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REGULARITY OF THE INVERSION PROBLEM
FOR A STURM-LIOUVILLE EQUATION IN L,(R)*

N. CHERNYAVSKAYA! AND L. SHUSTER?

Abstract. We consider an equation

1) —(r(@)y' (@) +q(@)y(z) = f(z), z€R
where 7(z) > 0, ¢(z) > 0 for ¢ € R, ;(1;-)— € LI°°(R), g¢(z) € LI°(R). We study the inversion

problem for (1) with f(z) € Lp(R), p € [1,00] (Leo(R) := C(R) is the space of bounded continuous
functions in R with norm ||f|lc(r) = sup |f(x)]) in the case when g(z) is oscillating (for example,
TER

q(z) =1+sin (|z|°), 6 € (0,00)). We obtain necessary and sufficient conditions under which, for all
p € [1,00], the following assertions hold:
(1) equation (1) has a unique solution y(z) € Lp(R) and

v@) = (@@« [ °:° Glz,Of(t)dt, v € R;

(2) IGllp—p < oo
Here G(z,t) is the Green function corresponding to (1).

1. Introduction. In this paper we consider an equation
(1L.1) —(r(@)y' () +q@)y(z) = f(z), zTER.

Here and throughout the paper f(z) € Ly(R), p € [1,00] (Leo(R) := C(R) is the
space of bounded continuous functions in R with norm ||f|lc(ry = sup |f(2)|); and
Z€ER

r(z) and q(z) satisfy the following conditions:

(12) (@) >0, qz)>0 for vek % € L°(R), q(x) € L'°(R)
) T gt T 3
. do (it o) =

Our goal is to study the inversion problem for (1.1) in the case when ¢(z) is oscillating
(for example, g(z) = 1 + sin(|z|?),8 € (0,0)). To be more precise, we find necessary
and sufficient conditions under which, for all p € 1, 00], the following assertions

1) equation (1.1) has a unique solution y(z) € L,(R) and

y(z) = (Gf)(z) & /_ ” G(z,t)f(t)dt, z€R o (14)

2) IGlpmsp < 0. (15)
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66 N. CHERNYAVSKAYA AND L. SHUSTER

hold simultaneously. In (1.5), G : Lp(R) — Lp(R) is the linear integral operator
defined by equality (1.4). Its kernel G(z,t) is the Green function corresponding to
(1.1):
£, >t
(1.6) Gz, t) = { w@p®), @2
u(t)v(x), z<t

and {u(z),v(z)} is a special fundamental system of solutions (FSS) of the equation:
(1.7) (r(z)2' ()" = q(z)2(z), z €R.

(see §2.) Below we say that, for a given equation (1.1), the inversion problem (i.p.) is
regular in Ly(R) if for all p € [1, 0], 1)-2) hold simultaneously. Let us formulate the
main result of the paper (Theorem 1.1). Introduce three auxiliary functions. Consider
equations in d > 0:

T T c+d z+d
(1.8) 1= /_d % -/_d q(t)dt, 1= / rc(l_;f) . / q(t)dt

where z is fixed. For z € R, each of the equations (1.8) has a unique finite positive
solution (see [1]). Denote them by d; (z), d>(z), respectively. Set for z € R

T dt hda(@) gy
o(z) = / & ) = / =

19) —dy(z) T(8)’
. -1
p(z)p(z) / (@)
hz) = ———"——= = q(&€)d
D= 0w +9@ = Voman 1%
Furthermore, for any fixed z € R the equation in d > 0
z+d dt
1.10 1 =/ —_.
(110 +—a 7O

has a unique continuous positive solution (see [1]). Denote it by d(z).
THEOREM 1.1. For the regularity of the i.p. for (1.1) in Ly(R), it is necessary
and, under the condition:

(1.11) a lp(z) <P(z) <ap(r), =z €R, «a=-const

sufficient that B < co. Here B def sgg(h(m)d(m)).
T

Since the hypotheses of the theorem do not comprise any direct requirements to
r(z) and g(z), one needs some comments.

Let us first consider condition (1.11). The proof of Theorem 1.1 is based on
properties of the Green function (1.6). In particular, it is known that for z,t € R one
has the following representation (1.12) of Davies-Harrell ([3]) and estimates (1.13) -

(1.14)
119 Gt = Ve@me (—3| [ s]) o0 6w

t=x

(1.13) r(z)|p'(z)| < 1, T€R
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(1.14) 27 h(z) < p(z) < 2h(z), z€ER

(see also [1] and Theorem 3.1 below). In (1.12) p(x) is a basic element for the construc-
tion of G(z,t), and this function and its derivative are bounded a priori inequalities
(1.14) and (1.13), respectively. We show (§3) that (1.11) is equivalent to the conditions

(1.15) m % sup (r(z) |0 (z)]) < 1
T€ER

Below we analyze this condition in detail because in this paper the estimates for
G(z,t), whose proof is based on application of (1.15), are crucial. First, note that
m may be any number from [0,1) (say, arbitrarily close to 1), and therefore (1.15)
is a weak strengthening of the a priori property (1.13). On the other hand, (1.15),
(1.12) and (1.14) allow one to estimate the decreasing of G(z,t) which depends on the
deviation of z from ¢, and we did not manage to settle this problem in terms of the
function p(-) without introducing condition (1.15). In order to clarify our intentions in
what concerns (1.15), below we present a proof of this estimate. Note that, on the one
hand, the proof is very simple; and, on the other hand, while applying this inequality
we show the main idea of the paper. So, let m =1 —¢, € € (0,1]. Then for { € R and
T > t, we get

JEO _ 1-c o) ) d£
(1.16) ORI O (1 5)/ )

Hence for z > t, in view of (1.12) and (1.16), we get

o) [P o (L [T
G(z,t) = p(t) p(t)ep( 2/t r(é)p(ﬁ))

i )

< plt) exp (—5

(1.17)

For z < t, inequality (1.17) can be proved in a similar way. Indeed, for £ € R and
z < t, we get

PO d-e gl (ot de
o) = r(&)p(gﬁp(w)zep( o/ r(op(o):’

p(a) < p(t) exp ((1 -9 [ t %ﬁ(@) .

Thus, now (1.17) for z < t follows from the last inequality using (1.12) in the same way
as (1.17) for z > t. As to development of estimate (1.17) with the help of inequalities
(1.14), we postpone it till §8, where we prove Theorem 1.1 using the final estimate for
G(z,t).

Continuing our analysis, we note that under condition (1.15), a FSS {u(z),v(z)}
of equation (1.7) has many common properties with the analogous FSS of the simplest
equation 2" (z) = z(z) (see Lemma 3.1 of §3 for a list of such properties). Therefore
in the sequel, equations (1.1) and (1.7) satisfying (1.15) are called standard (because
of the standard behavior, in the sense of Lemma 3.1, of the FSS {u(z),v(z)}). We
denote by S the class of all standard equations and write (1.1) € S, (1.7) € S. Such a
classification of equations (1.1) may be useful since in the class S one can thoroughly
investigate the properties of the solution of (1.1) (see, for example, [2]).
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As to the condition B < 0o, we note that in class S it is equivalent to the following:

(1.18) A% e (2 7Y ) s o
eeR \ 2u(z) z—p(z)

where p(z) is an auxiliary function in r(z) and ¢(z) which is continuous and positive
for z € R with

(L.19) L (z + p(z)) = oo, zl—l—z—lc;lo(z - u(z)) = 0.

(see §3). Hence, the condition B < oo means that some local average value (of the
Steklov type [6]) of the function ¢(z) must be separated from zero on R. (A similar
condition related to 1) — 2) was used in [1].) To conclude, note that in order to
solve the problem of the validity of assertions 1) — 2) for equations (1.1) ¢ S, one
needs methods and tools different from those used in this paper. We shall investigate
non-standard equations (1.1) in our forthcoming papers.

2. Preliminaries. Throughout Section 2 we assume that (1.2) — (1.3) hold. We
denote by c absolute positive constants which are not essential for the exposition, and

may even differ within a single chain of calculations.
THEOREM 2.1. [1]. There ezists a FSS {u(z),v(z)} of (1.7) such that

u(z) >0, v(z) >0, u'(z) <0, v'(z) >0 for z€R

(2.1) r(z)[V (z)u(z) — u'(z)v(z)] =1 for z€R
im 2@ o u@)
zglzloo u(z)  z—oo v(z) 0.

COROLLARY 2.1.1. Ifz(z) € L,(R), p € [1,00) satisfies (1.7), then z(z) = 0.
A FSS {u(z),v(z)} with properties (2.1) is called a principal FSS (PFSS) [1].
LEMMA 2.1. [1,3]. Forz € R, a PFSS of (1.7) admits the representations

(2.2) wu(z) = \/;—)Zz_v—)—exp (———;—/: ;'E(;f’(—f)) , v(z) = Mexp (% /: ;&)

where p(z) = u(z)v(z) and z; is the unique root of the equation u(z) = v(z). Moreover,
for G(z,t) (see (1.6)) one has (1.12), and for p(z) one has

2.3 / = / . SRR
23 e 7O~ Jo TEOPE

LEMMA 2.2. [1]. For a fized z € R each of the equations (1.8), (1.10), has a
unique finite positive solution. Denote them by dy(z),d2(z),d(x) respectively. The

function d(z) is continuous for € R.
THEOREM 2.2. [1]. For z € R the following inequalities hold (see (1.9)):

(24)  27'(z) < [r(@)' (@) (2) < 20(2), 27'u(z) < [r(2)lv' ()] ¥(2) < 2u(z)

(2.5) 27'h(z) < p(z) < 2h(2).

In particular, for © € R one has inequalities v'(z) > 0, v'(z) < 0.
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LEMMA 2.3. [1]. Letz € R, t € [x — d(x), =+ d(z)]. Then,
ol < v()) u®) P .., — exp(2)

(2.6) ~o(z) w@) pz) ~
(40) " h(z) < h(t) < 4ah(z).

DEFINITION 2.1. Let 3(t) be positive and continuous function for ¢ € R. We say
that segments {A,,n = £1,£2,...} form an R(z, »(-)) covering of R, if

1. A, =[A;,AF] def [zn — %(azn),wn +3x(z,)], n==%1,%2,...

2. A0, =A  ifn>1; A Y o=A7 i n<-1

3. A=A, =z, U An=R

n#0

LEMMA 2.4. [1].  For every z € R there exists an R(x,d(-))-covering.
Let us define

(2.7 = sup / G(z,t) dt.

zER
LEMMA 2.5. [1]. Let p € [1,00],H < oo, and suppose that (1.7) has no solu-
tions z(z) € Ly(R) apart from z(z) = 0. Then assertions 1) - 2) of §1 hold, and
IGllp—p < H.

3. Statement of results. In addition to Theorem 1.1, our main result, the
following assertions hold.

THEOREM 3.1. For z € R, (1.13) holds. Conditions (1.11) and (1.15) are
equivalent.

THEOREM 3.2. Let p € [1,00]. Then ||G|lp—p > 817 B. In addition, if (1.1)
€ S, then

-1
(31)  817'B < ||Gllpsp < C(@)B, C(a) =72 (1 TP (‘ 2(4a1+ 1))) '

Here, G and B are defined in (1.4) and in Theorem 1.1, and a is a constant from
(1.11).
LEMMA 3.1. Let (1.7) € S,e=1—-m >0 (see (1.15)). Then

(2) (@) p@) V(@) 2 S0(e), @) p@'(@)] 2 Sul@), zER
. _ . ! 1 I ! —

(3.3) x_liriloov(z) = zgr_noo r(z)v'(z) = 37:ll)rr;o u(z) = zli)n;o r(z) u'(z) =0
. 1 ’ _ . _ . 1 _

(3.4) ml_l_)ngo v(z) = 7cl_l_)ngo r(z)v'(z) = mgr_noou(:v) = z_1_1r£1001"(w) |u'(z)] = o0
COROLLARY 3.1.1. Ifz(z) € Ly(R), p € [1, ] satisfies (1.7) € S, then z(z) =0
Introduce a function u(z). For a fixed z € R consider an equation in p > 0:

z+p

(35) 1= [ a(e) o) de.

e—p

LEMMA 3.2. Let (1.11) hold. Then (3.5) has at least one positive solution. Let
us define

w(w) = inf { 3 + oh(Ode =1



70 N. CHERNYAVSKAYA AND L. SHUSTEER

The function p(z) is continuous for x € R, and (1.19) holds.

THEOREM 3.3. The i.p. for (1.1) € S is regular in Ly(R) if and only if A > 0
(seel(1.18)). Moreover, for p € [1,00] one has inequalities: ¢ A7 < ||G|lpsp <
cA™ .

CoOROLLARY 3.3.1. Let (1.1) € S and g(z) = 0 as z = —o00 orz — co. Then the
i.p. for (1.1) is not regular in Ly(R). In particular, ||G||p—p = 0o for any p € [1,00].

COROLLARY 3.3.2. Under condition (1.11), B < oo if and only if A > 0.

COROLLARY 3.3.3. Let (1.1) € S. If the i.p. for (1.1) is regular in L,(R), then

/_(;o q(t)dt = /000 q(t)dt = oo.

The following theorem shows that, under an additional condition to (1.2) — (1.3),
(3.6) v <r(z) <7, z € R, 7 = const,

the regularity of the i.p. for (1.1) in L,(R) depends only on properties of q(z). First,
for a fixed z € R consider an equation in d > 0 :
z+d
(3.7 2=d q(t)dt.
z—d
Under conditions (1.2), (1.3), and (3.6), equation (3.7) has a unique positive continu-
ous solution [1]. Denote it by d(z). Note an inequality [1]:

(3.8) (27 +2)7Yd(z) < p(z) <2712y + 1) d(z), =z€R.

THEOREM 3.4. Under conditions (1.2), (1.3) and (3.6), the i.p. for (1.1) is
regular in Ly(R) if and only if K < co. Here K def sup d(z).
zER
Remark. The function d(z) was introduced by M. Otelbaev (see [5]).
Remark. In the proofs below we mainly used the results of [1] (see §2). These
assertions hold under condition (1.2) and condition (3.9) which is weaker than (1.3):

: : codt (7
3 g (it [0 #) >0

(see [2]). Thus the theorems proved in this paper hold under assumptions (1.2) and
(3.9), and their proofs do not differ from the one given in §5-§8.

4. Conditions for regularity of the inversion problem expressed in
terms of coefficients. Examples. The main result of the present paper is formu-
lated in terms of the auxiliary functins ¢(z), ¥(z), h(z) and d(z) (see Theorem 1.1).
Therefore, to apply it, one has to extract the needed information on these functions
from the properties of the coefficients r(z) and ¢(z). Theorem 1.1 allows one to use
sharp by order two-sided estimates of (), ¥(z), h(z) and d(z) instead of their val-
ues. This significantly simplifies the study of concrete equations (see Examples 1 and
2 below). In Theorem 4.1, we give inequalities for the auxiliary functions expressed in
terms of r(z) and q(z). See §9 for the proof of this theorem.

THEOREM 4.1. Suppose that (1.2) holds and there exist continuous positive func-
tions 71(x), q1(z) and functions ro(z) € LY°(R), g2(z) € L*°(R) such that:

(1) r(z) =r(z) +r2(z), ¢(z) =q(2) + ), z€Rk, (4.1)
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(2) for some constants a,b(b > 3a > 0) and |z| > 1 one has the inequalities

ri(z)

< r(t) @) <a for |t—a|<bdz), d(z)= 7(z)’

ri(z)’ q(z) ~

(4.2)

|

(3) there ezists 6 € (0,1] such that r(z) > ér1(z), z € R;
(4) s1(z) = 0, s0(x) = 0 as |z| = oo, where
T+z
[ o,

z+z t
/ ra(?) dtl.
T Tl (t)
Then the following assertions hold:
A) Condition (1.3) is satisfied, equation (1.7) € S and

»ni(z) = sup

1
Vri(@)a (@) |21<bd(z)
sy (z) = /r1(z)qi(z) sup

|2|<bd(z)

(4.3)

¢! < h@)Vri(@)a(z) <c for z €R.
B) If, in addition, b > 160a33~2, then
¢ ld(z) < d(z) < cd(z) for z€R.
C) The i.p. for (1.1) is regular in Ly(R) if and only if ggij,ql (z) > 0.
Ezample 1. Consider equation (1.1) with the coefficients for z € R

1 2
rlz) =1+a"+ —+2—x cos(el?), q(z) = el + ell sin(el®l).

According to Theorem 4.1, choose ri(z) = 1+ 22, q1(z) = el®l. Then d(z) =
(1 + 22)1/2e~121/2 5 0 as |z| — oo. Let us verify that for any fixed b > 0 all the
hypotheses of Theorem 4.1 are satisfied. One can assume z > 0 because all the above
functions are even. Since d(z) — 0 as |z| = co and

r(t) 1+t t+z qt) _ -
ri(z) 1422 +(t-2) 1+22 q(z)

)

one can see that (2) holds, say for @ = §. Clearly in this case, § = %, and (3) also
holds. Furthermore,

m(z) =

1 /z+z ‘. : ‘ 2
————— su e'sin(e)dt| < ———=—.
V1 + z2es/? |Z|deI}(z) . ()| < V1+ z2e2/?

To estimate »(z), we use the second mean theorem [7, ch.12, §3], which can be
applied here for x > 0:

(z) = 1\/ 1+22%/? sup /HZ et cos(e")dt
2 |z]<bd(z) |/ (1+t2)et
1 1 z+z c
< —V/1+ z2e%/? sup  ————— / et cos(et dt! «_—°c
m2 el<bi(z) (1 +2%)e” |/y (e")dt| < V1 + z2ee/?
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From the estimates for s¢; (z) and 36 (z), it follows that all hypotheses of Theorem 4.1,
including A), B) and C) are satisfied. In particular, for z € R, one has inequalities:

¢! 1 c 1 c V1 + 22 cV1+ 22
<h(z) < , <d(@) £ —5
V1+x2 elzl/2 V1 +x2 elzl/2 elzl/2 elzl/2

and i.p. for (1.1) here is regular in L,(R) because q; = e/*! and inf,crel®l =1 > 0.
Ezample 2. Consider (1.1) for which (3.6) holds and q(z) is of the form

(4.4) q(z) = 1 +sin(|z|?), 6 € (0,00)

The i.p. for such an equation is regular in L,(R) for § € [1,00) and irregular for
6 € (0,1). Using Theorem 3.4, one has to verify K < co.

Below we use the following simple fact:

LEMMA 4.1.  Let d(z) be the solution of (3.7), and let n > 0. The inequality

n > d(z) (n < d(z)) holds if and only if
1 1 T+n 1 1 z+n
(45) s wok (5[ a).

Proof.
Necessity. Let n > d(z). Then [z — d(z),z + d(2)] C [z —n, z + 7], and, therefore,

<——== qlt dtg/ q(t) dt.
dz) 2 Je-d(x) a—n

Sufficiency. Suppose that (4.5) holds. Assume the contrary: n < J(z). Then
[z —n,z+n) C [z — d(z),z + d(z)] and, thus we obtain a contradiction

b [ e ae < [ e de = L
-<3 q(é S—/ q(§) d€ = =—.
n 2 T—7n 2 z—d(z) (113)
5 O
Return to our example for 6 € (0,1). Let us show that d(zz) = oo for k — oo if

1/6

zp = (2kr + 3 7)""", k=1,2,... . To do that, let us estimate Jj,

T+
Jk =/ [1+sin (|t|%)] dt,
T

=Tk
1-6
where n;, = z,* It is easy to see that
Nk
Ji = 2me +/ [sin (zx + 2)? + sin (z) — 2)°] dz.
0

Since 7y -z * — 0 for k — 0o, we have for z € [0, 7]

2! Ty

6 2
z 06 -1 z e
(@-2)" =2l [1 B ;k] =2k = 02 (xk) * : 2! ) % (E) - E a4 8(2).

0 2
86 —-1
(zr+2)° =2zf [1 + :—k] =z +0xf (i) + ( ) zf (i) +...Y ) + ap(z)
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Note that nkaf:i—l — 0 for ¥ = o0, and the inequalities
jak(2)] < 26271z, |Bi(2)| < 267"
hold for all £ > 1 uniformly in z € [0,7]. Hence, for k£ > 1 we obtain

Jr = 2n + /Ome [sin (mz + ak(z)) + sin (wz + ﬂk(z))] dz = 2n;

_ /Ome [cos(ak(2)) + cos(Bk(2))] dz

U8 2 2 4 4
. _/ [2 _a(2) ;"ﬂk(z) + o (2) Zﬂk(z) — | dz
o ! !
Mk 2 2 Mk
< / o(2)” + Bi(2)” dz < 46* zio‘z/ 22dz = 4 6% 22923 < 2
—Jo 2 - 0 3 T Tk

Thus for k£ > 1 by Lemma 4.1, we conclude that d(zx) > 7. Since n — oo for
k — 00, by Theorem 3.4 we obtain our claim for 6 € (0,1).
Let 6 € (1,00). For z >> 1 we have

T+2 t9
l/ (1+sint?) dt = 2— (9 — 1)cos
2 z—2

z+2 P
2 costldt c 1

— R > -

6~ 1)/ SRR 2

z—2

Hence, J(g;) < 2 by Lemma 4.1. Similarly, we obtain d(z) < 2 for z < —1. Since the
function d(z) is continuous, then the above proves that it is bounded for z € R and

and inequality K < oo holds.
Let 8 = 1. Then,

1 a+d . z+4 1
3 j (1+sint) dt =4 — cost ]w_4 >2> T

Hence, d(z) < 4 for z > 4, and, similarly, d(z) < 4 for z < —4. Thus, d(z) is bounded
for z € R because it is continuous, and inequality K < oo holds.

Remark. All the assertions of Theorem 4.1 follows from the two-sided estimates
for the roots di(z) and d2(z) of equations (1.8) which are obtained in the course of
the proof, and from Theorem 1.1 (see (§3 and §9)). The proof of these estimates rests
on technical tools whose application guarantees that conditions (1) — (4) hold (see
above). To any other method of obtaining estimates for d;(z) and da(z) there would
correspond another variant of an assertion such as Theorem 4.1. Thus, one can find
some concrete conditions for regularity of the inversion problem for equation (1.1) in
L,(R); each of such conditions will follows from Theorem 1.1.

Note that such a relationship between the general criterion (Theorem 1.1) and
“concrete” sufficient conditions (such as Theorem 4.1) is typical. For example, in the
theory of number series one has the same relationship between the Cauchy convergence
criterion and various particular conditions for convergence.

5. Auxiliary assertions. In this section we prove Lemmas 3.1, 3.2 and some
technical assertions.
Proof of Lemma 3.1. For z € R from (2.2) it follows that

(6.1) 2r(@)p()' () = [1 +r(2)p' (@)v(2), 2r(2)p(z)u'(z) = —[1 - r()p' (z)]u(z).
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From (5.1) and (2.1) one deduces (1.13). Let m =1 —¢, € € (0,1] (see (1.15)). Then
for z € R from (1.15) we get (5.2) and (3.2):

€ V' (z) 1 € |u (:v)l 1
G 5@ = wo) < T0E) Z@@ S u@) S r@a)’

From (5.2), for z > t, z,t € R we obtain:

(53) exp@/ﬁr(ﬁ?ﬁ(&)% T < e""(/jT%)'
9

From (5.3) and (2.3) we get (3.3) and (3.

v'(€) # 0 for £ € R (see (2.4)), one has
(r(©v'()’
r(£)v'(€)

Hence, for ¢ = r(0)v'(0) we have

z€R.

for v(z) and, similarly, for u(z). Since

= g - 2© ¢k

(54) NGLIGR

(5.5) r(z)v'(z) = ¢ exp (/z q(&) zéfzii)) , z>0
(5.6) r(z)v'(z) = ¢ exp < / q(&) v({idé)) z<0
Let us verify that if (1.7) € S, then

0 oo
(5.7) | _a@ne) de=co. [ at@pe) de = oo

Indeed, for z > 0 from (5.2) and (5.5), one deduces (5.8) and (5.8) implies (5.9):
(5.8)

) <r@pta' @) =ept@)enp ( [ LLOL) <cpmyenn (2 [ atntera)

(5.9) gexp( 2 [ @) <), azo

From (5.9) and (3.3), for u(z), we deduce the second equality of (5.7) and, similarly,
the first one. Now (5.2), (5.5) — (5.7) imply (3.3) — ( 3.4) for r(z)v'(z) and r(z)u'(z).
O

Proof of Corollary 8.1.1. For p € [1,00) the proof follows from Corollary 2.1.1.
Because of (2.1) and (3.3) — (3.4), it is obvious for p = co0. O

Proof of Lemma 3.2. The existence of a positive root of (3.5) follows from (5.7)
and (2.5). Let us check the inequalities:

(5.10) lw(z+s) —p(@) <|s| for |s|<p(z), z€R
Let s € [0, u(z)]. Then,
z+u(z) (z+5)+(s+u(z))
1= / q()h(€)dE < / a(&)h(€)d¢

z—p(x) (z+5)—(s+u(z))

z+p(z) (z+8)+(n(z)—s)
1= / q(€)h(€)de > / q(&)h(£)d¢.

—p(z) (z+35)—(pr(z)—s)
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From this we conclude that p(z+s) < p(z)+s, u(z+s) > p(z) —s, ie., (5.10) holds.
The case s € [—u(z),0] can be treated in a similar way. From (5.10) it follows that
u(z) is continuous for z € R. Let us verify, for example, the second equality of (1.19).
If it is not true, then there are zo and {z,}3%; such that z, — co as n — oo, and

2y — w(zn) < 2o, n=1,2,... . Then, by (5.7) and (2.5) we get a contradiction:
Tnt+u(zn Tn Tn
1= ,,_:(z,,>) d©n € 2 [ a2 5 [ " a(@n(©de >0 s o
0
LEMMA 5.1. Let (1.7) € S, z € R, t € A(z) def [z — pu(z),z + p(z)]. Then,
1 oou(t)  w@)  pt) R
(11 T W) ple) Wa) S
Proof. From (5.4) we get (5.12) and (5.13):
rt'(t) _ " q(Qu(©)de
(>42) o= ([ o) o<
OV ([ d©ue)d
19 v = ([ e ) o2
From (5.2), (5.12) and (2.5), for t € [z,z + u(z)], it follows that

)
! t
619 Z070 <oxp (2 [ a@n@)ie) <exp (g L q(ﬁ)h(é)dﬁ) —e (2).

Since 7(t)v’(t) does not decrease, (5.14) also holds for ¢ € [z — u(z), z]. Similarly, for
t € [z — p(z), ], from (5.2), (5.13) and (2.5), we get

r(z)v'(z)

619 S0 <oy (2 ["aterpterae) <emp (;3 L qce)h(ods) —ewp (2)

and r(¢)v'(¢t) does not decrease, and (5.15) remains true for ¢ € [z,z + p(z)]. Thus,
for t € A(z), = € R one has the inequality

(5.16) cir(z)v (z) < r(t)v'(t) < cr(z)'(z).
Now, from (5.16) and (5.2), for t € A(z), we get
wt) _pl) v@) _ 2 r@w  u) _p) o) | ¢ o @)

u@) o(®) p@) " e V() u@ o) pl) T2 @V
From (5.16) — (5.17) we deduce (5.11) for u(z) and, similarly, for v(z). This immedi-
ately implies (5.11) for p(z) and, by (2.5), also for h(z). O

LEMMA 5.2. If (1.11) holds, then for z € R there exzists an R(z, u(-))-covering.

Proof. Let v(t) = t—p(t)—z. By Lemma 3.2, v(¢) is continuous for ¢ € R. Clearly,
v(z) = —p(z) < 0. By (1.19), one has v(ty) > 0 for some to > z. Then v(t;) = 0
for some t1 € (z,t), i.e., £ = t1 — p(t1),t1 > z. Set Ay = [t1 — p(t1), t1 + p(t)]
Similarly, one can construct segments Ay, Ag, ... . Let us verify that oLj’l A, = [z,00).

n=

(5.17)

Assume the contrary. Then there is zo > z, such that A} < zg for alln =1,2,... .
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By construction, the sequence {¢,}32; is 1ncreas1ng and bounded by zp. Let £ be its
limit, £ € (z, o). Since co > zg — 2z > 2 }: u(ts), one has p(t,) = 0 as n — oo.

Since p(-) is continuous, we get u(€) = 0, a contradlctlon to Lemma 3.2. The other
assertions of the lemma can be checked similarly. O

LEMMA 5.3. For the regularity of the i.p. for (1.1) in Ly(R), it is necessary and,
under the condition (1.1) € S, sufficient that H < co. One has ||G||p—p < H.

Proof. Necessity. Let the i.p. for (1.1) be regular in L,(R). Then the operator
G: C(R) — C(R) is bounded (see (1.4)). Hence, for f(z) =1, z € R one has

/ Cla t)f(t)dt| =

The proof of sufficiency follows from Lemma 2.5 and Corollary 3.1.1. O

H—sup

= [(GH@)lcr) < IGllew—crlfllcr) < oo-

6. A criterion for a homogeneous Sturm-Liouville equation to be stan-
dard. In this section we prove Theorem 3.1.
Proof. Inequality (1.13) follows from (2.1):

(r(@)p' (2))” = r(2) [v' (@)u(z) + v/ (@)o(@)] = (@) ' @)u(z) — o' (@)v(z)]
—4r?(z) |u' ()| ' (z)u(z)v(z) = 1 — 472 (z) |[u'(z)| ' (z)p(z) < 1.

Let us verify that (1.11) and (1.15) are equivalent. Let m =1 —¢, ¢ € (0,1).
Then, from (2.4), (5.1) and (2.5) one deduces relations leading to (1.11):

2 r@p(@ _1+r(@)p(2)

e 1 e 1 _E 1 1
@ > o@ . 2@ “2p@ > dh@ 4 («:m * «p(w))
2 r(w)lu (@) _1-r(@)p'(z) e 1 e 1 _e¢ 1 1
W@ 2 u@ . 2@ 2@ =ik 4 (so(w) * w(x))'

Let (1.11) hold. Then (5.1) and (2.4) imply (6.1), and (6.1) implies (6.2):

1 1o _ W@l @l _1-r@dE _, o)
6) <190 = wlo) v ~ 1tr@r@ < @ St °€ER
(6.2) r(z)|o' (z)] € da—1) (da+1)71, z € R.
O

7. Necessary and sufficient conditions for the Green operator to be
bounded. In this section we study the properties of operator G (see (1.4)).
LEMMA 7.1. Let w(z) be a positive function, continuous for © € R, such that

(7.1) ¢ lo(z) < v(t) < cv(@), ¢ lu(z) <u(t) <cu(z) for |t—z|<w(z), z€R.
If ||Gllp—p < o0 for some p € [1,00], then sup(h(z)w(z)) < c||G||p-sp-
ZER
Proof. Let p € [1,00), let f;(t) be the characteristic function of the segment
A(z) = [z —w(z),z +w(z)]. From(7.1) and (2.5), for t € A(z), we get (7.2), and (7.2)
= (7.3):

z+w(z '
o(O)de-+o(t) [ e (e MEREWE)  HERE)

t
(7.2) (Gf) (H)=u(t) /

:t—w
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73)  IGIE,, = su IGZ “szHLp(A(z)) s <h(m)w(x)>”‘
- meR

PP outer,m) B T zer  2w(z) c

For p = 0o one can take f(z) = 1, z € R as a test function and repeat the same
argument. 0

LEMMA 7.2. Let the hypotheses of Lemma 7.1 hold. If for every x € R there
ezists an R(z,w(-))-covering (see Definition 2.1) and

z4w(z)
(7.4) 6 = inf ( L q(t)dt) >0

zeR \ 2w(z) Joo —w(z)

then H < 7! (see (2.7)). In addition, if for any p € [1,0] equation (1.7) has no
solution z(z) € Ly(R) apart from z(z) = 0, then the i.p. for (1.1) is regular in Ly(R),
and ||G|lp—p < 871, p € [1,00].

Proof. From (2.1) it follows that for z € R one has (see [1]):

(7.5) 12 [ " gt + o) / " gt < (Ga)(a)

We use an R(z,w(-))-covering, (7.5), (7.1) and the notation A(z) = [z — w(z),z +
w(z)]:

1> (Go)(@) = ulz) Z / ()t + v(z) Z / (B)u(t)dt

n=-—0oo

> c {’U,(IL‘) n;wv(zn)w(wn) [éw_(lxj) AGea)

+ v(x) Z w(Zn)w(zn) [2w(1wn) A )q(t)dt]}

q(t)dt}

> g {u(z) n_i_io /A(zn) [Uﬁftr;)] (t)dt + v(z) Z / o [ u?trs)] (t)dt}
% {u(ﬂf)n_z_:oo/(m") (t)dt +v w)Z/(m } = gz-/: G(z, t)dt.

Thus H < c?671. It remains to apply Lemma 2.5. O

8. Proof of the main results. In this section we prove Theorems 1.1, 3.1 —
3.4 and their corollaries.

Proof of Theorems 1.1 and 3.2.

Necessity. By Lemmas 2.2 and 2.3, the function d(z) satisfies the hypothesis
of Lemma 7.1. By this lemma we get for w(z) = d(z) and we obtain 817!B <
[|Gllp—p, P € [1,00] (see Theorem 1.1 and (3.1)).

Sufficiency. Since (1.1) € S, by Corollary 3.1.1 and Lemma, 2.5 it is sufficient to
prove that H < oo (see (2.7)). From (1.11), (6.2), (1.17) and (2.5) we get

t
<hE|) ek
z

(8.1) G(z,1) < plt) exp (—co
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Here 2¢o = (4a + 1)71, and « is a constant from (1.11). Below we use (2.5), (8.1),
Lemmas 2.3, 2.4 and the definition of d(z) (see Lemma 2.2):

/_Z G(z,t)dt < /_; p(t) exp (—co /tz &) dt
o[t (o [ i) @
<3 e (_q, [ Fgg@) [, oo

oo AT de
2 e ('c" /A; r(f)h(f)) .. o

<36 { S exp(—| [n] — Teo)h(@n)d(za) + 3 exp(—|n — uco)h(mn)d(wn)}
n=-o0o n=1
(8.2)
< c(a)B.

From (8.2) we get H < c(a)B, which completes the proof of Theorem 1.1 and (3.1). O

Proof of Theorem 3.3.
Necessity. Since the i.p. for (1.1) is regular in Ly(R), the operator G: L,(R) —

Ly(R) is bounded for p € [1,00]. By Lemmas 3.2 and 5.1, the function p(z) satisfies

the hypothesis of Lemma 7.1 and, therefore, uo def sup(h(z)p(z)) < oo. From (3.5)
TER

and (5.11) we get A(z) := [z — p(z), z + p(z)]:

1= / g(t)h(t)dt < ch(a:)/ q(t)dt < cpo [ q(t)dt] , T€R.
A(z) A(z)

2u(z) Ja(e)
Hence, A > (cpo)™! (see (1.18)).

Sufficiency. By Lemmas 3.2, 5.1 and 5.2, the function p(z) satisfies Lemma 7.2.
Therefore, H < cA~!. It remains to refer to Lemma 5.3.
In Lemma 7.1, set w(z) = p(z). Inequalities (5.11) then imply:

h(z)u(z)
z+p(x)

[ a(©nr©)d¢

z—u(z)

z4up(zx) -1
>csup ———&- =c tsup (——1—— Q(f)d§)>
= :v z+u(z) z 2 —p(z
R S I "

z—p(z)

-1
(g s [ agag) = ean
>c inf ——~ = .
- z€ER 2[1,(.'12) z—p(z) q

C“G”p—m > sup(h(z)u(x)) = sup
T€ER TER
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Proof of Corollary 3.3.1. Let, for example, g(x) = 0 as £ — co. Then by (1.16),
for any & > 0 there exists £o(¢) > 1 such that for all 2 > z(€) one has the inequalities
q(z) < €, and there exists z1(€) > zo(€) such that for all z > z; (¢) one has inequalities
z — p(z) > zo(€). From this, by Lemma 5.1, we get

z+p(z)
1= / (ROt < csh(@ua) , © > 31(6)-
z—p(x)

Hence, sup(h(z)u(z)) = oo. Then by Lemma 7.1, the operator G L,(R) — Ly(R) is
z€R

not bounded for any p € [1,00]. O

Proof of Corollary 8.8.2. The estimates for ||G||,—p, obtained in Theorems 3.2
and 3.3, imply the inequalities ¢~! < AB < c which prove the corollary. 0

Proof of Corollary 3.3.3. From the hypothesis of the lemma and Theorem 3.3,
we get A > 0. Suppose that the segments {A,, n = £1,£2,.. .} form an R(z, u())-
covering of R. Then

z"+l"(mn)
z"+/"(zn)
YR t)dt>A>0 t)dt > 24
e e S P
Tn—MH(Tn
n=+1,%2,... n=+1,%2,...

These inequalities imply:

/0 a(t)dt = sz /A a0 2243 en) =0

0 -1 -1
/ g(t)dt = Z /A g(t)dt > 2A Z u(zy) = oo.

— n=-—00 n=-—00

Proof of Theorem 3.4. From (2.5) and (3.8) it follows that
(8.3) (4y +4)7td(z) < h(z) < 27+ 1)d(z), z€R.

From (3.6), (1.10), (2.6) and (2.5) it follows that

z+d(z) dt -
(8.4) Ld(z) < / A < chw)<cdls), c€R
z—d(z) T(t)
- z+d(z) dt
(8.5) ¢ td(z) < ¢ 7th(z) < c/ — < cd(z), z € R.
z—d(z) T(t) :

Necessity. It follows from Theorem 1.1 and (8.3) - (8.5):

00 > B = sup(h(z)d(z)) > ¢ sup d(z)? = ¢c K.
z€ER zER
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Sufficiency. From (2.2), (2.3) and (3.6), it follows that
/m V(O / o) ( / r(&)p(a) *

(8.6) S’Y/:o;(t)lp—(t)exp<—/mj&) dt =

From (8.6) and (2.1) we conclude that v(z) — 00 as = — co and, similarly, u(z) = co
as £ — —o0. Since K < oo, by (2.5) and (8.3) one has p(z) = u(z)v(z) < 2h(z) <
2(2y + 1)d(z) < cK for z € R. From this it follows that v(z) = 0 as ¢ — —o0,
u(z) = 0 as £ — oo. The latter means that for p € [1, 0], equation (1.7) has no
solutions 2(z) € L,(R) apart from z(z) = 0. Furthermore, using (3.6), (8.3), (1.12)
and the inequality K < oo, we get
t d€
e) ]

—sup[/ \//Wexp(

*° T—t
< csup [/ exp (—I——I) dt] =c< o0.
z€R |LJ—o00 c

Now the proof of the theorem follows from Lemma 2.5. O

9. Proofs of the assertions concerning the estimates of the auxiliary
functions. The following elementary assertion is given without proof.
LEMMA 9.1. Leté € (0,1], z > —1+ 4. Then one has inequalities

1+z< il <z

(9.1) T2 S13g S

Proof of Theorem 4.1. Let y € (0,3a). Then one has the following relations:

/ q(t)dt
z—vd(z)
T re v . z+z
[ a0as [ woezLa@io- s | [ eod
z—vd(z) z—vd(z) a |z|<3ad(z) |/
(9.2)

= 2 Va@n@ - Va@n@ = @) = Va@n@ (2 - @)
In the following relations we use (9.1):

Cood [ [ L 1), de)
/Mz(m) O /Ma(m) n( */ dte) <r1(t> 0 7‘1(t)) RN

__/z ro(t)r ()~ dt 57 'y / T2 (t)dt
e—vd(z) L+ r2(®)ri(t)~1 mi(t) = \/q1(z)r1(ar o—rd(z) T1()?
(9.3)

> ; (Z — ,{2(3;)) .

q1(z)r1(z) ‘e
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Hence, since s (z) and 3e(z) are sufficiently small as |z| > 1, one has

(0.4) Ti(x) /;cum) 5 ;dm a®dt > (1 -s0@) (1-a@), k> 1.

Choose
g =3+ () + s2(z) , |z| > 1.
Clearly,
9:5) Ti@) > (V3+a(@) (V3+m(@) 23, le|> 1.
Similarly, we check that with such choice of v and |z| > 1, one has
z+~d(z) z+vd(z)
(9.6) Ty(o) / dt / g(t)dt > 3.
2 r(t) Jo

Moreover, from (9.5) and (9.6) it follows that

(9.7) / —‘ft—)-/;q(t)dtm, /:or‘z—:)-/jq(t)dtz?,, |z > 1.

—oo T(t

From (9.7) it follows that for any z € R one has inequalities

T o0

/ o) dt>0, / g(t)dt > 0.
—00 T

In addition, according to a well-known criterion for convergence of improper integrals

([7, §1.5]), in each of the products T} (z) and T (z) at least one of the integrals diverges.

This implies (1.3).

Note that the auxiliary functions d 2(z) (and hence functions ¢(z), ¥(z) and
h(z)), which are systematically used in our arguments, are continuous for z € R. This
can be proved by applying standard theorems on the properties of implciit functions
([4], Ch. 5, §109).

Now let us give estimates for d;(z) (for da(z) they have the same form and can
be proved in a similar way). Setting in (9.4)

v=m=a(l+:() + (), |¢>1,

we obtain Ty (z) > 1 as |z| 3> 1. Hence, di () < 11d(z).
Now let us obtain a lower estimate for d; (z). As before, let v € (0,3a). Then

/ T = / T Wi+ / T et < aya (@d()

—vd(z) —vd(z) z—vd(z)

+ sup
|21 <3ad(=)

= (ay +5a(z)) Vai(z)ri(z).

T+2z
/ q2(t)dtl = ayvVaqi (@)r1(z) + Vo (z)r1(2) 200 ()

(9.8)
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In the following relations we use (9.1):

* dt z dt z 1 1
L—mf(a:) r(t) /a:—’ytf(z) ri(t) * /z—'yci(z) (71 O +m() (t)> dat
(9.9)
[ . ro(t)r7i(t)  dt e dt
B /:z:—'yti(a:) 1(t) /a:—’yd(z) L+ro(t)ryt () mi(?) < /a:—'yzf(m) r1(t)
l £ Tz(t) dt _ l £ i l £ Tz(t)
T 2 —vd(z) (1 T (t)) ri(t) (1 - 52) /.T-mi(z) T1(t) T /m-mi(m) r1(t)? at
1\ d@) 1 s 1 1y, 1
= (1 * 52) Vo) " F Vr@a @) r@)e@) [a"r (l * 52) T 2(9:)} '

From (9.8) and (9.9) we get
(9.10)
1
2

7o) < (145 ) v+ @) (or+ 29 ) < (145 ) (4@ @7+,

For |z| > 1 we have 3 (), 52 () sufficiently small and,therefore, v2 € (0, 3a):

f i_ [\/% - (z) — %2($)] .

d

e

Y2

Setting v = 7, in (9.10), we get:
Ti(z) < <1+l) (—6—-z (w)) (—J————z (w)) <1
= Z)\Viror Vitoer ) =7

Hence, d; (z) > v2d(z), as |z| > 1. Thus,

(9.11) 72J(w) <di(z) < 'ylcz(.z‘) , zl>1.
From this, taking a bigger |z|, if necessary, we get
(9.12) o dz) < di(z) <V2a dz), |z|>1,
V3a
' 4 3 7
(9.12") —— d(z) < da(x) < V2a d(z), |z|>1.
V3a

Inequality (9.12") can be proved similarly to (9.12).
Let us estimate ¢(z), ¥(z), h(z). From (9.3) and (9.11),for v = % Land|z| > 1
we obtain:
dt ) 1

N N BNy ¢ Sy, DR S N S
PO= ) e r(t)z/z-muz) 092G =0) =ms2w

Similarly, from (9.9) and (9.11), for |z| > 1 it follows that

_foa a1 1Y, %0
#() ‘/z_dl(z) 0 S /z_ﬁaa(z) 0 S mea® [ﬁa(” 52) g }

<2\/§a2 1

= 8 fr@a)
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The estimates for 1(z) have the same form and can be obtained in a similar manner.
Thus,

6 1 2V3 1
(9.13) 5 T———— < (@), 9%(z) < a’ y o[> 1.
4a? \/q(z)r1(2) 8 q1(z)r1(z)
By (9.13) and the definition of h(z), it immediately follows that
) 1 3 1
(9.14) — ———<h(z) € 5 P——oe, |z|>1.
4a? /g1 (z)r1(2) &2 r1(z)q: (z)

Let us extend (9.13) — (9.14) to the whole number axis. For example,
h(z)/q1(z)r1(z) is a continuous function with no zeros in R. Then, in every finite
segment [—a, ] there is ¢(c) such that

(9.15) c(a)™! < h(z) Var(z)ri(z) < c(a), z€[-a,a].
Then, (9.15), (9.14) and similar estimates for ¢(z) and ¥(z) imply:
(9-16) ¢t <h(@) Van@ <e, zeR,

c! 1
(9.17) m < p(z),¥(z) < cm, z €R.

Estimate (9.16) concludes the proof of assertion A) of Theorem 4.1.
Let us check B). We start with estimating d(z). From (2.6) it follows that

) ) ( ) z+4d(z) dt ( ) ( ) z+d(x) dt
9.18 4~ exp—2/ —— < h(z §4exp2/ —, T€R.
( z—d(z) T(t) z—d(z) T(t)
From (9.18) and (9.14), for |z| > 1 we obtain:
16a2 92 z+d(z)
(9.19) ! < 1607 exp( )/ LI
r1(z)q: (o) g z—d(z) T(¢)

52 :L“|'d(:l:) dt 1
9.20 exp—2/ — <, |z|> 1.
(9-20) 83 a2 =2 o—d(z) T() r1(z)q1(z) i

Let us apply (9.9) and (9.19). Assume that d(z) < y1d(z) where y; = (%)3 555+ Then,
taking a bigger |z|, if necessary, we get

1 < 16a2 exp(2) /"+d(m) dt 1642 exp(2) /w+'wi(w) dt
\/rl(z)‘h(x) a 6 z—d(z) r(t) ~ d z—~d(z) r(t)
16a2 exp(2) [ ( 1 ) th(z)] 1
<2 gy (145 ) +
6 ) & | Vrn@al)
32a° 72 (x) ) 20!
< —— exp(2 <1 +
g3 @ av1(1+6%) ¢ (z)r1 (z)
320a3 1 1 1

ST ql(w)rl(z)=§ ql(w)rl(z‘)‘
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This is a contradiction. Hence, d(z) > vd(z) for |z| > 1. Now let us apply (9.20)

and (9.3). Assume that d(z) > y2d(z) where v, = 160“ . Then, taking a bigger |z|, if
necessary, we get

@ dt | Pexp(-2) (U dt

! > i exp(—2)/ — —
Va(@)ri(z) ~ 83 a? o—d(z) T(t) T 8/3a? o—d(z) T(t)

62exp( -2) 1 _%exp(=2) (. a 1
> a7 *0) = s (-5 (@) NREMO]

e » 1 -2 1
2 80v3 a® Vri(z)g () - V3 \/7‘1(55)111(33)'

This is a contradiction. Hence, d(z) < 7,d(z) for |z| > 1. Thus,

(9.21) '6716 (g) d(z) < d(z) < 1660“ d(z), |z|> 1.

From (9.21), using the fact that d(z) is continuous (see Lemma, 2.2), we obtain

-1 [ri(2) r1(z)
(9.22) CI‘/ql(z Sd(w)sc”m7

To obtain (9.22) for z € R, we use the same method as for (9.16).
Now, claim C) follows from claims A) and B). O
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