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THE RIESZ BASIS PROPERTY OF THE SYSTEM OF ROOT
VECTORS FOR THE EQUATION OF A NONHOMOGENEOUS
DAMPED STRING: TRANSFORMATION OPERATORS METHOD*

MARIANNA A. SHUBOV?

Abstract. We prove the spectral decomposition theorem for a class of nonselfadjoint oper-
ators in a Hilbert space. These operators are the dynamics generators for the systems governed
by 1-dimensional hyperbolic equations with spacially nonhomogeneous coefficients containing first
order damping terms and subject to linear nonselfadjoint boundary conditions. These equations
and boundary conditions describe, in particular, a spacially nonhomogeneous string subject to a
distributed viscous damping and damped at the boundary points. Our main result leading to the
spectral decomposition is the fact that the root vectors (eigenvectors and associated vectors together)
of the above operators form Riesz bases in the corresponding energy spaces. Our proofs are based on
the transformation operator method suggested in our previous work [1]. In that work, we extended
the classical concept of transformation operators to the equation of a damped string. Originally,
this concept was developed by I.M. Gelfand, B.M. Levitan and V.A. Marchenko for 1-dimensional
Schrodinger equation in connection with the inverse scattering problem. Using the transformation
operator method, we reduce the problem of Riesz basis property for the root vectors to the simi-
lar problem for a system of nonharmonic exponentials whose complex frequencies are precisely the
eigenvalues of our operators. The latter problem is solved based on the spectral asymptotics and
known facts about the families of nonharmonic exponentials.

1. Introduction. In the present paper, we develop the spectral analysis for a
class of nonselfadjoint operators and related nonselfadjoint quadratic operator pencils.
These operators are the dynamics generators for a spacially nonhomogeneous damped
string with a distributed viscous damping which is subject to a class of nonselfadjoint
boundary conditions containing two complex parameters. Depending upon the values
of the parameters, these conditions describe either loss or gain of energy through the
boundary. Our main result is the fact that the aforementioned operators are Riesz
spectral. The result, crucial for the proof, is the Riesz basis property of the root
vectors of these operators in the corresponding energy spaces. To obtain this result,
we apply the transformation operator method suggested in our work [1]. Particular
cases of this spectral problem were studied in [4-10] (see a more detailed discussion
in Remark 2.1 below). For the general case of the string containing dampings both in
the equation and in the boundary conditions, the Riesz spectral property result has
not been established before. We expect that the method suggested in this paper is
quite general and can be applied to a wide class of systems governed by hyperbolic
equations including various beam models.

We point out that there exists an extensive literature on the geometric properties
of root vectors of various special classes of nonselfadjoint operators (e.g., see[11-21]).
In particular, we mention deep results by A.S.Marcus [16-19],V.I.Matsaev [18, 19], and
M.S.Agranovich [11, 12]. However,the results that we obtained by the transformation
operator method and which we present in this paper cannot be derived from the
aforementioned general results.

The paper is organized as follows. In Section 2, we describe the problem, recall the
notion of a Riesz spectral operator, and state our main result - Theorem 2.1. In Section
3, we formulate the necessary results from our work [1] devoted to the transformation
operator method (Theorem 3.3). To this end, we recall the spectral asymptotics and
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asymptotic representations for the special solutions of the string equation from our
papers [4, 26]. Sections 4-6 are devoted to the proof of our main result. This proof
splits into several steps. In each step, we obtain intermediate results which might be
of interest in themselves. In Section 4, we use the transformation operator method to
establish the Riesz basis property of the set of special solutions of the corresponding
pencil equation. In Section 5, we define the generalized Jost solutions evaluated at
the spectral points. Finally, in Section 6, we complete the proof of the Riesz basis
property of the root vectors. In this proof, we employ some results presented in our
earlier papers [2] and [5], and also use the classical theorems of M.V. Keldysh and
N.K. Bari [28].

2. Statement of Problem. Let us consider the equation of a nonhomogeneous
damped string

(2.1) we (2, t) + 2d(z)wy(z,t) + Lw(z,t) =0,

where L is the Sturm-Louisville operator defined on any smooth function ¢ by the
formula:

22) 1@ =~ (e o(a) ) +a(o)p(o)

p(z) dx
We assume that w(z,t) is defined for z € [0,a],0 < a < 00, ¢t > 0. The coefficients d
(“viscous damping”), p (density of the string), p (modulus elasticity) and ¢ (rigidity
of external harmonic force) are subject to the following conditions:

(2.3)
p,p € W2(0,a), d € W}(0,a), q € L*(0,a); p(z),p(z) > C >0 for z € [0,a];

(We use the standard notation W}, for the Sobolev space of functions having weak
derivatives up to the order £ in the space L™.)

REMARK 2.1. We do not impose on d the condition: d > 0 since all our results are
valid without this assumption. However, we call this coefficient “viscous damping.”
Certainly,this phrase is some abuse of terminology because, rigorously speaking, only
a nonnegative coefficient d can be called viscous damping.

We impose the following boundary conditions:

(2.4) (wg + kwe)(0,t) = (wg + hwe)(a,t) =0, h,ke CU{oo}.

Depending upon the values of the parameters h and k, conditions (2.4) describe
different physical phenomena which are mentioned below. The case h = k = oo (the
Dirichlet boundary conditions) corresponds to the vibrations of the string clamped at
both ends. The case h = k = 0 (the Neumann boundary conditions) corresponds to
the vibrations of the string with free ends. If £ = co and A = 1, then we have the
so-called mixed boundary condition at the right end. (If the coefficients of Eq.(2.1)
are extended from [0,a] to [0,00] by the rule: p(z) = p(a), p(z) = p(a) for z > a
and d(z) = g(z) = 0 for z > a and if the problem is considered on the entire semi-
axis [0, oc], then this boundary condition is equivalent to the Sommerfeld radiation
condition.) This condition is used for the description of the resonance phenomenon
in the scattering of elastic waves on the semi-infinite string. The boundary conditions
with h = —k =1 are used in the description of the resonance scattering of acoustical
waves on the entire axis by an obstacle concentrated on the interval [0, a].



RIESZ BASIS OF ROOT VECTORS 573

As is well known, Eq. (2.1) can be represented in the form of the first order
evolution equation for a 2-component, function:

(25) Welat) = i (SW) (2,0), W(a,1) = ( w((w’t)) ) ,
we(x,t

where £ is the matrix differential expression

0 1
00 o= ( ) |
L -2

with L being defined in (2.2). Eq. (2.5) with boundary conditions (2.4) defines a
strongly continuous semigroup of transformations in the Hilbert space of 2-component
initial data. This Hilbert space (the energy space) H is a closure of smooth, 2-
component functions in the standard energy norm:

2.7)
W15 = 1/2/0 [p(2)|wy (2)]* + g()p(@) [wo (2)|* + p(z)|w: (z)|?] de.

Note that for k£ = oo, the energy space H is defined as a closure of smooth functions
satisfying an additional condition: wo(0) = 0. Let us define the operator L5 as a
matrix differential operator given by expression (2.6) (£rr = £) on the domain:

(2 8)
Shk) {W (wo,wl) EH: LW € 7‘[; (wé, + kwl)(O) = 0, ('w6 + hwl)(a) = 0} .

Since p(z) and p(z) are bounded functions that stay away from zero, the condition
LW € M simply means that wo € W2(0,a) and wq € W3 (0,a).

REMARK 2.2. The operator £, is the generator of the aforementioned, strongly
continuous semigroup. This fact can be obtained as an immediate corollary of our
results stated below in Theorem 3.1, Theorem 6.2, and by well known results of the
semigroup theory ’

It is the operator £5; which is our main object of interest. Using the approach
developed in [1], we prove our results not only for the operator £,; but also for
the adjoint operator £f,. It is convenient to define it now. £, is defined by the
differential expression

0 1
(2.9) L5 = —i
-L 2

on the domain:

(2.10)
D& ={WeH: Ly WeH, (wy—kw)0)=0, (wy—hw)(a)=0}.

Note that both operators are nonselfadjoint, simple, maximal (dissipative for Re h >
0, Re k < 0, and ? > 0) operators in H (see [2]). (We recall that a nonselfadjoint
operator A is simple if A and A* do not have a common invariant subspace on which
they coincide.) The resolvent of each operator is compact, and therefore the spectrum
is discrete.
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We note that the operator £ is nonselfadjoint for two reasons: first, due to the
difference in the signs before the damping terms 20 (see (2.6), (2.9)) and, secondly,
due to the difference in the boundary conditions if at least one of the parameters, h
or k, is not purely imaginary.

As was previously mentioned, our goal is to obtain the spectral decomposition
theorem for the operators 41, and £} . It is well known that at the present moment
there is no general spectral theory for nonselfadjoint operators in a Hilbert space. Such
a theory has been developed only for some special classes of nonselfadjoint operators,
and one of these classes is the class of spectral operators [3]. Below we recall the
necessary definitions in the form convenient for the present exposition.

Let H be a complex Hilbert space and R(H) be the class of bounded linear
operators in H.

DEFINITION 2.1. a) A sequence of vectors {1 }nez C H is called a Riesz basis if
there exists an operator A € R(H) such that A~ € R(H) and the system { Aty nez
forms an orthonormal basis in H. A is called an orthogonalizer.

b) For any Riesz basis, there exists a wunique biorthogonal Riesz basis
{0 Ynez((Vn, i) H = Snm) with the orthogonalizer (A~1)*.

DEFINITION 2.2. Let {t,}nez be a Riesz basis in H and {1} },cz be the biorthog-
onal basis; let {\,}nez be a sequence of complez numbers. A linear operator S in H
defined by the formula

Se =Y Mo, ¥p)m ¥n
neZ
on the dense domain
D(S)={p e H:) Ml (e, 97)ul < o0}
nez
is called a scalar operator.

DEFINITION 2.3. An operator L in H is called a Riesz spectral operator if it can
be represented in the form

L=S+N,
where S is a scalar operator and N is a bounded finite rank nilpotent operator (i.e.,
there exists an integer k such that N* = 0), which commutes with S.

Now we introduce additional assumptions.

(2.11)
If Imh=0, then +/p(a)/p(a)#|hl; if Im k=0, then +/p(0)/p(0)# |kl
The main result of the present paper is the following statement.

THEOREM 2.1. For any h,k € CU{oo}, both operators £y, and £}, are spectral
in the sense of Definition 2.3 if conditions (2.3) and (2.11) are satisfied.

REMARK 2.3. a) Conditions (2.3) are not the most general conditions on the
coefficients. They can be weakened. b) Conditions (2.11) are essential. As is clear
from Theorem 2.1 below, if these conditions fail, then the spectral asymptotics are
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not valid any more. In that case, the Riesz basis property of the root vectors may be
lost.

We note that to prove that a particular operator A is Riesz spectral, it suffices to
show the following facts:

a) A has a purely discrete spectrum;
b) A may have only a finite number of eigenvectors with finite chains of associ-
ated vectors (¢ is an associated vector of A of the order m corresponding to
the eigenvalue X if ¢ # 0,
(A= AD)™p # 0, and (A — AXI)™p = 0);
c) the system of the root vectors of A forms a Riesz basis in H.
Note that for our operators £, properties a) and b) hold since these operators have
compact resolvents. In practice, the proof of fact c) is a difficult problem. For the
solution of the latter problem, we suggest the method of transformation operators.
Before we define the transformation operators, we would like to mention those
particular cases for which the Riesz basis property of the root vectors has been estab-
lished by other methods.

REMARK 2.4. 1) In our paper [4], it is shown that the set of the root vectors forms
a Riesz basis under the following conditions: a) p =1, p € C?[0,a], 0 € C1[0,qa], k =
oo and h is real; and b) the spectrum of £,  is simple; i.e., there are no associated
vectors. All conditions are important for the proof.

2) In [5-7], it is shown that the set of the root vectors of the operator £; o forms
a Riesz basis for an undamped string (0 = 0). In [5], the main result is proven for
the densities p which may have zeros (infinite rarefaction of the matter) or integrable
singularities (infinite condensation of the matter: p — 00). The fact that 9 = 0 is
crucial for the proof.

3) In [8], the Riesz basis property of the root vectors has been shown for the case
of the Regge problem (p(z) =1, 0 =0, h =1, k = c0) for the system of ordinary
differential equations.

4) In [9], the Riesz basis property of the root vectors has been shown for the
operator £4,0c under the conditions p =p =1, ¢ = 0 and 9 is a function of bounded
variation.

5) In [10], another proof of the Riesz basis property has been suggested in the
case of a homogeneous string damped at one end (i.e., for the operator £; o under
the conditions p = 1,0 = ¢ = 0).

We would like to emphasize that, in spite of the fact that for some particular cases
the problem of the Riesz basis property of the set of root vectors has been solved,
the combination of a nonconstant density of a string with a nonzero damping makes
the problem significantly more complicated. To solve this problem, we use the idea
of transformation operators. In fact, this kind of operators was introduced long ago
(see B.M. Levitan [23].) Since then, these operators have been successfully used in
the study of inverse scattering problem (see [24, 25]). To the best of our knowledge,
our paper is the first in which the transformation operators are applied to the proof
of the Riesz basis property of the root vectors of a class of nonselfadjoint operators.

3. Statement of Auxiliary Results. In this section, we first reproduce all nec-
essary spectral results from [4, 26]. Then we introduce the nonselfadjoint quadratic
operator pencils associated with the operators £, and £;, . We need these pencils
in order to recall the definitions of the incoming and outgoing transformation oper-
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ators introduced in [1]. Finally, we formulate those properties of the transformation
operators which we need for the proofs of our main results in the present paper.

Our first statement (Theorem 3.1) is a formulation of certain results from our
papers [4, 26]. Actually, the results in the aforementioned papers have been proven
for the particular case k = co. The generalization to an arbitrary complex k can be
made without any difficulties by the method developed in those papers.

THEOREM 3.1. a) The operator £41, has a countable set of eigenvalues {\*},cz.
If both parameters h and k satisfy conditions (2.11), then the set of eigenvalues is
located in a strip parallel to the real axis and has only two points of accumulation:
+00 and —oo in the sense that ReAl* — +oo as n — +oo and Im A\'F — const as
n — Foo (see (3.3) below).

b) For each pair (h, k), satisfying condition (2.11), the following asymptotic for-
mula is valid:

(3.1) Mt =AF+0(n™),  nf = oo,

where a = 1 if p, p € C?[0,a] and, in general, 0 < a < 1 if only conditions (2.3) are
satisfied.
In formula (5.1),

(3.2) AP = M7(n 4+ 0.5 sgn n)T +iN] + Dy,
where
(3.3)

Dpp = M™! l(n+% sgn n)mw—+1 (N’+1€n ve@)/pla)+h 1, +/p(0)/p(0) _k>] ,

)
2 o@fp@ —h 2 \/p0)]p(0) + k

and M and N are defined by the formulas:

(3.4) M= /0 VoI dt, N = /0 ") P00 d.

¢) All eigenvalues of Lni, have geometric multiplicities 1; i.e., for each AI* there
ezists only one normalized eigenvector ¥,. However, a finite number of eigenvalues
{MtE € R € Z} may have finite algebraic multiplicities {m,}; i.e, for such \i¥
there ezists a finite chain of associate vectors {¥3, ;7;"1‘1:

(3.5) (Che = MFDWI =91 90 =9, - !=0.
Our next step is to recall the definition of the transformation operators introduced
in [1]. To do this step, we have to consider the nonselfadjoint quadratic operator

pencils associated with the operators £xr and £;, . The first pencil is defined by the
following formula and boundary conditions:

(3.6) Prr(Np = —Lo + Mo — 2idvp,
(3.7) (" +iMep) (X, 0) = (¢' +irhp) (A, a) =0,

where L is given in (2.2).
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To show the relationship between the operator £pr and the pencil Pri()), we

Yo
note that the eigenvalue equation for the operator £xx : Lnp® = AT, ¥ = (
h

implies that ¥, = M) and that the function w = 1), satisfies the eigenvalue equation
for the pencil

(3.8) Pre(Nw =0, (w' +iXkw)(X,0) = (w' +iMhw)(X,a) = 0.

We say that X is an eigenvalue of the pencil Pp(}) if problem (3.8) has a nontrivial
solution, which is called then an eigenfunction of Ppi()). As a consequence, we

%o
find that the following fact is valid: the two-component vector ¥ = ( is an
(0

eigenfunction of £py, if and only if the first component 1y is an eigenfunction of the
pencil Pri(N).
Now we introduce the pencil Py () adjoint to Prr(N):

(3.9) Pre(Np = —Lop + A2 + 20 A ¢,

(3.10) (¢' —iXkp)(X,0) =0, (¢ —iXhp)(),a) =0.

To introduce the transformation operators, we have to consider special solutions of
the pencil equations: Ppi(A)w = 0 and Py (A\)w = 0. It is convenient for us to write
these equations explicitly:

(3.11)
(p(z)w' () + N p(z)w(z) — 2iX0(z)p(z)w(z) - ¢(z)p(z)w =0,

(3.12)
(p(z)w' (z)) + Np(z)w(z) + 2i0(z)p()w(z) — (z)p(z)w(z) = 0.

The only difference between these equations is the sign before the terms which are
linear in A.

Now we have to consider Eqgs. (3.11) and (3.12) on the extended interval: z €
[0,a + M)], where M is given in (3.4). To extend these equations, we assume that

(3.13) p(z) =p(z) =1, 0o(z) =q(z) =0 for z € (a,a + M].

Note that in [1] in order to introduce the transformation operators, we extended the
coefficients to the entire semi-axis [0,00). In the present paper, however, only the
interval [0,a + M] is of crucial importance to us. This fact will become clear in
Section 4 (see, e.g., Lemma 4.1).

We need also the following functions:

(3.14)
B0 = (@)t =00, BT 00 0) = (pe)pl@) O,

where

615 vOve) = [ VA0 de—i [ o)el07p) b
(3.16) V(O z) = A /0 * oD dt +i /O (/P /P dt.
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Based on the results of [4, 26], we have the following statement.

THEOREM 3.2. Eq. (3.11) has two linearly independent solutions Eé': (A, z) with
the following approzimations:

+
(3.17) <C AT EL(\2)

+ 0 %
Ed ()‘ax) - Ed (/\733)

Eq. (3.12) has two linearly independent solutions E:_td()\, x) with the following ap-
proximations:

+ +
(318) 52,000 - B0 s o [Ba)

For each x € [0,a + M], these solutions are holomorphic functions of X for Imh > 0
and are continuous for Imh > 0.

Now we are in a position to recall the definition of the transformation operators.
DEFINITION 3.1. Linear operators K and K in the space H = Li/p(O,a + M)

o=
which transform the functions E 4 (\,x) into the solutions E£(\,z) of Eq. (3.11) are
called outgoing and incoming transformation operators respectively.

In the next statement - Theorem 3.3 - we represent the main result of our work

[1].

THEOREM 3.3. 1) There exist bounded and boundedly invertible operators K and
K in the space H = L,/,(0,a + M) such that the following relations are valid:

(3.19) Bf vz = (KB )(ha),  Ey(he) = REL)(\).

K and K are outgoing and incoming transformation operators respectively.
Stmilar relations are valid for the solutions of the adjoint equation

. o+ o —
(3.20) Ei'd()\, z) = (KE_g)(A\z), EZ,(\z)=(KE_g)(\=z).
2) The operators K and K can be represented in the forms

(3.21) K=I+8/ K=I+&

where & and & are Volterra integral operators given by the following formulas:
oo R o0 R

62) @)= [ Awoend, (o= [ Awopba
T T

The kernels & and & are continuously differentiable functions with respect to = and t.
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4. Riesz Basis Property of the Set of Auxiliary Solutions of the Pencil
Equation. In this section, we carry out the first step in the proof of our main result
- Theorem 2.1. However, the main result of this section - Theorem 4.2 - might be of
interest in itself. To simplify the exposition, we will discuss only the case k = co (the
homogeneous Dirichlet boundary condition at the left end), but all of the results are
valid for any k € CU {oo}.

Now we formulate several definitions.

DEFINITION 4.1. 1) The boundary conditions at © = a
(4.1) a) w'(a) +iMww(a) =0; b) w'(a)—iXhw(a) =0

are called outgoing and incoming boundary conditions respectively.

2) The solution of Eq. (8.11) satisfying only the outgoing boundary condition is
called an outgoing generalized Jost solution and is denoted by J; (X, x). The solution
of the same equation satisfying the incoming boundary condition is called an incoming
generalized Jost solution and is denoted by J;~(\, z).

3) The solution of Eq. (3.12) satisfying only the outgoing boundary condition is
called an adjoint outgoing generalized Jost solution and is denoted by J=,;(\,z). The
solution of the same equation satisfying the incoming boundary condition is called an
adjoint incoming generalized Jost solution and is denoted by J<,(\, ).

4) Since all of the above generalized Jost solutions are defined up to the multi-
plication by a constant, we fix them uniquely by imposing the following normalization
conditions:

(4.2) L7d>()‘a a) = jd< (Aa) = *7—<d(’\sa) = '«7—>d(’\a a)=1.

It was shown in [4, 26] that all these solutions are holomorphic in A for ImA > 0
and are continuous for ImA > 0 for each z € [0,a + M].

REMARK 4.1. We would like to mention the motivation for introducing the
aforementioned generalized Jost solutions. In the case h = 1, the solutions J; (), z)
and J~,(\, z) describe the waves traveling from left to right in the systems governed
by Egs. (3.11) and (3.12) respectively in the so-called Fourier representation. The
solutions 7;~(\,z) and J<,(\,z) describe the waves traveling from right to left in
the systems governed by Egs. (3.11) and (3.12). The generalization to the cases of
arbitrary complex h is important in applications.

Based on the above definitions, we can consider the spectral problems for four
quadratic operator pencils. Each of the above pencil spectral problems is defined by
the corresponding equation, the outgoing (or incoming) boundary condition at = = a
and the Dirichlet boundary condition at z = 0. We will call the above described
pencils by the outgoing (or incoming) pencil and adjoint outgoing (or incoming) pencil.
To simplify the exposition, we rewrite the spectral results from Theorem 3.1 for the
above described pencils.

THEOREM 4.1. Let

(4.3) 54 = \/p@/p@ = h, \/p(@)p(@) # k| for real h.

1) The following formulas are valid for the spectrum {\, }nez of the outgoing pencil
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(or the spectrum {\S}nez of the incoming pencil):

(4.4) /\E = AE +O(In|"%), where 0 < a <1, is the same as in (3.1),
A, =M (n+1/2 sqnn)m +iMTY1/2 n(6.670) + N,

(45) A5 =MT'(n+1/2 sqnn)m +iMT=1/2 tn(6,671) + N].

2) The following formulas are valid for the spectrum {*\> }nez of the adjoint outgoing
pencil (or the spectrum {*A5 }nez of adjoint incoming pencil):

46)  *AS ="AF +0(n|"*), O<a<i,
*A; = M7Hn+1/2 sqn n)m +iMTY1/2 In(5,.671) — N,

(4.7) "AS = MY n +1/2 squn)m +iM™[=1/2 tn(6,0-") — N].

As was shown in our papers [4, 26], the generalized Jost solution (outgoing or
incoming) as well as the adjoint generalized Jost solution (outgoing or incoming)
can be represented in the form of a linear combination of the solutions Edi(/\, z) (or
Efd(/\, x)). Let us consider, for definiteness, the outgoing generalized Jost solution.
For every h € C U {00}, there exists a pair of coefficients Ay ()\) and By ()\) such that

(48) J7 (N 2) = AWWES (@) + By E7 (A, ).

We recall [4, 26] that the coefficients Ax(A) and Bp(A) are holomorphic for ImA > 0,
are continuous for ImA > 0, and have the following asymptotic approximations for
Imh>0:

AnN) = 6-(1+ O(IA7%)) = 642N (14 O((1A] ™)),
(4.9) By(\) = 6, eMN (14 0(N7%), 0<a<]l,

where M, N and d. are given in (3.4) and (4.3) respectively. The properties of the
generalized Jost solutions introduced by Definition 4.1 will be studied in the next
section. From formula (4.8), we see that to prove the results about the generalized
Jost solutions we have to know the properties of the solutions Efit (A ).

>
Let {pn}necz be any sequence from the set of the following four: {5 },ez and
>
{*/\1? }nGZ-

+
LEMMA 4.1. Each set of exponential-like functions {i?d (Kn, ) }nez (see (3.14))

forms a Riesz basis in its closed linear span in Li /p(O, A), where A =a+ M.

Proof. We consider for definiteness the set { ]%d (ttn, &) }nez. First, we claim that
the set of nonharmonic exponentials {exp(ip,2)}nez forms a Riesz basis in its closed
linear span in L?(0,2M), where M is defined in (3.4). This result is an immediate
consequence of asymptotic formulas (4.4), (4.6) and of known facts about nonharmonic
exponentials (for details see [4, 7, 8, 27, 30]).
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Let 9 be the closed linear span of the set {exp(itinT)}nez in L?(0,2M) and N

be the closed linear span of the set {Ed (pn>®) }nez in L2, (0,.A). We can verify by

p/p
a direct computation that

o+ o+ i .
(4.10) (Ea(pny ) Ba(pmy )z, o4 = (€ 5™ Jrz0,20m)-

Now we use the Bari theorem [28, p. 311] which states that the sequence of vec-
tors {1;};ez forms a Riesz basis in a Hilbert space H if it has the Gram matrix
1%, ¥)ll70j=00 Generating bounded and boundedly invertible operator in

o+
H. As follows from (4.10), the Gram matrices of the systems { E g (tn, ) }nez and
+

[¢]
{exp(ipn®)}nez coincide, and, therefore, the set { E 4 (tn, ) Inez is a Riesz basis in
1 if and only if the set of nonharmonic exponentials is a Riesz basis in 9%. This
concludes the proof of the lemma.

LEMMA 4.2. If the set of exponentials {exp(ipn®) }nez is complete in L2(0,2M),

o+
i.e., M = L2(0,2M), then the set {E 4 (in,T) }nez is complete in L%/p(O,A), and,
therefore, it is a Riesz basis in L? 5/p(0,A).

Proof. Using a contradiction argument, assume that there exists a function

o+
F e Lp/p(O,A) such that F' is orthogonal to all E 4 (un, ),n € Z. So, if &(z) =

/ Vv p(t)/p(t) dt, then we have

A o+ 2M )
| F@p@ea) " Bam)ds = [ Fa@)etiag =0, ne.
0 0
The latter means that there exists the function f(¢) = F(z(¢)) € L*(0,2M), which
is orthogonal to the vectors of the Riesz basis {¢**»¢},¢cz. This can happen only if
f = 0. The proof of the lemma is complete.

REMARK 4.2. We would like to mention that the case 9t = L2(0,2.M) has been
studied in our paper [4]. It occurs, for example, when {py, }nez is a simple spectrum of
the pencil Ppi(A) (no multiple eigenvalues, and, consequently, no associated vectors).

Now we formulate the main result of this section.

THEOREM 4.2. Let {pn}tnez be any sequence out of four given in Theorem 4.1.
Then each set of solutions {EF (iin, ) }necz of Eq. (3.11) forms a Riesz basis in its
closed linear span E* (or £~ ) in the space Li/p(O, A). If the set of nonharmonic ez-
ponentials {€#%},cz is complete in L?(0,2M), (e.g., if the spectrum of the operator
Ly is simple), then EY (or £~ ) coincides with Lp/p(O,A).

Proof. Let us consider the set { ET (fin, %) }nez. Our main tool in this proof is The-
orem 3.3. By this theorem, there exists the outgoing transformation operator which

o+
relates the solution E (),-) of Eq. (3.11) to the exponential-like function E 4 (},)
by the rule:

(411) B (Vo) = (KB 1)\, ).

o+
Due to the facts that { E 4 (tn, ) }nez is a Riesz basis in its closed linear span N
(Lemma 4.1) and that K is a bounded and boundedly invertible operator, we obtain,
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that the system {E] (tn,%)}nez is related to an orthonormal basis through some
bounded and boundedly invertible operator. Therefore, this set is a Riesz basis. This
completes the proof for the system {EJ (tin,%)}nez. A similar proof works for the
system {E (itn, ) }nez. To conclude the proof, it remains to refer to Lemma 4.2.
Thus, the theorem is shown completely.

Theorem 4.2 admits the following generalization.

COROLLARY 4.1. If the set of complex points {kn}nez s such that the system of
exponentials {€""*}ncz forms a Riesz basis in L*(0,2M), then the set of solutions
{E} (Kn,2)}nez of Eq. (3.11) forms a Riesz basis in Li/p(O, A).

We would like to emphasize that Corollary 4.1 can be understood as a stability
result for a special set of solutions of Eq.(3.11). Namely, with a given sequence
of complex points {n}nez, the set of the corresponding solutions {Ej(mn,m)}nez
forms a Riesz basis in Lf, /p(O, A) if and only if the set of nonharmonic exponentials

{e*n®} ez forms a Riesz basis in L2(0,2M). Due to the fact that there exists an
extensive literature on the geometry of nonharmonic exponentials (see [6, 7, 8, 27,
29, 30]), we obtain a lot of information on the geometry of the sets of solutions
{E&t(fin,x)}nez- Moreover, if for a particular set {kp}nez, the set of exponentials
{€**"*} nez is minimal (linearly independent in the case of infinitely many vectors), but
not uniformly minimal, let alone the Riesz basis property, then the same is valid for

each of the sets {ET (kn, ) }nez in Li /p(0,A). If the set {€e¥n2}, ¢z is only complete

in L?(0,2M), then the same fact holds for {Efit(/zn,a:)}nez;. Obviously, all of the
above takes place for the sets {E:_td(nn,a;)}nez in the space L/ZJ /p(O, A).  From all
these facts, we immediately obtain another result of importance for the next section.

COROLLARY 4.2. Let a sequence {un}nez be one of the sequences from Theorem

4.1. Let Mt be closed linear spans in Lf,/p(O,A) of the systems {EJ (in,)}nez

and {EJ (tin, %) }nez respectively. Let *N*E be closed linear spans in Lz/p(O,A) of the
systems {EY ,(tin, ) }nez and {E_ (fin, %) }nez respectively. Then there exist bounded
and boundedly invertible operators P4 in L2, (0,.A) which map M+ (or *N) onto

p/p
N~ (or *N~) by the rule:

(4.12)
E;_(K'mx) = (m+Ed‘)(nmx)> Ei—d(’f'nam) = ("B—E:d)(’imw)-

5. Properties of the Generalized Jost Solutions. As follows from Section

4 (Definition 4.1), there exist four generalized Jost solutions: outgoing, incoming,

adjoint outgoing and adjoint incoming. Each generalized Jost solution, considered at
> >

the corresponding spectral points (A5 or *A5 ), forms the set of eigenfunctions of the
outgoing (or incoming) or the generalized outgoing (or generalized incoming) pencil.
Now we construct a certain set of functions using the following rule: we take one
function J (A, z) out of the set of the aforementioned four generalized Jost solutions
and consider this particular Jost solution at the points A = 1, where {pp}nez may
be any sequence out of four spectral sequences. Furthermore, if the generalized Jost
solution matches the chosen spectrum, then J(u,,z) is simply the eigenfunction of
the corresponding pencil. Otherwise, {J(tn,Z)}nez is just the set of functions in
L2, (0,.A). In this section, we study the properties of such sets. In particular, we
describe the properties of the sets of eigenfunctions of our pencils.
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THEOREM 5.1. Let {Tn(x) = T (tn,T)}nez and {an}nez be an arbitrary *-
sequence of complex numbers. Then there exists a constant C' which does not depend
on {an}nez and such that the following estimate is valid:

> andn <C [> e,
Li/p(O,A) nel

neZ
where A =a + M and M is given in (3.4).

(5.1)

Proof. Let us take, for example, as J,(z) the outgoing generalized Jost solution.
We already know (see (4.8)), that for every complex h, there exists a pair of coefficients
Ap(X) and Bp(A) such that:

(5.2) Tn(z) = T7 (AN 2) = An(NES (A, ) + BR(A)E; (A, 2).
Using (4.12), we can rewrite (5.2) when A = p, in the form:

(5.3) TIn(x) = An(in) (B+E7) (4n, @) + Ba(pn) Eg (in, 7),

where By is a bounded linear operator defined on a closed linear span of
{E; (tn, %) }nez in le)/p(O, A).
Taking into account that {E} (ttn, ) }nez is a Riesz basis in its closed linear span

in Lp/p(O,A), we can write:

1D andall 11D anAn(pn)BrE7 ()|l + 11D anBa(in) Eg (1n,)]]

n€Z n€Z nEZ

(5.4) <Oy supIAh 1in)| Zlan|2+sup|Bh(,un IS lanl2.
nezZ neEZ

All norms in (5.4) are taken in the weighted space Lf) /p(0, A).

Using explicit formulas (4.9) for the coefficients Ap(p,) and Bp(uy), we obtain the
estimate:

(5.5) ilél%{lAh(un)la |Bn(pn)[} < C3 < oo

Substituting estimate (5.5) into (5.4), we obtain (5.1). Thus, the proof of the theorem
is complete.

COROLLARY 5.1. a) Let us take two different sequences {un}nez and {tin}nez
out of four sequences defined in ({.4) and (4.6). Then there exists a bounded linear
operator S defined on a closed linear span in L?(0,2M) of the exponential-like func-

o+
tions { E q (fin, ) }nez, which depends on the above sequences {pn}nez and {fin}nez
and acts as follows:

(5.6) T7 ) = (1 B0 ) (i ).

Statement a) admits the following generalization.
b) Let us take two different sequences of complex numbers {kn }nez and {&n}nez hav-
ing the following property: each set of corresponding ezponential families {€**"®},.cz



584 M. A. SHUBOV

and {€*%}, cz forms a Riesz basis in its own closed linear span in L?(0,2M). Then
there ezists a bounded linear operator Sy acting from L*(0,2M) into Li /p(O, A) by
the following rule:

(5.7) T3 (o 2) = (S5 B g ) (omy ).

If both exponential families are complete in L?(0,2M), then the operator S» has a
bounded inverse.

In the next statement, we describe the geometry of the first derivatives of the set

{Jn(l’)}nez

THEOREM 5.2. Let {an}nez be an arbitrary sequence of complex numbers:
{an}nez € €2(Z). Then there ezists a constant C' which does not depend on {ay }nez
and such that the following estimate is valid:

2

(5.8)

<c N |an|_2_.

LP/p (0,4) nez

Zan,u,:lj,;

neEZ

Proof. We will prove this theorem for a particular sequence, e.g., for the one
related to the outgoing pencil. Thus, we have Jn(z) = J; (in,z). Note, since
J7 (A, z) is a linear combination of the functions EJ (A, z) and Ej (), ), it suffices
to establish the existence of positive constant C; such that

’ oy
2
< 01‘ /Z, |an|?.
Li/p(O’A) neL

We will prove only one estimate from (5.9) corresponding to E7; the second one
can be shown in a similar way. Let us omit for the current proof the superscript “+”.
To proceed in this proof, we have to recall some of the necessary facts from our paper
[1] which will be needed here. As was shown in [1], the function E4()\, z) satisfies the
following Volterra integral equation (see Eq. (3.26) from [1])

(5.9) Y anpy (BT (pny )’

nez

(5.10) Ea(\ ) = Ba(hz) + / Az, ) Ba(\t)dt, o <a.

Since the kernel £(z,t) is continuously differentiable (see Theorem 3.3), Eq. (5.10)
can be differentiated term-wise, and for the first derivative, the following equation is
valid:

(5.11)
Ej(\z) = .%&(/\, z) — ﬁ(w,x)l%’d()\, x) +/ Ry (z, t)lo?d()\, t)dt,

T

where for %30\, z), we have the representation:
(5.12)
Bi(,2) = (A~ 2@)Vo@/o(@) + ((o(@)p@) ™) (p@)p(@)/ ) Ea(r,2).
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Taking into account the asymptotics of the spectral sequences (Theorem 4.1) from
(5.12), we easily obtain the following relation:

(5.13) p Bl ) = B alin,2)(1+0 (jn ™))

o
Since the functions { E 4(tin, ) }nez are uniformly bounded with respect to n (see
(3.14), (3.15)), i.e.,

o
(5.14) sup max | Eg(pn,x)| < 00,
nez z€[0,a]

we obtain the following sequence of estimates:

o a o
|R($,$)Ed(un,l’)l < C27 / ﬁ:E(mat)Ezd(/an’t)dt S CQ)
! . o _
(5.05) | Eylum,2) = i Ealpn, 2)/p(@) /(@) = O(ln| ™), n € Z.
Substituting estimates (5.15) into (5.11), we obtain:
! . 0 —
(5.16) i Ey(pn, ) = i E 4(itn, ) + O(In| ).
Now we can prove our main estimate (5.9). We have:
>~ anpn Ey(pn,)
neEZ L%/p(O’A)
o ~
<D anEa(pn,) +C > an@+1n)!
nez L?’/P(O’A) nez L?/p(O’A)

(o]
Using the facts that {a, }nez € (*(Z) and the fact that { E 4(in, T) }nez forms a Riesz
basis of its closed span in Lf) /p(O, A), we obtain (5.9) immediately.
This statement concludes the proof of the theorem.

COROLLARY 5.2. Let {i,}nez be any sequence of complex numbers for which

o+
{exp(ipint) nez is a Riesz basis in L?(0,2M). Hence, the set { E 4 (in,T)}nez 15 a
Riesz basis in L;"J /p(O,.A). Let {W2(z)}nez be a Riesz basis biorthogonal to the basis

+
{%d (i, T) Ynez in Li/p(O,A). Then the following formula is valid for the system
{Wo(x)}nez biorthogonal to the set {E] (iin,z)}nez:

(5.17) W(z) = Wo(z) + / ’ L(t,2)W2(t)dt,
0

where L(t,z) is the kernel of the integral operator £ satisfying the equation
(5.18) (I+R8)'=I+¢

Here £ is the Volterra integral operator introduced in (8.21). It is clear that Eq. (5.17)
can be written in the form:

(5.19) W, = (I +£9W0.
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[e]
Let us check that {Wy}nez is biorthogonal to {E, = E;(Hn;')}n€Z~ If B, =
o+
Eq (:u’na')’ then

(Bny Win) = (I + 8) B, (I + £YW0) = (I + £)(I + £) B, W0)
(5'20) = (Eg,Wr?L) = Opm-

6. Riesz Basis Property of the Root Vectors. Proof of Main Theorem.
In this section, we prove the Riesz basis property result for the root vectors of the
operator £,;. We emphasize that we consider a very general case of nonselfadjoint
operators: namely, an operator may have a nonzero damping term in the differential
expression and any linear nonselfadjoint boundary conditions at both ends. The case
with zero internal damping and dissipative boundary conditions was studied in our
papers [5, 31]. In those papers, we have studied the Riesz basis property of the root
vectors of the operator

0 1
(6.1) = i ( ) |
L 0

defined on the domain:

(6.2)
D(£9,) = {W = (wo,w1) € H : L9, W € H; (wh + kwy)(0) = 0, (wh + hwi)(a) = 0}.

Note that the difference between £5; and £9, is the fact that 9 = 0 in £9,. We recall
that in [5] we proved our results for three classes of densities p. For the first class,
we studied the problems with smooth positive densities bounded above and below by
positive constants. For the second class, we studied the problems involving densities
which could go to infinity at some points inside the interval or even at the endpoints
(infinite condensation of the matter). For the third class, the densities could go to
zero either at several interior points or at the endpoints (infinite rarefaction of the
matter). For all three cases of the density, we proved the Riesz basis property of
the set of the root vectors of the corresponding dynamics generators. In [5], we have
used the so-called functional model for nonselfadjoint operators by Sz. Nagy and C.
Foias [32]. However, for the problems involving a combination of singular densities
and nonzero internal dampings (0 # 0), the aforementioned functional model does
not exist. We hope that using the transformation operators method developed in [1],
we can prove that the dynamics generators of such complicated problems are Riesz
spectral.

In the present paper, we will use one of the results from [5] to prove the com-
pleteness of the root vectors of the operator £xr in #, and then, based on the results
of Section 5 of this paper, we prove the Riesz basis property result. As is well known,
there are two independent problems: the problem of completeness of a certain system
of vectors in a Hilbert space and the problem of the Riesz basis property of the same
system. Often the first problem is even more difficult than the second one.

In our first statement in this section, we prove the completeness result.

THEOREM 6.1. For any h,k € CU{oo}, the set of the root vectors of the operator
Lhr 15 complete in H.
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Proof. First of all, we prove the following fact: zero does not belong to the
discrete spectrum of £4;. Using a contradiction argument, we assume that there

0
exists a nontrivial vector G = ( ) such that: £4,G = 0. It is easy to verify that

g1
the latter equation implies the following:
1
(6.3) m(p(w)gé (2))" = q(z)go(z) — 20(z)g1(z) =0,
(6.4) (90 + kg1)(0) = 0, (g5 + kg1)(a) =0, g1(z) = 0.

Due to the fact that g1 () = 0, we have the following boundary-value problem for the
component go(z):

(6.5) (p(2)go(2))" — q(z)p(x)go(z) =0, g5(0) = gy(a) = 0.
Multiplying Eq. (6.5) by go and integrating over [0, a], we obtain
(6.6) ) )
pla)gs(e)in(a) = pO)gsO)(0) ~ | p(@)lgb(@)Pd~ [ ae)oto)loo(a)lde = 0.

Taking into account the boundary conditions from (6.5), we simplify Eq. (6.6) and
obtain

VP 90ll12(0,0) + 1V@P 9oll72(0,0) = 05

which can happen only if go = 0.
Next we notice that

(6.7) Lk = Loy + D,

where £9, is given in (6.1) and (6.2), and D is a bounded linear operator in H given
by the formula

0 0
(6.8) D=—i ( ) :
0 —20

To continue the proof, we have to reproduce some results from [2, 5] describing the
spectral properties of the operator Sgk.

THEOREM 6.2. For any h,k € CU {00}, the following statements hold.

1) E%k has a purely discrete spectrum. Its resolvent is a meromorphic function,
with the possibility of having finitely many poles which have finite multiplicities; all
others are simple poles.

2) (£9,)7" ezists and is a compact operator of the class Sp(H), p > 1. (We recall
that 6,(H),0 < p < oo is the class of all compact operators A in H, which have the
following property: the sequence of the eigenvalues of the operator (AA*)'/2 belongs
to £P. By G (M), we denote the class of all compact operators in H [28]).

3) The set of all root vectors of £9, forms Riesz basis in H.

4) For h # 0, and k # 0, the operator (£9,)" is a rank-two perturbation of
(£0) 7

(6.9) (£he) 7" = (£80) 7" + Ak,
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where Apg is a rank-two operator in H. For h#0 and k=0 (or h=0 and k # 0),
the operator (£9,)71 is a rank-one perturbation of (£3,)7".

Based on Statement 2) of Theorem 6.2, we can show that
(6.10) Lo = (Cor) (T +9),

with S € &,, p > 1. Indeed, due to the existence of the operator (Egk)‘l we can
write

(6.11) Lo =T+ V), V=D(Lh)7"

with V being from &,, p > 1.

Note that (—1) is not an eigenvalue of the operator V'; otherwise, zero would have
been an eigenvalue of the operator L. The fact that zero is not an eigenvalue of
Lri has been shown at the beginning of the proof of Theorem 6.1. Now we have

(6.12) (I+WV)1=1+8 S=-v{I+V),

and formula (6.10) is justified.
Based on Theorem 6.2 (Statement 4), we obtain that the following equations are
valid:

(6.13) Lok = (L) + An)T +5) = T+ T)(LY) (T + 9),

where T' = Api LY, is a rank-two (or rank-one)operator in 4, and S is defined in
(6.12).

Note that the operator £3, corresponds to the problem with zero damping term
(0 = 0) and with the Neumann boundary conditions at both ends. So £3, is selfad-
joint, while T" and S are compact but not necessarily selfadjoint.

Now we use the following corollary of the Keldysh Theorem (see [28]).

THEOREM 6.3. Let A be an operator in a Hilbert space H such that A = (I +
S1)B(I + S3) where B = B* € Gp,p < 00 and S1,52 € G. If the operator A
vanishes only on the zero vector, then the system of its root vectors is complete in H.

If we identify 2;;, (£8,)71, T, and S with A4, B, Si, and S, respectively, then
from Theorem 6.3 weé obtain the desired completeness in # of the root vectors of the
operator £55. Theorem is proven.

Before we prove our main result, we recall that, as was mentioned at the beginning
of Section 4, we have discussed the case k£ = 0o only to simplify the exposition in that
section. All results are valid for any £ € CU {oo}. Below we formulate without
proofs the results, which are the generalizations for the case of k # oo of the results
established in Theorems 5.1 and 5.2 .

THEOREM 6.4. 1) Let {\*},cz and {©"*},cz be the spectrum and the set of
eigenvectors of the pencil Pri()\), respectively. Then for any h,k € CU {0}, there
ezist bounded linear operators Spy and Ty in the space L?) /p((), A) which act in the
following ways:

(6.14) (@) = (S B )(NEE, 2),

(6.15) (XY (o () = (Tha B )N, ).



RIESZ BASIS OF ROOT VECTORS 589

2) Let {¢p"*} ez be the set of eigenvectors of the adjoint pencil Pi ()\). Then

there exist bounded linear operators Shk and Thk in the space L (0 A) which act in
the following ways:

(6.16) PhF (@) = (S %:)(Aﬁk,m),

(6.17) (XY (@M (@) = (T B g ) (AR, ).

8) Let {®"*},cz and {®"F},cz be the sets of eigenvectors of the operators Lpk
and £}, respectively. The following formulas are valid:

(6.18)

_1 hk 1 Ahk
@hk({l;) _ tARK Pn (fl'f) &hk(m) _ ix::k (.'13) nel
" oty )" Pht(z) ) '

The systems in (6.18) are biorthogonal in H.

Note that the relationship between the associated vectors of the pencil Ppr(\) and
the operator £pi, (as well as for the adjoint pencil and adjoint operator) is more
complicated than the biorthogonality relationship (6.18) for the eigenfunctions.

Now we are in a position to prove our main result.

Proof of Theorem 2.1. As was already mentioned, we only need to prove the
fact that the set of the root vectors of the operator £, forms a Riesz basis in the
energy space. In our proof, we use Theorem 5.3 and the following version of the Bari
Theorem (see [28]).

THEOREM 6.5. (N.K. Bari) Let the sequence {F,}ncz be complete in a Hilbert

space H and {F}}pcz be the biorthogonal sequence which is also complete in H. If
forany F € H

(6.19) Y IEFR)al’ <co and Y (R F;)al < oo,

n€Z nEZ
then {Fp}nez (as well as {F}}ncz) is a Riesz basis in H.

From Theorem 6.1, we have the completeness of the set of the root vectors of the
operator Lpy in the space H. Note that the operator £f, can be obtained from £y
if we replace 9, h, and k with (—9), (—=h), and (—k) respectively. This fact allows
us to carry out all steps of the proof similar to the ones of Theorem 6.1 with respect
to the roots of the operator £5,. Thus, we obtain the completeness result for the
operator £5 . Finally, it remains to verlfy that relations (6.19) hold for both systems:
{®h*Y, cz and {®%},,cz. We prove the first estimate from (6.19). The second one can

be shown in a similar way. Using (2.7) and (6.18), we have for any F' = ( }co ) € H:
1

(B, )y, = (iAhk) 1 / (@) () Fo(@) + a(@)p(@)el* @) fo w)]da
(6.20) T /0 " (@) (@) i (@)
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Due to the properties of the functions p,p, and ¢, we arrive at the following estimate:

(6.21)
|(@Zk7 F)H|2 < Cc [P\Zk\_l (Qoﬁk’ fO)Hl(O,a)|2 + |(90:sz’ fl)Lz(O,a)|2] )

where C' is an absolute constant. According to Theorem 5.2, the following estimate
is valid:

(6.22) DR T, fo) i 0,0 * < Ch [l foll3r 0.)-
nez

Theorem 5.1 allows us to conclude

(6.23) I, ) 20,0 < Co I f1ll320.0)-
neZ

Combining (6.22) and (6.23) together, we have shown the first relation of (6.19).
Taking into account explicit expression (6.18) for ®* and completing the reasoning
analogous to the argument leading to (6.21) - (6.23), we obtain the second inequality
of (6.19).

Theorem is completely proven.
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