
(1.25) H,X;1,4] = H(t )b [25] -

Now it is well known that for any integer m > 1 we have the Schur function expansion

(1.26) b 5] = T SK] T oD
A

TEST(N)

where the inner sum is over all standard tableaux of shape A and “co(T)” denotes
cocharge. Thus using 1.26 in 1.25 we obtain the Schur function expansion

(1.27) HX;1,8] = ) S\[X]0x(2)
A

with coefficients 0, (t) polynomials with positive integer coefficients. Writing this in
matrix form as we did before gives

(HX;1,4)), = (SIX]),0a(t) .
So we may combine it with 1.23 and obtain
(HX;q,8]), = (HIX;1,]),0a(t) " Kalg,t) ,

and the argument proceeds precisely in the same manner as before since the matrix
64(t)"*K4(q,t) again approaches the identity as ¢g—1. This completes our proof.

COROLLARY 1.1. The operator V! is a Laurent polynomial operator, i.e. V~'Agz
C Zq,t,1/q,1/t]Az.

Proof. Theorem 1.1 guarantees that the matrix of V with respect to any basis
of AZ% has entries in Z[g,t] . Since the eigenvalues of V on Az? are (8 gn() with
|#| = d, the determinant of all these V matrices consists of a monomial in ¢ and t.
Thus all their inverses have entries in Z[g,t,1/q,1/t].

COROLLARY 1.2. The image of a Schur function under V has a Schur function

expansion with coefficients in Z[g,t]. In particular formula (15) of [11], conjectured
to give the Frobenius characteristic of diagonal harmonics, is a polynomial in g and t.



POSITIVITY CONJECTURES 375

Proof. The first assertion is a particular case of Theorem I.1. The second assertion
follows from (15) of [11] which essentially states that this Frobenius characteristic is
Ven[X].

There is an interesting family of operators which are closely related to V and
have similar properties. More precisely, for any symmetric function F' € Az, we let

AF be the operator defined by setting on the {H,}, basis
(1.28) ApH, = F[B,H,

It is easily seen, from the definition of plethystic substitutions, that when |u| = n,
V itself may be viewed as A.,. Most interesting special cases of these operators
are obtained by setting F' = e;. For instance we see from 1.4 and 1.12 () that

Do = —MA., + I. Moreover, we have the following basic extensions of the table in
L12.
THEOREM 1.2.
(U) A6191 = §1A€1 -D;, ('l))* ACIDI = D;Aﬁ +e
(1.29)

(Ui) Aekgl = QlAek - DlAek—l (vi)* AekDI = DIAek + glAek—l

Proof. It will be convenient to set, for a variable u:

||
(1.30) Y(u)H, = Z u A, H, = (H (1+u tl:i(s)q“;i(s)) )I;Iu .
k=0

sep

It follows from the Macdonald Pieri rules [22] that for any partition v we have the
expansion

(1.31) Qlf:I,, = Z Iz’udw/(q’t)

p—v

where the coefficients dy, (g, t) are rational functions in ¢ and ¢ which may be explicitly
computed (see [9]). Their true nature is immaterial for us here. The important element
is that the sum in 1.31 is carried out only over the partitions p that immediately follow
v in the containment order. This given, we immediately derive from 1.30 that we have

(1.32) V(w)e, ¥(w) ' H, = > (1+vww)H,du(q,t)
n—v

where w,,, is the weight of the cell we must add to v to get u. Now from the definition
in 1.4, we see that we must have w,, = T, /T, Thus 1.32 may be rewritten in following
equivalent forms

(e T B = ) (1+uTu/T)Huduw(e,?)

pv
) = Z I:Iudu,,(q,t) + uV Z ﬁudul/(q’t) [Ty
(1.33) v pv

= e H, + uVQIV'If{,, = e H,—u D1H,



376 F. BERGERON, A. M. GARSIA, M. HAIMAN, AND G. TESLER

where the last equality is due to 1.12 (444). Since v is arbitrary we must conclude that
T(u)e, T(u)™ = e —uD; .
Better yet we must also have
(1.34) T(u)e, = €%(uw) —u D1¥(u) .
In particular, equating coefficients of u* for k > 1 gives
1) Acey = @le;—D1, k) Aeey = gl —DiVe,_, -

This proves 1.29 (v) and 1.29 (vi). Now, using I.12 (44¢)* we may eliminate e, from
these equations and obtain

1) A, VD!V =VDIV!A,, —Dy, k) A, VD!V~!=VD:VA, —DV,,_,.

Since V necessarily commutes with any of the operators Ar, these two relations may
also be rewritten in the form

1) A, D} = DiA,, —V'D\V, k) A, D} = DA, —V'DVV,_,,

and a use of 1.12 (i7) finally simplifies them to 1.29 (v)* and 1.29 (vi)*, completing
our proof.

It develops that the argument that yielded the integrality of V can be applied
also to the operators Ap. In fact, the identities in 1.29 are precisely what is needed
to compute the action of any of the operators Ar without resorting to expansions in
terms of the basis {H}},.

THEOREM 1.3. For each F € Az[ys we have
(1.35) Ar Az C Z[g,t]Az .

Proof. Note first that since the map F'—Ap is linear and multiplicative in F it is
sufficient to prove 1.35 for all the factors occurring in an integral multiplicative basis
of Az[g¢)- In particular, we may choose the “elementary” symmetric function basis.
This reduces us to verify 1.35 when F' = e;,. We have seen in the proof of Theorem
1.1, that the expansion of the complete homogeneous basis {h)} in terms of the basis
{Wx[X;q,t] }» has coefficients whose denominators only contain powers of ¢, t, 1 — ¢
and 1 — t. To follow the same strategy we used in the proof of Theorem 1.1, the first
part of our proof will be to show that the action of any of the operators A., on the
basis {W,[X;q,t] }» introduces no other kinds of denominator factors. To this end,
note first that for a > 1 in 1.13, using 1.29 (vi) we get

Ao, WAIX;,t] = eBe,e" ' Diey™ ' Dig ™27t Dig ™™
— DiA,_,,* 'Die, ' Die, M7 - Dig Mt
On the other hand, if a = 0 then 1.29 (vi)* gives
A, Wi[X;q,t] = DiAceM 'Die* - Die™ ™!
+ e, _,e, ' Dig 27t Digg M

From these two relations we immediately see that, by means of the relations in 1.29
and a double induction argument based on k¥ and the size of A, we can establish that
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A, Wi[X;q,t] always results in a Z-linear combination of polynomials of the form
0:105--0p 1 witheach O; = ¢, Dior Dy .

This completes the first part of the proof since e; and D; are clearly integral (see 1.10)
and D; at worst introduces only denominator factors which are powers of gt.

~ We are now in the same position as before to show that the image by A,, of any
hy contains no poles at ¢ =0,t =0, ¢ =1 and ¢ = 1. In fact, for the case ¢ = 0, for
instance, we may use 1.24 again and derive that

Aekﬂ-k[x;oat] = Zb)\u((bt) ek[Bu(qat)]ﬁu[‘X,qat])
n

which shows that the action of A,, on the basis {H[X;0,¢]}» produces no poles at
g = 0. Similar arguments eliminate poles at t = 0, ¢ = 1 and ¢t = 1, completing the
proof of 1.36.

Our next and final task in this section is to derive some interesting applications
of Theorem 1.2. We shall see that formula 1.17 with II given by 1.16 encodes a
remarkable amount of combinatorial information. To this end we recall that the
coefficients ¢, (g,t) which occur in the identity

(1.36) 6 Hu[X;q,t] = Z cu(a, ) H,[X;q,t)
v—u
have the following important property.
ProposITION 1.1.

% hey [Dy(g,t)/tg] ifE>1,
(1.37) > cw(q,t) (T/T)F =
v B.(q,t) ifk=0.

We should mention that it follows from the Macdonald Pieri rules [9] that for v—p
we have

the(s) — qau(3)+1 qau(s) — tlu()+1
1, (5) — gav(s)+1 v T 1
CROPTROL NS | SO RO

pv

(1.38) cwl(et) = ]

SER;.LV

where R, and C,,,, denote the collections of cells of v that are respectively in the row
and the column of the cell p/v. Similarly, the coefficients d,.(g,t) occurring in 1.31
are given by the formula

B g () — g (9)+1 g (5) — gav(s)+1
(1-39) d;w(q,t) - H qa“(s) — tlu(s)+1 H tu(s) — qa,,(s)+1 '

sER,, s€Cuy

The identity in 1.37 was proved in [15] by taking full account of the combinatorial
information contained in 1.38. An analogous argument may also be used to prove the
following analogue of 1.37.
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PROPOSITION 1.2.
(-1)*1er1[Du(g,t)] ifk>1,
(1.40) 3" du(g,t) (T/T)F =
o 1 k=0 .

Now it, develops that both 1.37 and 1.40 can be derived with considerably less effort
directly from I.17 without resorting to 1.38 or 1.39. To illustrate this type of argument
we shall carry out the derivation of 1.40.

To begin with we should point out that 1.37 and 1.40 follow from two master
identities that are interesting in themselves.

THEOREM 1.4. For any P € A we have
(141) D ewl(et) P[Dulg,t)] = 5 P[Dula,?)] + 7 (DiP)[Du(a.t)]

v—p
(1.42) > duw(q,t) P[Dyu(q,t)] = P[Dy(g,t)] + (D-1P)[D.(q,)]
v
Proof. For convenience let
(1.43) F =10'P = r.VP.

This given, we may write the left hand side of 1.41 in the following equivalent forms

Z cuv(,t) P[Du(g,t)] = Z cuv(q,t) TIr[Du(q, )]

v—p v—p

(byL17) = Y cwl(et)(F, TilL,),

v—p

(by136) = (F, Tio H,),
(by1.10) = (F, & TiH,),
(by14) = (¢wF, 5. TiH,) = (e;¢wF, T1H,)
= —11\7 <Q1F’ ﬂﬁ/—‘)* :
Thus one further application of I.17 yields us

(1.44) Z C,w(q, t) P[Dv((b t)] = ﬁHmF[Du(qa t)] .
v=p
However, using 1.16 and 1.43 we get
Ie,r = V_17:_1§.1 TeVP = V_l(el +1)VP .

This enables us to rewrite 1.44 in the form

> cw(@t)P[Du(g,t)] = 7 P[Du(g,))] + 7 (V'e1 VP)[Du(a,t)]

VL

which, in view of 1.12 (4i7)*, is just another way of writing 1.41.
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To prove 1.42 we can again start with 1.43 and get

> duw (@) P[Du(g,t)] = > dun(q,t) e [Dylg,1)]

p—v pé—v
(byL17) = > du(qt)(F, TLH,),
p—v
(byl13l) = (F,Tie H,), = (F, (e +1)TiH,),

= M<51F77—1}.IV>, + <F’ ﬂﬁl/)* ’
and another application of 1.17 gives

(145) E d[tV(qa t) P[Dl-l(q7t)] = P[Dv(qa t)] -+ MH&lF[DV(q7t)] .
p—v
Now, using 1.43 again we have

s,r = VT, T.VP = V7 !§VP

and 1.12 (iv) transforms 1.45 into 1.42, completing the proof of the theorem.
Proof of Proposition 1.2. Note first that setting P =1 in 1.42 gives
(1.46) > dw(gt) =1,
pv

as desired. Next, for k£ > 1, we choose P to be the power symmetric function p; in
1.42 and get

(1.47) > du(g,t) Du(d*,t*) = Du(¢*, ) + (D-1pe) [Du(g,t)] -

p—v

Since the definition in 1.4 gives

(1.48) Du(a"t*) = D(d"t") + (1-#)(1-¢")(Tw/T)"

using 1.48 and 1.46 in 1.47 we obtain

(1.49) (1=t~ ¢") Y du(a,t)(Tw/T)" = (Do1pe) [Du(a,)] -
pv

Now, the first of I.10 for k¥ = —1 gives

D_ipr = (px + Q:ﬂ%%ﬂl) > (—2)"emlX] L_l =1 —-t*)(1 - ¢") (-1 tep1[X).

m2>0

Using this in 1.49 and carrying out the necessary cancellations completes the proof of
1.40.

The remarkable fact that the identity in I.17 permits us to evaluate these sums
without explicit knowledge of the coefficients ¢, (q,t) and d,.(g,t) suggests that this
idea may be extended to cases where such explicit knowledge is not available. To
be precise, for a homogeneous symmetric function f € A=* let us denote by % the
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operator which is the x-adjoint of multiplication by f. From the Macdonald Pieri rules
we derive that there are certain rational functions c,, (g, t) giving, for every pFn > k

(1.50) S HX;q,t] = ) el (a0 B X q,t]
vCrp

where the symbol “v Cj p” is to represent that the sum has to be carried out over
partitions v C u where the difference /v consists of precisely & cells. Similarly, we
have rational functions dl-’:l, (g,t) giving

(1.51) FIXVE,[X;q,¢] = ) df,(0,0) HuX;q,t] .
w2rv

Without explicit knowledge of these coefficients, the method illustrated above yields
identities which are entirely analogous to 1.41 and 1.42. The result for the cf,(g,t) is
the nicest in this case and it can be stated as follows.

THEOREM 1.5. For any P € A we have
(1.52) > (@) P[Dy(g,t)] = (V'fIX - €] VP)[Dy(g,t)]
vCrp
Proof. Proceeding as before we use 1.43 and write

> (@t)P[Dugt)] = Y ¢l (¢,)Tr[D(g,t)]

vCrp vCrp

> ol (@) (F, iH,),

vCrp
= <F’ T16% f{ﬂ>* = (F’ 6T I;[u>*
= <fF7 ﬂﬁu>* = HfF[Du(Qat)] .

(1.53)

Now we have
Oip = VITUfT.VP = Vf[X-€]VP.
Using, this in 1.53 yields 1.52 and completes our argument.

2. Nabla at t = 1 and g-Lagrange inversion. A natural integral basis for
the space Az[,) is given by the symmetric functions

(2.1) {H,X;q,1]} -

This given, we simply define V' 1, to be the operator V obtained by setting
@2)  VEIXe1] = (VAKet]) = ¢ HAiXe1] .
Now we have the following basic fact.
THEOREM 2.1. The operator V is multiplicative on Az(q and may be computed
by setting for all m > 0

(2.3) Vhn[Z] = ¢Dha[E] .



POSITIVITY CONJECTURES 381

Proof. It follows from [22] (p. 364 ex. 7) that the symmetric functions in 2.1 are
given by the formula

' ()
(2.4) ﬁu[X§q,1] = H(QSQ)uehm [%] .

i=1
Since we may write

) Up) .
(25) qn(p,) = Hq('l;) s

=1
we see that the combination of 2.2, 2,4 and 2.5 yields

_Uw I(n) "
V1@ 0uhuZ] = [[@ 0w @[],
i=1

i=1

or better

M O
VTl = I ra 23] -
i=1

=1

This proves the multiplicativity as well as 2.3.

Theorem 1.2 has a number of truly remarkable consequences. To begin with let us
recall that, the reformulation in terms of V, of the conjectured Frobenius characteristic
DH,[X;q,t] of the module of S,, diagonal harmonics reduces to the formula

(2.6) DH,[X;q,t] = Ve, .

In particular, since we have the expansion

en = 2 ([ThuleXs]) full - dl

pEn %

(with f, the forgotten basis element indexed by p), setting ¢ = 1 in 2.6 and using
Theorem 2.1 we immediately obtain that

(2.7) DH,[X;q,1] = Ve, = Z(Hq(‘tz‘)hm[(_l)_f_qy])f”[]__q]_

pEn 1

This result leads to the following beautiful corollary of Theorem 2.1.
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THEOREM 2.2. For any A F n we have
- 1(A)
(2.8) VS\[X] = det “DH,\Hj_i[X;q, 1] “ L
i,j=

Moreover, equating coefficients of Si» in the Schur function expansion of both sides
gives

~ . 1\
(2.9) VSh[X]

= det “C,\H-j—i(Q) ”

where {Cy,(q)}m is the g-analogue of the Catalan sequence defined by the recurrence

en =1

(210)  Cn@) = 3 ¢'Chal@) Cmsl@)  (with Co=1)
k=1

Proof. Applying V to both sides of the Jacobi-Trudi identity
1)
S,\[X] = det ”6,\:,+j_i[X] ”ij—l
immediately gives 2.8 because of 2.7 and the multiplicativity of V. Now 2.8 and the
Pieri rules yield
. 1)
(2.11) US\X]| = det ”DH,\H,»_i[X; ¢,1]
111-

S ..l 9=1
Pt »J

and 2.9 follows from the fact (proved in [11]) that for each m

DH,[X;q, 1]|S = Cn(g).
m

REMARK 2.1. We should point out that it was precisely the relation in 2.9
that permitted M. Bousquet-Melou to identify the sign occurring in formula 1.8 of
Conjecture I. More recently, C. Lenart (see [20]), using formula 2.8 was able to obtain
a combinatorial proof of the Schur positivity of the symmetric function (—1)‘(’\’)@ SH
thereby establishing the case t = 1 and m = 1 of Conjecture L.

Another curious consequence of Theorem 2.1 is the relation that V has to La-
grange inversion. But before we can proceed we need to recall some notation.

The g-Lagrange inversion problem studied in [1], [7] and [17] may be stated as
follows. We are given a formal power series

F(z) = Fiz + F2* + B2 + - (with Fy #0)
and we are to construct the formal power series

fz) = fiz + L + f32° + - (with fy # 0)
which solves the equation
(2.12) z = Rf(z) + Bf(2)f(zq) + Ff(2)f(z0)f(2¢*) + -

We should note at the onset that equating coefficients of 2™ in this equation, the
coefficients f, may be uniquely recursively constructed. Thus existence and uniqueness
of the solution is not in question. The problem is to find a useful explicit closed form
for the solution. The solution was given a closed form in [7] in terms of two operations
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roofing and starring which may be defined as follows. Given a formal power series
®(2) = Y op>o Pnz™, the “roofing” and “unroofing” of ® are respectively defined by
setting B

(2.13) A®(z) = Z@n q_(;) 2" and Vo(z) = Zq)n q(;) z" .

k>0 £>0
In the same vein, when &g = 1, “left” and “right stars” of ®(z) are obtained by setting
(2.14) *B(z) = 8(2)8(2/9)®(2/¢%) -+ and  ®*(z) = B(2)P(2q)®(2¢%) -+

This given, it was shown in [7] that when F'(z) is of the form

z z
2.1 = =
( 5) F(z) R(Z) 1+R1z+R222+R323+"'

then the solution f(z) of 2.12 is given the expression

V "R(zq)

(2.16) flz) = =z VRG)

This rather mysterious formula was difficult to use at the time in that there was
no method to derive from 2.16 an actual expression for the coefficients f,. These
coefficients were given explicit expressions in [11] by means of the theory of symmetric
functions. The reader may also find there a lattice path interpretation of 2.12 as well
as its solution f(z). Our purpose here is to show that V is intimately related to this
g-Lagrange inversion problem. In fact, a number of the manipulations carried out in
[7] and [11] will be seen to acquire an entirely new light by means of V and plethystic
notation.

To begin with we should note that the reason we can use the theory of symmetric
functions in this context is due to the fact that, given an infinite alphabet X =
Ty + x2 + =3 + -+ -, the elementary symmetric functions e;[X], e2[X],e3[X],... are
algebraically independent. Thus any formulas we may derive in the special case that
R, = e,[X] in 2.4, will remain valid when, upon expressing everything in terms of
the elementary basis, we make the substitutions e,[X]—R,. This idea will perhaps
be better understood after we illustrate it by some examples.

An important ingredient in this development is that the roofing operator untangles
certain “tangled” products of g-series. More precisely, we have the following basic
identity

PROPOSITION 2.1. For any two q-series A(z) = ) <o Am(q)z™ and B(z) =
ZmZO B, (q)z™ we set
217)  (A*B)(z) = Y An(@Bm(@)¢"™z™™™ = ) An(g)2"B(g"z) .

n,m>0 n>0
This given we have

(2.18) A(AxB) = (AA)x (AB) .

This identity follows routinely from 2.17 and the definition in 2.13. A proof may
also be found in [7].
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Keeping this in mind, we can prove the following surprising result.

THEOREM 2.2. When

(219) F(Z) = Zmzo en[X]z" = Q[ZX]

the solution of 2.12 is simply given by the formal series
(2.20) flz) = z@fl[qu] .
In particular the coefficients of f(z) may be computed from the formula

221)  fu = ¢ Weus = ¢ Y (Hq(’;‘)hui[zr’ﬂ,;])fu[l—q].

pFn—1

Proof. Substituting 2.20 in the right hand side of 2.12 and using the multiplica-
tivity of V we obtain

}: Fof(2)- f(zq"t2) = Z F, 2" q(3) 90 [2aX]Q[2¢°X] - - - Q[2¢"X]

n>1 m21
= Y Fuznql®) Va2 2= x]
n>1
= Y Fuz"q() V[eg L X] /0 [2g1L X]
= (VQ[ -X]) 3 Fazma®) /960 2075 X]

n>1
Thus to show 2.12 we need only verify that
F,2nq(3)
(2.22) — = S P L

6Q[zqﬁX] 1 vQ [qu—q_—qX] )

Now the multiplicativity of V allows us to rewrite this relation in the form

n>1

Or better yet, since for any alphabet ¥ we have Q[-Y] = Q[eY] we are reduced to
showing that

2VQ [ezqﬁX] = Z F, 2" q(:) \%) [equ%X] .
n>1
We can now “roof ” both sides and obtain

z%/\(Q[ezﬁX] (ZF z )V/\Q[ezq X] .

n>1

Recalling the definition of V, this is simply

2 Y@ halX] = (X)) (@ hal])

m>0 n>1 m>0
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which may also be written as

F(ez) _ Q[zXT—qE]

€z Q[zX - Q[ - ZX]

1-q

and this is in complete agreement with the choice we made in 2.19.
Another curious result established in [7], whose nature is better understood by

means of V, can be stated as follows.

THEOREM 2.3. If F(z) and f(z) are two formal power series related by 2.12,
then for two sequences of constants {®n}n>0, {¥n}n>0 we have

(2.23) Y O f(D)f(z0) - flzg™Y) = ) U 2"
n>0 m>0

if and only if

(2.24) D 8nz" = Y UnF(@)F(z/q)- Flz/q"™") .

n>0 m>0

V-Proof. Using 2.20 we may write the left hand side of 2.23 in the forms

Z &, z"q(z)ﬁﬁ [qu] \%9) [zq2X] - VQ [zq"X]
n>0

Z o, znq(;)@fl [{—leqX]

nZO
= Y 8,2qB)VA[L 2 X] /Y[ 2L2X] .
n>0
Thus 2.23 is equivalent to
(2.25) Y 2, zgBVA[HLoX] = (VA[5L2X]) Y T2
n>0 m>0

Using again the fact that for any A we have Q[—A] = Q[eA], roofing both sides of 2.25
yields

(226) (D0 @az") AVO[LeaX] = A((VO[rLeaX]) T \If,,;z"‘) .

n>0 m>0
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Now we have

((VQ —q—er] Z U,z )

m>0 .
= % dOh [ e et 1)
n,m>0
o) = % halEglle s D
n,m>0
= Z\I’mq_(?)zmﬂ[—ez%%(]
m>0
= Z\Ilmq )zmQ[zl 1/q]
m>0
and
/\ﬁﬂ[l—ﬂ—qer] = Zq(g)hn[iq_iq]q_(g) (e2)"
n>0
(2.28) = Y hali=] ()™
n>0
= o577 = Qg

Using 2.27 and 2.28 in 2.26 gives

(5 boflezi] = X o O35

n>0 m>0

and this can be rearranged to

m n—1
¢, 2" = \Ilmq_(';)~ z — = m z z/e . - z/q
,LZZ:O mXE:O Qz 1—_1‘17% mz;() QX] QzX/q]  QzX/q" 1]

proving the equivalence of 2.23 and 2.24.

It will be good to illustrate how these symmetric function identities can be used
in g-enumeration. To this end let us recall that a “Lukaciewicz” path of length n is
a lattice path which starts at the origin and ends at (n,0), always remaining weakly
above the the z-axis. Its steps are also restricted to be the vectors

(1,k—1) (for £ > 0).
Calling £ the collection of all such paths, we associate to each path = € £ the “weight”

A(m) zn(‘rr) ‘,L.;nl(ﬂ') x;"’& (m) ‘,L.g"S (m) ...

w(r) = ¢

where A(w) denotes the area between the path and the z-axis, n(n) is the number of
steps of m and my(7) denotes the number of times 7 takes the step vg. Now it is well
known and easy to show that the formal power series

Lz) = Y w(m)

mEL
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satisfies the following equation:
L(z) = 14221 L(2)+22¢P 2, L(z) L(zq) + - +2*q@axL(z)L(zq) - - L(zg* 1)+ .
Setting g(z) = zL(%), we are led to the equation

(2.29) g(2) = 2(1+ 219(2) + 229(2)g(29) + - - - + Tk g(2)g(2q) - - - g(2¢* 1) +---) .

Note next that if we apply Theorem 2.3 to the equation 2.12, we derive that we must
also have

3 fnF(2)F(z/q) - F(z/¢"™) = z.

n>1
Now in the case that F'(z) is given by 2.15 we can rewrite this as
S fF(z/0)F(z2/q"™") = R(z) = 1+ Riz+Rp2®+-+ Ree* + -
n>1
The replacement z—qz then gives
an F(z/q"™%) = R(z) = 1+Riqgz+ Rog®2® +---+ Rpg*2F +--- |
n>1

and a further use of Theorem 2.3 yields the equivalent equation

Y fa2"t = Y Rid" f(2)f(2q) - f(zd*7Y)

n>1 k>0
This is
f(z) = 2z (1+ R1qf(2) + Roq* f(2)f (29) + -+ + Riq*f(2)f(zq) - f(a¢" ") +---) .

Comparing with 2.29, we see that the g-enumerator L(z) of Lukaciewicz paths by area
may be obtained by solving 2.12 when F'(z) is given by 2.15 with

Ry = xk/qk (for k>1).

To be precise we have
L(z) = f(2)/z .

Thus if we denote by L, the collection of Lukaciewicz paths with n steps, formula
2.21 gives that

(2.30)
Z qA(w)le(w)mg%(w)wgls(ﬂ) cee=g" Z (Hq("{)h“i [ﬁ])fu[l —q] ‘ gl
TELR pbn i ei—Ti/q
where it is to be understood that the replacements indicated by the symbol “Ie__)m _ /q,-”

should be carried out after the preceding symmetric function has been expanded in
terms of the elementary basis. We should also mention that it can be shown (see [11])
that for p = 1%12%23%3 ... 3 k-part partition of n we have

(2.31) fll—q = (=)™ k(’“ = z ")

l
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The special cases where the paths are restricted to have only certain selected subsets
of steps can be obtained from 2.30 by setting to 0 the appropriate subset of ;. For
instance, the polynomial below

15+ (¢* +2¢° + 3¢ +4q+5) gzaz1*
+(*+® +3¢"+32 +5¢° +3¢g+4) Przz,®
+(f+2¢° +5¢* +4¢* + 64> +6¢+6) >z 2z, 2
+(®+d+2¢" +3+3¢ +2q+3) ¢®zyzi?
+ (" +3¢°+2¢°+6¢" +4¢° +4¢* +4q+6) g*zo 371
+(q6+q4+2q2+1)q3x23
+(@*+1) (®+2) s34
+(q6+q3+1) ¢bzs?

was obtained from 2.30 by setting n = 6, e; = z1/q, ea = 72/¢%, es = z3/¢°,
€4 = I3 /q4 and es = eg = 0. Accordingly it g-enumerates by area the collection
of Lukaciewicz paths of length 6 which only use steps vp,v1,v2,v3 and vs. Of course
such polynomials may also be readily computed via the recursions that they necessarily
satisfy. What is interesting is that the theory of symmetric functions provides the tools
for constructing them quite explicitly.

REMARK 2.2. It stands to reason that V itself must yield some g¢,t version of
Lagrange inversion. In fact, starting again with F'(z) = 2/Q[2X], we might call the
g, t-inverse of F(z) a power series f(z) of the form

(2.32) flz) = =z Z cn(g,t) Ve, 2™

n>0

for a suitable choice of the coefficients c,(g,t). Of course, since V is symmetric in
q,t, whatever we showed for the specialization at ¢ = 1 goes through verbatim (by
interchanging g and t) for the specialization at ¢ = 1. So in the former case we
take ¢, (g,t) = q" and in the latter c,(g,t) = t". Curiously enough, we find that the
specialization at ¢ = 1/q of 2.32 can also be related to Lagrange inversion if we take

cn(q,t) = q(g). In fact, it was shown in [11] that

n en|X(1+qg+---+¢"
(2.33) q(z)VenL:l/q - [1+q+...+qn )

Thus the formal series in 2.32 with this specialization becomes

sy = oy elrat o F )L,

2.34 =

n>0

To recognize the nature of the connection with Lagrange inversion in this case, we
need only point out that we may write

en[X(1+q+---+¢")] = Q2 X)Q[z¢X] - - - Q2" X] .
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Thus 2.34 may be viewed as
1 ~ ~ ~
= 3 MeX|0eX] g |
1 ;1+q+-~-+q" [X10zqX] - Veq"X] |
or better yet (equating 2.15 and 2.19) this is simply

1 n
fryr = 1;) m R(Z)R(ZQ) .. .R(zq ) L" s

which is easily seen to reduce to the classical Lagrange inversion formula for ¢ = 1.
In summary V offers a way of interpolating, by means of the interplay between q and
t, between two quite different yet natural g-analogues of Lagrange inversion, namely,
between the one which affords a combinatorial interpretation of the solution and one
which simply exhibits a g-analogue of the solution formula. Only time will tell if there
is a “natural” explanation for this curious fact.

3. Positivity properties. In this section we shall present a variety of conjec-
tures which resulted from experimenting with V and related operators. To simplify
the statement of our results we need to introduce some terminology. Here and in
the following when we say that a certain symmetric function F' is “Schur integral”
we simply mean that it has a Schur function expansion with coefficients in Z[g, t]. If
the coefficients are in N(g,t] then we shall say that F' is “Schur positive integral’ or
briefly “Schur positive”. If F' or —F' is Schur positive, we shall say that F' is “virtually
positive”. If the elementary basis expansion of F' has coeflicients in N[g,t] we shall
say that F' is “e-positive ”. Of course e-positivity is stronger than Schur positivity.
The results of last sections essentially state that ¢"Ve,, is e-positive. In this particular
case the result could be established by giving a combinatorial interpretation to the co-
efficients. However, this is one of the very few positivity findings that can be actually
proved. In most cases the best we can do is offer a “proof” based on some stronger
and more general conjecture. For instance, there is relatively simple algorithm which
constructs the polynomials H, 1[X;q,t], based on the fact that for any u we have the
triangularity relations:

II'[X q7t] - h'u:(q1t)S [1 t] + ZS)\ 1_)'(_,5 a)\/-t(q)t)
A<p

B[X;0,t] = h(a,)8.[25] + Y Si[Z5] baula.t) -

A>p

(3.1)

If we program this on the computer we would quickly be led to the “discovery”, without
explicit knowledge of any the coefficients ay,(g,t) or by,(g,t), that the H,'s are in
fact Schur positive. This is essentially what is now referred to as the “Macdonald
q,t-Kostka conjecture”. However, after a decade of efforts in proving this conjecture,
considerably more refined information concerning the polynomials H » has emerged.
To begin with, Garsia-Haiman have conjectured in [8] that these polynomials are the
Frobenius characteristics of certain bigraded S,, modules. More precisely, for u F n
set

(3.2) Aﬂ(m;y) = det ”.’l)é"(s)y?"(s) ”ie[l,n]
SER
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and let M, be linear span of the derivatives of A,(z;y); in symbols
(3.3) M, = Ls[0802 Au(z;y)] -

Moreover let H, ;[M,] denote the subspace of M, consisting of its bihomogeneous
elements of degree r in  and degree s in y. Since H, ;[M,] is invariant under the
diagonal action of S, we can set

n(u) n(u')
(34) CulXiq,t] = Y > #7¢° FehHys[M,]

r=0 s=0
where the symbol “F'ch” denotes the operation of taking the Frobenius image of a
character, that is, the map that sends the character x* onto the Schur function Sy.

Now it was conjectured in [8] that for all 4 we have
(3.5) CulXsq,t] = HulX;q,1] .

Of course the Macdonald g, t-Kostka conjecture would then follow, since under this
equality the coefficients K. ar(g,t) in 1.21 would have to encode the manner in which
the irreducible S,-character x* is distributed among the components . ;[M,]. We
shall refer to 3.5 as the “C = H” conjecture. We should mention that 3.5 has been
verified for all 4 - n < 8 by computer, for u a hook in [12], for two row partitions and
for any partition obtained by adding an inner corner to a hook [23]. It can be shown
by an elementary combinatorial argument that for any p - n we have (see [12])

(3.6) dim M, < n!
Since Macdonald in [21] showed that
(3.7) Kxu(g,t) I ta=1 = I (the number of standard tableaux of shape \)

it would immediately follows from 3.5 that we must have equality in 3.6. Surprisingly,
even this tantalizingly simple assertion, which has come to be referred to as the “n!-
conjecture”, has also escaped proof after more than ten years since its formulation in
[21]. What is even more surprising is the fact that Haiman in [19] proved that the
validity of the n! conjecture for any given u forces 3.5 to be true for that same u. In
[3] and [2] the reader may find a variety of conjectures that strengthen and extend
the n! conjecture. We shall recall here those that are most intimately related to our
operator V. '

Let 1 be a fixed partition of n + 1 and let
(3.8) Pred(p) = {v®, @ . @}

be the collection of partitions obtained by removing one of the corners of u. For a pair
v—p, it will be convenient to denote by u/v the corner cell we must remove from p to
get v. To be specific, we shall assume that the partitions in 3.8 are ordered so that the
corner /v(® is northwest of the corner u/v*+t1). For two subsets T C S C Pred(u)
set

(3.9) ME = <ﬂMa)n <ZMﬁ)n<ﬂMa>

a€T BES-T a€T
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where the symbols “()” and “}.” denote intersection and sum (not usually direct)
of vector spaces, and “1” denotes the operation of taking orthogonal complements
with respect to the natural scalar product of polynomials in x1,...,Zn;¥1,-- ,¥Un
that makes monomials into an orthogonal set. Since this scalar product is invariant
under the diagonal action of S, , we see that qu" is a well-defined S,-module. We
shall denote its bivariate Frobenius characteristic by ¢%. One of the assertions of the
SF-heuristics in [3] is that in the linear span

LIH, : a€S]
we have m = |S| Schur positive symmetric polynomials
1 2
O, 40, o)
such that for any T' C S of cardinality ¥ we have
k
R
HaGS-—T TO‘
It is also a consequence of the SF-heuristics that for £ =1,... ,m — 1 we can set
(3.10) o5 = (=v)mr el

while q&(m) itself can be computed from the formula
@1 65" = S ( II =S (11 H,
a€S (aeS/{ 1= T 1-T./T, ) €S (ﬁes/{ 1o V/ Ts )

To be consistent with the notation we adopted in [3] we shall use the symbols ¢, or

quLk) to denote ¢gm) or qugk) when S = Pred(u). In this vein, it will also be convenient
to set, for any subset S C Pred(u),

¢S = Pred(u) —
Now it is shown in [3] that
(m) _ -
(3.12) o = ( I (1 Tﬁ)) b -
Be <8

In particular, when S consists of a single partition v} € Pred(u), this reduces to

d

‘ - \Y

(313) Hu(i)(x7q’ t) - ( _H ( 1- T,,(j))> ¢u )
J=1;j#i
which may also be rewritten in the form (see 3.19 of [3])
d
~ 1 1 1 1

3.14)  H,u(z;q,t) = k) g et - = .
(3.14) @ (239, 1) ;% d—k [T,,(l) T Too T,,(;)]

Finally note that if v = o € S then by combining 3.12 and 3.13 we can also write

Halzqt) = ][] (1—%) H(l—%)% = II (1__) g

BES; fa B’ pees ges; pa
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or equivalently, for S = {a,a®,... ,a(™} and a = o

1 1 1
3.15) Huu ¢ (k) - :
(3.15) o) (T30,8) = Z¢ em— k[T - + T +o 4 T Tam]

To complete the picture we need to recall that in [3] the weights of the corners

pv D w® L

were respectively called

T1,%2,...,2%4 -
Moreover, if
(3.16) z; = thig%
then we also set
(3.17) up = thg (for i=1,2,...,d—1)

We shall refer to the u; as the weights of the “inner corners” of p. Finally we set

(3.18) ug = tlll/q , Ug = q“:i/t and zo = 1/tq .

It was shown in [15] that the products in 1.38 giving the coefficients c,.(q,t)
undergo massive cancellations which reduce them to relatively simpler expressions in
terms of the corner weights. This results in the formula

d
1 [l (@i —uy)
C 1d
Ti [Tz, jes(@i — 75)
Taking account of the fact that x; T,y =T, , formula 3.13 can then also be written
in the form

(3.19) CI_“,(i)

1
M

d

(3:20) Bo@ae = I (1-97)é -

=1, 47

This given, from 3.19 and 3.20 we can derive the following beautiful identities: (!
(3.21)

o) O, H, = 1\14Tv (ﬁ(l— )) bu

i ) _
b) OpH, = > s’ emt1-k[To+ - +Td] — empr-luo+ - +ud]

~ TpF M

We should note that one of the consequences of 3.11 is that for any two predecessors
a and 8 of a partition g F n + 1 the symmetric function
T HalX;q,8] — To Hp[X;4q,1]

Ts — Tu

(3.22) @up[X;0,t] =

() See Theorem 3.3 of [3]
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is the conjectured Frobenius characteristic of the intersection of the two S,-modules
M, and Mg and therefore it should always be Schur positive. It is another conse-
quence of the Science Fiction heuristic that we should have

Papl X34, t]l =1 = Sy S7 72
In particular for all such pairs we should have

(3.23) dim MaNMs = = .

It may be shown that this identity implies the n!-conjecture. )
In the same vein, by combining 3.10 with 3.11, we derive that the symmetric
function

HylX;q,t] — HolX;q,1]

(3.24)  VoplX;q,t] = -V eup[X;q,] = TaTp T — T
B8 — a
must also be Schur positive since
(3.25) Vo[ X308 4 YaslX501]
Ts Ts

should respectively give the Frobenius characteristics of the two S,-modules
i i
(3.26) Man (MaNMg) and  Mgn (M N Mp)

Further refinements of these Schur positivity conjectures may be obtained by means
of the general forms of 3.10 and 3.11. But even the latter are but very special cases of
the general positivity conjectures that are formulated in [2]. To keep our presentation
to a reasonable size we shall only mention one example that we find most interesting.
Namely, that with g F n 4+ 1, and Pred(u) as given in 3.8, and the corner weights as
defined above, the symmetric function

(3.27) z H ur) FI,,(,) .

7'—1 r;és(zs zT)

should always be the Frobenius characteristic of a bigraded left regular representation
of Sp. The reader is referred to [2] and [3] for further examples and the arguments
justifying all these assertions.

Experimenting with our operators V, Dy and Dy, we quickly run into polynomials
in g, t with positive integer coefficients. Although we may usually find a representation
theoretical “reason” for this, the actual proof invariably eludes us. In most cases the
best we can do is derive the result from the positivity of the g, t-Kostka. The following
result is a good instance in point.

THEOREM 3.1. On the Macdonald positivity conjecture, for any integer k > 1,
we have:

«\ k
(3.28) (( =) 1) [Du(a,0)] €

Nig,¢] if |p| 2k,

{0} otherwise .
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Proof. From 1.12 (iii)* we derive that
V(I+D})FVv = (1+e)*
and since V™11 = 1 we may write
(3.29) VA+D)H*1 = (1+e)k.
Note further that from the definition of € it follows that
T les = eif[X—¢ = 1+¢
and 3.29 can be converted to
V(I+Dy)*1 = T 1lef

or, better yet
(1+D)F1 = VI 1k .

In view of 1.16 we may rewrite this as
(1+D}F1 = Teéf

so we can use the identity in 1.20 and obtain

((52)") i -

This establishes the result for |u| < k. Now for n > k the identity in 1.4 yields that

0 if |pl <k,

(er_pex®, Hy), if lul=n>k.

%\ k
(3.30) ((—1—;4—’3—1-) 1) [Du(@.0] = (huoih®, By = o5, , Ay .

Recalling that we have the expansion

8Sn—kS/\[X] = E SV[X] )
AvEHn_k

where the symbol “\/v € H,_i” is to denote that A/v is a horizontal (n — k)-strip,
we see that substituting 1.7 in 3.30 gives (for u Fn > k)

((ljff)k1> [D4(0,1)]

‘Sf Z Kku(q,t) Z S, [X]

AvEH &

A
= Z K/\u(q,t) Z fv
A

}\/VG'Hn_k

(3.31)

where f, denotes the number of standard tableaux of shape v. This completes our
proof.
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REMARK 3.1. We should point out that for ¢ = ¢ = 1 the polynomial on the left
hand side of 3.28 reduces to a very familiar number. In fact, since H,[X;q,t]|t=g=1 =
e, from 3.30 we derive that for n > &

N\ k
(3.32) ((1;{0 1) 1) [Du(q,1)]

We may thus view this polynomial as a g,t-analogue of the descending factorial. It
would be interesting to find a combinatorial interpretation for this. The identity in
3.31 reveals that this should be a challenging task. Here, we can only suggest a very
interesting representation theoretical interpretation.

= 0s,_.0vel = n(n—-1)---(n—k+1) .

Recall that if M is a bigraded S,,-module and H,s(M) is the subspace consisting
of the elements of M which are of bidegree (r,s) then the “bigraded” Hilbert series
Fr(g,t) of M is given by the formal sum

(3.33) Fu(g,t) = ). t7¢° dimH.,(M).
r,s2>0

It is well known and easy to show that if ®[X;gq,t] is the Frobenius characteristic of
M then Fpi(g,t) may be computed by means of the formula

(3.34) Fum(g,t) = o 2[X;q,1].
Now for £ > 1 let
(3.35) MY = L[oF0] - 05 05 Ayl

be the linear span of all polynomials obtained by differentiating A, (z;y) in all possible
ways but only with respect to the first k of the z; and y;. For convenience let F, ,Sk) (g,1)
denote the Hilbert series of Mﬂ“) and set

(3.36) GP(q,t) = T, FP(1/q,1/t) .

It develops that the polynomial in 3.28 should be none other than the Hilbert series
of Mftk). More precisely

THEOREM 3.2. On the nl-conjecture, for |u| > k we have

1+ Dr\*
(3.37) (( v 1) 1) [Du@,t)] = GP(q,1t) .
Proof. In view of 3.30 we need only show that
(3.38) GP(q,t) = 6t0s,_ H,

To this end, we start by noting that the space MLk) may also be obtained by anti-
symmetrizing all the elements of M, with respect to the symmetric group Sjg41,...,nJ-
More precisely, let B = [k+1,... ,n] and, using Young’s notation, let P[B] and N[B]
respectively denote, the formal sums of all the elements and all the “signed” elements
of S[g41,... ,n)- Our claim is that

(3.39) MP = N[BIM, .
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To see this note that since we can factorize any monomial m(z,y) =
m(Z1,Y1,--- ,Zn,Yn) in the form

m =m1(T1,Y1,--- » Tk Yk) X M2(Tht1, Ykt1,- - » Tk Yk)
we shall have
(3.40) N[B] (m(@z; Oy) Apu(z; Z/)) = my(0s;0y) (P[B]m2) (023 0y) Ap(z;y) -

Since the polynomial P[B]ma(Zk+1,Yk+1s--- > Tk, Yk) is invariant under the diagonal
action of S[x41,... n), it follows from a theorem of H. Weyl (see [24]) that we can express
it as a polynomial in the polarized power sums

n
T,,8
Z TiYi -
i=k+1

However, starting from the definition in 3.2 we can easily show that for r +s > 0 we
have

n
> 67,05 Au(zsy) = 0.
=1

In other words

n k
Z 0.0y, Au(zsy) = - 23;‘.3;1. Au(z;y) .
This given it follows that for some polynomial Qm, (21,91, ... ,Zk, Yx) We have

(3.41)
(P[B]m2) (aﬂik+1 3 ayk+1 P a:c..) 8yn)Au(x;y) = Qm, (89:1 s 83/1, ey aﬂ:k ) 6yk)A#($; y)-

Substituting 3.41 in 3.40 gives
N[B] (m(0s;0y) Au(z;9))
=m (le,ayl, . ,azk,ayk)sz (le,ayl, cee s Oy, Byk)A”(w;y) .
This proves that
(3.42) N[BIM, c M{P .

On the other hand, for any monomial ms(z1,v1,--- ,Zk,Yx), we clearly have

1
ml(azl,ayl,... ,8zk)A,,(:v;y) = HN[B] (ml(azl,ayl,... ,sz)Aﬂ(x;y)) .

Thus the reverse inclusion
MP C N[B]M,

is trivial, proving 3.39.

Now it may be shown, (see [10] Proposition 6.1) that if M is a bigraded S,-module
with bivariate Frobenius characteristic @pm(X; g,t), then the bivariate Frobenius char-
acteristic of N[B]M, as an S}, ... xj-module is given by the simple expression

05, ®Mm(X5q,1) .
In particular, the Hilbert series of N[B]M, may be computed from the formula
Fnipm(a,t) = 67 8s,,_, ®m(X;0,1) -
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Applying this result to the case M = M,,, we see that, on the n!-conjecture, we must
have

(343)  FM(@t) = Fyw@t) = Fypm,(@t) = 6f s, Hu(X;q,1) .

Finally, we observe that 1.13 gives
. 1 -
Hu[X31/9,1/t] = = wHu[X;q,t] .
"
Thus combining 3.36 and 3.43 we derive that

G¥(q,t) = T, o Bsw_k L[X31/g,1/t)

= T, 6t s wH,[X;q,1]

in— kT

= 61 65 [X qat]

n—k

This proves 3.38, completing our argument.

We should note that both Gf,k) (g,t) and F,Ek) (g,t) satisfy the same recursion.
More precisely,

THEOREM 3.3. For |u| > k > 1 we have
a) GP@t) = ) cuula,t) GEN(g,t)

v—u

b) F[S,k) (q, t) = Z Cu,v(q, t) Flsk_l) (q’ t) .

v—p

(3.44)

with the initial conditions
a) GP(gt) = Bu(gt),

(3.45) b) FM(qt) = TuB.(1/g,1/t) .

Proof. Note that from 3.43 and 1.36 we immediately get that for £ > 1
F®(q,t) = ¥ 8s,,_, 01 Hu(X;0,t)
= Z C;w((b t) 6{6_1 6Sln—k ﬁV(X;Qvt) .

v

This proves 3.44 b). The recursion in 3.44 a) is proved in exactly the same way by
means of 3.38. Note next that 3.37 gives

W@ = (“521) (D] -

Now from the definition in I.10 we immediately get D 1 = e;. Thus, recalling 1.4, we
obtain

1+61 1+61

szl)(‘bt) = [Du( t] = [MBu(Q7t)_1] u((bt) s

as desired. The identity in 3.45 b) follows from 3.36.
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REMARK 3.2. It would seem that we should be able to construct a proof of the
positivity of the polynomial G,(‘k) (g,t) by an induction argument based on the recursion
in 3.44. In fact, we shall see that can do this for k¥ = 2. The question remains whether
a similar argument can be carried out in full generality.

Recalling the definitions of corners weights given in 3.16, 3.17 and 3.18 let us
denote by B;;(g,t) the portion of the polynomial

Bu(g,t) = 3. th)gn

seEp

that is contributed by the rectangle
{(llaal) ll+1 < ll < lJ ) a’z—l < a < a } .

Note that we must have then

(3.46)
Bij (q, t) — Z tl'qa' - tl;‘+1 qai-l (t 4 tl;'—’}“) (q 4ot qaz_ai—l)
(I",0")ER:;
= thirglia (L—5751) (1-g%*)
1-1/t 1-1/q
= gt (A~ zj/u;)(A ~ 2i/ui-1)
M

Next call Rj; the rectangle obtained by lifting R;; so that its top side lies on the
boundary of the Ferrers diagram of u. We can easily see that we must have

i@t = Z thq" = t7UBy(g,t) .

sE'R*

This given, combining with 3.46 and using the definitions in 3.16 and 3.17 we obtain
that

9wy - 23) (i1 — )

(3.47) B;};(g,1) oM

Now note that for a given 1 < j < d the rectangles Rj; are disjoint as ¢ varies from 1
to j. Thus

B#(Qat) ZB (q’t) >> 0
i=1

where the symbol “A >> B” is to mean that the difference A — B has non-negative
integer coefficients. In particular we derive that

d j d
- > ;> Bjle,t) >> B2 — By » z; >> 0.
Jj=1 =1 j=1

Taking this into account we see from 3.47 that the positivity of fo) (g,t) is an imme-
diate consequence of the following explicit formula .
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THEOREM 3.4.
(3.48) GP(q,t) = B2 ZZ(“’@ ui—1) (25 — uj)
] =1 1i=1

Proof. Combining the recursion in 3.44 a) with the initial condition in 3.45 a) we
get that

G,(_?) (q’t) = Z C#V(q’ t)BV(q?t)

v

Now since B, = B, — T, /T, we Ihay rewrite this as

GP(e,t) = Y cw(@t)Bu(et) — D cuwl(@t)Tu/T, .

v—u V=
But then 1.37 gives
(2) 2 tq
Gp (q?t) = Bp,(q?t) - M h2[Dﬂ(q7t)/qt] .
Now it is shown in [15] (Proposition 2.3) that
Du(g,t)/qt = z1+--+Ta — uo—""—Uqg
This given, 3.48 follows from the simple symmetric function identity
d d
hz[:vl +--+xq — Ug —---—ud] = ZZ(SIJZ —u,-_l)(xj —u]') .
i=1 j=1i

We terminate this section with three remarkable V-positivity conjectures.

CoNJECTURE II. For any partitions A, u we have
(3.49) (=1 (VH,(230,1) , Sa(x)) € Nig,#].

REMARK 3.3. The fact that VA, u(2;0,t) appears to be virtually positive was
discovered by computer experimentation by A. Lascoux, after learning of the virtual
positivity of V.Sx. However, the identification of the sign must be as stated in 3.49 to
be consistent with Conjecture I. To see this note that since we have

Hy(2;0,8) = Y Sa(@)Kau(t)
A

with K au(t) the Kostka-Foulkes polynomials, it follows that for u = (1, pa,. .. , pk)

Hy(2;0,1) = > S\@)Kny = hyhyy by,
A

with K, denoting the ordinary Kostka number. This given, from the multiplicativity
of V| +—, We immediately derive (using the notation of section 2)

(3.50) - VH,(z;0,8)|,,, = VhuyVhy,---Vhy,, .
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However, setting t -+ 1, m — 1 and A = (m) in 1.8 we derive that, on the validity
of Conjecture I, the expression (—1)*1™)Vh,, must, for all m, evaluate to a Schur-
positive symmetric function. However, we see that

(-1)11™) = (T;)+ > (i-1-1) = 142+ - +m—1+0+1+ - -m—2 = m—1(mod 2).
1<i-1
Using this in 3.50 yields that, according to Conjecture I, the symmetric function
(=1)prttue—k @hm@hw - ?h”k = (_l)lul—l(n)vgﬂ(x; 0,t) |t_+1

must be Schur positive. This forces the choice of sign in 3.49.

Our next conjecture is truly surprising and fraught with tantalizing combinatorial
implications.

CoONJECTURE II1. For every partition u the symmetric function
VwH,(z;0,1/t)

is integral in q and t and Schur positive. Moreover, for any pair of partitions v and p
with p > v in dominance, the difference

VwH,(z;0,1/t) — VwH,(z;0,1/t)

is always Schur positive as well.
REMARK 3.4. We should note that for p = (p1, p2, - - . , ) we have the special-
ization
VwH,(z;0,1/t) lt L= Ve Ve, -+ Ve,
—-)
= DH,,(z;q,1)DHy,(z;9,1) - DHy, (z54,1) .

It develops that with this specialization, it is not difficult to show that the difference
i ;0,1 | - ~u 'Y,
VwH,(z;0,1/t) . VwH,(z;0,1/t) .

is always Schur positive. Neveretheless, it should make quite an interesting and chal-
lenging research problem to give a combinatorial proof of this positivity based on the
Parking Function interpretation of DH,,(z;q,1) described in [11].

Surprisingly even the monomial symmetric functions have virtually Schur positive
V-images. More precisely
CONJECTURE IV. For any pair of partitions \,u b n

()W (Vm,, S)) € N[g, 1] .
Moreover these polynomials have coefficients that are doubly unimodal in q and t.

For the benefit of the reader we have displayed in the following page the Schur
function expansions of the polynomials V w H,(x;0,1/¢) for all u 4. We can clearly
observe from this display the monotonicity with respect to dominance as well as all
sorts of triangularities.
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Sy Sa S22 Sa11 St
r10000007
100007 [1290007 445450000
1000 110000
B 1100 01000 121000 0110000
Volw(@0,1/) — 1 |17310] [11100] [255700] (0111000
1110 01110 012210 0011100
00101 000111 0001110
L00000104
r10007
1000
100 100 1000 0000
- 1o0| |99 1100 0100
Vol (@ 0,1/ — [1] |15 0 110 ta00 0100
010 0010
011 0120
001 0001 0001
L0000
11007
100 100 000
10 100
~ 10 000 110 010
01 010 011 001
001 000 000
L0 00
10
10
10 00
| DG I
VUJH(Q,lyl)({II,O,l/t)—) [1] 10 10 01 01
01 01 01 00
00 00 00
| 00
-
1
1 1 1 0
- 1 0 1 0
VwH(11,1,1)(2;0,1/t) — [1] 1 1 0 0
0 0 0 0
0 0 0
0

REMARK 3.5. We should note that our positivity conjectures can be used to
deduce further ones through the use of 1.14 b) and the self-adjointness of V with
respect to the %-scalar product. This is easily seen from the proof of the following
simple identities.
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THEOREM 3.5. For A\ Fn set

(3.51) VS =Y Sraau(et),
AFn
then
X X
(3.52) VS, [ﬁ] = é Sx [M] au (g, t),
1 11
(3.53) VIS =) Sranvw(=,3),
AFn q b
X X 11
-1 2l = kel - -
(3.54) V=S, [M] ;S,\I:M] aﬂ,/\(q: t)’
(3'55) a)\,u(‘b t) = a)\,u(ta q) .

Proof. Tt follows from 1.2 b) that
aru(g,t) = (VSy, Sj(’)*
and *-self-adjointness of V gives
a)\,ﬂ(q,t) = <SII7 VS;1>* = (VS;: , Sﬂ>*
and 3.52 follows immediately since, again from 1.2 b), we have
VS; = ZS; <VS; ) S)\')* .
AFn

Note further that applying the operator “}” to both sides of 3.51 and using 1.14 b)
gives

11
VS = ZS/\’ a/\,n(a’ ;)

vkn

and 3.53 immediately follows by the replacements g — p’' and A = X'. The identity
in 3.54 can then be deduced from 3.53 in the same way we deduced 3.52 from 3.51.
Finally it is shown in [9] that we have

H,[X;tq] = Hu[X;q,1] .
Note further that from the definition of T), in 1.4 we get that
Tl‘lt(—)q = T”/

where the symbol “| th” is to represent the operation of interchanging ¢ and ¢ in the
preceding expression. This given, from 1.5 we immediately derive that

(Vlth)ﬂ” = (v|t(—)q) (I:I”'|t(—)q) = Vﬁ”'lt(—)q = Tﬂlﬁ”'lt(—)q = TI‘H“ .

In other words we have
V|t(—)q =V
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and this is equivalent to the validity of the identities in 3.55 for all A and p.
In the same vein we can easily see that Conjecture III may be restated in the
following equivalent form.
CONJECTURE III’. For every pair of partitions u, A we have
Avi I;[u(a:;O,t) |SA € N[-(li,%]
Moreover, for any pair of partitions v and p with p > v in dominance, we have

V_II:I”(:L';O,t) — V7 1H,(z;0,t) IS EN[%,;—]
A

for all X.
The stated equivalence is another consequence of 1.14 b) which gives that
(3.56) I VwH,(2;0,1/t) = V' H,(z;0,1)

REMARK 3.6. In the case p = (2,1"2) we can give a representation theoretical
proof of the Schur positivity of the polynomial VwH,[X;0,1/t]. Let us recall that if

{Vlyl/?s"' an7}

are the predecessors of a given partition p, then ¢,[X;q,t] denotes the Frobenius
characteristic of the intersection

Now, using the “Science fiction” heuristic, it is shown in ( [3] Theorem 3.2) that the
Frobenius characteristic of the sum

is given by the polynomial

(=1)?"1v49,[X;q,1]
T, Ty, Ty, :

In the case of a partition p with two predecessors a, 8 this result reduces to (see 3.10
and 3.22)

1 TgHy — ToH, H,-H,
Fch My +Mg = — 2L ") - ye TR
o Mo+ Mg T, ¥ ( Ty — T ) VI, =T,
Using 1.14, this relation may also be rewritten as
H,/T, - Hp|Ts TsH, — ToHp
Fch My, +Mg = = “pra o f
chMa+Ms = VI =0 —3/1, Vi T

In summary we see (again from 3.11) that in the two corner case we must have

(3.57) Fch My +Mg = V| FchMaNM; .
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It has been shown in [2] that all of the assertions of the Science fiction heuristics do
hold true when p is a hook. Note further that, in the particular case p = (2,17*1),
a=(1") and 8 = (2,1""2) we must have

(3.58) FchMaNMy = Hyn2[X;0,t] .

To see this, observe that from 3.15 we get the equations

(3.59) o) H, = ¢® + %(;—) , b Hz = ¢@ + %(3 .
Now in this case

(3.60) Hy=Hi~ = h[Z5]QA-)1-#2)---(1=1t") .

Moreover, since the polynomials in M~ have no y;'s, the Frobenius characteristic of
M, N Mg, namely #®), can have no ¢'s. Thus, combining this observation with 3.60

and the fact that Tg = Tpyn-2 = qt(n'zl), we derive from 3.59 a) that ¢() must have
q as a factor. This given, by letting ¢ — 0 in 3.59 b) we finally get that

¢(2) = ﬁﬁ[X;Oat] )
and this is 3.58. Substituting this result in 3.57 yields
FchM,+My = V] Hp[X;0,t] = VwHyn-2[X;0,1/t] .

This establishes the Schur positivity of VWﬁQIn—Z[X ;0,1/t]. Incidentally, this also
shows the Schur-positivity of the difference

VwH,(z;0,1/t) — VwH,(z;0,1/t)
for p = (2,1"72) and v = (1").

4. The g,t-Catalan revisited. We recall that in [11] Garsia-Haiman conjecture
that the symmetric function

T,H,[X;q,t] MB,(q,t) I, (g,1)

(4.1) DH,[X;q,t] = = =
should give the Frobenius characteristic of the Diagonal Harmonic alternants in the
variables 1,... ,Zp;¥1,... ,Yn. Since it can be shown (see [12]) that

A,[X;q,t] ’ =T,
Sln
we see that the rational expression

(4'2) Cn(qat) = DHn[X;Qa

)

Z Tp, MBﬂ(qa #(qa t)
pkn I»L(q7t)h'l (q7 t)
should give the Hilbert series of the diagonal harmonic alternants and in particular

it should evaluate to a polynomial in ¢,¢ with positive integer coefficients. It is also
shown in [11] that

(43) @) Ca(@1)=Cnle) and 1) ¢B)Cu(g,1/g) = [n-:l]q [2:} ‘
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For these reasons Cj,(g,t) has come to be referred to as the “q,t-Catalan”.

Computer experimentations with C,(q,t) always yield a beautiful polynomial,
symmetric in ¢,t. Moreover, the specialization in 4.3 a) suggests that there must be a
pair of statistics on Dick paths, both having marginal distributions g-counting paths
by area, with joint distribution given by Cy(g,t). The construction of these statistics
should make a challenging combinatorial problem. In fact, although the polynomiality
of Cr(g,t) can now be easily derived by combining 4.2 with Corollary 1.2, even the
mere positivity of Cy,(g,t) has remained an open problem to this date.

In this section we shall show that the identities in 1.12 lead to a relatively simple
formula for Cp(g,t) which does not involve V or the Macdonald polynomials. We
include this result here in the hope that it may be helpful in further study of this
remarkable polynomial.

To begin with we should note that a formula for Cp(g,t) with the desired prop-
erties should come out of the identity in 2.6 by means of Theorem 1.1. In fact, ex-
panding e, in terms of the basis in I.13 and then using 4.2 and 1.18 we should obtain
an entirely new expression not only for Cy(g,t) but for Ve, as well. Unfortunately,
computer experimentation quickly reveals that the resulting expansion of Ve, is of
forbidding complexity even for relatively small values of n. Nevertheless, a perusal of
the tables of Schur function images by V revealed that certain coefficients of Ve,, may
be indirectly obtained from corresponding coefficients of Vh,,+1. In particular we can
prove the following general identity:

-1
(44) Ven |51n = (—qT)n th+1 IS1

This turns out to be a breakthrough since hn4 itself happens to have a relatively
simple expansion in terms of the basis in 1.13. More precisely we have

THEOREM 4.1. Forn >0

n+1 '

1 < /n . . .
(45) hn+1 = '—m <1’) (—].)z 6711_1DI6§ 1 s
=0
and consequently
1 (n n—i yn—i i
(46) th+1 = —]\Tn_ Z i (—1) ‘Dl €1 Dl 1.
1=0
Proof. Note that 1.12 (i4)*, for k = n, can be written as
1
(47) f*l-l-l = ﬁ(elD;—D;el) .
A simple induction argument then yields that
1 & (n . , .
(49) = =2 (G) oo
Mn =0 t

and 4.5 follows from 4.8 because 1.10, for k =n + 1 and F = 1, reduces to

This given, 4.6 is obtained from 4.5 by repeated applications of 1.12 (ii%) and (z12)*.
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To prove 4.4 we need a few auxiliary identities.

PROPOSITION 4.1.

H,[X;q,t] MB,(q, )T, (g, 1)
4.9 = plAi g, p 1
9 D D e oW AP
(4_10) h, = (_qt)n—l Z EM[X; q,t] MB#(I/q, l/t)nu(Q:t)

pkn 7‘# (Q7 t)il;,L(Q7 t)

with I1,(q,t) as given by I.3.

Proof. Formula 4.9 was first derived in [11], but for sake of completeness we will
sketch the proof here. We start with 1.2 a) and ¢) for Y = 1 —u and get, by equating
the homogeneous components of degree n:

(4.11) E Po[X]pp[1 — u] _ z H,[X; q,t]~Hs€” (~1 —u tlp(s)qap(s))
2 D)0z, p,[M] © 2~ (e, D (a5 1)
where we have used the specialization
(4.12) H,[1-u;q,t] = H (1-u tl:*(s)q“;*(s)) ,
sEp

a proof of which may be found in [12].
Now dividing both sides of 4.12 by (1 — ) and passing to the limit as u—1 we
obtain

_Pn . HylX;0,t]0u(g,t)
(—=1)"=1pa[M] pros AR ILA( )
Next, from the definition I.10 of Dy, we get

(1=Do) pn = (=1)"'pa[M]en .
At the same time 1.12 () and 1.4 give
(1 - Do)H,[X;q,t] = M Bu(g,t) HulX;q,t] .

Thus 4.8 follows by applying (1 — Dg) to both sides of 4.13.
To obtain 4.10 we start with the observation that h, = we, and, using 1.13,
derive from 4.8 that

(4.13)

1,X; MB
(414) hn — Z TIIH#[X, 1/~Q: l/t]", u(%t)nlt(q,t) .
ukn hu (q, t)hu (q’ t)
Making the replacements t—1/t and ¢—1/q and using the simple identities
- hu(a,t - ACK))
hua 1/ = 22 R gy = 220
N

T, t" ’
formula 4.14 becomes
h, = Z (t‘I)n_lTﬂI:—ru[X§ ‘{; t] MBi#(l/q, 1/t) Hu(l/% 1/t)

(4.15)
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and since
TuTu(1/g,1/t) = (-=1)" ' u(q,1)
we see that formula 4.15 is equivalent to 4.10, and the proof is now complete.
This places us in a position to establish the following general identity.

THEOREM 4.2. For n > 1 we have

(4.16) (Vhp)[1—u] = —u(—gqt)" Vep_1[l —u] .
In particular we derive that for 1 < k<n
(417) Vhn |Slk,n—k = (—qt)n—l (Ven—l) |Slk_1’n_k .

Proof. Note first that 1.37 for k = 0 gives
Bu(1/q,1/t) = Z cuw(1/g,1/1) .
v
Now from 1.38 we easily derive that

T,
cuw(1/g,1/t) = cup(q,t) T
uw

Using this and 4.12 in 4.10 yields

(4.18)
(Vha)[1~ u]
—tl (S)qa,,(S)) MTl,(q,t)
qt n—l Z sGH Z Cuw q’ t)
pubn ll' (q) t)h';; (Q) v—p
=(_qt)n—l Z TV HSEV(]‘:- tl:'(s)?al"(s)) MH,,(q,t)
vkn—1 h"(q7 t) h';/(q’ t)
hu(g,8) by, (,t) T, T
x cup(qyt) ———=——= (1-uzt)(1-£
,;V “ Rt R, t)( 7) (%)
T, 1 — H(9)gal N)IL, (g, ¢
=(_qt)n—1 z HsEu( q* (q’ ) z d ’V(q, t)( _uﬂ) (1 _ Z“_)
vkn—1 hl/(q’ )h;/(Q7t) p—v TV TV

where we have used 1.38 and 1.39 to get that

hy(q,t) B (q,t
Mcu’,,(q,t) _ (q ) p(q )

h.(g,t) B, (q,1)
Simple manipulations which use formula 1.40 for £ = 0,1 &2 finally give

u;jdw,(q,t) (1—1%‘) (1-,_%) = —uMB,(q,1) .

Substituting this in 4.18 yields

= d,u,v((b t) .

@ht-4] = (gt Y Dlle( ) M B0 O )
vkn—1 hV (q’ t) hi/ (q) t) ’
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which is easily seen to imply 4.16 via 4.8, 4.12 and the definition of V.
Now it is well known and easy to show that
(—uw)*(1 —wu) if A= (n—k,1%)
Sa[l—u] =
0 otherwise .
This given, formula 4.17 immediately follows by dividing both sides of 4.16 by (1 —u)
and equating coefficients of u.
As corollary of 4.17 we obtain our desired formula for the ¢, ¢-Catalan.
THEOREM 4.3.

(4.19) Cnat) = 3= 3 () (-0'Dr e} 1

s Sin+1

Proof. We can clearly see from 4.1 and 4.8 that DH,, = Ve,. Thus from 4.2 we
get that
C.(g,t) = Ven |Sln .
On the other hand 4.17 with n—n + 1 and k = 0 specializes to 4.4 giving

(;—tl) th"+1 |51n+1

-I\n 1 N (n n—i pyn—i i
= (%) WZE(J(‘” Prabit]y .

Sin+1

Cn(g,1)

where the last equality is due to 4.6. This proves 4.19 since gtM = M.

It is worth noting that the same idea can be used to obtain a recursive way of
computing the ¢, t-Catalan. More precisely we have

THEOREM 4.4. Let T',, be a sequence of operators defined by the following condi-
tions:

a) Fl = D2 ,
(4.20) 1
b) Fn = M(Dll‘n_l - Fn—lDl) .
Then
(4.21) Cu(g,t) = Tnl
Sln+1

Proof. Conjugating 4.7 by V we get (using 1.12 (:72)* and (4i1))

(4.22) VD, V! = = ((-D1)VDiV~' — VDiV~Y(-Dy)) .

1
M
This given, note that if we set

(4.23) T, = (Ll)"VD;+1v-1
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then (since V=11 = 1) we get
_1 n N ._1 n
ral = (=) VDt = () Vhon

and this gives 4.21.
On the other hand 4.23 converts 4.22 into

r, = (*;71) %(("Dl)rn—l — Th-1(-Dy))

which is simply another way of writing 4.20 b). Finally note that 4.23 gives
Tp = VD}V™! = ¢

and from 4.21 b) we get

1
Fl = 'M(Dlel - €1D1) .

Thus 4.20 a) follows from 1.12 (7).

5. Plethystic form for Macdonald operators of higher index. The main
goal of this section is to show that the operators Ap studied in section 1, and in
particular V itself, may also be given a plethystic form. We believe that the arguments
of the proof may be as interesting as the result itself, since the latter, because of its
inherent complexity, may be only of theoretical significance.

To begin we need to review notation and introduce some auxiliary variables.
Recall that it is customary to set (see [16] p. xiv)

n

(a;t)n = ﬁ(l —at'™!) () = H(l —t?).
i=1

i=1

This given, for an alphabet Z, = z; + - - - + 2z, set

_ _ 1-t Z;
(5'1) A;‘(Zr;q7t) = H(ZJ zk l;q)oo H(tz] Zkl;q)oo = Q[—l——-— z—j]
ik #k 9 %
where here and after, j # k runsover 1 < 5,k <r.

We shall also make crucial use here of the constant term scalar product introduced
in [22, Chapter VI.9] by setting, for any two polynomials f and g,

1 _ -
(52) (fa g);,q,t = "T'f(zli oo aZ'I‘)g(zl 1: cee Ry I)A:'(ZT; q, t)lzo )
where the symbol “lzo”
preceding expression.
For any composition A, define the alphabets

represents the operation of taking the constant term in the

) X OVIDY:

(53) Z)‘ = ZZzij , Z;l = Zzzi;1 .

=1 j=1 =1 j=1
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Alsolet Ml =T, !, n(X) =3, (%) and set

(54)  Bu(gt) = ) ¢4t = %“_(qt—’t) = (q—l)Bﬂ(q,t)+1—1t-.

i>1

Our main result may be stated as follows.

THEOREM 5.1. Let X\ be a composition and P[X] a symmetric function. Define
the linear operator Ay by setting

(V) .
X0~ = D= 1) D" e ) e 4k )
(5.5) i<j
1(N) »
_ﬂ_
x Q[(t—l)z > zik] :
i=11<5,k<N: 20
Jj#k
Then for all partitions pu and A we have
(5.6) ANHL[X;0,8] = ex[Bu(g,t)] Hu[X;q,1] .

The proof will be obtained by combining some of the basic identities satisfied by
Macdonald operators together with a number of auxiliary propositions we are about
to establish.

Let us recall that in [22, Chapter VI.3], Macdonald defines an operator D!, that
we will call Df»"). Using plethystic notation, it may be written as

D™ (q,t) P[Xa] = Y Ar(Xa;t) P[Xa+ (¢ —1)X1],
|I|=r

where X, is an n letter alphabet and for any r-subset I of {1,...,n}, we set X; =
Sicr @i and

tr; —x;
Ar(Xn;t) = H zl_z] .
i€l;i¢l J

We will present another form of these operators that does not require us to take
subalphabets of X,.
A generating function for these operators is

n
D (u;q,) = 3w DI(g,1).

r=0

Macdonald shows [22, p. 324] that for I(u) < n, we have

D™ (u;q,1)Pu(;0,1) = (H(1+u4’“tn"")) Pu(z;q,t) -

i=1
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By taking the coeflicient of u™ on both sides, we obtain

(5.7) D{™(g,t)Pu(z;0,) = e [Zq’“t"‘i Py(z39,1)

i=1

These operators depend on n, the size of the alphabet. We will “stabilize” them with
respect to n by reexpressing them in terms of E,(q,t). To this end let

(5.8) E,(¢;t) = Eu(g,t7").

Note that we have

(oe]
eT[EL(q,t)] = e, [Zq‘“tl"i] = ¢~ (n=Drg [Zq”'t” iy Z th ’]

i=1 i=n+1

(5.9 = ¢—(=Dr Eer i [Et ]Ck [E qmtn—i]
i=1

i=1
B . 1 r—k n i
= ¢~ (1) Z((t o, ek[zl:q"'t" ] )
1=

We may therefore stabilize the Macdonald operators by setting

(5.10) P = t—(n—l)rz(_i)"_'“D(w_
’ PR 1N

This will produce eigenvalues that only depend on u and r, but not n. More precisely
we have

(5.11) DWPB,[Xn;0,t] = e [EL(a,t)] PulXn;q,1] -

For example, Macdonald’s one stable operator E [22, p. 321] may be expressed E =
D1 + 1. To recover the D{™’s from the D{™’s, we need the following well-known
and easily derived variation of Mo6bius inversion:

LEMMA 5.1. Let fr, g be sequences, r =0,1,...,n. Then
(5.12) Jr I forr=0,...,n

if and only if

L (=1)k(3) " (=1)r—*("3")
(5.13) f, = ZM =E(—)—t——-g£ forr=0,...,n.
k=0
It follows that the original Macdonald operators may be recovered from the stabilized
ones via

r—k

r t( 2" )+k(n=1) _
5.14 DM =3 DM,
( ) T = (t;t)r—k k
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For any symmetric function f, we are now in a position to construct operators
Dy such that for any partition p,

(5.15) DsPu[X;0,8] = fIE,(¢.0)]PulX;0,8] .
Indeed, when f = ey, - - ey, and the alphabet is of the form X = X,,, we may take
By = B = BY.BY

Since the elementary symmetric functions are a basis of all symmetric functions, we
may form D&") as a linear combination of these.

We shall find new plethystic forms of the operators ﬁf\") that do not depend on

n.
PROPOSITION 5.1. Let A be a composition end P[X] a symmetric function. Set
~ . 1 -1 -1
X 2)(1= = D T 4+ ) o)
(5.16) i<y
(A 2
-1 _ i
<aler-0y 5 2]
i=11<j,k<i 2
%k
Then for all n > |A|,
(5.17) DAPIX,] = D{P[X.],
and in particular, for all partitions p and A,
(5.18) DiPuX;q,t] = exr[EL(a,1)] PulX;0.t].

The operators D 7 satisfying 5.15 are then D F=> A aAﬁ A, where the coefficients
ay are given by f =3, axex.

Proof. We first do this for the case A = (r). The general case will follow by
composing the resulting operators. The definition 5.16 in terms of the alphabet Z, is
(5.19)

D,P[X] = !

ri(1 — t=1)rt(3)

bl

P[X+(g-1)Z-1Q[1-t"HX Zr]ﬂ[(t"l—l) > i—i]
1<j,k<r

J#k

20

and we are to show that D, P[X,] = D™ P[X,] for all n > r.
Consider the modified Macdonald kernel

41
9[1 t Xny]= S PuXwat ] Qul-Yig .
q—1
pl(p)<n
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Apply D™ to it:

D(")Q[l X, Y]
q
(e 1)~ -1
(- ( ‘"’Q[ X, Y]
z (t t)r—k qg—1
(5.20) ( 1 -1
(= WZ Z AI(Xn,t)Q[ Xn+(@-1)X)Y
* 1=k
=t~ (n—-l)rQ[ X Y] ( il Z AI(Xn;t)Q[(l —t_l)XIY] .
(t; t)r—k \I|=k
To evaluate the inside summation
(5.21)
M AXpt)Q(1-tT) X Y] = Y Al Xn,t)ZP (X1;0,67)Qu(Y;0,¢7Y),
|I|=k |I|=k

we apply Proposition 3.1 of [15]: for £ < n and all p,

> Ar(mst)P[X50,t7Y] = #(3)+(n=k)(w) [”‘l(“)] P,[Xn;0,t71] .
\Tj=k —1(w) t

(The right side is 0 when I(1) < k < n fails to hold.) This gives that 5.21 equals

3 dE) k) [Z - 5253] Pu[Xn;0,67]QulY50,67")

= 3 D)+t [:::j S PRu[Xn30,671QuIY30,67Y] .
t

m=0 w: l(p)=m

(5.22)

The m summation may be restricted to 0 < m < k because the ¢-binomial coefficient
vanishes otherwise. Plugging 5.22 back into 5.20 and then reversing the order of the
k,m summations gives

(5.23)

(n)Q[l =1 x Y]

XY

)r—k

k
=~ (n=D)r z g(t__t)Tk_ z ( )+(n—k)m |:Z - m] E P, [Xn; 0, t_l]Qu[Y; 0, t—l]

t s l(p)=m

—¢—(n-1)r - r—m +m(n m) ( 1 k—m ’= 'n) n—m
t Z( 1)~ ( Tt [k mL)

x( > P,L[Xn;O,t‘l]Q,,[Y;O,t‘l]) .

u: Yp)=m

The details of evaluating the parenthesized sums in 5.23 will follow this proof. The
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k-sum may be simplified by 5.42 to

r (—l)k_m "-2”‘ n-—m| _ r—m (—l)k : n—m] _ t(r—m)(n—m)
Z (t§t)r—k t( )[k _m]t B Z (t t( )[ k ]t B (t;t)r—m

k=m

so that the right side of 5.23 equals

)r—mt(’;)—mr

r - (_1
t
mZ=0 (& t)r—m

Y Pu[Xn;0,671]Qu[Y;0,671].
pe l(p)=m

We will evaluate this sum in 5.34. It is a long computation involving the scalar product
5.2, and it equals
(5.24)

1

mﬂ[(l —t_l)Xn Z,-] Q[(]_ — t_l)YZr—l] QI:(t_l _ 1) Z Z_j]

— 2
ik F

20

Equating the left side of 5.23 with 5.24 and rearranging gives

(5.25)
pmq[Ll=t _ 1 141 o
bl 75 XnY]—r! R T G-z 7]

x Q[(1-tX, Z,] O [(t‘l = ﬁ]

From this we conclude that ﬁﬁn)P[Xn] = D, P[X,] for any symmetric function P[X],
so 5.17 holds for A = (r).

Now for an arbitrary composition A = (Ay,...,\;), we must check that Dy =
].3M~-~]3>\,. We induct on I. Set p = (A1,...,N-1), 7 = A, and verify that
D,D.P[X] = D\P[X]. We break up the alphabet Zy = U, + V; where U, =
Ei(__’_’i E;‘zl zij and V. = 377, zy,,;. Then by 5.19,

(5.26)
1

D] = ri(1 — ¢=1)rt(3)

PIX+Ha-) ol - vl -y 5 2]

20
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so by 5.16,

D,D,P[X]
P[X +@-1)UT+ Vo 1)]
rlpl(1 — t=1)lel+rgn(s’ )+(2)

QL-tX + (- DU M V]

x Q) (t-l DY z”] -tHX U,

1<j,k<r

ik
xQ(1-t")(g-1) E (252" +- t+ 2z, )(zal o+ Ziyp;)
- 1<i<i<i(p)

Up)
« ol -y ¥ "“]

i=1 1<j,k<p; u0 0

i#k

_PX+(q-1)(U T+ V)
T = )RR

Q[(l —t ) (g-1) (U,,—1 Vit D (et tzp)Em e+ z,-,p,.))]

1<i<j<i(p)

Q1 -t)X (U, + V1))

SRR

Z
=1 1<) h<pi © 1<jk<r Ik
ik ik

u0 0

and on combining the alphabets into Zy = U, + V;,, it simplifies to 5.16 as required.

Proof of Theorem 5.1. Since Macdonald’s J,(z;q,t) is a scalar multiple of
P,(z;q,t), it follows from 5.16 and 5.18 that

(5.27)
1 _ _
DAJ [X qyt] ( — l)thn(/\/)Ju[X'*'(q_l)ZAI;‘Lt]Q[(]-_t 1)XZA]
-1 -1
)10 = ) Dt 44 ) o)
i<j
1(\)
xﬂ[t‘ —1)2 Z ]
i=1 1<5,k< ikl 0
Jj#k

= ex[EL(a,1)] JulX;0.1] .
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We will transform this from J,, to H, using 1.6. Replace X by X/(1 —t) in 5.27:
(5.28)

1 X+(q-1)1-0)z7"
/\'(1 -—t"l)|/\[tﬂ(/\') J“[ 1—¢ ;9. Q[—tX Z)\]
xQ[(l —t Y (g-1) Z(zz.—ll otz ) E o+ Zj,,\,.)]
i<j
ey
afe-vy 3 A
=1 1< e<n; 2k
i#k

ex[E,(a,1)] Ju[ Xt,q, ] :

Replace t by ¢, multiply both sides by ¢*(#), and express it in terms of H , via L6:
(5.29)

tn()\') ~ - .
N g X+ @ -1 -17) 23 ;q,110[-t71X 2,]
XQ[—(t -1)(g—-1) Z(zi'il 4ot z;;;)(zjl NS Zj,)\j)}
i<j
i) ;
ot 5 3]
=1 1<g,k<n; 2k
J#k

= ex[Byu(q, )| Hu[X;9,1] -

Replace Zy by tZ,. The constant term with respect to Z) is unaffected, and 5.29 is
transformed to

() B
Ny X+ (@ = D= D20, 400X 2]
xﬂ[—(t RPN S %)J
i<j
1) .
xQ[(t—l)z ) za]
=1 1<5k<h L0
J#k

= e/\[E (q’ t)] [X q, t]
so that 5.6 holds.
PROPOSITION 5.2. Define a linear operator

1
(5.30) Vo = Z 6n-|,\|[ ] [ ] Ay
oz N o
Then if P[X] is a symmetric polynomial that is homogeneous of degree n,

(5.31) V.P[X] = VP[X].
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Proof. Since
Eu - ié'
T, = en[Bu] = en [—q—_l—t ;
an operator equivalent to V on homogeneous polynomials of degree n is Ay, where

f =) algtes

[Al<n

where the coefficients ay(g,t) are defined by

€n [&__1—] Za)\(q7 t)e)\[X]

We expand this as follows.

o 7= S [ e =)
(5.32) Zenr[ t)(l_q)]ZmA[ }GA[X]

=0

) IA%:n <en 4 [ t)(l - q)]mA [q i 1]) ex[X]

We now evaluate the sums used in the proof of Proposition 5.1.
PROPOSITION 5.3. Forr >0, and any alphabets X, Y,

(5.33)
Z @ )r — Y RIX0,0Qu1;04
m=0 p: l(p)=m
1 . 2
= aaopr - Hx Ze[a- vy 27 [ 1); J
and
(5.34) -
mE=:0( 1)(t1t)f—m pe l%:ynpy[x;o’t_l] Q”[Y;O’t_l]
1 -1 _ 41 —1 z
- mﬂ[(l—t )X 2,] (1 -ty 271 [t 1),; Z]

For m > 0, and any alphabets X, Y,
(5.35)

S PX;0,8] Q30,4
p: l(p)=m
-y (—1)m-r4("2")
r=0 t)m—rr! (1 —1)"

A -1X z] Q1 -8y Z* [ =D Z]
j#k

20
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Proof. Macdonald shows that under the scalar product 5.2, the symmetric func-
tions P,[Z,;q,t] and Qa[Z,; g,t] are orthogonal when p # A, and

<Pu[Zr§ q, t]a Qu[Zr§ ‘Lt]):-,q,t

(5.36) _ Q[_ (1-t)(1—qt™) ) tj_,.]
1-¢q

RO AC)

.];-I;::, 1— qaj‘(s)+1tr—l;‘(s)—1 .

1<i<j<r

On setting g = 0, the Q term simplifies to

[ (1-1¢) Z tf"]= [E—DE T +27 2+ + (r — 1)t)]

1<i<j<r
(5.37) = Q"+t 4+ 82— (r— 1)t]
_ (1=
ChE
Additionally, on setting ¢ = 0, the product term of 5.36 restricts to s € p for which
a,,(s) = 0, that is, to the cells (,0) (for ¢ = 0,1,...,l(x) — 1) of the first column,
giving

, —gr _ (1-y
(5:38)  (Pu[Zr30,1],QulZr; 0, 8]}y, = t t)r I_I0 =1 = Gome
For arbitrary alphabets X, Y, we now evaluate
(5.39) XYt = (Q(1-8)X Z,],9(1 - )Y Z]),

in two ways. By expanding these as Hall-Littlewood kernels, we obtain

Q.[X;Y;8] = <ZP,,[X;0, 1] QulZr;0,4], Y PA[Z;0, 1] Q,\[Y;O,t]>
M A 7,0,t

"y

(5.40) 2 BulX:0,8 QulY;0,1] - (QulZr3 0,8 PulZr; 0,8])y5,
"

= B S b0, Qulvi0.4.

=0 Bt)r-m e

On the other hand, by evaluating 5.39 via 5.2, we obtain

(541)  Q[XYV3H] = —Q[(1-HX 2] Q[ -t 271 Q[(t— ny z’]

" i#k
Equating 5.40 with 5.41 gives 5.33. On replacing ¢ by 1/t, using (t‘l;t‘l)lc =
(—1)k¢—k(k+1)/2(¢: ¢);, and simplifying, we obtain 5.34. Finally, applying Lemma 5.1
to 5.33 gives 5.35.

LEMMA 5.2. For0<r<m,

(5.42) Z( ~1)%¢(3) [n [ ]t _ ot

t t)r k (t;t)r '
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Proof. We specialize the “g-binomial theorem” [16, p. 20]

(5.49 @or = ¥ [}] twantan.

k=0

by setting ¢ =t, a =0, and b = ¢t~ ", and then manipulating it.

1 = (0t), =i [Z (T )

t

[ s

k=0 kle
(5.44) =0 -
_ Tl s=n(r=k) (_1\k4(5)—nk _\&Yn
e v e
_ S s [P B
! ,;)( 1) t [k]t(t;t)r——k

Multiplying by t""/(¢;t), gives 5.42.

To terminate we should mention that even the operators A have some surprising
positivity properties. In fact, we have strong computer evidence that Ag, e, is always
Schur positive. More precisely we are led to the following

CONJECTURE V. For any integer m > 1 and for all pairs of partitions v, X with
m > l(v) and A+ m we have

Su[Bu(g, )1 Eau(g, t)(1 = )(1 = ) Bu(q, )11 (g, t) N
,%% hu(q,t), (g, 1) € Nle.4
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