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INITIAL BOUNDARY VALUE PROBLEMS FOR NONCONVEX
HYPERBOLIC CONSERVATION LAWS WITH RELAXATION*

LING HSIAO' AND HAILIANG LI}

Abstract. The initial boundary value problem (IBVP) for the 2 X 2 nonconvex conservation
laws with relaxation proposed by Jin and Xin [11] is considered in the present paper under the
subcharacteristic condition. The global existence of smooth solutions for this IBVP are proved, and
the large time behavior is analyzed. These tend time-asymptotically to either a travelling wave, or
a superposition of two travelling waves respectively, corresponding to different kinds of boundary
effects.

1. Introduction. In this paper, we investigate the global existence and asymp-
totic behavior of solutions for the 2 x 2 conservation laws with relaxation in ) =
{(z,t): z>at, t >0},

| U + vy = Oa
(L.1) 1
Uy + aug = —g(v - f(u‘))a

with initial and boundary values given by

(1.2) { (u,v)(2,0) = (uo,v0)(2), (uo,v0)(+00) = (ut,v4), >0,
w(z,t)|g=t = u—, t>0.

or

(1.3) { (u,v)(z,0) = (uo,v0)(), (wo,v0)(+00) = (ug4,v4), T >0,
v(x,t)|p=ot = v—, t2>0,

where v+ = f(us) with f(u) nonconvex, and 0% < a is required to make sure the
well-posedness of the problem.

Equation (1.1) is a simple form to the general conservation laws with relaxation
proposed by Jin and Xin [11], where the systems were used to numerically approximate
a set of corresponding hyperbolic conservation laws with non-oscillation, which is
exactly a local relaxation approximation. Equation (1.1) is also a simplified form to
the general 2 x 2 conservation laws with relaxation proposed by T.-P. Liu [20]

The effect of relaxation is often taken into consideration when the physical situ-
ation of an investigated material is in nonequilibrium. This phenomenon is generally
modelled as hyperbolic conservation laws with source terms. There are many different
kinds of relaxation phenomena which arise in nature, such as gases in thermo-non-
equilibrium states, kinetic theory of mono-atomic gases, water waves, viscoelasticity
with memory, chromatography, and so on [5], [36].

As the relaxation time & goes to 0%, we formally obtain from (1.1) the following
scalar conservation laws

(1.4) ut + f(u)g =0.
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The relation between 2 x 2 conservation laws with relaxation and their corresponding
equilibrium equation was shown theoretically by T.-P. Liu [20] first. Therein, he
justified the nonlinear stability criteria for elementary waves and showed the stability
of them. He also gave the subcharacteristic condition which governs the propagation
of disturbances over strong wave forms. For (1.1), the corresponding subcharacteristic
condition is

which, from now on, is assumed true for (1.1).

We consider the initial boundary value problem (IBVP) (1.1) and (1.2) or (1.3)
in the present paper. We are interested in how the boundary influences the global
existence of smooth solutions to this IBVP and their large time behavior. It is proved
by Nishibata [31] that the appearance of boundary makes it impossible for a travelling
wave to be an exact solution to this IBVP. We want to know whether the small
perturbations of weak elementary waves are still time-asymptotically stable in the
presence of boundary. That means if there are still some waves or time-asymptotic
states, such as travelling waves, expansion wave, or their superposition and so on,
to which the global smooth solutions (if they exist ) of (1.1) and (1.2) or (1.3) tend
time-asymptotically. Boundaries influence a real physical situation by causing the
appearance of boundary layer. This important physical phenomena [34] occurs, for
instance, in describing the interaction of fluid molecules with the molecules of the solid
boundary, and has been modelled with the scalar viscous conservation laws by Xin [37]
and with the Boltzmann equation by J.-G. Liu and Xin [18, 19]. It is shown (see
case B below) that the given boundary value and the initial informations at infinity
sometimes can not determine the expected time-asymptotic state for the IBVP of
(1.1), which is different from the Cauchy problem for (1.1) where the time-asymptotic
state can be uniquely determined by the initial informations at infinity. Therefore,
a criteria is required to determine the expected time-asymptortic states for the IBVP
(1.1) and (1.2) or (1.3). In this paper, the criteria is that the “boundary layer”, the
difference of boundary value and the asymptotic state restricted at boundary, can be
controllable in L' norm. ,

The aim of this paper is to find whether the small perturbation of travelling wave
for (1.1) is still stable time-asymptotically in the presence of moving boundary. For
simplicity, we assume ¢ = 1. It was shown in [16] that under the Oleinik entropy
condition, i.e.,

<0, if up <u<u_,
(1.5) f(U)—f(Ui)—S(U—“i){ >0, if uy >u>u_,

and R-H condition, i.e.,

(16) sy —us) + (Fuy) — fu)) = 0,

there exits a unique travelling wave (U, Vs)(n) (n = = — st) for (1.1) up to a shift,
which satisfies (Us, Vs)(£o0) = (ux,v+) with vx = f(ug).

In addition, since we consider the influence of moving boundary to the relaxation
system, we have to compare the moving speeds of the boundary and the travelling
wave in order to find an expected time-asymptotic state. We discuss two cases: s > ¢
and s < o.

Case A : s > o. For simplicity, we only consider the case s > 0 > ¢ and only
deal with the IBVP (1.1) and (1.2). Since the boundary layer (u— — Us((o — s)t))
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f(u)

Fic. 1.1.

belongs to L'(Ry), we may expect (Us, V) to be the time-asymptotic state of the
global solution (if it exists) to (1.1) and (1.2).

It is well known that for scalar conservation laws with viscosity and 2 x 2 conser-
vation laws with relaxation, a small perturbation of a travelling wave at most gives
rise to a translation. But it is more complicated in our case because of the effects of
moving boundary. In fact, similarly to that used by T.-P. Liu and Yu [22], Matsumura
and Mei [26], and Mei and Rubino [28], a shift function z(t), ¢ > 0, which satisfies an
ordinary differential equation coupled with an unknown term (v(ot,t)—v_), is used to
overcome the difficulties caused by boundary. Moreover, we have to use higher order
weighted energy estimates to overcome the nonconvexity of f and to control the term
ug(ot,t) caused by the moving boundary. The main result shows that if the initial
data is a small perturbation of the travelling wave (Us, Vs)(z — st + zo) restricted
on  with ¢t = 0, then there exists a global solution of (1.1)-(1.2) which tends to
(Us, Vs)(x — st + z(¢)) as t = 400 where 2(0) = 2o < 0 and z(+00) = Zoo < +00,
provided that |zo| is big enough.

Case B : s < o. The boundary layer is not controllable if we still expect
(Us, Vs) to be the asymptotic state. Therefore, an appropriate time-asymptotic state
is expected. In fact, for the IBVP (1.1) and (1.2) the expected time-asymptotic
state, due to the influence of boundary, can be only a part of another travelling wave
(Us,Vs)(x — ot) of (1.1) which satisfies that (U,, V,)(+00) = (ug,vy), Ul(n) <0,
n € R and U,(0) = u—_. This is similar to the phenomena observed by Nisibata [31]
and Mei and Rubino [28]. Furthermore, to control the boundary terms, we assume
that 0 > 0 and o > f'(u—). The result for the IBVP (1.1)-(1.2) illustrates that a small
perturbation of the travelling wave (U,,V,) restricted on Q with ¢ = 0 admits the
global existence of solution to (1.1)-(1.2) which tends to (U,, V;)(z — ot) as t — +o0o0.

While for the IBVP (1.1) and (1.3), there appears new interesting phenomena.
For simplicity, we only consider the case ¢ = 0. The expected time-asymptotic state
here is (Up, Vp)(2, 1), a superposition of (Us, V;)(z — st) and (Us,, Vs, )(z — s1t) with
s1 > o > s, which can be obtained as follows. We assume that the nonconvex f
satisfies the following property, which can be illustrated by figure 1.1

Property 1. There exist ut. (i = 1,2 for simplicity) with f(u’) = v_ and

2 = u_, such that for sy > 0 > sy = s, the Oleinik’s entropy condition and Rankine-

uZ
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Hugniot condition hold

s1(ul —uy) = f(ul) = fluy), ha(u) >0, for ul <u<uy,
So(u— —uy) = flu) — fluy), hao(u) <0, for uy <u<u_.

where hi(u) = f(u) — f(us) —si(u —uy), i=1,2..

This means that the interaction of the shock (u—_,u4,s < 0) for (1.4) with the
boundary forms a new shock (ul,us,s; > 0). Thus, the asymptotic state for (1.1)
and (1.3) is expected to be

(Up’ ‘/17) = (U81)V81) + (US7 ‘/-9) - (u+)v+),

We will show that if the initial data is a small perturbation of an appropriate selected
(Up,Vp) then the IBVP (1.1) and (1.3) owns a global solution which tends to the
(Up, Vp) as t = 4o00. This phenomena is quite different from that for the IBVP (1.1)-
(1.2) and from the stability of travelling wave for (1.1) observed by Liu, Wang, and
Yang [16]. But it is somehow similar to the phenomena observed by Hsiao and Pan (7]
where the nonlinear stability of two-mode shock profiles is proved. Such phenomena
is new for the initial boundary value problems of conservation laws with relaxation
and is also an answer to the unsolved problems proposed in [28], where the IBVP for
(1.1) with a different boundary condition from (1.2) or (1.3) is discussed, which will
be introduced afterwards.

Recently, there appear a number of results on 2 x 2 conservation laws with relax-
ation. For the general model, the stability of travelling waves with decay rates for the
Cauchy problem and the stability theory but without decay rate for the initial bound-
ary problem were studied by Zingano [39], Nishibata [31], and Nishibata and Yu [33]
respectively. The problem on the convergence to the diffusion waves was shown by
Chern [4], Yao and Zhu [38]. Related results on the relaxation limit were established
by Chen and T.-P. Liu [3], Chen, Levermore and T.-P. Liu [2], Natalini [30], and
Marcati and Rubino [24].

For the simplest model (1.1), the stability of travelling wave solutions for the
Cauchy problem was discussed by H. L. Liu , Woo and Yang [17], H. L. Liu , Wang and
Yang [16], Mascia and Natalini [25], and finally Mei and Yang [29]. The convergence
to the travelling wave solutions, as the relaxation time goes to zero, was recently
considered by Jin and H. L. Liu [10]. The L! relaxation limit of (1.1) with boundary
effect in the BV-framework was discussed by Wang and Xin [35]. Furthermore, the
numerical computation and the properties of entropy solution for the model (1.1)
were given by Jin and Levermore [9], and Jin [8]. For Jin—Xin’s model in higher space
dimensions, the stability of travelling waves was shown by Luo and Xin [23].

Regarding the stability of travelling waves to the IBVP for other model equations
of hyperbolic conservation laws, we refer to those interesting works in [14, 21, 22, 26].

This paper is arranged as follows. After some preliminaries about the travelling
wave are introduced in section 2, we will list the main results for (1.1) about case A
and case B with different initial and boundary conditions in section 3. These results
will be proved successively in section 4.

Notation L? denotes the space of square integrable functions on R or Ry with

the norm
= ([ r@pas) .
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H'(I > 0) denotes the Sobolev space of f with 82f, j =0,1,---,l, belonging to L?
and with the norm

Lo 1/2
Al = (D ez i)
j=0

For a given weight function K;(z) = (1+22)¥+9)/2 2 € R, j € R, Lg,, represents
the space of weighted square integrable functions with norm

+o0

1/2
[flg+i = < | Kj(m)lf(m)le(B) )

H(l > 0) denotes the weighted Sobolev space of f satisfying 85f € Lgy;(j =
0,1,2,---,1) and normed by

1/2
oo 1 ‘
WA Ner, = ( ) Zl@;f|%+jdx) :
j=0

For a given function K;(z,t) = (1 + (z +d(t) — st)?)#*+9/2 where s is a constant
and d(t) a smooth function, C°(0,T; Hp) or L*(0,T; Hj) will denote the space of
functions f(z,t) satisfying the condition that ¢:[0,T] — H }3 is continuous or square
integrable respectively. The norms will respectively be given by

t
max [1£(. )l \/ el

te[0,T

2. Preliminaries. A travelling wave solution to system (1.1) is a solution
(Us,V5)(0), (n = z — st), satisfying (1.1) and (U, V5)(£00) = (us,vs) with vy =
f(ux), namely,

—sU, +V,/ =0,
(2.1) —sV) +aU. = fU) -V,
(Us, Vs)(£00) = (ug,v).
Here ' = d/dn.

Integrating the first equation of (2.1) over (—oo, 7] and [, +00) respectively, and
noticing (Us, Vs)(£o0) = (ux,v+), we have

(2.2) —sUs + Vs = —suy + v+ = —sux + f(ux),

which shows that, the speed s and the two states (u4,vs) satisfy the Rankine-
Hugoniot condition

fus) = f(u)

(2.3) s= P

Substituting (2.2) into the second equation of (2.1) we obtain

(2.4) (a — U, = f(Us) — f(ux) — s(Us — ug) =: h(Us).
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It is well-known that the ordinary differential equation (2.4) has a smooth solution if
and only if the Rankine-Hugoniot condition (2.3) and the Oleinik’s entropy condition

<0, up<u<u_

(2.5) h(u) = f(u) = fluz) — s(u — ux) {

>0, uy>u>u_
holds. This entropy condition implies

(2.:6) fllug) <s < fl(u)

or

27)  flun)=s<fu) or flus)<s=flu) or flus)=s.

Condition (2.6) is the well-known Laxian shock condition. Here we will call it the
nondegenerate shock condition and we will refer to each one of the possibility in (2.7)
as the degenerate shock condition, or the contact shock condition.

As shown in Figure 1.1, there are two waves to (1.1) connecting different state
points. One is the back wave connecting (u4,v+), another is the forward wave con-
necting (u4/ul,vy). Now we firstly state some preliminaries on the back wave to
(1.1) connecting (u4,v+), which, given by (1.2), satisfies (2.3), (2.5), uy < u— and

flug) > flu-).

LEMMA 2.1. [16] Assume f € C?, and the conditions (2.3) and (2.5) hold. There
exists a unique solution (Us,Vs)(n) (n =z — st) up to a shift to (1.1) with0 < s> < a
(s < 0), which satisfies

(a — UL =h(Us) <0, for uy<Us<u_.
In addition, as 1 — Loo, it holds that for f'(ut) # s
|h(Us)| ~ |(Us = us, Vs — va)| ~ exp{—cx|nl},
and that for f(u) = su+ (u—ux)™t) n=1,23.--,
IR(U) MO+~ (U = us, Vs = vg)| ~ 0|72/,

where cx+ = |f'(ux) — s|/(a —s%) > 0.
By Lemma 2.1, we have

LEMMA 2.2. Assume f € C?. There ezists a unique solution (Uy,V,)(n) (n =
z —ot) to (1.1) satisfying (Us, V5 )(+00) = (uy,v4), Us(0) = u_, and

(a —o®)UL = h(U,) <0, foruy <U, <u_.
In addition, as 1 — 400, it holds that for f'(us) # 0
(WU ~ Cl(Us — s, Vi — )] = Cexpl{—ylul},
and that for f(u) = ou+ (u —uy ) n=1,2,3,---,
(UM ~ C|(Uy = s, Vi = 04)| = Cl| =7,

where &y = |f'(uy) — a|/(a—a?) > 0.
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Proof. We consider f as a part of f € C2, which satisfies

fzfa fOI’ 'U/—]-S’U/S’LL_,
f(u)—UU<f(u+)—au+, for up <u <,

where @_ is determined by f(4_) — ot = f(uy) — ou,. Then Lemma 2.2 follows in
terms of Lemma 2.1. O

We have also some results on the forward travelling wave solution to (1.1), which
connects the states (ug /ul ,vy), satisfying the Rankine-Hugoniot condition (2.8) and
Oleinik’s entropy condition (2.9), i.e.,

Ve — V- fluy) — flul) >0

2.8 =
(28) 51 uy —ul uy —ul

(2.9) hi(u) = f(u) — flugp/ut) —si(u—ug/ut) >0, uy >u>ul,

where u} < uy, v_ = f(ul) < f(uy) = vs. The symbol “uy/ul” express “ uy or
ul”. We consider first that the forward wave (Us,, Vs, )(z — s1t) is nondegenerate,
namely, the Laxian entropy condition holds

«

(2.10) fllug) < s1 < f'(ub).

LEMMA 2.3. Assume f € C?, and the conditions (2.8), (2.9) and (2.10) hold.
There exists a unique solution (Us,, Vs, )(n) (1 = x — s1t) up to a shift to (1.1) with
0 < s? <a (51 >0), which satisfies (Us,, Vs, )(£00) = (us/ul,vy) and

(a—sHU. =hi(Us) >0, for ul< Us1 < Uy
In addition, as n — +o0, it holds that
|h1(U31)| ~ I(U81 - 'U,+/’LL1_, Vsl - U:I:)I ~ eXP{“cli|77|}7

where ¢, = | f'(uy/ul) — s1]/(a — s2) > 0.

Define the following weight function (see [27, 29]),

(Usl - ul—)(u+ - Usl)
hl(Usl) ’

(2.11) Q) =

for (Us,, Vs, ). There are properties for @ given in [27, 29] as follows.

LEMMA 2.4. [27, 29] Let (Us,,Vs,)(n) be the travelling wave to (1.1) given by
Lemma 2.3, then it holds, as n — oo, that

Uy —'U/1_

2
a — 8%

Q(Usl)"l

Q. |~ oW

(212) QUs) ~O0(1), (Qh)"(Us) = -2, ’ i=la.
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3. Main results. First, we consider the IBVP (1.1) and (1.2). For the
case 0 < —o < s, the difference between the boundary value and the travelling wave
restricted at boundary (u— — Us(zo + (0 — s)t)) with a constant 2o < 0 belongs to
LY(Ry).

Set

+oo
w(z) = - / (wo(y) — Us(y +70))dy, 21 () = vo(x) — Va( + 20),

and assume

+00
(3.1) /0 (wo(y) — Us(y + 70))dy = 0.

We only consider, for a technique reason, the case that a is a big constant, |us —
u_| << land f'(u-) > s > f'(uy) with s > /a/2. Then, the result for the IBVP
(1.1)-(1.2) is

THEOREM 3.1. Suppose that f € C3, conditions (2.3), (2.5), and (3.1) hold, and
(w1, Bpwr, z1)€ (HJ)? for 28 > 1. Then if(1+|m0|ﬁ+3)||(w1,3xw1,z1)||Hg +zo| ! <
€1 for some g1 > 0, a global solution (u,v)(x,t) to (1.1) and (1.2) ezists and satisfies

SUPst<z<+o00 I(U,’U)(:L‘,t) - (U«S:VS)(:B —st+ :U(t))l - 0’ as t — +o0,

where z(t) satisfies the following ordinary differential equation

—(v(ot,t) — Vs(ot — st + z(t))) =0,

{ 2/ (t)[uy — Us(ot — st + z(t))] + o(u— — Us(at — st + z(t)))
z(0) = zo,

and

z(t) € C1(0,+00), z'(t) € L'(0,+00), and z(+00) = Too < +00.

REMARK. (1) The value z, can be determined uniquely by

+00 0
/0 (g — Us(@oo + 1)) + / (ue — Us(zeo + 1)

— 00

+ /O+OO(U0($) — uy)de + /0+00(U(at,t) —v_)dt = 0.

(2) Similar result is true for the IBVP (1.1) and (1.3).

For case o > s, the difference between the boundary value and the travelling wave
restricted at boundary (u_ — Us(d + (0 — $)t)) with d a constant tends to (u— — u4)
as t — +oo. Therefore, we may expect (U,, V,)(z — ot) restricted on 2 as the time-
asymptotic state.

Set

“+oo
wa() = / (uo(y) — Us(9))dy,  72(2) = vo(2) — Vi(2),

we have the following theorem
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THEOREM 3.2. Leto >0, |uy —u_| <1 ando > f'(u_). Suppose that f € C?,
condition (2.3) and (2.5) hold, wo € H?, and 23 € H'. Then there exists a o > 0,
such that if ||wa||2 + ||22]]1 < €2, a global solution (u,v)(z,t) to (1.1) and (1.2) ezists
and satisfies

SUPgt<z<too | (U, 0)(,t) — (Us, Vo) (z — at)| = 0, as t = +oo,
and

lv(ot,t) — Va(0)] = 0, as t = +oo.

Then, we consider the IBVP (1.1) and (1.3). We only consider the case s <
o = 0, to which other cases corresponding to those for IBVP (1.1)-(1.2) are similar.
The IBVP for (1.1) on quarterly plane was also discussed by Mei and Rubino [28].
Therein three kinds of boundary conditions

v- = f(u-), for s > 0,
{ ;i
f(

v(0,t) = g(t) = ut), for s =0,

—) and the Oleinik’s entropy
,t) shown in [28] are either

were considered. Where s(uy —u_) = f(us) — S
condition holds. The time-asymptotic states (Us, Vs)(

Us, Vs)(z,t) = (Us, V) (z — st + ao), for s #0

u
Z

where g is a constant, or
(Us, Vs)(z,t) = (Us(z + b(t)),v4), for s =0,

where b(¢) is a given function.

It is easy to verify that (g(t) — V5(0,t)) € L*(R4) in these cases. The authors [28]
obtained the existence of global solutions and analyzed their asymptotic behaviors of
them with time-decay rates. But for the cases when the boundary values are either

(q-1) g9(t) = v_ = f(u-), for s <0,
or
(q.2) 9(t) = v+ = f(uq), for s > 0,,

they have no results. In fact, (g(t) — Vs(—st+ap)) does not belong to L*(R) in both
cases (q.1)-(q.2). Therefore, different time-asymptotic states should be expected,
which in fact is the superposition of the two travelling waves for the nonconvex f
satisfying the Property 1 shown in figure 1.1. For simplicity, we only consider the
IBVP (1.1) and (1.3) for case (q.1) with nondegenerate waves, i.e.,

(ND) Flul)>s> fllug),  fllus) >s> fllug).

The case (q.2) can be solved similarly.
For any given constants z; and dj satisfying 0 < —dy < x1, we make the essential
assumption on the initial data ug

(32) /OOO[UO(J?) —Usl(d7+d0)—Us(.’1?+J71) +u+] de = 0.
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Denote

(3.3)
(UIN Vp)(.’L', t) = (USI’V;'I)(:B —s1t+ d(t) + dO) + (US) Vs)(w —st+ 1}1) - (’U,_|_,’U+),

where d(t) is the desired shift function chosen as the solution of the following ordinary
differential equation

d'(t)[ut — Us, (do — s1t + d(1))]
(34) =v- — Vsl (do - Slt -+ d(t)) -+ Vy — Vs(flil - St),
d(0) = 0.
It will be proved in Lemma 4.2 below that d(t) € C*(0,+o0), d'(t) € L*(0, +o0), and

d(t) = deo < +00 as t —+00, where the value of do, can be determined, by using the
original idea of Matsumura and Mei to determine their shift [26], as

+00 0
deo = u++u1_{/0 (Us(:B+:B1)—U+)d.’E+/_OO(u1_ _U31($+d0))dx}‘
Set
+o0
wn@) =~ [ (wolw) ~ Up(w ), 20(s) = vo(o) - Vy(,0).
We have

THEOREM 3.3. Let 0 = 0. Suppose that f € C3, the conditions (ND), (3.2),
(2.3), (2.5), (2.8) and (2.9) hold. Leta > 0 be a big constant, wo € H? with wy(0) =0,
and zo € H'. Then there exists a constanteg > 0, such that if ||wo||2+||20l|2 + |do| ™1 +
z7" < €9, a global solution (u,v)(z,t) to (1.1) and (1.3) ezists uniquely and satisfies

sup |(,0)(z,1) — (Up, V) (@, 8)] = 0, as - oo,
TER4

REMARK. 1) The restriction of a 3> 1 means the requirement of a strong diffusion
effect, which was used by H. Liu, Wang and Yang in [16], H. Liu, Woo and Yang in
[17] and replaced with |uy —u_| < 1 by Mei and Yang [29] for the Cauchy problem.
For the IBVP (1.1) and (1.3), due to the resolutions on boundary terms, Mei and
Rubino [28] has to also use a >> 1. But, in the present paper, it is not difficult to find
in the late proof that for Theorems 3.3 the condition a > 1 can be replaced by that,
|ug — ul | is small enough such that

a— (f'(Up)? — Cyluyr —ul| >0, and a — 87 — Cyluy —ul| >0,

with Cp > 0 a constant.
2) The convergence rates of the solutions given by Theorem 3.3 are obtained in
[6], where the corresponding cases for degenerate travelling waves are also discussed.

4. Reformulation of problems and proofs. The proofs of Theorem 3.1 and
Theorem 3.2 can be completed by combining the methods used by T.-P. Liu and
Nishihara [21], Matsumura and Mei [26], and Nishibata and Yu [33], we omit the
detail here. We here only show Theorem 3.3.
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Let (Us,, Vs, )(z — s1t) and (Us, Vs)(x — st) be the forward and backward waves
mentioned before. Let (u,v)(z,t) be the solution to IBVP (1.1) and (1.3). Since
(Us, Vi) (z — st + x1) satisfies (2.1) and (Us,, Vs, )(z — s1t + d(t) + do) satisfies

0Us, — d’(t)azUS1 +0.Vs, =0,
(4.1)

Ve, — d' ()0, Vs, + ad,Us, = f(Us,) — Vs,
it follows, by (4.1), (2.1), and (3.3), that
8(u = Up) +d'(£)0:Us, + 8, (v — V) =0,
(4.2) Bu(v — V) + d'(£)0, Vs, + ady(u — Uy)
= f(u) = f(Us,) = f(Us) + f(uy) = (v = Vp).

Integrating the first equation of (4.2) over [0, +00) and noticing that v(0,t) = v—, we
obtain

+o0
(4.3) % . (u = Up)dz + d'(t)[ut — Us, (=51t + d(t) + do)]

— (v= = Vi, (=s1t + d(t) + do) + vy — Vs(—st+z1)) = 0.

It holds for d(t) satisfying (3.4) that
d [t

(4.4) @l

(u—Up)(z,t)dr =0, t>0.
Integrating it over [0,¢] and using (3.2) lead to

[ =)0t = [ (o) - Uy(e,0)lds
0 0
= / [u6(z) = Us, (2 + do) — Us(x + 1) + us]dz
0
(4.5) = 0.

Thus, we may define

@o  wn=- [ Clul, )~ Up(u, Oy, 2(e,8) = v(a, 1) - V(e b),

to obtain
Ow +d' (t)[Us, (z +m) —uq] +2=0,
Oz +d'(t)0; Vs, (z +m) + ab2w + 2
= fUp +wz) = f(Us, (2 +m)) — F(Us(z +m2)) + f(uq),

where 71 =: —s1t + d(t) + do and 1y =: —st + ;.
Therefore, w(z,t) satisfies the following equation

(47) Wit + Wy — QWyq + f’(Up)wm = 91(37, t) + gg(fl?, t)7
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where
g1z, t) =d' @)V, (z+m) + (s1 — d'(t)d t)U;, (z +m)
+(d'(8) + @' () ut — Us, (z +m)),
g2(2,t) = = {f(Up + wz) — f(Us,(z +m))
—f(Us(z +m2)) = f'(Up)we + f(u4)},

with the initial and boundary values

(4.8)

(4.9)
w(z,0) = wo(z), wy(z,0) = —20(2) + 20(0) L2t TH =t wy(3), 2 >0,
w(0,t) =0, t>0.

We reformulate Theorem 3.3 as follows.

THEOREM 4.1.  Assume the hypotheses of Theorem 8.8 hold. Then the IBVP
(4.7) and (4.9) has a unique global solution w(z,t) satisfying
¢
llw (-, )13 + llwe (I +/ [lly/Us, w( DI + l(we, we) ¢, T[F1dT
0

(410)  <C(luwoll} + llzoll} + /4 + ==/,

Let T > 0. Define the work spaces for (4.7) and (4.9) as
X(0,T) = {w € C°(0, T; H*) N L*(0,T; H?), w; € C°(0,T; H')NL*(0,T; H")},
and denote

N(T) = sup {llw(:,t)ll2 + [lwe(-, D)}, t€[0,T].
0<t<T

The proof of Theorem 4.1 can be completed based on the following a priori esti-
mates in Lemmas 4.2-4.4.
First, we have more accurate estimates on d(t).

LEMMA 4.2. Let |do|~' + z7* < 1. Then d(t) € C3(0,+00), d'(t) € L*(0,+00),
and |d(t)] < C for some constant, and

1
(411) d(t) -5t < —"2-31t, te [0,+OO),
and
(4.12) |d' )] ~ |d"@®)] ~ |d" (t)] ~ {e-C’-(SIt-dOW+e"f+<'8't+“)/“‘}, t € [0, +00)

and
(4.13)
o] 0
d(t) > dog = —— { /0 [Us( + 1) — uylde + / [ul = Uy, (@ + do)da }

U+ - ul_ -0
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as t — +00.
Proof. By Lemma 2.3 and dy < 0, we get
(4.14) us — Us, (do) > 0,
which means, in terms of Lemmas 2.1 and 2.3 and (3.4), that

1

1
—_— |y - ~ Vi(z1)| < =51,
U+—U31(d0) |’U Vsl(do)"l"l)+ V(.'Ifl)l_ 451

(4.15) Id'(0)] =

provided that |do| ™! + 27" < 1.
Therefore, it holds, for some tq > 0, that

(4.16) @) < 551, 0<t<to,

which yields, with d(0) = 0, that

t
1
(417) @) =1 [ a@drl < goit, 05t
0
and
(4.18) dt) — sit < —%slt <0, 0<t<t.

By Lemma 2.3 and (4.18), it follows
(4.19) Uy — U, (=81t +d(t) + do) > uy — Us; (dg), 0<¢t<tp.
Then, by (3.4), (4.19) and Lemmas 2.1-2.3, we obtain
(4.20) @) < 51, 0<t< 1
Repeating above procedure, we can verify that (4.18) and (4.20) hold for all ¢ € [0, 00),
namely, we have proved (4.11).
To prove (4.12), we first note that,
[o— = Viy (=81t + d(t) + do)| < Cemc-(mttldoD
and
|ug — Ug, (—s1t +d(t) + do)| ~ Jus — ul
which means, due to (4.11) and Eq. (3.4), that

(4.21) &) < Ofectineitol 4 gmertisian ]

This implies that d’(¢) € L'(0,00). Further, we get the boundedness of |d(t)]

t
1d(t)] < |d(0)] + /0 \d()|dr < C.
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Thus, based on |d(t)] < C, Eq. (3.4), (4.21), and Lemmas 2.1 and 2.3, we obtain
(4.12).

Finally, dw can be calculated as showed by Matsumura and Mei in [26], and we
can prove d(t) = de by the continuity as ¢ — co. We omit the details. The proof is
completed. O

Now, we are going to prove the basic energy estimate.

LEMMA 4.3. Under the assumptions of Theorem 4.1, it holds, for any solution
w(z,t) of (4.7) and (4.9) with w € X(0,T), that

160, V3w, ) NP + [ 1T Vvl
<C (e~ e+ /4 4 - do/% || (wo, wog, 20)|2).
provided that N(T) + |do|™! + 27 < 1.
Proof. Let us denote
L(w) := wy + wy — aWgg + f'(Up)wy,

and consider the equality
(4.22) Q(w + 2wy) - L(w) = Q(w + 2w) (91 + g2)-
The left-hand side of (4.22) can be reduced to

Q(w + 2wi) L(w)

=0 {Q (wt + ww; + 1(1 - Q:/Q)w ) + ang}
+Q {wi(1 - Q:/Q) +2(F' (Up) + aQu/Q)uwy + a(l — Qe/Q)w }
— Oy {awaz - %anuﬂ - %Qf'(Up)w2 + 2athwx}

+ %uﬁ {Qut — Qi — aQuz — (Qf' (Up))a}

=8, {Q <wt2 + ww; + %(1 + (81 — d'(t))Qz/Q)w2> + GQwi}

+Q {wi (1+ (51 — d'(1))Q/Q) +2(f'(Up) + aQa/Q)wawr
+(1+ (51— d'(1))Qa/Q)aw? }

o {awat - %anw2 - %Qf'(Up)w2 + 2aQuiw,
30 s - )2
— LuR(@h)"UL,

+{ Q)5 - ) - Jud. QU ©) - FU) + 200}
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=:8t{G1(w,wt) n Gg(wx)} + Gy (we, ) — 8uGalw, wy, wg)
(4.23)  + Gs(w) + Ge(w, wy).

1
As a > 0 is big enough, it holds |Q,/Q| = 0(1)%}: < 1. With a similar argument
in [28, 29, 17], we gain

(424) A =:1-2[1+ (51 — d’(t))%] = —[1+2(s; — d’(t))%—z] <-C<0,
A Q) o @)
(425) Az =:14 (f U,) + aa-) 4a (1 + (s1 — d'(t) Q) <-C<0,

provided that |do|™! + z{ 1 « 1, where A; and Az are the discriminates of G, and
G3 respectively. Thus, we have

(4.26) G1(w, wy) + Go(wz) > C™Hw? + w? + aw?),
(4.27) Gs(w,we) > C~H(wl +wy}),

By (2.12) and Lemma 2.3, we have
(4.28) Gs(w) = U, w?.
Integrating (4.22) over [0, +00) % [0, ], using (4.26)—(4.28), and the zero-boundary

conditions w|;=¢ = W|z=co = Wt|z=0 = Wt|z=co = 0 which implies G4|z=0 = G4|z=co
= 0, we obtain

1w, Vaws, we) (- )| + / (/U w0, VVawa, we) (-, 7l dr

t ptoo t ptoo

<C (|/0 /0 Q(w + 2we) (g1 + g2)dzdr]| +/O /0 |Gs(w,wz)|dzdr)
(4.29)  +Cll(wo, woz, 20)II.
By Lemmas 2.1-2.3 and Lemma, 4.2, the term Gg(w,w;) can be estimated as
(4.30) |G (w, ws)| < C(N(T)w} + |d' (U, | + |Us — ui| + [Ug)),

which implies

t 400
/ / |G (w, ws )| dadr
0 0

<C /Ot /0+oo |d' ()] (/0—171 exp{c_(z +m)}dz + /+oo exp{—c, (¢ +n1)}) dzdr

-m
t p+oo t ptoo
+ C/ / Ce~c+(@=st+a1) dudr 4+ CN(T)/ / w2dzdr
o Jo o Jo
(4.31)
t +00 ,
<CN(T) / / w2dzdr + C (e—c‘"w‘/4 + ec-d°/4) ,
o Jo

provided that |do|~! + 271 < 1.
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Due to the Taylor’s formula, it follows from (4.8), that

lg2(z, )| <|f(Up +wz) — f(Up) — f'(Up)we| + | F(Up) — f(Us,)l
+ 1£(Us) = flus)l
(4.32) <Cw? + Cemc+(@—sttar),

Thus, using (4.32) and Lemmas 2.1-2.4, we can estimate the first term in the right-
hand side of (4.29) on g2(z, t), via Cauchy inequality and Sobolev inequality, as follows

t —+00
C|/ / (w + 2wy)godzdr|
o Jo
t 00
(4.33) <CN(T) / / (wi + w2)dzdr + Ce™+™/2,
o Jo
Similarly, noticing

t 40
c / / 1 (DU, (@ + m)| + [Usn (@ + 1) — 1y )dzdr
0 0

SC'/Ot |d’ (T)] (/O—m (exp{c_(z+m)}+ 1)d:v+/

—mn
SC (e—c+:1:1/4 + ec_d0/4) ,

+oo

exp{—-c (z + 771)}) dzdr

we have

t +00
¢l / / Q(w + 2wp) g dadr]
0 0

1 t +00
SZ// w?dzdr
400 .
+C// IOV (@ + )| + V2, (@ + 1| + Ut (& +m1) — ]| dedr
(4.34)

+00
_4/ / w?dzdr + C (e‘cﬂ‘m/‘1 + ecl—d"/‘l) .

With the help of (4.31), (4.33) and (4.34), we obtain Lemma 4.3 from (4.29), provided
N(T)+|do|™ +27' <« 1.0

Now, we turn to the higher order energy estimate. We have

LEMMA 4.4. Under the assumptions of Theorem 4.1, it holds, for any solution
w(z,t) of the IBVP (4.7) and (4.9) with w € X(0,T'), that

(W, v/@wses war) (DI + / (e, /@, wee) (-, 7)|2dr
<C (e‘mi/“ +ec- 0/t 4 ||(wo,w0z,zo)||1) :

provided that N(T) + |do| ™t + z7* < 1.
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Proof. Consider the equality
(435) Q(’U)t + 2wtt)3tL(w) = Q(’U)t + 2wtt)(glt -+ ggt).

Integrating (4.35) over [0, 4+00) x [0, t], using the similar argument as used in Lemma
4.3 and the zero-boundary condition w|z=0 = W|z=cc = Wt|z=0 = Wi|z=co = 0, We
obtain

e, vawat, wee) (D)2 + / (s, /awse, wee) (-, 7| dr
+oo
<Cl(wo, wos, 20) |12 + C / / (w + 2wet)(g1e + gor)dadr|
0 0
t +o0
(436) +CI/ / (wt + tht)f“(Up)atUpwmdmdrl.
0 0

The last term in the right-hand side of (4.36) can be estimated as
t +oo
C’|/ / (wi + 2wee) f"' (Up) 0 Upwodzdr|
o Jo
t +o0o 1 t +oo
SC'/ / (w? + w?)dzdr + 5/ / w2, dzdr
0
+oo
(4.37) <C ( mexm/4 4 ge= o/t 4| (wo, wog, 20) || +35 / / w}, dadr.
After a tedious computation on |gs(z,t)|, (i = 1,2), to get
lg1e(z, 8)] < C((Id’(t)l +1d"(ODIU;, (= +m)l
(0O + 2 ODIT (a4 1) — el

920z, 1)] < c(qU; (@ +m)| + UL (e + m))IU (@ +m2) — us |
+ [Ug(z + m2)| + |wowg|

+ (wad] + U (& + )| + Ul + nz>|>wi),

we can estimate the second term in the right-hand side of (4.36), with the help of
Cauchy inequality and Sobolev embedding theorem, as

t 400
C| / / Q(wt + 2wt ) (911 + gat)dzdr]|
0 0

t p+oo 1 t ptoo
< / / (w? + w2)dzdr + =~ / / (W}, + w2,)dzdr
o Jo 4.Jo Jo

+C (e—c+z1/4 + ec'_do/4 + ”(WO;WOzyZO)Hz)

+o0
(4.38) SC’( —etTi/4 4 gl do/4 1 ||(wo, wog, 20) || / / (w3, + w2,)dzdr.
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Substituting (4.37) and (4.38) into (4.36), we obtain

| (we, Vawze, wee) (-, )1 + /Ot l|(we, Vawgs, wee) (-, 7)||*dr
(4.39) <C (e’°+"”1/4 +ectdo/d 4 ||(IUO,’U)0:1:,ZO)”%) )
which yields Lemma 2.4 with the help of Lemma 4.3 and the fact
awge = we +wi + f'(Up)wz — (91 + g2)-

Then, Theorem 4.1 can be proved in terms of Lemmas 4.3-4.4, the local existence,
and the standard continuity argument. O
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