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CENTRALLY SYMMETRIC ORTHOGONAL POLYNOMIALS AND 
SECOND ORDER PARTIAL DIFFERENTIAL EQUATIONS* 

Y. J. KIMt, K. H. KWON*, AND J. K. LEE§ 

Abstract. We classify completely, up to a real change of variables, all differential equations 

L[u] := Auxx + 2Buxy + Cuyy + Dux + Euy — XnU, 

which have centrally symmetric orthogonal polynomial solutions. 

1. Introduction and Preliminaries. Consider a second order partial differen- 
tial equations of the type 

(1.1)      L[u] := Auxx + 2BuXy + Cuyy -h Dux + Euy = \nu,        n = 0,1,2, • • • , 

where A ~ E are polynomials in x and y. Krall and Sheffer[5] classified equations 
(1.1), up to a complex linear change of variables, which have orthogonal polynomials 
as solutions. 

However, complex linear change of variables does not preserve the positive- 
definiteness of orthogonality and the type of the equation (1.1). In this respect, 
we classify completely, up to a real change of variables, the equations (1.1) which 
have centrally symmetric orthogonal polynomials as solutions together with explicit 
representations of orthogonal polynomial solutions. 

For any integer n > 0, let Vn be the space of real polynomials in two variables 
of (total) degree < n and V = Un>o^- ^ a polynomial system(PS), we mean a 
sequence of polynomials {</>mn}m,n=o suc^ that deg(</>mn) = m + n for m and n > 0 
and {0n-jj}j=o are linearly independent modulo Vn-i for n > 0 (V-i — {0}). A PS 
{^mn}m,n=0 is Sai<^ to ^ monic if 

Pmn(x,y) = xmyn modulo Vm+n-i,        rn and n > 0. 

A linear mapping a : V -> E is called a moment functional, whose action on a 
polynomial (j) £ V is denoted by (cr, 0). For any moment functional cr, we define the 
partial derivatives ax and ay of a by 

(<Tx,<f>) '= -faM,     {°yA) '= -(cr,<t>y)    ttCP), 

and the multiplication ipa for ip G V by (I/HT, (j)) := (a, ipcf)). 

DEFINITION 1.1. ([5]) A PS {(pmn}m,n=o ^s a wea^ orthogonal polynomial system 
(WOPS) if there is a non-zero moment functional a such that (a, (j)mn(f>ki) = 0, if m + 
n^k + l 

If furthermore 

(vAmn^kl) = KmnSmkSni 

where Kmn are non-zero(resp., positive) constants, we call {^mnjm n=o an orthogonal 
polynomial system(OPS) (resp., a positive-definite OPS). In this case, we say that 
{<f>mn}m n=o Z5 a WOPS or an OPS relative to cr. 
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For any PS {(f>mn}m n=oi there is a unique moment functional cr, called the canon- 
ical moment functional of {<?W}m,n=o> defined by the conditions 

(a, 1) = 1 and (a, (j)mn) = 0, m + n > 1 . 

In the following, we write a PS {0mn}m,n=o as {*n}$£=o where $n = [0no, 0n-i,i> 
• • • , </>on]T and let xn = [xn, a;71"1?/, • • • , yrf\ n > 0. When $n = Anxn modulo Vn-u 
we call the monic PS {Pn}£Lo tlie normalization of {$n}£L0, where Pn := ^"^n- 

DEFINITION 1.2. ^4 moment functional a is quasi-definite (resp., positive-definite) 
if there is an OPS (resp., a positive-definite OPS) relative to a. 

PROPOSITION 1.3. ([1, 5]) For a moment functional cr ^ 0, a is quasi- 
definite(resp., positive-definite) if and only if Dn is nonsingular (resp., positive- 
definite), where 

Dn:-- 

0"OO      (TlO 

0"1O      020 cm ^71+1,0 (Tin 
n>0, 

and om,n — (ori%myn)> m and n > 0; are the moments of a. 

For any PS {<l>n}£L0, there are matrices 

Ani : (n + 1) x (n + 2),    Bni : (n + 1) x (n + 1), 
Cm : (n + 1) x n, Dk

ni : (n + 1) x (fc + 1) 

for i = 1,2 and k = 0,1, • • • , n - 2 such that 

(1.2) 

where An = 

x$n := 
y$n 

n-2 

= An$n+i + 5n$n + Cn$n_i + ^^n^fe 
A;=0 

Am 
An2 

,   ^n — 
Bnl 

Bn2 
?   Cn — 

Cnl 

Cn2 
Dk = j-)k IJn2. 

Note that since {$n}£Lo is a PS' rank^ = n + 2, n > 0. 

PROPOSITION 1.4. (Fauard's theorem) (cf. [3, 5, 9]) Let {$n}£Lo be a PS- Then 

{^nj^Lo z'5 a WOOFS' relative to a quasi-definite moment functional a if and only if 
D^ = 0fork = 0,l,"' ,n-2 50 that {$n}^L0 satisfy a three term recurrence relation 

(1.3) X$n(x) = An$n+i(x) + £n$n(x) + Cn$n_l(x), fl > 0 (*-i(x) = 0) 

onrf 

(1.4) rankCn = n + 1, n > 1, 

w;/iere Cn := [Cni,C^] « an (n + 1) x 2n mairia;. 

If the equation (1.1) has a PS {$n}£Lo as solutions, then it must be of the form 

.      L[u]    = (ax2 + diar + eiy + /i)^^ + (^axy + d2X + 62?/ + f2)uXy 
^     ' +(ay2 + dsx + 632/ + /3)%i/ + (9X + ^i)^ + (dV + ^2)% = Anu 
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where An := an(n — 1) + ^n([5]). 
We always assume that |A|+|i?|+|C| ^ 0 since otherwise the equation (1.5) cannot 

have any OPS as solutions(cf. [1]). Following Krall and Sheffer[5], we also assume 
that the equation (1.5) is admissible, that is, Am ^ An for m ^ n (or equivalently 
an + g ^ 0, n > 0) so that the equation (1.5) has a unique monic PS as solutions. 

LEMMA 1.5. ([1, Lemma 3.1]) If the equation (1.5) has a PS {$n}^Lo as so^u" 
tions, then the canonical moment functional a of {$n}^_0 satisfies 

(1.6) L*[cr] := (Aa)xx + 2(Ba)Xy + (Ca)yy - (Da)x - (Ea)y = 0. 

If we set 5n := (a,xn), n > 0 (5_i = 5_2 = 0) then we may rewrite (1.6) as 

(1.7) 
(L*[a}, xn) = (tr, Anxn + ^x""1 + Cnx

n-2> = XnSn + BnSn-x + CnSn^ = 0, 

where 

Bk = DlDl^id.Ml^ + e1Ml_2) + D^I^MJU + e2M|_2) 
+ DlDl^idsM1^ + e3M

2
k_2) + h^Dl + h2Dl, 

Ck = hDlDl^ + f2D\Dl_1 + hDlDl_u 

and xx" = Mixn+1, yx.n = M2xn+1,dxx
n = D^x"'1, dyXn - ^x"-1. Here, /„ is 

the n x n identity matrix and 

Mi = [In+1 | 0], MZ = [0\ In+1), 
Dl = [Diag(n, • • • , 1) | 0]r,    D2

n = [0\ Diag(l, • • • , n)]T. 

The equation (1.7) is a three term recurrence relation for vector moments {S^^LQ of 
(7. 

PROPOSITION 1.6. (/i, Theorem 3.7]) Let {^n}^ be a PS satisfying an admis- 
sible equation (1.5) and a the canonical moment functional of {^n}^=0. Then the 
following statements are all equivalent: 

(i) {<S>n}n=o is a WOPS relative to a; 
(ii) Mi [a] := (A(j)x + {Ba)y - Da = 0; 

(in) M2[a] := (Ba)x + {Co)y -Ea = 0. 

Note that L*[a] = (MiM)^ + (M2MV We cal1 MiM = 0 and M2M = 0 the 
moment equations for the equation (1.5). 

Using the moments crmn of a, we may express L*[a] = 0, Mi[cr] = 0, and M2[cr] = 
0 as (cf. [1, 5]) 

Amn : = (L*[<j],xmyn) = -(mCm-i,n +n£m,n_i); 

Bmn : = -2(M2[a], xrnyn) = 2{a(m -h n) + ^}o-m,n+i + e2ra<7m-i,n+i 
+ (^2^ + 2e3n + 2/i2)crmn + f2™>am-i,n + 2/3n<7m,n_i + 2dsnam+iin-i = 0; 

Cmn : = -2(M1[(7],a:m2/n) = 2{a(m + n) + g}am+hn + (2dim + e2n + 2h1)amn 

+d2ncrm+1)n_1+2/imcrm_i?n + /2ncrmjn_i+2eim(7m_i,n+i=0, m and n > 0. 
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2. Centrally symmetric OPS and Partial differential equations. 

DEFINITION 2.1. We call a PS {<I>n}£L0 to be centrally symmetric if <&n(-x, -y) 
— (-l)ri$n(x,2/), n > 0. Also, we call a moment functional a to be centrally sym- 
metric if (cr, xTnyn) = 0 for m + n odd. 

LEMMA 2.2. ([10, Theorem 2.2.1]) Let {$n}£L0 be a WOPS relative to a quasi- 
definite moment functional a so that (1.3) holds. Then the following statements are 
all equivalent: 

(i) {^nj^o is centrally symmetric; 
(ii) a is centrally symmetric; 

(Hi) Bn = 0,n>0. 

Furthermore, we have: 

PROPOSITION 2.3. Assume that the equation (1.5) has a WOPS {$n}(%L0 relative 
to a quasi-definite moment functional a as solutions. Then a is centrally symmetric 
if and only if the equation (1.5) is of the form 

(2.1) 
L[u] = (ax2 + fi)uxx + (2axy + f2)uXy + (ay2 + h)uyy + g(xux + yuy) = Anifc. 

Moreover, in this case, A := /I - 4/1/3 ^ 0. 

Proof. It follows from (1.6), Proposition 1.3, and Proposition 1.6. □ 
It's easy to see(cf.   [5]) that under a real linear change of variables T(x,y) = 

(ax + Py^x + Sy), a5 - Pj ^ 0, the equation (2.1) is transformed into 

(2.2) 
L[u] = (ax2 + fi)uxx + (2axy + /2* )uxy + (ay2 + fZ)uyy + g(xux + yuy) = \nu, 

where ft = a2/i + a/J/2 + /32/3, /2* = 2^7/1 + M + Pl)f2 + 2pSf3, and ft = 
J2fi+lSf2 + S2f3. 
Therefore, we may transform the equation (2.1) into either 

(2.3) L[u] = ax2uxx + (2axy + f2)uxy + ay2Uyy + g(xux + yuy) = \nu 

if A > 0 or 

(2.4) L[u) = (ax2 + fi)uxx + 2axyuxy + (ay2 + fi)uyy + g(xux + yuy) = \nu, 

if A < 0 where a = 0 or 1 and /1 7^ 0, /? 7^ 0 provided that A ^ 0. 

LEMMA 2.4. Assume that A := /2
2 - 4/1/3 7^ 0. Then the (unique) monic PS 

{Pn}£l0 of solutions to the equation (2.1) is always a WOPS. 

Proof. Under the complex linear change of variables T(x,y) = (x + iy,x - iy), 
the equation (2.4) is transformed into the equation (2.3). Since weak orthogonality 
is preserved under any linear change of variables, we may consider only the equation 
(2.3). Let a be the canonical moment functional of the monic PS {IPn}£Lo of solutions 
to the equation (2.3). Then by Lemma 1.5, Amn = 0, m and n > 0 so that ano = 
a0n - 0, n > 1. Hence crmn = 0 for m ^ n by induction. Then it's easy to see that 
Bmn = 0 , i.e., M2[a] = 0 so that {PTJSLO 

is a WOPS relative to a by Proposition 
1.6. D 
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THEOREM 2.5.  The equation (1.5) has a centrally symmetric OPS as solutions if 
and only if the equation (1.5) is of the form (2.1) and a ^ g, A ^ 0. 

In order to prove Theorem 2.5, we need to extend Favard's theorem for WOPS's. 

PROPOSITION 2.6.   Let {<I>n}$£L0 be a WOPS relative to a.   Then a is quasi- 
definite if and only if the rank condition (1.4) holds. 

Proof See the proof of Theorem 2 in [9] (see also [4]). D 
Proof [Proof of Theorem 2.5] Consider the equation (2.1) where a ^ g. We 

may assume that the equation (2.1) is of the form (2.3). Let {Pn}£L0 be the unique 
monic PS of solutions to the equation (2.3) and a the canonical moment functional of 
{Pn}£L0. Then by Lemma 2.4, {Pn}£Lo is a WOPS relative to a so that it suffices to 
show the rank condition (1.4) holds for {rn}%L0. We set Pn(x) = E^=oAkxk^ n > 0- 
Then we have Al = Jn+i, A2_i = ^n-s = • • • = 0 and (An-An-2)^_2 = f2D1

nDl_1 = 
/2[0|Diag(n - 1,2(n - 2), • • • , (n - 2)2, n - 1)|0]T, n > 2. 
We also have 

(2.5) 
xPn = AnlFn+i + CniPn_i (modulo Vn-2) 

y¥n = An2Fn+1 + Cn2P„_i (modulo Vn-2) 

where Anj = Ml Cnj = ^_2M^_2 -M^t}, n > 1 (Al, = 0) and 3 = 1,2. Hence 

(2-6) 

tntn+lfe  Cnj = Wl^n^n-l^n-2 ~ ^n-^n^n+l^n 

= r[0|Diag{<n+ifc(n - k) - tnk(n -k + 1)}1=1}T        for j = 1 
~ \[Dia«{tn+i*(ri - k) - tn(k + l)(n - k)}%=1\0}T     for j = 2, 

where tn = An — An_2, n > 1 (A_i = 0). 
Note that 

|Diag{*n+ifc(n - k) - tnk{n -k + 1)}J=1| 
—Ai = -g if n = 1 

IlLi 2M(3 - 2k)a -9\     if n > 2. 

Hence, rankCni = rank^n^+i^-1^) = n,n > 1 since aA: + ^ ^ 0, /^ > -1. 
Similarly, rankCn2 = n, n > 1. In particular, rankCn = rank(infn+i/2

_1Cn) = 
n + l,n > 1 since the first n + 1 columns of tntn+if^Cn are linearly independent. 

Conversely, assume that the equation (1.5) has a centrally symmetric 
OPS {^n}^L0 as solutions. Then the equation (1.5) must be of the form (2.1) and 
A ^ 0. Furthermore, we may assume that the equation (2.1) is of the form (2.3). Let 
{Pn}^L0 be the normalization of {$n}^L0 and a the canonical moment functional of 
{Pn}^0. Then {Pn}^_0 is a WOPS relative to cr, which is quasi-definite and we have 
(2.5) and (2.6). We now assume a = g = 1. Then 

^2^3/2   C2 = -8 

so that rankC^ — 2, which contradicts Favard's theorem. D 

0 0 10 
0 0 0 0 
0    10    0 
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By a suitable real linear change of variables, the differential equations (2.3) and 
(2.4) can be transformed into: 

(2.7) 
L[u]    = (x2 + l)uxx + 2xyuXy + (y2 - l)uyy + gxux + gyuy 

= n(g + n- l)u (A > 0, a ^ 0); 

(2.8) L[u] = uxx - uyy + 2xux + 2yuy = 2nu (A > 0, a = 0, g > 0); 

(2.9) L[u] = uxx — Uyy - 2xux — 2yuy = —2nu (A > 0, a — 0, g < 0); 

,      v L[ix]    = (x2 + l)uxx + 2a:j/wa.y + {y2 + 1)%^ + ^i^ 4- gyuy 
1      j = n(^ + n - l)u (A < 0, a ± 0, a/i > 0); 

/o i-i\        LN    = (z2 - i)^^ + 2x2/^2, + {y2 - VjUyy + gxux + fl^/Uy 
1      j = n{g + n - l)u (A < 0, a ^ 0, a/i < 0); 

(2.12) L[u) = ix^ +wyy + 2a:ux + 2yuy = 2nu(A < 0,a = 0,0/1 > 0); 

(2.13) L[w] = ^x +%2/ - 2xux - 2yuy = -2nu(A <0Ja~ 0,gfi < 0). 

By Theorem 2.5, above seven equations have centrally symmetric OPS's as solutions 
if and only if g = 1,0, —1, 

PROPOSITION 2.7. (cf. Proposition 4.1 and Theorem 4.5 in [1]) Let {Pn}5£L0 be 
the monic PS of solutions to the equation (1.5) and a the canonical moment functional 
0/{Pn}£Lo. If Ay = 0(resp., Cx = 0), then Pno{x,y) = Pno(x) {resp., Pon(xyy) = 
Pon(y)), n > 0, and {Pno(^)}^L0 (resp., {Pon(2/)}£Lo) is a WOPS in one variable 
satisfying the equation 

Auxx + Dux = Xnu (resp., Cuyy + Euy = Anix). 

Moreover,    if a   is   positive-definite,    then   {Pno(x)}%L0 (resp., {Pon(2/)}^Lo)    Z5 

a   positive-definite classical OPS in one variable. If Ay = Cx = B = 0, then 

Pmn(x,y) = Pmo(x)Pon(y),    m and n > 0. 

PROPOSITION 2.8. (cf. [6, 8]) A second order ordinary equation 

a(x)y" (x) + (3(x)y' (x) = An2/(x), 

where a(x) = ax2 + bx + c(^ 0), f3(x) = dx + e, ancf An = an(n - 1) + dn, has an 
OPS (resp., a positive-definite OPS) as solutions if and only if for each n > 0 

sn := an + d 7^ 0 and a ( —- ) ^ 0 (resp.,  ^— a ( —- ) < 0), 
\S2nJ S2n-lS2n+l       \ S2n J 

where tn := bn + e. 

By Propositions 2.7 and 2.8, the equations (2.7) ~ (2.10) and (2.12) cannot have 
positive-definite OPS's as solutions. The equation (2.13) has a positive-definite OPS 
{IIn-k(x)Hk(y)}k=o™=o as solutions, where {iJn(a:)}^=0 are Hermite polynomials. It 
is well known that the equation (2.11) has a positive-definite OPS, called the circle 
polynomials, as solutions for g > 1. We now claim that the equation (2.11) has a 
positive-definite OPS as solutions only when g > l(but has a quasi-definite OPS as 
solutions for g ^ 1,0, -1, • • •). Assume that the equation (2.11) has a positive-definite 
OPS as solutions. Then, by Propositions 2.7 and 2.8, g > 0. We now let a be the 
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canonical moment functional of the monic PS {Pn}^L0 of solutions to the equation 
(2.11). Then, we have from Amn = 0 

0"1O = O'Ol — 0"11 = 0"3O = (721 = &12 = CTQS = ^31 = 013 = 0,   ^O = 002 = 1/(9 + 1), 

Cr40 = (704 zz: 3(722 = 3/(0 + 1)(# + 3) 

so that A2 := det D2 = (^e^+ija ♦ Thus ^ > 1 since A2 > 0. 

In summary, we have proved: 

COROLLARY 2.9. The equation (2.1) /ms a positive-definite OPS as solutions if 
and only if either A < 0, afi < 0, and ag > 1 or A < 0, a = 0, g/i < 0. 

Allowing complex linear change of variables, Krall and Sheffer[5] found only the 
equations (2.11) and (2.13). We now give the explicit form of OPS {^n}^ of solu- 
tions to each of the equations (2.7) ~ (2.13)(see [2]). 

• The equation (2.7): 

*,-*.*(*,») = *<*:*-1'*+*-1)(*)(l + ^Pj*-"-^-^),  0 < * < „; 
Vl + x2 

• The equation (2.8): (j)n-k^(x,y) = Hn-k(x)Hk(y), Q<k<n\ 
• The equation (2.9): (t>n-k,k(x,y) = Hn-k(x)Hk(y), 0 < k < n; 
• The equation (2.10): 

^-M(*,y) = P^-1'*^(*)(1 + »a)*^*-|'*-*)(-^f), 0 < fc < n; 
V1 + x2 

• The equation (2.11): 

<t>n-k,k(x,y) = K-k (x)(^-x)2Pk
2   22   2 (  /, J, 0<fc<n; 

V1 — xz 

• The equation (2.12): (f)n-kik(x1y) = Hn-k(x)Hk(y), 0 < fc < n; 
• The equation (2.13): (f>n-k,k(x,y) = Hn-k(x)Hk(y), 0 <k <n. 

Here, {P,£a,/?)(a:)}~ o> {^'^WJ^Lo, and {ffn(a:)}^0, n > 0 are Jacobi, twisted 
Jacobi, and twisted Hermite polynomials (see [7]), respectively. 
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