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CENTRALLY SYMMETRIC ORTHOGONAL POLYNOMIALS AND
SECOND ORDER PARTIAL DIFFERENTIAL EQUATIONS*

Y. J. KIMf, K. H. KWON?#, AND J. K. LEES

Abstract. We classify completely, up to a real change of variables, all differential equations
L{u] := Augzz + 2Buzy + Cuyy + Dug + Euy = Mqu,

which have centrally symmetric orthogonal polynomial solutions.

1. Introduction and Preliminaries. Consider a second order partial differen-
tial equations of the type

(1.1)  L[u] := Auge + 2Bugy + Cuyy + Du, + Euy = Au, n=0,1,2,---,

where A ~ E are polynomials in z and y. Krall and Sheffer[5] classified equations
(1.1), up to a complex linear change of variables, which have orthogonal polynomials
as solutions.

However, complex linear change of variables does not preserve the positive-
definiteness of orthogonality and the type of the equation (1.1). In this respect,
we classify completely, up to a real change of variables, the equations (1.1) which
have centrally symmetric orthogonal polynomials as solutions together with explicit
representations of orthogonal polynomial solutions.

For any integer n > 0, let P, be the space of real polynomials in two variables
of (total) degree < n and P = |J,,5o Pn- By a polynomial system(PS), we mean a
sequence of polynomials {¢pmn}%5 ,—o such that deg(¢mn) = m +n for m and n > 0
and {#n—j,j}7-o are linearly independent modulo P,—; for n > 0 (P-; = {0}). A PS
{Pmn}omn=o 18 said to be monic if

Pon(z,y) = z™y"™ modulo Ppin—1, m and n > 0.

A linear mapping o : P — R is called a moment functional, whose action on a
polynomial ¢ € P is denoted by (o, ¢). For any moment functional o, we define the
partial derivatives o, and o, of ¢ by

(0-2’(!)) = —(0’, d)z)) (Uya¢) = _(U’ ¢y) (¢ € P))
and the multiplication ¢o for ¢ € P by (Y0, @) := (o,9¢).

DEFINITION 1.1. (/5]) A PS {¢mn}5 n=o 15 @ weak orthogonal polynomial system
(WOPS) if there is a non-zero moment functional o such that (o, mndr) =0, if m+
n#£k+l.

If furthermore

(U) ¢mn¢kl> = Kmn‘smk(snl

where Kmn are non-zero(resp., positive) constants, we call {¢mn}on n=o an orthogonal
polynomial system(OPS) (resp., a positive-definite OPS). In this case, we say that
{dmn}omn=o is a WOPS or an OPS relative to o.
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For any PS {¢mn}3 ,—0, there is a unique moment functional o, called the canon-
ical moment functional of {@mn}5 n=0, defined by the conditions

(6,1) =1 and (0, ¢mn) =0, m+n>1.

In the following, we write a PS {¢mn}55 ,—0 a5 {®n}nro Where &, = [$n0, Pn-1,1,
-+, don)T and let x™ = [z", 2" 1y, - - ,y™T, n > 0. When &, = A,x™ modulo P,_1,
we call the monic PS {IP,,}%2, the normalization of {®,}3%,, where P, := A;1®,.

DEFINITION 1.2. A moment functional o is quasi-definite (resp., positive-definite)
if there is an OPS (resp., a positive-definite OPS) relative to o.

PROPOSITION 1.3. ([1, 5)) For a moment functional o # 0, o is quasi-
definite(resp., positive-definite) if and only if Dyp is nonsingular (resp., positive-
definite), where

0oo 010 oo1 0no *t Oon
010 020 011 **t On41,0 °°° Oln
D, = . , n >0,
Jon Oin OO,n+1 """ Onn coc 00,2n
and Omn = (0,2™y"), m and n > 0, are the moments of o.
For any PS {®,}52,, there are matrices
Ani:(n+1)x(n+2), Bpi:(n+1)x(n+1),
Cri:(n+1)xn, DE.:(n+1)x (k+1)
fori=1,2and k =0,1,--- ,n — 2 such that
=® n—2
(1.2) x®, = I:y@Z] =A, 041+ Bp®n + Crn®p1 + ZDZ@]‘;
k=0
_ Anl _ Bnl _ Cnl k Dﬁl-
where An = [An2] ) Bn = [BnZ ) Cn - Cn2 ) Dn - Dle_ .

Note that since {®,}52, is a PS, rank A, =n+2,n > 0.

PROPOSITION 1.4. (Favard’s theorem) (cf. [3, 5, 9]) Let {®,}52, be a PS. Then
{®,}2, is a WOPS relative to a quasi-definite moment functional o if and only if

Dﬁ =0fork=0,1,--- ,n—2 so that {®,}32, satisfy a three term recurrence relation

(13) xq)n(x) = Anq)n+1(x) + Bn@n(x) + Cn@n—l(x)’ n2 0 (@_1()() = 0)
and

(1.4) rankCp =n+1, n>1,

where én := [Cn1,Chr2] is an (n + 1) X 2n matriz.

If the equation (1.1) has a PS {®,}32, as solutions, then it must be of the form
Llu] = (az® + diz + e1y + f1)uee + (2a2y + doz + €2y + f2)uay

(1.5) +(ay® + dsx + e3y + f3)uyy + (9 + h1)ug + (9y + h2)uy = Aqu
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where A, := an(n — 1) + gn([5]).

We always assume that | A|+|B|+|C| £ 0 since otherwise the equation (1.5) cannot
have any OPS as solutions(cf. [1]). Following Krall and Sheffer[5], we also assume
that the equation (1.5) is admissible, that is, A, # A, for m # n (or equivalently
an + g # 0,n > 0) so that the equation (1.5) has a unique monic PS as solutions.

LEMMA 1.5. ([1, Lemma 3.1)) If the equation (1.5) has a PS {$,}2, as solu-
tions, then the canonical moment functional o of {®,}52, satisfies

(1.6) L*[0] := (A0)zq + 2(B0)zy + (Co)yy — (Do)y — (Ea)y = 0.

If we set Sy, := (0,x"), n >0 (S_; = S_2 = 0) then we may rewrite (1.6) as

(1.7)
(L*[0], x™) = (0, A\aX™ + Bpx™ ! 4+ Cox™2) = AnSp + BnSp1 + CnSp_s = 0,

where

By, = DiDi_y(di Mj_y + 1 M _5) + Dy D}, (2 Mj_y + €2 M _5)
+ DpDi_1(dsM_p + esM_y) + ha Dy + hy D,
Ck = fiDyD_y + faDiDi_, + fsDiDj_,,

and zx™ = M}ix"t) yx™ = M2x"t! §,x™ = DLx""1, 9,x™ = D2x""!. Here, I, is
the n x n identity matrix and

My = [In41 | 0], M2 =1[0] Inl,
D}L = [Dla'g(n’ o 71) I O]T7 D121, = [O I Dla‘g(17 o 7n)]T'

The equation (1.7) is a three term recurrence relation for vector moments {S,}32, of
g.

ProPosITION 1.6. ([1, Theorem 3.7]) Let {®,}°2, be a PS satisfying an admis-
sible equation (1.5) and o the canonical moment functional of {®,}°2,. Then the
following statements are all equivalent:

(1) {2n}52, is a WOPS relative to o;

(it) M[o] := (Ao)y + (Bo)y — Do = 0;

(i) Malo] := (Bo)g + (Co)y — Eo = 0.

Note that L*[o] = (Mi[o])s + (M2[o]),. We call Mi[o] = 0 and Ms[o] = 0 the
moment equations for the equation (1.5).

Using the moments o, of o, we may express L*[o] = 0, M1[o] = 0, and M;[o] =
0 as (cf. [1, 5])

1
Apn = (L*[U]’wmyn) = §(mCm—11n + an,n—l);

Bpn : = —2(Ms[o],z™y") = 2{a(m + n) + g}om,n+1 + €2MOm—1,n+1
+ (dzm + 2e3n + 2h2)0'mn + f2m0'm—1,n + 2f3n0'm,n—1 + 2d37’L0‘m+1,n_1 =0
Crmn : = =2(Mj[0],z™y™) = 2{a(m + n) + g}om+1,n + (2dim + ean + 2R1 )0y

+danomti,n-1+2f1mom_1,n+ fonommn—1+2€1mom—1,n41 =0, m and n > 0.



60 Y. J. KIM, K. H. KWON, AND J. K. LEE

2. Centrally symmetric OPS and Partial differential equations.

DEFINITION 2.1. We call a PS {®,}%2, to be centrally symmetric if ®n(—2z,—y)
= (-1)"®,(z,y), n > 0. Also, we call a moment functional o to be centrally sym-

metric if (o,z™y™) =0 for m +n odd.

LEMMA 2.2. ([10, Theorem 2.2.1]) Let {®,}52, be a WOPS relative to a quasi-
definite moment functional o so that (1.3) holds. Then the following statements are
all equivalent:

(i) {®n}32, is centrally symmetric;

(ii) o is centrally symmetric;

(i) B, =0,n>0.

Furthermore, we have:

PROPOSITION 2.3. Assume that the equation (1.5) has a WOPS {®,}52, relative
to a quasi-definite moment functional o as solutions. Then o is centrally symmetric
if and only if the equation (1.5) is of the form

(2.1)
Liu] = (az? + fi)ugs + (2azy + f2)uey + (ay? + f3)uyy + g(zus + yuy) = Agu.

Moreover, in this case, A := f2 —4f1f3 # 0.

Proof. It follows from (1.6), Proposition 1.3, and Proposition 1.6. O
It’s easy to see(cf. [5]) that under a real linear change of variables T'(z,y) =
(az + By, vz + 6y), ad — By # 0, the equation (2.1) is transformed into

(2.2)
Liu] = (az:2 + fugs + 2azy + f3)ugy + (ay® + I3)uyy + g(zus + yuy) = Ay,

where fi = o®fi + aBfa + B°fs, f5 = 2avfi + (@6 + Bv)f2 + 2B6fs, and f5 =
V2 f1 + 70 f2 + 6% f5.
Therefore, we may transform the equation (2.1) into either

(2.3) Liu] = az’uzz + (2azy + f2)usy + ay®uyy + 9(zus + yuy) = Aqu
if A>0or
(24) L] = (ag® + f1)tgs + 20Tyusy + (ay® + f1)uyy + 9(zug + yuy) = Apu,

if A <0 wherea=0or1and fi #0, fo # 0 provided that A # 0.

LEMMA 2.4. Assume that A := f2 — 4f1fs # 0. Then the (unique) monic PS
{P,}2, of solutions to the equation (2.1) is always a WOPS.

n=0

Proof. Under the complex linear change of variables T'(z,y) = (= + Y,z — 1Y),
the equation (2.4) is transformed into the equation (2.3). Since weak orthogonality
is preserved under any linear change of variables, we may consider only the equation
(2.3). Let o be the canonical moment functional of the monic PS {Pn}72, of solutions
to the equation (2.3). Then by Lemma 1.5, Apmn = 0, m and n > 0 so that o0 =
oon = 0, n > 1. Hence oy = 0 for m # n by induction. Then it’s easy to see that
Bmn = 0, ie., My[o] = 0 so that {P,}32, is a WOPS relative to o by Proposition
1.6.0
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THEOREM 2.5. The equation (1.5) has a centrally symmetric OPS as solutions if
and only if the equation (1.5) is of the form (2.1) and a # g, A # 0.

In order to prove Theorem 2.5, we need to extend Favard’s theorem for WOPS’s.

PROPOSITION 2.6. Let {®,}32, be a WOPS relative to 0. Then o is quasi-

n=0

definite if and only if the rank condition (1.4) holds.

Proof. See the proof of Theorem 2 in [9](see also [4]). O

Proof. [Proof of Theorem 2.5] Consider the equation (2.1) where a # g. We
may assume that the equation (2.1) is of the form (2.3). Let {P,}32, be the unique
monic PS of solutions to the equation (2.3) and o the canonical moment functional of
{P,}% 4. Then by Lemma 2.4, {P,}32, is a WOPS relative to o so that it suffices to
show the rank condition (1.4) holds for {P,}3%,. We set Pp(x) = Y p_oARx*, n > 0.

Then we have A" = In41, A7, =A" 3=---=0 and (An—An—2)A"_,= foDLD%_; =
f2[0|Diag(n -1, 2(77' - 2), e )(n - 2)2, n- 1)|0]Ta n>2
We also have

(2.5) { zPp = An1Pny1 + CniPn_1 (modulo Pp_»)

yPp = ApolPpy1 + CholPrn_1 (modulo Pn_z)

where Ap; = M3, Cpj = A?_,M)_, — MIAT], n>1(AL; =0)and j = 1,2. Hence

n—1?

(2.6)
tntnt1fs 'Cnj = tnp1 DLD2_ M2 _, —to,M}D., D2

_ [[o|Diag{tni1k(n — k) — tak(n —k+1)}p_y]T  forj=1
” | [Diag{tns1k(n — k) — ta(k+ 1)(n — k)}P_,|0]7  for j =2,

where t, = Ay — Ap—2, n > 1(A_; =0).
Note that

. n _ —Al =-g fn=1
|Diag{tn+1k(n — k) — tok(n —k+ 1)}i_;| = {szl H(3—2Wa—g ifn>2.
Hence, rank Cpy = rank(tntny1fy 'Cn1) =n,n > 1since ak+g #0, k > —1.

Similarly, rank Cp,2 = n, n > 1. In particular, rank 5’n = rank(éntnt1fs 1511) =
n+ 1,n > 1 since the first n + 1 columns of tptny1fy 1C, are linearly independent.

Conversely, assume that the equation (1.5) has a centrally symmetric
OPS {®,}22, as solutions. Then the equation (1.5) must be of the form (2.1) and
A # 0. Furthermore, we may assume that the equation (2.1) is of the form (2.3). Let
{P,}52, be the normalization of {®,}32, and o the canonical moment functional of
{P,}52,. Then {P,}32, is a WOPS relative to o, which is quasi-definite and we have
(2.5) and (2.6). We now assume a = g = 1. Then

_ 0010
tatsfy'Co=—-810 0 0 O
0100

so that rank C~'2 = 2, which contradicts Favard’s theorem. O
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By a suitable real linear change of variables, the differential equations (2.3) and
(2.4) can be transformed into:

Llu] = (¢ + ugs + 2zyugzy + (v* - Duyy + gzus + gyuy
=n(g+n—-1u(A>0,a#0);

(2.8) Liu] = uge — uyy + 2zug + 2yuy = 2nu (A > 0,a = 0,9 > 0);

(2.9) Llu] = ugy — uyy — 20uz — 2yuy = —2nu (A > 0,a = 0,9 < 0);

Lu] = (2% + 1)tas + 22ytiey + (1° + Duyy + 90Uz + gyuy
=n(g+n-1)u(A <0,a#0,af; >0);

Llu] = (2% — Vuge + 28Yugy + (Y% — 1)uyy + goug + gyuy
=n(g+n—-1u(A<0,a#0,af1 <0);

(2.12)  Llu] = ugs + uyy + 2zus + 2yuy, = 2nu (A < 0,a =0,gf1 > 0);

(2.13)  Llu] = uge + uyy — 2zuy — 2yuy = —2nu (A < 0,a=0,gf1 <0).

2.7)

(2.10)

(2.11)

By Theorem 2.5, above seven equations have centrally symmetric OPS’s as solutions
if and only if g =1,0,-1,

PROPOSITION 2.7. (cf. Proposition 4.1 and Theorem 4.5 in [1]) Let {P,}32 be
the monic PS of solutions to the equation (1.5) and o the canonical moment functional
Of {]Pn}n—o If Ay - 0('[‘68]) Ca: - 0) then PnO(xvy) = PnO(w) (resp., POn(xvy) =
Pon(y)), n > 0, and {Pno(2)}20 (resp., {Pon(y)}3o) is a WOPS in one variable
satisfying the equation

Augy + Dug = Ayu (resp., Cuyy + Euy = Apu).

Moreover, if o is positive-definite, then {Ppno(z)}3q (resp., {Pon(¥)}3%o) s
a positive-definite classical OPS in one variable. If Ay = C, = B =0, then

Pon(z,y) = Prno(z)Pon(y), m andn >0.

PROPOSITION 2.8. (cf. [6, 8]) A second order ordinary equation

az)y (z) + B@)y (z) = Ay (@),

where a(z) = az? + bz + c(Z 0), B(z) = dz + e, and N\, = an(n — 1) + dn, has an
OPS (resp., a positive-definite OPS) as solutions if and only if for each n > 0

)760(1"631), —sﬁz—l—a( ~tn ) < 0),

2n S2n—182n+1 San

spi=an+d#0 anda(s

where t, := bn + e.

By Propositions 2.7 and 2.8, the equations (2.7) ~ (2.10) and (2.12) cannot have
positive-definite OPS s as solutions. The equation (2.13) has a positive-definite OPS
{Hp—(x)Hi(y)}joo 3o as solutions, where {H,(2)}7L, are Hermite polynomials. It
is well known that the equation (2.11) has a positive-definite OPS, called the circle
polynomials, as solutions for g > 1. We now claim that the equation (2.11) has a
positive-definite OPS as solutions only when g > 1(but has a quasi-definite OPS as
solutions for g # 1,0, —1,---). Assume that the equation (2.11) has a positive-definite
OPS as solutions. Then, by Propositions 2.7 and 2.8, g > 0. We now let o be the
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canonical moment functional of the monic PS {P,}32, of solutions to the equation
(2.11). Then, we have from A, =0

010 = 001 = 011 =030 = 021 =012 = 0g3 = 031 = 013 =0, 020 = g2 = 1/(g + 1),
040 = 004 = 3022 = 3/(g + 1)(g + 3)

so that Ay := det Dy = Zﬁ% Thus g > 1 since A; > 0.

In summary, we have proved:

COROLLARY 2.9. The equation (2.1) has a positive-definite OPS as solutions if
and only if either A <0, af; <0, andag>10rA<0,a=0,gf; <O0.

Allowing complex linear change of variables, Krall and Sheffer[5] found only the
equations (2.11) and (2.13). We now give the explicit form of OPS {®,}%2, of solu-
tions to each of the equations (2.7) ~ (2.13)(see [2]).

¢ The equation (2.7):

Sn—kk(T,y) = P,E%Zk_l’“k_l)(w)(l + z2)2P(% 383 (—=L—), 0< k< n;

Vi+a2” T ’
e The equation (2.8): Pr—k,k(2,y) = Hnk(2)Hi(y), 0 <k <m;
o The equation (2.9):  énrx(2,y) = Har(2)Hi(y), 0 < k < m;
o The equation (2.10):
bn-nr(z,y) = BT @@ eI L) o<k <
¢ The equation (2.11):
(£+k 1,44+k-1) 22 P £-3,2-3) 0<k<
o The equation (2.12): Gtk (,y) = Hog(2)Hi (y), 0 < k < n;
e The equation (2.13): On—kk(z,y) = Hoop(z)Hi (y), 0 < k < n.

Here, {P(a’ﬁ)(m X0 {P(a’ﬁ)(z)}n_o, and {H,(z)}%4,n > 0 are Jacobi, twisted
Jacobi, and twisted Hermite polynomials(see [7]), respectively.
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