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A RELAXATION APPROXIMATION FOR
DEGENERATE PARABOLIC EQUATIONS*

F. R. GUARGUAGLINI!

Abstract. We present a semilinear relaxation approximation by hyperbolic-parabolic equations
for quasilinear, possibly degenerate, parabolic problems, in several space dimensions. We prove the
convergence of the approximated solutions to an entropy solution of the parabolic equation.

1. Introduction. We consider the Cauchy problem for a parabolic equation

{ Ut + Yo (A (W)s; — A(B(w) = G(u)

u(z,0) = uo(z) ,

(1.1)

where 2 = (21, ...,24) € R?, up € L'(IR%) N L®(IR%). We assume that 4;, B and G
are smooth given functions and B'(u) >0 .

In the purpose of approximate the solution u, we introduce the following semilin-
ear system of equations

Ua){&ﬁ+ziﬁwwﬁ‘wAﬁ=%@Mw%ﬁﬂ+&mwhi=LmN,
ff(.’l;,()) = f&(w), 1=1,..,.N,

where N
u(a,t) = fi(a?)
i=1

and e € R, e >0, A = (A\,.,A)) e R fori = 1,..,N, gt € Rfori = 1,..,N ,
Bi€R, B >0fori=1,..,N, ¥ Bi=1and M = (My,..., My) € Lipoo(IR; RN)
with M (0) = 0.

In this paper we want to show that, under the hypotesis that f§;(z) = M;(uo), a
subsequence of {u¢} converges to a solution of problem (1.1) when € — 0 .

To this aim, we assume that M is a Maxwellian Monotone Function (MMF) for
system (1.2) in some interval I € IR, i.e. M satisfies the following conditions:

N
(My) Z M;(v) =v for everyv € I ;
=1
N .
(M) Z/\}Mi(v) =A;jw) foreveryvel, j=1,..d;
i=1 )
N .
(M3) Z;A‘Mi(v) =B(v) foreveryvel;
i=1
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(My)  M|(v) > max{0,—BicoG'(v)} foreveryvel, i=1,..,N, ¢ >0.

The condition (My) implies the quasimonotonicity of the right hand side of the
equations in (1.2), for € < €p; then special comparison and stability properties for
system (1.2) are available ([7],[16]; see also [9], [13] and [14] for semilinear hyperbolic
systems).

A system of type (1.2), with M satisfying (M7) - (My), is similar to the BGK
approximation for Euler equation (see [4]). We recall that the kinetic approximation
of fluid dynamic equations is a classical problem in mathematical physics: the Euler
equations can be formally obtained as the fluid dynamical limit of Boltzmann equa-
tions (see [4], [5] and references therein), but this limit has been rigorously established
only as long as the limit solutions are regular. In the last years the rigorous theory
of kinetic approximations for solutions with shocks, when the limit equation is scalar,
has been developed. In [3] a convergence result of a fractional step continuous Boltz-
mann approximation to a parabolic (possibly degenerate) equation is proved. In [15]
a continuous velocities BGK model is proved to be well adapted to describe general
multidimensional scalar conservation laws as its microscopic scale, € > 0 , tends to
zero. A related kinetic formulation of conservation laws can be found in [11]; more-
over they suggest an extension of such formulation to parabolic (possibly degenerate)
equations in conservation form.

We observe that the presence of the regions {z € R%,¢t > 0 : B'(u(z,t)) = 0}
makes the problem (1.1) of mixed type, in particular of hyperbolic-parabolic mixed
type. :

The porous media equation is an example of parabolic equation which degenerates
in one point. Another kind of degeneracy has been investigated in the framework of
“mushy” regions by [1].

The main features of our degenerate parabolic problem are the nonexistence of
globally defined smooth solutions and the nonuniqueness of weak solutions, as in the
pure quasilinear hyperbolic case.

It is well known that, for the hyperbolic case, uniqueness of solutions holds only
in the class of functions verifiying special admissibility conditions called entropy in-
equalities [10].

In the same way, as a consequence of the possible degeneration to a hyperbolic
problem, it is necessary to introduce the entropy inequalities for the equation in (1.1).

DEFINITION 1.1. A function u : R¢ x [0,T] — IR is an entropy solution of (1.1)
if u is a weak solution, u verifies the inequalities

T
Lt bl sont = 0 Y0 0) - 450k,

j=1
(E) +sgn(u — k)[B(u) — B(k)]Ap — sgn(u — k)G(u)p}dxdt >0,
for all k € R and for all ¢ € C(RE x (0,T)) ,9 >0 and

lim |u(z,t) —uo(z)|dz =0 .

t—0 Rd

Existence and uniqueness results for solutions, for the general case of equation
(1.1), under different hypothesis, can be found in many papers, see [6] and reference



A RELAXATION APPROXIMATION FOR PARABOLIC EQUATIONS 507

therein; in particular we recall [17], [12] and [2]. In these papers the existence of an
entropy solution is proved; however, only in the pure hyperbolic case the result about
uniqueness is completely satisfactory [10]. More precisely, in the general case it is
possible to obtain uniqueness for solutions which are limit of the vanishing viscosity
method, but it is still an open problem whether or not it holds for all weak solutions
satisfying conditions (E).*

The plan of this paper is as follows: in Section 2 we prove existence, uniqueness
and stability for solutions to system (1.2). In Section 3 we show that a subsequence of
{u} converges in C([0,T]; L}, .([0,T] x R)™N) to a solution of problem (1.1). Finally
in Section 4 we present some relaxation systems to approximate problems belonging

to the class (1.1).

Finally, let us remark that we may consider a more general class of parabolic
(possibly degenerate) problems

{ up + Y4 (A5 (W))a; — 3 ey (Bt ()a;0, = G(u)
u(z,0) = uo(z).

It is possible to prove that this equation can be approximated by means of the
following system of semilinear equations

atfze + E?:l )‘;ax] fze - Z?,k_—.l M;‘kawjzkfie = %[Mz(ue) - f:] + ﬂzG(ue) )
i=1,..,N,
ff(z,0) = f§(x) i=1,...,N,

where u¢(z,t) = Zfil ff(z,t) and (u?) ;1 are d x d real positive definite matrices. The
techniques of the present paper can be easily extended to cover this case.

2. Existence, uniqueness, stability for the system. In this section we prove
existence, uniqueness and L!-stability for the solutions of system (1.2).
Through the whole paper we assume that the following conditions are satisfied:
i) Aj € Lipio.(R;R) for j =1,...,d;
ii) B € Lip;,(IR;IR) and B'(u) >0 ;
iii) G € Lipi,c(IR;R) and, for initial data in some interval J C IR, the differential
equation ¥ = G(w) admits global solutions.
Moreover we assume that = ||uo||pe(r) € J.

Set (-, )l oo mayn = Somy £ ()]l poo (-

PROPOSITION 2.1 (LOCAL EXISTENCE AND UNIQUENESS). Let f§; € L®(IR%) N
L*(R?), for i = 1,..,N and € > 0 and fir V € R such that V > || f§ll e ra)~-
Assume that M is a MMF on the interval I := {u € IR : |u| < V'}. Then for every
€ > 0 there ezists a unique local weak solution f¢ € C([0,7]; L= (R)N) to the system
(1.2).

Proof. We can assume that p > 0fori=1,...,mand p* =0fori =m+1,...,N.
Let

K;(z,t) :=

1
_eap (_Ilwlhfuv) .
VAT pit 4p't

* See however the recent results in [18].
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A function f€ is a solution of the system (1.2) if and only if for ¢ = 1, ...,m, ff is given
by the Green’s formula

il =et | Kia—XNt—y.Ofi)dy

1 ¢ t—s . .
(2.1) +-g / e s Ki(x — Xt —y,t — s) M;(u(y + X's, 8))dy ds
0 R4

t
+,Bi/ e~ / Ki(x — Xt —y,t — s)G(u(y + N's, s)dy ds,
0 Rd
and for i =m+1,...,N, ff is given by the Duhamel’s formula

fi(z,t) = e Gz — N't)

(2.2) —i—1 /t e_t—:iMi(ue(w — \i(t —s),5))ds
€Jo

t
+,3i/ e~ T Gu(z — Ni(t — s), s))ds.
0
Consider the Banach space

Sy :={f € C([0,7]; L*(RH)N) : SEJPJ 1£C O meyy <V}
tel0,T
and the operator ¢¢ defined on S, as follows: for i =1, ...,m,

SN0 =t [ Kilo= Xt =)o)y

t
+1 / e~ Ki(z — Xt —y,t — s)M;(w(y + N's, s))dy ds
€ 0 Rd

t
+,3i/ e~ e / Ki(z — X't —y,t — s)G(w(y + \'s, s)dy ds ;
0 R4
fori=m+1,..,N,
$i(f)(@,1) = €% foi(x = X't)

¢
+% / e Mi(w(z — Xe(t — s),5))ds
0

v G~ Xi(t - ), 9)ds

where w := Zﬁil fi.

We want to prove that for every ¢ > 0, there exists 7 > 0 sufficiently small such
that ¢¢ is a contraction from S, in S;. Using the assumptions on the functions M
and G we obtain

sup [|6°(f)( )llzeerayy < M f5lzeo (rayw

€[o,7]

+(1—e ) (N +eLv)V,



A RELAXATION APPROXIMATION FOR PARABOLIC EQUATIONS 509

where Ly is the Lipschitz constant of G in [V, V]. Hence, for every € > 0 there exists
a value 7 sufficiently small such that ¢¢(S;) C S, .
In a similar way we obtain that, if fi, fs € S;, then

llo=(f1) (1) = ¢ (f2) (s D)l Loo (Rey™
<(1-e7%) (1 +eLy) sup |[[fi(t) = fols E)lll poo Ry
tefo,7]

therefore, for 7 sufficiently small, ¢¢ is a contraction in S, and the conclusion follows.
O

PROPOSITION 2.2 ( L' STABILITY). Let € > 0, f§;, f5; € L°(R%) N L (IRY); let
fe, fe € C([0,T); L®(RYHN) be the corresponding solutions of the equation in (1.2),
for some T > 0, and

V= max{ sup |f(t)|zemeyns sup [[FEC, ) peemayn} -
te[0,T] t€[0,T)

Assume that M is a MMF on the interval I := {u € R : |u| < V}. Then for
0<s<t<T

3 ( )N
2.3 [ ) _—ie ) d. Ly (t—s : ’ _—E ’ d,
(2.3) ;/}Rdlfz(xt) fi(z,t)ldz < e ;/Rdu(a:s) ez, 5)|dz

where Ly is the Lipschitz constant of G in [-V,V].

Proof. From (2.1) and (2.2), multiplying for the function sgn(f; — ff), integrating
on IR¢ and summing up for i =1, ..., N , we obtain

N Te. t—s N _
;/}R (s t) — T, )ldo < o= ;Ad|fi(x,s)—fi(m,s)|dx

t
+% / e e / |M;(u(, 7)) — M;(ue(z, 7)|dwdr
s R4

t
+B; / e~ /R |G (2, 7)) = G(u(z, 7)|dadr.

Then, setting for 0 < s <t

N
o) = [ S 1fi(os) = Trlw,s)lds
i=1
we have
t—s 1 t t—T1
o <o)+ (148) [ pirian
From the above inequality we obtain

p(t) < elvt=2)p(s) for0<s<t

which concludes the proof. O

In order to obtain the existence and uniqueness of a solution f €
C([0,T); L®(RHN N L1 (R4)N) to problem (1.2), for all T > 0, we need to prove a
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comparison result. First we will prove comparison, existence and uniqueness results for
smooth solutions, then we will extend to solutions in C([0,T]; L (IR%)N N L (IR%)N)
by density arguments.

PRrRoOPOSITION 2.3 (COMPARISON FOR. CLASSICAL SOLUTIONS). Lete > 0,7 >0
and £§;, f5; € CO(IRY); let fe 7€ be the corresponding solutions of the system in (1.2),
in R x [0,T] and

V= max{ sup [|F(,)|Leoqmayy, sup NFC,t)lpo(mayn }-
tefo,T) t€lo,T)

Assume that M is a MMF on the interval I := {u € R : |u| < V}. Then for0 <t <T
and fori=1,...,N |

Z/ mt)—f(mt]

+ = fe.
SR> |, Ui - T, e

where
H(L(Mi(ue) = £5) + BiG(u))
7Y = max €
1<i<N of; L=([-V,V])

and

- OL(M(w) = £7) + BG(w))

N i= max

10§ SN, i of; Leo((=V,V])

Proof. We set
Qi(u) = + (Mi(u) = f) + AiG(u)

and .
Ht(y) = 5(sgny+1).

Multiplying for H*(ff — ff) the equations for ff and ff, making the difference and
integrating on IR¢ we obtain

d
€ _F) HT(fe - F¢ ( € _Fe), HY(ff —F¢
[ =Tt s+ 3%, [ = T B = Ty

d
— i £ _fe t(fe — 9 )dx = +0re _FVON (4 — O (0E)) da.
;N /IRd(fz [)asa; HT(f — f£)da /leH (ff — FO(QE(u®) — Q5 (uF))da

Then we have
/,Rd ([ff—ﬁ]+)tdmsLd (75 - 7&1,), de

t
+(fe _ fe ey .
+/0 /]Rd H (fz fl )(Ql(u ) Qz(u ))dil)dt
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Now we go on following [9]. Using the quasimonotonicity of Q¢ we obtain

N
STHT(ff - THQ5 () - Q@)

i=1
N N N
<N AT A T
i=1 j=1j#4 i=1
N
= (N =7 +) D[ - F,
i=1
If we set
N
p(t) == ;/md [ —Tf]+dw,
from
t
p(6) < 0) + (= D7+ =) [ ple)ds
we obtain

p(t) < elN=D7 =1y (0).
Now the conclusion follows. O
From the above proposition we immediately obtain the following result.
COROLLARY 2.1. Under the hypothesys of Proposition 2.3, if
féi(@) < f5,(x) ae. in R,
then L
ff(z,t) < fi(z,t) a.e. in RE x [0,T).

Now we can prove an L* estimate, uniform in €, for classical solutions of (1.2).
The proof is based on comparison with the solutions of the ordinary differential prob-

lems .
{ F =Gw),
0™ (0) = *[fuoll o re) -

The assumptions made at the beginning of the section ensure that, for such initial
data, the differential equation admits global solutions .
Let T > 0 and

Vr = max{ max |w"|, max |w‘|} .
0<t<T 0<t<T

PROPOSITION 2.4 ( L% ESTIMATE FOR CLASSICAL SOLUTIONS). Let T' > 0,
let Vi be the constant defined above and M be a MMF in [-Vp,Vy]. Let € > 0,
fs; € C(RY) and ff be the corresponding solution of the problem (1.2). Then

lue(s)llpeeqmaey < Vo, 0<Lt<T,
~Cir + Mi(—|luoll L (ray) < ff(2,t) < Cir + M;(|Juollpe(mey), 0<t<T,
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fori=1,..,N, where Cir := Vr + B; max(_vy. vy |G-

Proof. Set
Mz(—V) u <~V y
M (u) = { Mi(w) lul| <V,
Mz(V) u>V,

fori =1,...,N ;let f* be the solution of system (1.2) with M replaced by M* and

* N
ut = S A
We consider the ordinary differential problem

A Linrsr T + +
pei(t)zz(Mi(vf)_pei)+ﬂiG(U€)7 OStSTa
+
i (0) = Mi(E|juol|Loo(ray) ,
+ N +
Ve = Zi=1pei .
The assumptions on M* imply that
+ +
’[)5 :G('ve) OStST,
+
lve (B)] < Vr 0<tLT.

Now, due to the quasimonotonicity of the system (1.2), we can use the comparison '
result in Corollary 2.1 to obtain

paSF<ph (zt) R x[0,T],
oo <uf <vF o (z,t) e RYx[0,T].

We immediately have that
lu ¢8| pom(rey < Ve 0<tST.

Moreover, using again the assumptions on M*, we have
) 1
ph() < =(M; (Vo) - pf) + B max |G
€ [=Vr,Vr]

<

a | =

—pt . -
(VT pez) +161[ ma')é, ] |G| )

-Vr,Vp

which implies
p5(t) < Vr+ B max |G|+ M;(|luol|pe(re)) -
[=Vr,Vr]

In a similar way we obtain
palt) 2 = (Ve+ fi . [61= Ml luollzminn) )
[—Vr,Vr]
Now, on the range of u¢", M = M* and the claim follows. O

The above results imply that, for smooth initial data, for every ¢ > 0 and for all
T > 0 there exists a unique solution f¢ € C([0,T]; L® (RN N L} (R¢)N) to problem
(1.2).

By standard density argument we can extend the result to the case of initial data
in L*(IR%)N N L}*(R?)N. Then the following theorem immediately follows.
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THEOREM 2.1. LetT > 0. Then there ezists a suitable constant W depending on
T and on the initial data, such that, if M is a MMF on the interval I := {u € R : |u| <
W}, for every € > 0 there ezists a unique solution f¢ € C([0, T]; L®(R%)NNL(RY)N)
to problem (1.2). Moreover the following estimates hold
i)

—Ci + Mi(—|luoll L (mey) < fi(2,t) < Ci + Mi(|luollpemey), 0Lt <T,
fori=1,..,N , where C; :=W + §3; max_w,w] |G|;

i) lluCo )l oo (mey S W 5

i) of f6 and f¢ are two solutions, then, for 0 < s<t<T,

N )N
: 3 _-—6 3 d L(t=s ze ) __: ) d 3
S [ ) - T olde <203 [ 15:) = e, s

=1
where L is the Lipschitz constant of G in [-W, W] .

3. Convergence. In this section we study the convergence of the sequence {f¢}
of solutions of problems (1.2) when € goes to zero. We prove that a subsequence of {f¢}
converges to a limit function f, which is a Maxwellian distribution, i.e. M;(u) = f;
fori=1,...,N, where u = Zfil fi is an entropy solution of problem (1.1).

Let T > 0, let W be the constant in Theorem 2.1; in the whole section we
assume that M is a MMF in the interval [-W,W] and M;(v) = M;(Wsgnv) for
lv| >W, i=1,...,,N.

As a consequence of Proposition 2.2 we have the following one.

PROPOSITION 3.1 (EQUICONTINUITY IN z). Let T >0, up € L®(R?%) N L' (RY),
f& = Mi(uo) and f¢ € C([0,T); L®(R)N N L} (IR%)N) be the solution of equation in
(1.2) corresponding to f§;. Then there exists a positive constant hy and a continuous
nondecreasing function w € C((0, ho]), not depending on €, w(0) = 0, such that, for
0<t<T andforheR?,|h| < ho

N
L 1@+ b0 - fiGo e < wllh)
i=1

As regard to equicontinuity in ¢ we need the following interpolation lemma due
to Kruzkov [10].

LEMMA 3.1. Let Q C IR¢ be a convez open set and set Qp, = {z € R? | d(z, Q) <
ho} , for some fized hog > 0 . Let w be a measurable bounded function in Qp, x

(0,T) (T > 0) and let wq € C([0, ho)) be a nondecreasing function, with wq(0) = 0,
such that for t € (0,T),|h| < ho

/ w(z + by t) — w(z, )| dz < wallh]) .

0

Assume the following condition holds:

(3.1)

[ Wt +) ~wie,0) p@)| < Corlilen
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for every t,t +7 € (0,T) (r > 0) , for every ¢ € C2(Q) and some constant C,, > 0 .
Then for 0 <t <t+7 <T we have

/ |lw(z + h,t) —w(z,t)|dz <Wa(r) ,
Q

where

N . T
@a(r) = Ca min 18]+ wa(la) + 75 | -

We will use the above lemma to prove the following two propositions.

PROPOSITION 3.2. Let T > 0, ug € L*®(R%) n L*(RY), f&, = Mi(uo) and
fe € C([0,T]; L (RN N LY (RA)N) be the solution of equation in (1.2) correspond-
ing to fg;; let u€ := Zf;l ff. Then there exist a positive constant 1o and a continuous
nondecreasing function @ : [0, 7] = IR, independent on €, with ©(0) = 0, such that for
0<t<t+7<T,7€(0,7),

/ |uf(z,t +7) — uf(z,t)|de < W(T) .
Rd

Proof. Thanks to Proposition 3.1 and Lemma 3.1 it is sufficient to prove that u¢
verifies inequality (3.1). Let ¢ € C2(IR¢) . Using the property M; of M we have

/ (ué(z,t + 1) — u(x,t) p(x)dx
R4

N tr LI ,
=1 [ (N, i ib e+ iGN | dads
=1 Re Ji Jj=1
< Cre" ol ey || £ill L mey
where C is a constant depending on the parameters A* and p¢ and on L. [

PROPOSITION 3.3. Let T > 0, ug € L=®(IR?) N L' (IRY), f§ = M;(uo) and f€ €
C([0,T); L®(RHN N LY IRA)N) be the solution of equation in (1.2) corresponding to
f§is let ue = Zi\; ff. Then for every v > 0 , there exist a positive constant 19 and a
continuous nondecreasing function 0, : [0,7] = IR, independent on €, with @, (0) =0,
such that forv <t <t+7<T,7 € (0,7),

N
[ S 1sttet 40 - fi(o e <m00)
=1

for every 0 <e<wv.

Proof. As in the previous proof, we have only to prove inequality (3.1) for ff, for
v<t<t+7<T,7€(0,7), . Let p € C3(RY). If u* # 0 we can use the Green’s
formula (2.1), as in Proposition 3.1.

We obtain

] [ staten) - s yptais
R

< ‘ [ ] fst) e Kite — .t 4 7)ot = (e )
IR.d IR.d
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—e K — g, Op(o — X'))do dy

t+T t+r—s
+‘/ / / (e77 < Ki(z—y,t+7—23)
Rd J0 R4

(FM00 ) + BG0)) plo — N+ 9

¢
—/ / e T Ki(x—y,t—s)
R4 Jo

~ (%quf(y, 9)) + BiGu(y, s)>) oz — Ni(t - 8))dz ds dy

=: |Ill + lIQl .

As regard to I; we have
|| <

t+T

CKi(z,t+7) — e <Kz, t)|dn

< llollcollfEllz: / e
R

d
+e 1Y X llga; llcoll £l -

Jj=1

Using the expression of K;, we obtain for ¢ > v and € € (0,v)

/ |e‘t'€lKi(m,t+T)—e_%Ki(:c,t)l <7 (e—i+ eee) =T (e ‘ +C,,) .
IRd

v v

Hence there exists a positive constant C, depending on v and /\;'., such that

1] < lleller ey 1 f6ill L1 rey OT -

As for I, we have
|I2| =

- V_tf /md /le ¢~ TKi(e — y,t - s)p(x — Ni(t - 5))
1

. <2Mi(ue(x, s+ 7)) + BiG(u(z,s + 7'))) dz dy ds

—/ot /m /m e T Ki(z —y,t — s)p(z — Ni(t - 5))
1

. (—Mi(ue(m, s)) + B:G(uf(z, s))) dz dy ds

€

/ot /]Rd /]Rd e T Ki(z —y,t — s)p(w — Ni(t - 5))

. (%M,(ue(m, s+7))+ B:G(u(z,s + 7)) — %Mi(ue(m, s)) + B:G(uf(z, s))) dzdyds

/_OT /le /md e_%iKi(x—y,t—s)go(:v—,\"(t_s))

<

+
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. (%Mi(uf(m,s + 7)) + 6:;G(u(z, s +7'))> dr dy ds| =: |Ji| + |2 -

Thanks to the properties of M and G, to Proposition 3.1 and to Proposition 2.2 we
can obtain the following estimates for J; and Ja:

| 1] <

t—s

b1 _ i ¢ ¢
S/O(;+Lﬁi)e c /]Rd lo(z = X*(t — 9))| | (u(z, 8 + T) — u(z, s))|dzds

< Cirllpllozray (1 — <) < Curllglloz(may
where C), is a suitable constant depending on v , L and (;;
|J2| <

0
<llelleomay [ (
—-T

s

1 t—
- + BiL)e” =

/ |u(z, s + 7)| dads
R4

N
1 -t LT €
< ”90”00(11?{‘1)7'(; + B;L)e” <" E 1651l 22 (ra)

=1
N
< CorliellcomayT Y ISl @me »

=1

where C, 7 is a suitable constant, depending on v, T, L, and §;. Hence

N
|I2| < <C’,, +CV,TZ||f(€)i||L1(Rd)> llellezmeyT -

=1

Therefore there exists a positive constant C = C(v,T, || fg;ll L1 (wre¢),% = 1,..., V) such
that

52 [ 40 = i@ 0)eto) do

< Cllellez@meyT »

fori =1,...,m.Fori =m+1,..., N, the set of hyperbolic equations, the same estimate
can be obtained using the Duhamel’s formula (see [14]). Summing up the inequalities
(3.2) for i = 1,..., N we obtain the claim. O

Proposition 2.2 and 3.3 allow us to use compacteness method to prove the conver-
gence of a subsequence of {f¢}, respectively of {u¢}, to some functions f and u. The

following propositions are necessary to prove that v is an entropy solution to problem
(1.2).

PROPOSITION 3.4. Let T > 0, uo € L®(IR%) N L' (RY), f§; = M;(uo) and f¢ €
C([0,T); L2 (RN N LH(IRA)N) be the solution of equation in (1.2) corresponding to
f§i; let u® = Zf\il f§. Then, if uo,uo,, € BV (IR?) for every 1 < k < d, there ezists
a positive constant C' such that, for every e < 1 and for every 0 <t <T

N
S [, - )
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<C \/_Z”fOz”BV(le) +€ZZI|f0% v (ra)

i=1 j=1

Proof. Consider the sequences of functions {ug} regularizing uo, and the corre-
sponding sequences of solutions {u"} and {f<"} . Let us also set

gz, ) =ff,, v=) gf.
Fori=1,...,m, g{ satisfies the equation
7 € 1 €),,€ € €),,€
gi, + Z&gz — HAg] = Z(Mj () - gi) + BiG ("

then, using the Green’s formula we obtain

t

/ |g5 (2" + h,t) — g(a*,t)|da’ < e™* / l96:(y + h) — g8;(y)|dy
R4 R4

1 2h be= / . ‘
+= - M (u(y + X's, 8)|v(y + X's, s8)|dy ds
¢ Tin Jo V=5 I (u(y ot (y )ldy

"(uf(y + A's, s)|[v¢(y + A's, s)|dy ds .

m/ 7= e

Summing up the above inequalities for 7 = 1, ..., m we obtain

m m
Z/ lgs(z" + h,t) — g (2, t)|dz < e e Z/ l9&; (" + h,t) — g&;(*, t)|dz
i=1 Y R? i=1 7/ R?

1 oh [te ' X
iy ¢ |dx,
He Do [ S [ e

where p = min{u1, ..., um } .
Thanks to the uniform (in €) estimate for the BV - norm of ff", coming from
inequality (2.3), we obtain the following inequality

m m
Z/ T (4 hyt) = f (o, )lde < et Z/ foi, @+ ht) = £, (@)lda
i=1 /R4 =1 /R4

N
2h . 1
(33) +\/—2—N€LT ¢§=1: /il By () (75 + L\ﬁ) :

Now we use the equation for ff™ to obtain

B ~ Mi(u™)] + 2 1f" — M| < Ci S e )

i=1 j=1 i=1 j=1
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for a suitable constant Cy; hence we have

/ zlf‘“—M(u‘" |da:<Cl/ /

and using the estimates for the BV-norms of f{™ and f{", coming from (2.3) and
(3.3) we obtain

/ Z |fen en)l dr < 02

where C; and Cy are suitable constants. By standard density arguments we obtain
the claim. O

PROPOSITION 3.5. Let T > 0, ug € L®(IR%) N LY(RY), f§; = Mi(uo) and f€ €
C([0,T]; L® (RN N LY (IRY)N) be the solution of equation in (1.2) corresponding to

jfr&-;lle<t u€<7VZfi’11ff Then, for all k € R and for all p € CF(R x [0,T]) , ¢ > 0,
or 1 <i < N we have

T N
/0 /]Rd (Z 1FE = M(k)|(0r + Nops + pipgs) + G(uf)s0> dodt
=1

( Zlf l+EZ|f )

=1 j=1 =1 j=1

d
\/_z||f5?||BV(md)+€ Z”fé?,j”BV(le)} ,

= lj=1

1 T N € €
(3.4) ZZ/O /IR (;u — My(k)| - Ju —kl)sodzv it > 0.

Proof. Multiplying for sgn(ff — M;(k))¢ the equation for f{ and integrating and
summing for ¢ = 1,..., N we obtain

//Zlfz Mi(R)|(pr + Nopo + pipna) da dt
/ / Z[lfz Mi(k)| — sgn(f{ — Mi(k))(M;(u®) — My(k))] ¢ do dt

—/ G(u®)p dz dt .
0o Jmd

Since
N

ngn(fz (k) (Mi(u) = Mi(k)) < [us — k| < 3 |ff = Mi(k)|

= 1

we obtain the claim. O

Now we can prove the following convergence theorem.

THEOREM 3.1 (CONVERGENCE). Let T > 0, ug € L®(R%) n L'(R%), f5; =
M;(uo) and f¢ € C([0,T]; L*(IR})N N L*(IR?)N) be the solution of equation in (1.2)
corresponding to f§;; let u® := Zg__l f§. Then there ezists a subsequence {f*} of {f¢}
such that

frsf i OQOTEIL(O.T)x BYN),  fori=1,.,N,
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u* =su in O([0,T) Li,e(RY),
where u =), ff is an entropy solution of problem (1.2).

Proof. From Propositions 2.2 and 3.3 we obtain the relatively compactness of
{f¢} in C(lv, T]; L*(RY)N) , for every v > 0; then there exists a subsequence, also
denoted by {f¢}, converging in C([v, T]; L},.,(IR*)") to some f.

In order to prove that the convergence holds also in ¢t = 0, we consider a sequence
{uon} C C§°(IRY) converging to ug in L'(IR%) and the corresponding solutions u¢”
and f¢". We easily obtain the following estimates

N N
(3:5) Z I foi'll BV ey < Clnz Il foill L1 ey
=1 =1
m m
(3.6) > 1/t lBv(re) < an® Y N foillimey » 5 =1,...,d,
i=1 im1

. 1.
where ¢; and ¢y are suitable constants. For every € < 1, we choose n = €™ 7 in the

following inequality
N
> [ ) - g
=1 R

N N N
SO EETLED oY INF AR VTR oY NGRS
and using Proposition 3.4, (3.5) and (3.6) we obtain that
N
i (uf) — f¢| =
tim > [ M) = 1= 0.
=1
Now the convergence of f€ to f in C([0, T]; L*(IR?)) easily follows from the inequality

sup / 16— fil < sup / |6 — Mi(u)| + sup / M3 () — Mi(u)]
R4 [O,T] R4 Rd

[0,7] [0,T]

N
where u =3 ", f; .

Now we have to prove that the function u verifies the conditions (E). To this
purpose we remark that

N N

i = Mi(k)| = | Mi(u) — Mi(k)| = |u— k|

i=1 =1

for a.e. (z,t) € R x (0,+00) ,
N . N .
D oNilfi = Mi(k)| = Nisgn(u — k) (M;(u) — M;(k)) = sgn(u — k)(A; (u) — A;(k))
=1 =1
for a.e. (z,t) € R% x (0,400) , for j =1,...,d,

N N
> milfi = My(k)| =Y misgn(u — k) (Mi(u) — M(k)) = sgn(u — k)(B(u) — B(k))
i=1 i=1
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for a.e. (z,t) € R% x (0, +00) .
Now the conclusion follows letting € go to zero in (3.4). O

4. Examples.
ExaAMPLE 1. Consider the equation

ug + A(uw)g — Ugy =0 inRxR";

since the function B is the identity, it is sufficient to set N = 2 in order to build a
relaxation approximation system. We set

M=—a, N=q a >0,
pi=1 fori=1,2.
Now conditions (M7) — (M3) give
1 A(u) 1 Aw)
Ml(u)_i[u—_c—x_]’ MQ(’LI,)—iI:U-F—a—

and the quasimonotonicity conditions implies the following limitation to o

sup |4 (u)] < a.
I

Set v¢ := af§ — ff); then we obtain the relaxation system
uf + 5 —ug, =0,
vf + 04211,; —Vgp = %(A(u)E —v°),

which is an extension to parabolic case of the scheme in [8] and of the Example 4.1 in
[14].

ExAMPLE 2. Consider now the quasilinear parabolic equation

(4.1) us + A(u)y — (B(w))ze =0 inRxR",
B'(u) > 0.
Set N =3 and
M=—a, X=0, ¥=a, p'=0, p’=0a p¥=0, a>0.
We obtain ) Aw) B
U U
M) =3 [“"T“T] ’
My (u) = E(—u—),
B
ot = L[ A0 20)
2 o' o

and the quasimonotonicity is ensured by the condition

a> m]ax(B' +|A')).

Setting
N N
vii= Y N w=) W
i=1 i=1
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we obtain
ug + 05 —ws, =0,
v§ + (@2 — aw), = L[A(uf) — v,
1

w§ — o?w§, = $[B(uf) —we] .

In the case A(u) = 0 we can set
N=2 p=v p=a 72a20

and we obtain

Ml(u) = g'l_l'z__i’fu_) )
Ma(u) = B_(:j)‘_:,;l_u :

v < mIinB'(u) < m?xB'(u) <a.

If the parabolic term does not degenerate, i.e. B'(u) > m > 0, then v and « can
be strictly positive; setting _
N
vt =3
i=1

we obtain the relaxation system
{ ui —v3, =0,
v¢ = [(7 + a)v® — ayusles = L [(B(uf) — v .

If the condition on the derivative of B is B/(u) > 0, then « has to be zero, and
the relaxation system has the form

{ uf +v5, =0,

v — v, = ¢(B(u) —v°) .

ExXAMPLE 3. Now we consider the equation with source term
ug + A(u)g — (B(u))oz =G(u)  in RxRT,

where B'(u) >0 .
We can approximate the equation with the relaxation system

fl-afi =1} (u- AR _p1] 4 S0,

2
foaff=t[E0-p],
foaft=1[} (ur AZBW) 3] 4 S
obtained setting
M=-a, XN=0, X=q p'=0, p?’=0a, p*=0, a>0,
as for the equation (4.1) and

ﬁ1=ﬁs=%, Ba=0.
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In this case the monotonicity conditions
M;(u) > maz{0,—epB; G'(u)}
are satisfyed for € < ¢ if we set

S maxy (B’ (u) + |A'(u)])
= 1-¢€|min;G'(u)| ’

where € is such that €| miny G'(u)| <1.

Setting
N
ve =) N,
i=1

N
w =Y pff
i=1

we obtain the conservation form
ui + U; - w;x = G(ue) )
vf + (QPuf — Aw¢), = L(A(u) —ve) ,

€

w§ — ?wg, = L(B(uf) —we) .

EXAMPLE 4. Let us consider the multidimensional equation

d
ug— Y 0p;Aj(u) —AB(u) =0 in R xR,

j=1
B'(u) > 0;
we set N =d+ 2 and |
)\§:=—a,fori=1,...,d, a>0,
A;V:a, forj=1,...,d,
)\; = 0 otherwise ;
pi=vyfori#d+1, v>0,
pitt=0, 6>0.

The compatibility conditions imply that

d i\u i\u
M) = ((eu—Bw» +Z‘Ai—)) REHON

(d+1) 60— a
ji=1,...,d,
B(u) —
Md+1(u)=%¥ﬂ,

Ma(u) = (d+—1)1(9_7) (9u — B(u)+ (6 —7) ; AjCEU))
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and the monotonicity conditions are

d
O§7<m1inB'(u), 6 >2m}axB'(u), a>2(d+ 1)m?xz;|A9(u)| .
]:

If B'(u) > m > 0 then we can choose v > 0 and we obtain the following relaxation
system, where all the equations are of parabolic type

( Buff — by, ff —YAS
fu¢—B(u® d Aj(u’ Aj(u®
= 4 (e (552 + i, 42) - 249 - 1)
i=1,...d,
€ € _ B(uf)—vyu® €
Oufiys —O0AfG1 = ¢ (J—o—% - fd+1) )
Ouffy + Xy 0, f5 —VASK
€ € d Aj u €

L = 1 (o= (6w - Bw) + 0 -0 Ti, 249) - £5,) -

If the parabolic term degenerates, v has to be zero to verify the monotonicity
conditions; therefore, as a consequence of the degeneration, the system contains both
parabolic and hyperbolic equations.
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