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A RELAXATION APPROXIMATION FOR 
DEGENERATE PARABOLIC EQUATIONS* 

F. R. GUARGUAGLINlt 

Abstract. We present a semilinear relaxation approximation by hyperbolic-parabolic equations 
for quasilinear, possibly degenerate, parabolic problems, in several space dimensions. We prove the 
convergence of the approximated solutions to an entropy solution of the parabolic equation. 

1. Introduction. We consider the Cauchy problem for a parabolic equation 

(u) N + %U(Mu))Xi - A(B(u)) = G(u) , 

[ u(x,0) =uo(x) , 

where x = (xi,...,Xd) G IRd, ^0 € L1^) fl Z/^QR/*). We assume that Aj^B and G 
are smooth given functions and B'(u) > 0 . 

In the purpose of approximate the solution u, we introduce the following semilin- 
ear system of equations 

(12)   ldtf[ + ZUXP*ifi-»iAf{ = l(Mi(ue)-fO + Mu%   i = l,...,N, 
\ //(*,0) = faix),    i = l,...,N, 

where 
iv. 

i-l 

and e G K, e > 0, A* = (A},...,AJ) € TRd for i = 1,...,^,'^ G B for i = l,...,iV , 
A G K, A > 0 for i = 1,..., JV ,2^ A = 1 and M ^ (Mi, ....MJV) G Liploc(Wi;MN) 
withM(O) = 0. 

In this paper we want to show that, under the hypotesis that f^x) = Mi(wo), a 
subsequence of {u6} converges to a solution of problem (1.1) when e -> 0 . 

To this aim, we assume that M is a Maxwellian Monotone Function (MMF) for 
system (1.2) in some interval / G R, i.e. M satisfies the following conditions: 

N 

(Mi) 2J Mi(v) = v for every v G / ; 
i=l 

iV 

(M2) ^A}Mi(?;)=^^)     for every v e I,    i = l,...,d; 
i=l 

AT 

(M3) ^ ^Mi{v) - B(v)     for every v G / ; 
i=l 
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(M4)       M-(v) > max{0, -fiieoG'ty)}     for every v e I,    i = 1,...,iV,    eo > 0. 

The condition (M4) implies the quasimonotonicity of the right hand side of the 
equations in (1.2), for e < eo; then special comparison and stability properties for 
system (1.2) are available ([7],[16]; see also [9], [13] and [14] for semilinear hyperbolic 
systems). 

A system of type (1.2), with M satisfying (Mi) - (M4), is similar to the BGK 
approximation for Euler equation (see [4]). We recall that the kinetic approximation 
of fluid dynamic equations is a classical problem in mathematical physics: the Euler 
equations can be formally obtained as the fluid dynamical limit of Boltzmann equa- 
tions (see [4], [5] and references therein), but this limit has been rigorously established 
only as long as the limit solutions are regular. In the last years the rigorous theory 
of kinetic approximations for solutions with shocks, when the limit equation is scalar, 
has been developed. In [3] a convergence result of a fractional step continuous Boltz- 
mann approximation to a parabolic (possibly degenerate) equation is proved. In [15] 
a continuous velocities BGK model is proved to be well adapted to describe general 
multidimensional scalar conservation laws as its microscopic scale, e > 0 , tends to 
zero. A related kinetic formulation of conservation laws can be found in [11]; more- 
over they suggest an extension of such formulation to parabolic (possibly degenerate) 
equations in conservation form. 

We observe that the presence of the regions {x € IRrf,£ > 0 : B'(u{x,t)) = 0} 
makes the problem (1.1) of mixed type, in particular of hyperbolic-parabolic mixed 
type. 

The porous media equation is an example of parabolic equation which degenerates 
in one point. Another kind of degeneracy has been investigated in the framework of 
"mushy" regions by [1]. 

The main features of our degenerate parabolic problem are the nonexistence of 
globally defined smooth solutions and the nonuniqueness of weak solutions, as in the 
pure quasilinear hyperbolic case. 

It is well known that, for the hyperbolic case, uniqueness of solutions holds only 
in the class of functions verifiying special admissibility conditions called entropy in- 
equalities [10]. 

In the same way, as a consequence of the possible degeneration to a hyperbolic 
problem, it is necessary to introduce the entropy inequalities for the equation in (1.1). 

DEFINITION 1.1. A function u : IRd x [0,T] ->► 1R is an entropy solution of (1.1) 
if u is a weak solution, u verifies the inequalities 

n JO     JJE 
{\u- k\(ft + sgn(u - k) ^[(A^u) - Aj(k)]ipx 

^ 3=1 

(E) +sgn(u - k)[B(u) - B(k)]A(p - sgn(u - k)G(u)(p}dxdt > 0 , 

for allkeM and for all y <E Cg?QR>d * (0, T)) , <p > 0 and 

lim /     \u(x,t) — uo(x)\dx = 0 . 

Existence and uniqueness results for solutions, for the general case of equation 
(1.1), under different hypothesis, can be found in many papers, see [6] and reference 
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therein; in particular we recall [17], [12] and [2]. In these papers the existence of an 
entropy solution is proved; however, only in the pure hyperbolic case the result about 
uniqueness is completely satisfactory [10]. More precisely, in the general case it is 
possible to obtain uniqueness for solutions which are limit of the vanishing viscosity 
method, but it is still an open problem whether or not it holds for all weak solutions 
satisfying conditions (E).* 

The plan of this paper is as follows: in Section 2 we prove existence, uniqueness 
and stability for solutions to system (1.2). In Section 3 we show that a subsequence of 
{u6} converges in C([0,r];Z7

1
oc([0,r] x TRd)N) to a solution of problem (1.1). Finally 

in Section 4 we present some relaxation systems to approximate problems belonging 
to the class (1.1). 

Finally, let us remark that we may consider a more general class of parabolic 
(possibly degenerate) problems 

f ut + Ei=i(4?fa))*; - Ei,*=l(Bi*(M))^** = G(u) > 
I u(x,0) = uo(x). 

It is possible to prove that this equation can be approximated by means of the 
following system of semilinear equations 

i = l,...,JV 

fttx>0) = foifr)  i = l,...,N 

where ue(x, t) — Ei=i fi{xi 0 and {l^l)jk are d x d real positive definite matrices. The 
techniques of the present paper can be easily extended to cover this case. 

2. Existence, uniqueness, stability for the system. In this section we prove 
existence, uniqueness and L1-stability for the solutions of system (1.2). 

Through the whole paper we assume that the following conditions are satisfied: 
i) Aj G Lipioc{JR] R) for j = 1,..., d ; 

ii) B e LipiodWi'.lR) and B'(u) > 0 ; 
hi) G G Lip/0C(1R;IR) and, for initial data in some interval J C IR, the differential 

equation w = G(w) admits global solutions. 
Moreover we assume that ^ ||^O||.L°°(IR) G J. 

Set |||/(-,*)||Uoo(]Rd)jv := Y^f=i \\M',t)\\L°°{m.*)- 

PROPOSITION 2.1 (LOCAL EXISTENCE AND UNIQUENESS). Let fa e Z/^IR/*) n 
L1^), for i = l,...,iV and e > 0 and fix V G IR such that V > \lfalLoo(Md)N. 
Assume that M is a MMF on the interval I := {u G IR : \u\ < V}. Then for every 
e > 0 there exists a unique local weak solution fe G C([0,r];Loo(lRd)iv") to the system 
(1.2). 

Proof We can assume that fi1 > 0 for i = 1,..., m and fi1 = 0 for i — m + 1,..., N. 
Let 

^(x,*):=-pL=cxpf-l|a:|llRiV 

y/AniiH       V     V* 

* See however the recent results in [18]. 
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A function fe is a solution of the system (1.2) if and only if for i = 1,..., m, // is given 
by the Green's formula 

fi(x,t) - e-i [   Kiix - XH - y,t)fti[v)dy 

(2.1) +I'/'e-±T£/,   Ki(x-\
it-y,t-s)Mi(u

e(y + \is,s))dy ds 
e JO JjRd 

+Pi /   e-1^ /    Ki{x- Xit-y,t-s)G(ue(y + Xis1s)dy ds, 
Jo JjRd 

and for i = m + 1,..., iV, /| is given by the Duhamel's formula 

(2.2) +- /   e-t-^Mi(u
e(x-Xi(t-s),s))ds 

6 Jo 

+Pi /   e-t-^G(ue{x-Xi{t-s),s))ds. 
Jo 

Consider the Banach space 

ST := {/ G CaO^L^K*)") :   sup  I/O^JIL-OR^N < V} 
tG[0,T] 

and the operator 0€ defined on 5r as follows: for i = 1, ...,ra:, 

0i(/)(^*)=e-« /    Kiix-XH-yrffoiMdy 
JjRd 

+ - /   e-1^  /    ifiOr -XH- y,t- s)Mi(w{y + Xis,s))dy ds 
e Jo JjRd 

+0i      e    €    /     Ki(x-Xit-y,t-s)G(w(y + Xis,s)dyds; 
Jo JjRd 

for i = m + l,...,iV, 

^(/)(a;,i)=e-i/oi(a;-Aii) 

1       /* 
4--/   e'^M^wix - Xi(t-s),s))ds 

e Jo 
nt 

+Pi l   e-t-^G{w{x-Xi{t-s)1s))ds , 

^N 
where iy := X3t=i /»• 

We want to prove that for every e > 0, there exists r > 0 sufficiently small such 
that <j)e is a contraction from ST in 5r. Using the assumptions on the functions M 
and G we obtain 

sup WUKIML-W < III/OIIIL-(^)^ 
t€[0,r] 

+ (l-e-«)(JV + cLv)V, 
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where Ly is the Lipschitz constant of G in [—V, V]. Hence, for every e > 0 there exists 
a value r sufficiently small such that </>e(Sr) C 5r . 

In a similar way we obtain that, if /i, /2 € 5r, then 

U€(fl)(':t)-^(f2)(^t)\\L-(R^ 

< (l-e-*)(l+eLv)  sup  |||/i(-,t) - /2(-^)|||L-(^)^; 
*G[0,r] 

therefore, for r sufficiently small, (/>e is a contraction in ST and the conclusion follows. 
□ 

PROPOSITION 2.2 ( L1 STABILITY). Let e > 0, /&,7& G L00^) n L1^); Ze* 
/€,/e G Cf([0,r];Loo(JR

d)7V) be the corresponding solutions of the equation in (1.2), 
for some T > 0, and 

y:=max{sup   |||/e(-,t)||Uoo(]Rd)">  sup   lf7(',t)\lLo0{nd)N} . 
te[o,T] te[o,T] 

Assume that M is a MMF on the interval I := {u G IR :  \u\  < V}.    Then for 
0<s<t<T 

N   r 
N   r 

(2.3)        W    Ifttx^-JfMldxKe^-*^       \fiM-7iM\dx, 
7^i J^d 7^i JRd 

where Ly is the Lipschitz constant of G in [—V, V]. 

Proof From (2.1) and (2.2), multiplying for the function sgn(fl — /?), integrating 
on IR/* and summing up for i = 1,..., iV , we obtain 

AT   N    r 

+ - /   e-^ /    |Mi(we(x,r))-Mi^^rJIctedr 
e Js JR* 

+A /  e"^1 /    \G(ue(x,T)) - G(vJ(x,T)\dxdT. 
Js JR* 

Then, setting for 0 < s < t 

f    N — 
P(s)~ /    ^2\n(x,s)-fi(x,s)\dx, 

we have 

p(t) < 6-^/9(5)+ ( -+B)   /   e'^p(r)dr. 

From the above inequality we obtain 

p(t) < eLv^-^p(s) fov0<s<t 

which concludes the proof. D 

In order to obtain the existence and uniqueness of a solution / G 
C^T];!,00^)^ n L1^)^) to problem (1.2), for all T > 0, we need to prove a 
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comparison result. First we will prove comparison, existence and uniqueness results for 
smooth solutions, then we will extend to solutions in C([0,T]; Z/^QR^ n L1^)^) 
by density arguments. 

PROPOSITION 2.3 (COMPARISON FOR CLASSICAL SOLUTIONS). Let e > 0, T > 0 
and /o^, /o; £ CQ^IR/*); let /% fe be the corresponding solutions of the system in (1.2), 
in IRd x [0, T] and 

V:=max{sup   |||/e(-,t)|||L««(iRd)^s  sup   fPir^lL"^*)*}- 
tG[0,T] tG[0,T] 

Assume that M is a MMF on the interval I := {u £ IR : |u| < V}. Then for 0 < t < T 
and for i — 1,...,7V , 

TV 

where 

and 

£/ [n{x,t)-ft{x,t)\ dX 

7 :=   max 
l<i<N 

7+ :=      max 
l<i,j<N,i^j 

dff L™([-V,V]) 

d^iMiju*) - f{) + PiGju*)) 

dtt 
L°°(l-V,V]) 

Proof We set 

and 

gj(«e):=-(Mi(«
e)-/<

e)+i9iG(«e) 

^+(2/)=2(^n2/ + 1) 

Multiplying for H+(ff - /?) the equations for // and //, making the difference and 
integrating on IRd we obtain 

/   (// - 7I)tH+(ti -li)dx + jr\)[   {ft - J!)XjH
+(ft - Ji)dx 

Jm.d j^l     Jnd 

-E^/ (ft-7!UxiH+(ff-7!)dx= [ H+(ff-7f)m«c)-Q- 
~[       JjRd JlRd 

(ue))dx. 

Then we have 

Jo   JlRd 
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Now we go on following [9]. Using the quasimonotonicity of Qe we obtain 

^H+tf-JDiQiw-Qid*) 
i=l 

N        N N 

N 

= ((;v-i)7+ + 7)E[//-/F]+- 
i=l 

If we set 

from 

we obtain 

p{t) < p(0) + {(N - 1)7+ - 7) / fa)** 
Jo 

p(t) < eW-V^-^piO). 

Now the conclusion follows. D 

From the above proposition we immediately obtain the following result. 

COROLLARY 2.1.   Under the hypothesys of Proposition 2.3, if 

then 
fi(x,t) <7i(x,t) a.e. inJRdx[0,T]. 

Now we can prove an L00 estimate, uniform in 6, for classical solutions of (1.2). 
The proof is based on comparison with the solutions of the ordinary differential prob- 
lems 

r ^ = G(W) , 

1 ^±(o) = ±||^OIIL-(^) • 
The assumptions made at the beginning of the section ensure that, for such initial 

data, the differential equation admits global solutions . 
Let T > 0 and 

VT -= max < max \w^\, max \w   I >  . 

PROPOSITION 2.4 ( L00 ESTIMATE FOR CLASSICAL SOLUTIONS). Let T > 0, 
let VT be the constant defined above and M be a MMF in [—VT,VT]. Let e > 0, 
foi ^ CQ0(JRJ

d) and // be the corresponding solution of the problem (1.2).  Then 

I|U
C
(-,*)||L~(]RCI) <^T,        0<t<T, 

-dr + M^-IKIIL-^)) < //(»,*) < CiT + MidlwollLoo^)),    0 < t < T, 
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for i = l,...,N, where CIT''=VT +PimdiX[_yTyT]\G\. 

Proof. Set 

M*(u)= <  Miiu) \u\ <V , 

kMi(V) u>V ,   . 

for i = 1, ...,iV ; let /e* be the solution of system (1.2) with M replaced by M* and 

We consider the ordinary differential problem 

pe7(o) = Mi(±|KIU«>(^)).> 

N 

The assumptions on M* imply that 

it =G(vt)       0<t<T, 

\vt(t)\ <VT       0<t<T . 

Now, due to the quasimonotonicity of the system (1.2), we can use the comparison 
result in Corollary 2.1 to obtain 

P7i<fi<pti     {x9t)em.dx[o,T\9' 

vT <ue* <v+        (x,t) GJRd x [0,T] . 

We immediately have that 

ll«e*(-,*)IU-(ii-)<^r      o<t<r. 
Moreover, using again the assumptions on M*, we have 

p+it) < UMUVT) - p+i) + A .max   |G| 
e [—VT,VT\ 

< Vr-p+^+A   -max>   \G\ , 
€ [—VT,VT\ 

which implies 
PtiW <VT + Pir max   |G| + M^HWOIIL-^)) • 

In a similar way we obtain 

PTiW > " fc + ftr max   |G| -MiC-lltiollLco^ci))V 

Now, on the range of ue*, M = M* and the claim follows. □ 

The above results imply that, for smooth initial data, for every e > 0 and for all 
T > 0 there exists a unique solution fe € C([0, T]; L00(IRd)ivr fl L^IR^)^) to problem 

By standard density argument we can extend the result to the case of initial data 
in L00(IRd)iV fl L1^)^. Then the following theorem immediately follows. 
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THEOREM 2.1. LetT > 0. Then there exists a suitable constant W depending on 
T and on the initial data, such that, if M is a MMF on the interval I := {u e IR : \u\ < 
W} , for every e > 0 there exists a unique solution fe G C([0,T];Ioo(i?d)iVnL1(i?d)iV) 
to problem (1.2). Moreover the following estimates hold 

i) 

-d + M;HK||Loo(IRd)) < ftfat) < d + M^HuolU-oOR')),        0 < * < T, 

for 1 = 1,..., N , where Ci := W + ft max[_vr,i¥] |G|; 

*) I|W
6
(-^)IIL~(IR-)$W; 

Hi) if fe and f€ are two solutions, then, for 0 < s < t < T , 

N      . _ N _ 

E/    \n{x,t)-nM\dx<eL^Y,       l//(M-//(*,«)|*i;, 

lyftere i zs tte Lipschitz constant of G in [—W,W] . 

3. Convergence. In this section we study the convergence of the sequence {/e} 
of solutions of problems (1.2) when e goes to zero. We prove that a subsequence of {/€} 
converges to a limit function /, which is a Maxwellian distribution, i.e. Mi(u) — fi 
for i = 1,..., JV, where u = X^i^i fi is an entropy solution of problem (1.1). 

Let T > 0, let W be the constant in Theorem 2.1; in the whole section we 
assume that M is a MMF in the interval [-W,W] and Mi(v) = Mi(Wsgnv) for 
\v\ >W, :t = l,...,JV. 

As a consequence of Proposition 2.2 we have the following one. 

PROPOSITION 3.1 (EQUICONTINUITY IN X). LetT > 0, UQ e ^(WL^nL1^), 
fa = Mi(uo) and fe G C([0,T\;L00^)" n L1^)^) be the solution of equation in 
(1.2) corresponding to fa. Then there exists a positive constant ho and a continuous 
nondecreasing function u 6 C((0,ho]), not depending on e, u(0) — 0, such that, for 
0<t<TandforhelRd,\h\<ho 

r   N 

/    ^mx + h,t)-ff(x,t)\dx<u>(\h\). 

As regard to equicontinuity in t we need the following interpolation lemma due 
to Kruzkov [10]. 

LEMMA 3.1. Let ft C lRd be a convex open set and set Ctho = {x e lRd | d(ar, SI) < 
ho} , for some fixed ho > 0 . Let w be a measurable bounded function in flh0 x 
(0,T) (T > 0) and let UJQ £ C([0, ho)) be a nondecreasing function, with LOQ(0) = 0, 
such that for t G (0, T), |ft| < ho 

/     \w(x + h,t) -w(x,t)\dx < un(\h\) . 
JsihQ 

Assume the following condition holds: 

(3.1) / (w{xj + T)-w(x,t))<p(x) 
\ju> 

< CQT\\ip\\C2   , 
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for every t,t + r G (0,T) (r > 0) , for every tp G C^ft) and some constant C^ > 0 . 
Then for 0 < t < t + r < T we have 

where 

/  |w;(a: + h,t) - w(x,t)\dx < (JOQ(T) 

wn(r) = CQ mm  \\h\ + a;n(|ft|) + -^ 

We will use the above lemma to prove the following two propositions. 

PROPOSITION 3.2. Let T > 0, UQ e L00^) n Z^QR/*), /& = Mi(wo) and 
/e G C'QOjT];!,00^)^ nL1^)^) 6e tte solution of equation in (1.2) correspond- 
ing to /Q^; /e^ ^e := Y^i=i ft- Then there exist a positive constant TQ and a continuous 
nondecreasing function & : [0, TO] —> IR; independent on e, with CJ(0) = 0; such that for 
0<£< t + r <r,r <E (0,ro), 

/ \ue(x,t + r) — ue(X)t)\dx < UJ{T) . 

Proof. Thanks to Proposition 3.1 and Lemma 3.1 it is sufficient to prove that ue 

verifies inequality (3.1). Let ip G Co(Iid) • Using the property Mi of M we have 

/ 
JjRd 

(ue(x, t + r) — ue(x, t)) (p(x)dx 

■ Y,XfiVxj + itft^V + PiG^ip ] dxds 

N      n        rt+T 

tJnJt 

where C is a constant depending on the parameters X1 and // and on L. D 

PROPOSITION 3.3. Let T > 0, UQ G L00(TR*) n L1 (TR,d), fa = M^UQ) and fe e 
CQOjT];!,00^)^ HL1^)^) 6e tAe solution of equation in (1.2) corresponding to 
/o^; let ue := J2i=1 ft- Then for every v > 0 , there exist a positive constant TQ and a 
continuous nondecreasing function uov : [0,TO] —> H, independent one, withu;u(0) = 0, 
such that for iy<t<t + r<T,T£ (0, TQ), 

r   N 

for every 0  < e < v . 

Proof. As in the previous proof, we have only to prove inequality (3.1) for //, for 
i/ < t < t + r < T,T G (0,ro), . Let (^ G C^(lRd). If ^ 7^ 0 we can use the Green's 
formula (2.1), as in Proposition 3.1. 

We obtain 

ft(x,t + T)-ft(x,t))<p(x)dx 

< f    [   ftme-^Kiix-y^ + rMx-Xit + T)) 
JlRd JjRd 
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—e~eKi(x — y,t)(p(x — \lt))dx dy 

515 

+ /     /        /    (e   i±^^(x-2/,t + r-< 
^IR^ JO JjRd 

-Mitfiy, s)) + PiGWiy, s))   <p(x - X^t + r - s\ 

■ /     /   e   *** Ki(x-y,t-8) 
JjRd JO 

Mi(u€(y, s)) + /3iG(ue(y, s)) ) v(x - A*(* - s))dx ds dy 

As regard to h we have 

< IMIcoH/oll^   / 
./IF 

\h\< 

\e~~^Ki{x,t + r) — e~^Ki(x,t)\dx 

d 

Using the expression of i^, we obtain for t > v and e G (0, i/) 

I   ^-^Kfa t + r) - e-ilfiCa;, t)| < r (^- + ^-i") = r f ^-1 + C^  . 

Hence there exists a positive constant C, depending on i/ and Aj, such that 

|A| < l^llci(iRd)ll/otlUi(iRd)Cr . 

As for /2 we have 

K-r ^IRd ^IRd 

-Mi(^
e(x,s + r))+ftG(ue(x,s + r))j da? dy ds 

I'l / ■ ./O   ^IRd ^IRd 
e    <* Ki(x -y,t- s)(p(x - \%(t - s)) 

-Mi(u€(x,s)) + piG(ue(x,s))     dx dy ds 

< fl l JO   VlRrf Jwid 
e    - Ki(x-y,t-s)y{x-\l(t-s)) 

-Mi(u*{xy s + r)) + (3iG(ue(x,S + T))- -M^a?,s)) + piG(u€(x,s)) ) dxdyds 

+ /7/ «/-r ^IRd ^IRd 
e    t* Ki(x -y,t- 8)ip{x - A*(t - 5)) 
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• ( -Mi(ue(x,s + T)) +(3iG(ue(x,s + T)) j  dx dy ds   =:  |Ji| + |J2|. 

Thanks to the properties of M and G, to Proposition 3.1 and to Proposition 2.2 we 
can obtain the following estimates for Ji and J2: 

|Ji|< 

/ (-+Lft)e~^£ /    |(p(x-Ai(t-s))||(^e(a:,s + r) - ue(x,s))\dxds 
Jo     e JjRd 

< 

< CHMIcapR^C1 -e ~e) < ^TM\c^^) 3 

where d, is a suitable constant depending on 1/ ,L and ft; 

< Iblbo(iR^)       (~+ PiL)^1^ /     |^e(^, s + r)| d&ds 

1 t        ^ 

2=1 

AT 

<   C,i/,T||^||c0(IRd)/rX^II^IILl(IRd)  ' 
i=l 

where (7^,7 is a suitable constant, depending on v,T,L, and ft. Hence 

iV 

|/2 I <   [Cv + C^T X) ||/o€illLi(lR-)      M\C*{1R*)T ' 
i=l 

Therefore there exists a positive constant C = C(y,T, ||/oj||L1(]Rd))* = 1? •••)^r) such 
that 

(3.2) t + rJ-Z^x^JM^dx < C|Mlc2(IR<T , 

for i = l,...,m. For i = m+1, ...,iV, the set of hyperbolic equations, the same estimate 
can be obtained using the Duhamel's formula (see [14]). Summing up the inequalities 
(3.2) for i = 1,..., N we obtain the claim. □ 

Proposition 2.2 and 3.3 allow us to use compacteness method to prove the conver- 
gence of a subsequence of {/e}, respectively of {w€}, to some functions / and u. The 
following propositions are necessary to prove that u is an entropy solution to problem 
(1.2). 

PROPOSITION 3.4. Let T > 0, uo € Lco(]Rc() ni1^), foi = Mi(u0) and f € 
C([0,r];Loo(lR<i)JvnL1(]Rd)iV) be the solution of equation in (1.2) corresponding to 
fuf, let ue := Sili f!- Then, if UQ^UQ^ £ BV^EV1) for every 1 < k < d, there exists 
a positive constant C such that, for every e < 1 and for every 0 < t < T 

N 

J2        |/«e-M4(«
e)| 
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<C 

Proof.  Consider the sequences of functions {UQ} regularizing UQ, and the corre- 
sponding sequences of solutions {uen} and {/en} . Let us also set 

TV JM 

9\{x,t)=flh,        «< = £>?. 

For i = 1, ...,m , gf satisfies the equation 

d 

9l + E AK. - ^9! = -(MIW - gf) + PiG'W 
3=1 

then, using the Green's formula we obtain 

/   IsfOc* + h,t)- gtix^tydx' < e-i f   \g^(y + h) - ge
oi(y)\dy 

€ ^A-Kfj,1 Jo   yjt - s JiRd 

^ATTfi1 JO    ^t- S J^d 

Summing up the above inequalities for i = 1, ...,m we obtain 

m      „ m      » 

W    IgKx' + hrf-gKx'ttydxKe-lY,        19^ + h,t) - g^(x\t)\dx 

+(- + L)-==/ -==y        \fi \dx, 

where /i := min{//i, ...,/xm} . 
Thanks to the uniform (in e) estimate for the BV - norm of Z/71, coming from 

inequality (2.3), we obtain the following inequality 

m      „ m      p 

J2   i/r>+M)-/rfcM)i^<e-"E/ i/oi^+MWoV* 

(3.3) 
Ztl T rp 

N 

V^ Eii/oi Oi\\BV(iRd) 
i=l V~e 

+ L^/e 

Now we use the equation for ffn to obtain 

^ / N     d m     d \ 

dt\fr - Miiu™)] + -i/r - M^U-)! < a E E i/t" i+EE ift"., i 
^=1 j=l J i=i j=i 3   '  J 
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for a suitable constant Co; hence we have 

and using the estimates for the BV-norms of /|n and //J1, coming from (2.3) and 

(3.3) we obtain 

r   N AT m     d 
"^ li  /•^r).     n 

where Ci and C2 are suitable constants.  By standard density arguments we obtain 
the claim. □ 

PROPOSITION 3.5. Let T > 0, UQ G L00(TR*) n L1 (JR*), f^ = Mi{uo) and fe e 
CdOiT^L00^)* DL1^)1*) be the solution of equation in (1.2) corresponding to 
ffc let ue := J2Z=i ft- Then, for all k G IR and for all tp G ^(M x [0,r]) , ip > 0, 
for 1 < i < N we have 

N 

Jo    JjR"  Vi=l 
• Mi(k)\(ipt + AVx + /iVia) + GVV) ^^ 

(3.4) >iy   I    f^l/Z-M^JI-l^-felJ^da;*  >  0. 

Proof Multiplying for sgn(fl — Mi(k))(f the equation for f? and integrating and 
summing for i = 1,..., iV we obtain 

JO     «/lRd ~{ 

N 

Mi(k)\((pt + AVaj + tfVxx) dx dt 

= ' [    [   ^[(//"^(^(-^^//-^(^(M.^^-M^fc))]^^* 

- /    /    GW rfo: dt . 
Jo   JjRd 

Since 
iV AT 

^2agn{fi - Mi(fc)(M,(^) - M^*)) < |fie - fc| < £ |// - M^fc)! 

we obtain the claim. □ 

Now we can prove the following convergence theorem. 

THEOREM 3.1 (CONVERGENCE). Let T > 0, u0 e LC50(IRd) nL^lR/*), fa = 
Mi(uo) and f G C([0,T];Loo(Wid)N n L1^)^) 6e the solution of equation in (1.2) 
corresponding to fa] let ue := ^2^—1 ff- Then there exists a subsequence {fek} of {/€} 
such that 

//*->/ in     C([0,T};LJoc([0,T]xRd)N),     fori = l,...,N , 
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««*-►« in     C([0,T];Ll
1
oc(iJ'1)), 

where u = J2fi *5 an entropy solution of problem (1.2). 

Proof. From Propositions 2.2 and 3.3 we obtain the relatively compactness of 
{/e} in C([z/, T]',Ll(Rid)N) , for every v > 0; then there exists a subsequence, also 
denoted by {/e}, converging in C([i/,T];L}0C(TRd)N) to some /. 

In order to prove that the convergence holds also in t — 0, we consider a sequence 
{uon} C CQ^IR/*) converging to UQ in L1(IRd) and the corresponding solutions utn 

and fen. We easily obtain the following estimates 

N N 

(3-5) 2^ ll/o?ltav(]Rrf) < ci^ X/ ll/o*!!^1^) ' 

m m 

(3-6) X^ H^S- \\BV{^) < C2n2 ^2 WfoiWLiQR*) >    i = 1, •••» d, 

where ci and C2 are suitable constants.  For every e < 1, we choose n = e~^ in the 
following inequality 

N 

Y,        \Mi{rf)-ft\ 
i=i J^d 

N   r N   r N   r 

and using Proposition 3.4, (3.5) and (3.6) we obtain that 

lim 
e->0' ) i=i J^d 

Now the convergence of fe to / in C([0,T]; L1(IRd)) easily follows from the inequality 

sup /    |// - fil < sup /    |// - MiCu6)! + sup /    iMiiu6) - Miiu)] , 
[0,T] JIRd [0,T] JlRrf [0,T] JlRd 

^N where w := J2i=1 fc . 
Now we have to prove that the function u verifies the conditions (E).'To this 

purpose we remark that 

N N 

2=1 i=l 

>d 

N N 

2 \fi - M<(*)i = E iM^) - M<(*)i = i^ - *i 

for a.e. (re,*) G IRd x (0,+oo) 

E Ail/< " M<(fc)l = E A^W^ - k)(Mi(u) - Miik)) = sgn(u - k^A^u) - A^k)) 
i=l i=l 

for a.e. (x, t) 6 IRd x (0, H-oo) , for j = 1,..., d, 
AT AT 

E^il/i - M<(fc)l = E^^n^ - k)(Mi(u) - Mi(k)) = s9n(u - k)(B(u) - B(k)) 
2=1 2=1 
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for a.e. (x, t) G TRd x (0, +00) . 

Now the conclusion follows letting e go to zero in (3.4). D 

4. Examples. 
EXAMPLE 1. Consider the equation 

ut + ^4(i0z - Uxx = 0 in R x IR"f ; 

since the function B is the identity, it is sufficient to set iV = 2 in order to build a 
relaxation approximation system. We set 

A1 = —a,    A2 = a,        a > 0, 

^ = 1        for* = 1,2. 

Now conditions (Mi) — (M3) give 

Mi(u) = 
A(ti) 

a 
M2(u) = - M + 

a 

and the quasimonotonicity conditions implies the following limitation to a 

s\ip\A'(u)\ < a. 
1 

Set v€ := a(f2 — /f); then we obtain the relaxation system 

f w| + ve
x - ue

xx = 0, 

I vf + a2< - v'xx = ±(A(uy - v'), 

which is an extension to parabolic case of the scheme in [8] and of the Example 4.1 in 
[14]. 

EXAMPLE 2. Consider now the quasilinear parabolic equation 

(4.1) ut + A(u)x - (B(u))xx = 0        in IR x IR+ , 

B'(u) > 0. 

Set N = 3 and 

A1 = -a,    A2 =0,    A3 = a,    ji1 =0,    tf = a,    /<3 = 0,    a > 0. 

We obtain 

Jlfi(u) = 
A(u)     B{u) 

2 

M2(«) = 

MM = - u + 

a a 

B(u) 
a 

A(u)     B(u) 
a a 

and the quasimonotonicity is ensured by the condition 

a^maxOB' + l^'l). 

Setting 
N N 

i=l i=l 
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we obtain 

,ii;|-a2ti;^ = i[B(u€)-u;€]. 

In the case A{u) — 0 we can set 

JV = 2,    [i1 = 7,    fi2 -a,    7 > a > 0 

and we obtain 

Mi(u) = 

M2(u) = 

a — 7 

^(w) — 7^ 

a — 7 

7 < minjB'fit) < maxB'iu) < a . 

If the parabolic term does not degenerate, i.e. Bf(u) > m > 0, then 7 and a can 
be strictly positive; setting 

we obtain the relaxation system 

f ut - vlx = 0 ' 
1 ^ - [(7 + a)^e - aju%x = i [(B(u€) - z;€] . 

If the condition on the derivative of B is I?'(u) > 0 , then a has to be zero, and 
the relaxation system has the form 

1^ + ^ = 0, 

EXAMPLE 3. Now we consider the equation with source term 

ut + A(u)x - (B(u))xx = G(u) in IR x IR+ , 

where B'(u) > 0 . 
We can approximate the equation with the relaxation system 

./t3+«/x3=HKu+iiM^M)-/3]+^£l' 
obtained setting 

A1 - -a,    A2 =0,    A3 = a,    fi1 =0,    /J? = a,    ^3 = 0,    a > 0, 

as for the equation (4.1) and 

Pi=fo = 2>       h = 0 
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In this case the monotonicity conditions 

MKu) >moa?{0,-c/3<G
,(ti)} 

are satisfyed for e < eo if we set 

~     1 — eo\mmjGf(u)\ 

where eo is such that  eo | min/ G' (u) \ < 1 . 
Setting 

AT 

-E^' 
N 

z=l 

we obtain the conservation form 
f ue

t + vl - w%x = G(tf) , 

, ti;|-a2ii;^ = i(B(iic)-ti;e). 

EXAMPLE 4. Let us consider the multidimensional equation 

d 

ut-^2 dxjAj(u) - AB(w) = 0     in IRrf x IR+ , 
i=i 

B'W > 0; 

we set N = d + 2 and 

A^ = —a, for i = 1,..., c? ,    a > 0 , 

Xf = a, for j = l,...,d , 

A] = 0 otherwise ; 

/ii=7forz^d+l,    7>0, 

/+1 = 0 ,    0 > 0 . 

The compatibility conditions imply that 

1f^_      1      ((9u-B(u))     ^Mu)\     Ajju) MjW- (d + 1) ^    ^_^    +2^   a J-   a 

Md+1(u) = 

j = l,...,d , 

B{u) — 7U 

'-7 

d 

*"("» = (i + i)'c-7)   "» " B(") + <9 " ■" g ^T 
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and the monotonicity conditions are 

d 

0<7<minB/(u),        6 >2maxB,(u),        a > 2(d+l)max]^|Aj(u)| . 
J=I 

If B'(u) > m > 0 then we can choose 7 > 0 and we obtain the following relaxation 
system, where all the equations are of parabolic type 

dtfi-adxJi-7Afi 
_ 1  /     1       ((eu<-B(u<))   ,   Vd       Ad(ue)\ _ Ai(«e) _ fe\ 
~   e  \(d+l)   V ^-7 "l" ^=1       a      ) a Ji ) 

i = l,...,d , 

= 7 (pTlfc) (^ - 5(we) + (« - 7) Ei=i ^Hl) " /*)  • 

If the parabolic term degenerates, 7 has to be zero to verify the monotonicity 
conditions; therefore, as a consequence of the degeneration, the system contains both 
parabolic and hyperbolic equations. 
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