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REGULARITY OF THE INVERSION PROBLEM 
FOR A STURM-LIOUVILLE EQUATION IN Lp(Ry 

N. CHERNYAVSKAYAt AND L. SHUSTER* 

Abstract. We consider an equation 

(1) -(r(x)y'(x))' + q(x)y(x) = f(x), xeR 

where r{x) > 0,  q(x) > 0 for x G R,   ^y € Llfc(R),  q(x) € L1
1
oc(JR). We study the inversion 

problem for (1) with f(x) E Lp(R), p £ [l,oo]    (Loo(^) := C(^) is the space of bounded continuous 
functions in R with norm ||/||cr.R) = SUP 1/(^)1) in the case when ^(x) is oscillating (for example, 

xen 
q(x) = 1 + sin (|a;|0), d 6 (0,oo)). We obtain necessary and sufficient conditions under which, for all 
p G [l,oo], the following assertions hold: 

(1) equation (1) has a unique solution y(x) G LP(R) and 

y{x) = (Gf)(x) d=   (^ G{x,t)f(t)dt, xeR; 
J — oo 

(2) \\G\\P->P < oo. 
Here G(£,£) is the Green function corresponding to (1). 

1. Introduction. In this paper we consider an equation 

(1.1) -(r(*y (z))' + q(x)y(x) = f(x),        xeR. 

Here and throughout the paper f(x) € Lp(R)^ p G [l,oo]   (L00(i?) := C(R) is the 
space of bounded continuous functions in R with norm ||/||C(JR) = SUP 1/(^)1); an(l 

xeR 
r(x) and q(x) satisfy the following conditions: 

(1.2) r(x) > 0,     q(x) > 0    for    x G R;    -^ G L[0C(R), q(x) eL[0C(R) 
r(x) 

00. (1.3) Urn    ( P    -^r •  r   q(t)dt) = 
\d\->oo\Jx_dr(t)    Jx_d ) 

Our goal is to study the inversion problem for (1.1) in the case when q(x) is oscillating 
(for example, q{x) = 1 4- sin(|#|^),# G (0,oo)). To be more precise, we find necessary 
and sufficient conditions under which, for all p G [1, oo], the following assertions 

1)    equation (1.1) has a unique solution y(x) G LP{R) and 

/oo 

G(x,t)f(t)dt,    x£R (1.4) 
-OO 

2) \\G\\p->p < oo. (1.5) 

* Received June 24, 1998; revised June 9, 1999. 
t Department of Mathematics and Computer Science, Ben-Gurion University of the Negev, 

P.O.B. 653, Beer-Sheva, 84105, Israel. Supported by the Israel Academy of Sciences, under Grant 
431/95. 

$ Department of Mathematics and Computer Science, Bar-Ilan University, Ramat-Gan, 52900, 
Israel. Supported by the Israel Academy of Sciences, under Grant 505/95. 

65 



66 N. CHERNYAVSKAYA AND L. SHUSTER 

hold simultaneously. In (1.5), G : LP(R) ->• Lp(R) is the linear integral operator 
defined by equality (1.4). Its kernel G{x,t) is the Green function corresponding to 
(1.1): 

(1 6) Gix t) = { U(XW)>       x - t 

\ u(t)v(x),        X < t 

and {u(x)Jv(x)} is a special fundamental system of solutions (FSS) of the equation: 

(1.7) (rWz'ix))1 = q{x)z{x),        x G R. 

(see §2.) Below we say that, for a given equation (1.1), the inversion problem (i.p.) is 
regular in LP(R) if for all p G [l,oo], l)-2) hold simultaneously. Let us formulate the 
main result of the paper (Theorem 1.1). Introduce three auxiliary functions. Consider 
equations in d > 0: 

(1.8) 1 = /     -JL. • /     q{i)dt,       1 = /      -^ • q{t)dt 
Jx-dnt)   Jx-d Jx      r{t)   Jx 

where x is fixed. For x € R, each of the equations (1.8) has a unique finite positive 
solution (see [1]). Denote them by di(x),d2(x), respectively. Set for x £ R 

fx dt        ,. .       r*+Mx)  dt 

Jx-dtix) r(t) Jx r(t) 
(1-9) , s -i 

<p(x)il>{x)        i  r*+Mx) h(x) = .J1~7Z'^ = [f2o     ^W ip(x)+il)(x)       \Jx-dl{x) 

Furthermore, for any fixed x € R the equation in d > 0 

rx+d ^ dt 

-d 
<L10) '-L Htm- 
has a unique continuous positive solution (see [1]). Denote it by d(x). 

THEOREM 1.1.    For the regularity of the i.p. for (1.1) in Lp(R), it is necessary 
and, under the condition: 

(1.11) a~1ip(x) < i^(x) < aip(x),      x e R,      a = const 

sufficient that B < oo. Here B = sup(h(x)d(x)). 
xeR 

Since the hypotheses of the theorem do not comprise any direct requirements to 
r(x) and q(x), one needs some comments. 

Let us first consider condition (1.11).   The proof of Theorem 1.1 is based on 
properties of the Green function (1.6). In particular, it is known that for x, t G R one 
has the following representation (1.12) of Davies-Harrell ([3]) and estimates (1.13) - 
(1.14) 

(1.12) G(x,t) = Vp(x)p(t)exp (-1 J ; d£ 

(1.13) r(a:)|p'(a!)|<l,        x £ R 

p(x)^G(x,t) 
t=X 
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(1.14) 2~1h(x) < p(x) < 2h(x),        x e R 

(see also [1] and Theorem 3.1 below). In (1.12) p(x) is a basic element for the construc- 
tion of G(x,t), and this function and its derivative are bounded a priori inequalities 
(1.14) and (1.13), respectively. We show (§3) that (1.11) is equivalent to the conditions 

(1.15) m = sup (r(a;) |p'(£)|) < 1. 
xeR 

Below we analyze this condition in detail because in this paper the estimates for 
G(x,t), whose proof is based on application of (1.15), are crucial. First, note that 
m may be any number from [0,1) (say, arbitrarily close to 1), and therefore (1.15) 
is a weak strengthening of the a priori property (1.13). On the other hand, (1.15), 
(1.12) and (1.14) allow one to estimate the decreasing of G(x, t) which depends on the 
deviation of x from £, and we did not manage to settle this problem in terms of the 
function p(-) without introducing condition (1.15). In order to clarify our intentions in 
what concerns (1.15), below we present a proof of this estimate. Note that, on the one 
hand, the proof is very simple; and, on the other hand, while applying this inequality 
we show the main idea of the paper. So, let m = 1 — £, e G (0,1]. Then for f G R and 
x > £, we get 

(1.16) P'(0 < 
1-e P{x) 

< exp   (1 
P(0  - r(0p(0       p{t) 

Hence for x > t, in view of (1.12) and (1.16), we get 
-"jf 

# 
riSMQ 

(1.17) 

<p(()exp(-£[£    « 
HMO 

For x < t, inequality (1.17) can be proved in a similar way.  Indeed, for f G R and 
x < t, we get 

At) > Pit) 
P(Z)  -    r(0/»(0       p{x) 

p(x)<p(t)exp((l-e)J 
H-(i-"£*&) 
r(t)p(Z)J 

Thus, now (1.17) for x < t follows from the last inequality using (1.12) in the same way 
as (1.17) for x > t. As to development of estimate (1.17) with the help of inequalities 
(1.14), we postpone it till §8, where we prove Theorem 1.1 using the final estimate for 
G(x,t). 

Continuing our analysis, we note that under condition (1.15), a FSS {u(x),v(x)} 
of equation (1.7) has many common properties with the analogous FSS of the simplest 
equation z"(x) = z(x) (see Lemma 3.1 of §3 for a list of such properties). Therefore 
in the sequel, equations (1.1) and (1.7) satisfying (1.15) are called standard (because 
of the standard behavior, in the sense of Lemma 3.1, of the FSS {u(x),v(x)}). We 
denote by S the class of all standard equations and write (1.1) G 5, (1.7) G S. Such a 
classification of equations (1.1) may be useful since in the class 5 one can thoroughly 
investigate the properties of the solution of (1.1) (see, for example, [2]). 
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As to the condition B < oo, we note that in class S it is equivalent to the following: 

A f (      1 /^+M(aO \ 
(1.18) A ^ inf     —— / q(t)dt    > 0, 

where /x(a:) is an auxiliary function in r(x) and g(a;) which is continuous and positive 
for x € R with 

(1.19) lim  (x +/ji(x)) = -oo, lim (x -//(x)) = oo. 
a;—>-oo 

(see §3). Hence, the condition B < oo means that some local average value (of the 
Steklov type [6]) of the function q^x) must be separated from zero on R. (A similar 
condition related to 1) - 2) was used in [1].) To conclude, note that in order to 
solve the problem of the validity of assertions 1) - 2) for equations (1.1) ^ 5, one 
needs methods and tools different from those used in this paper. We shall investigate 
non-standard equations (1.1) in our forthcoming papers. 

2. Preliminaries. Throughout Section 2 we assume that (1.2) - (1.3) hold. We 
denote by c absolute positive constants which are not essential for the exposition, and 
may even differ within a single chain of calculations. 

THEOREM 2.1. [1].    There exists a FSS {u(x),v(x)} of (1.7) such that 

u(x) > 0,   v(x) > 0,   u'ix) < 0,   v'(x) > 0       for   x eR 

(2.1) r(x)[v'(x)u(x) - u'faMx)] =1 forxeR 

v(%) ,.     u(x) lim   -^-4   =    lim -^- = 0. 
x-t—oo U{X) x-+oo v{x) 

COROLLARY 2.1.1. If z(x) e LP(R), p e [l,oo) satisfies (1.7), then z(x) = 0. 
A FSS {u(x),v(x)} with properties (2.1) is called a principal FSS (PFSS) [1]. 
LEMMA 2.1. [1,3].    For x e R, a PFSS of (1.7) admits the representations 

(,2>   „W - v^iexp (-1 £ -jA_) , „W = ^exp (i £ -A-) 

where p(x) = u(x)v(x) andxi is the unique root of the equation u(x) = v(x). Moreover, 
for G{x,t) (see (1.6),) one has (1.12), and for p(x) one has 

(2'3) /-co r(0p(0 - L 
— oo. 

r(0p(0 
LEMMA 2.2. [1]. For a fixed x 6 R each of the equations (1.8), (1.10), has a 

unique finite positive solution. Denote them by di(x),d2(x),d(x) respectively. The 
function d{x) is continuous for x G R. 

THEOREM 2.2. [1].   For x £ R the following inequalities hold (see (1.9),): 

(2.4) 2-lv(x) < [r{x)v'(x)}w(x) < 2v{x),   2-1u(x) < [r(x)\uf(x)\]ip(x) < 2u(x) 

(2.5) 2-1h(x) < p(x) < 2h{x). 

In particular, for x € R one has inequalities v'(x) > 0, u'{x) < 0. 
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LEMMA 2.3. [1].   Let x e R, t e [x - d(a;), x + d(x)}. Then, 

_!  ^   V(t)       U(t)       p(t) 
a  1 < -7^-, -7-^, -7— < a,    a = exp(2) 

(2.6) vW    u(x)    P(x) 
(4a)"^(a:) < h(t) < 4a/i(x). 

DEFINITION 2.1. Let x(t) be positive and continuous function for t e R. We say 
that segments {An, n = ±1, ±2,...} form an R(x, x(-)) covering of i?, if 

1. An = [A", A+] d=f [xn - xixn),xn -I- x(xn)],    n = ±1, ±2,... 
2. A;+1 = A+  ifn>l; A+.i = A"  if   n <-1 

3. Ajf = Ali = x,   U An = #. 

LEMMA 2.4. [1].     For every x G R there exists an R(x,d('))-covering. 
Let us define 

/oo 
G(x,t) dt. 

-00 

LEMMA 2.5. [1]. Le^p G [l,oo],fl" < 00, and suppose that (1.7) Aas no sofe- 
h'ons z(x) G Lp(ii) apari /rom z(x) = 0. T/ien assertions 1) - 2) 0/ §1 hold, and 

IIGHp-p <  ff. 
3. Statement of results. In addition to Theorem 1.1, our main result, the 

following assertions hold. 
THEOREM 3.1. For x G R, (1.13) holds. Conditions (1.11) and (1.15) are 

equivalent 
THEOREM 3.2. Let p G [l,oo]. Then \\G\\p-+p > 81"1 B. In addition, if (1.1) 

G 5, then 

(3.1) SI"1!? < HGIIp-p < C(a)B,    C(a) = 72 (l - exp (-^^ 1)))     • 

/fere, G and B are defined in (1.4) and in Theorem 1.1, and a is a constant from 
(1.11). 

LEMMA 3.1.   Le£ (1.7) G 5, e = 1 - m > 0 (see (1.15);. Then 

(3.2) r(x) /o(x) ^(x) > |i;(x), r(x) p^)^'^)] > |u(x),     a; G JR 

(3.3) lim   v(x) =   lim   r(a;)t;/(a;) = lim u(x) - lim r{x) u\x) = 0 v       / x-+-oo x->-oo x->oo x->oo 

(3.4) lim v(x) = lim r(x)v'(x) =   lim   u(a;) =   lim   r(a:) \u'(x)\ = oo. v       / x->oo x->oo x->-oo x-)—oo 

COROLLARY 3.1.1.   //sfc) G Lp(iJ), p G [1, oo] satisfies (1.7) G 5, tAen z(x) = 0. 
Introduce a function /i(a;). For a fixed x £ R consider an equation in fi > 0: 

(3.5) 1= r^qlOKOdt. 
Jx—ii 

LEMMA 3.2. Let (1.11) hold. Then (3.5) /ms at least one positive solution. Let 
us define 
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The function /J,(X) is continuous for x G -R, and (1.19) holds. 
THEOREM 3.3. The i.p. for (1.1) e 5 is regular in LP(R) if and only if A > 0 

(see (1.18),). Moreover, for p € [l,oo] one /ms inequalities: c-1^-1 < ||G||p_»p < 
cA-1. 

COROLLARY 3.3.1. Let (1.1) G 5 andq(x) -+0 asx -> -oo orz -> oo. TAen ^fte 
i.p. for (1.1) is no^ regular in LP(R). In particular, \\G\\P^P = oo for any p G [l,oo]. 

COROLLARY 3.3.2.   Under condition (1.11),   B < oo if and only if A > 0. 
COROLLARY 3.3.3. Let (1.1) G 5. 1/ the i.p. for (1.1) is regular in LP(R), then 

/0 poo 

q(t)dt=  /     q{t)dt = 
-oo ./O 

00. 

The following theorem shows that, under an additional condition to (1.2) - (1.3), 

(3.6) 7_1 < r(x) < 7,        x G R,        7 = const, 

the regularity of the i.p. for (1.1) in Lp{R) depends only on properties of q{x). First, 
for a fixed x G R consider an equation in d > 0 : 

px+d 

(3.7) 2 = dl       q{t)dt. 
J x—d 

Under conditions (1.2), (1.3), and (3.6), equation (3.7) has a unique positive continu- 
ous solution [1]. Denote it by d{x). Note an inequality [1]: 

(3.8) (27 + 2)-1 d{x) < p{x) < 2-1(27 + 1) d{x),        x e R. 

THEOREM 3.4. Under conditions (1.2), (1.3) and (3.6), the i.p. for (1.1) is 

regular in LP(R) if and only if K < 00. Here K = supd(:c). 
x£R 

Remark.   The function d(x) was introduced by M. Otelbaev (see [5]). 
Remark.   In the proofs below we mainly used the results of [1] (see §2). These 

assertions hold under condition (1.2) and condition (3.9) which is weaker than (1.3): 

(3.9) inf     lim   ( [*   -^-• f*   q(t) dt] > 0 
*en\dHoo\Jx_dr(t)   Jx-d     J     J 

(see [2]). Thus the theorems proved in this paper hold under assumptions (1.2) and 
(3.9), and their proofs do not differ from the one given in §5-§8. 

4. Conditions for regularity of the inversion problem expressed in 
terms of coefficients. Examples. The main result of the present paper is formu- 
lated in terms of the auxiliary functins (p{x), ij)(x), h(x) and d(x) (see Theorem 1.1). 
Therefore, to apply it, one has to extract the needed information on these functions 
from the properties of the coefficients r(x) and q(x). Theorem 1.1 allows one to use 
sharp by order two-sided estimates of ^(x), i^(x), h(x) and d(x) instead of their val- 
ues. This significantly simplifies the study of concrete equations (see Examples 1 and 
2 below). In Theorem 4.1, we give inequalities for the auxiliary functions expressed in 
terms of r(x) and q(x). See §9 for the proof of this theorem. 

THEOREM 4.1. Suppose that (1.2) holds and there exist continuous positive func- 
tions ri(x),qi(x) and functions ^(z) G Ll°c(R)1q2(x) G L1

1
0C(JR) such that: 

(1) r(x) =ri(x)+r2(x),   q{x) = qi(x) + ^(x),   x € R, (4.1) 
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(2) for some constants a, 6(6 > 3a > 0) and \x\ ^> 1 one has the inequalities 

(4.2) I < IlW     9i£U a    for  \t-x\< bd(x),   d(x) = J^\; 
a      r^x)    q^x) y qi(x) 

(3) there exists S G (0,1] such that r(x) > 5ri(x),   x G R] 
(4) xi(x) -> 0, X2(x) -> 0 as |a;| ->• oo, «;/iere 

xi(x) 

(4.3) 

/ =     sup 
Vrl(^)^l(^)    |z|<6d» 

^W = y/riWqxfa)      sup 
|z|<6d(a;) 

/        q2(t)dt 
J X 

rx+Zr-i 

T/ien ^e following assertions hold: 
A)  Condition (1.3) is satisfied, equation (1.7) G 5 and 

c 1 < /i(x)\/ri(a;)^i(x) < c       for   x e R. 

B) //, in addition, b > 160a3S~2, then 

c~1d(x) < d(x) < cd(x)        for   x G R. 

C) The i.p. for (1.1) is regular in LP{R) if and only if inf qi{x) > 0. 
x€R 

Example 1.   Consider equation (1.1) with the coefficients for x G it! 

r{x) = 1 + x2 + ^^ cos(el^),    ^(x) = e'*' + e^l sin(e^l). 

According to Theorem 4.1, choose ri(x) = 1 + x2, gi(a:) = e^L Then d(a;) = 
(1 + a;2)1/2e~lxl/2 -> 0 as |a:| ->• oo. Let us verify that for any fixed 6 > 0 all the 
hypotheses of Theorem 4.1 are satisfied. One can assume x > 0 because all the above 
functions are even. Since d{x) -» 0 as |x| —>• oo and 

rL(') _ !_+ *"_ _! + (t _^^±4,   ftja = e*-x 
ri(a;)       1 + x2 1 + x2'     ^i(x) 

one can see that (2) holds, say for a = f. Clearly in this case, 5 = |, and (3) also 
holds. Furthermore, 

"l(s) =      /,    ,      o   T/o       SUP 

rx+z 

e1 sin(e*)di < 
y/\ -f x2exl2' 

To estimate ^(x), we use the second mean theorem [7, ch.12, §3], which can be 
applied here for x > 0 : 

X2(x) = -y/l + x2exl2    sup 
2 \z\<bd{x) 

C+2 6*008(6*)* 

< ±y/l + x2ex/2 

rx+z eU 

Jx        (l + ^2)e* 

/       etcos(et)dt 
Jx 

SllP       fl+x2W 
< 

Vl + a;2e*/2 
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From the estimates for xi(x) and ^(ar), it follows that all hypotheses of Theorem 4.1, 
including A), B) and C) are satisfied. In particular, for x G it!, one has inequalities: 

VTT^ eM/2 
1
     < h(x) <       C 

VTT^ el^l/2' < d(x) < 
Cy/1 + X2 

el^l/2    ; 

and i.p. for (1.1) here is regular in LP(R) because qi — e^l and inf^g^e^' = 1 > 0. 
Example 2.     Consider (1.1) for which (3.6) holds and q{x) is of the form 

(4.4) g(z) = l + sin(|af),    0e(O,oo) 

The i.p. for such an equation is regular in LP(R) for 6 G [l,oo) and irregular for 
8 G (0,1). Using Theorem 3.4, one has to verify K < oo. 

Below we use the following simple fact: 
LEMMA 4.1. Let d(x) be the solution of (3.7), and let rj > 0. The inequality 

r] > d(x) (rj < d(x)) holds if and only if 

i    i r^71 (\   i rx^       \ <4-5)      ^5/_««>« u^l.'M- 
Proof. 
Necessity. Let r) > d(x). Then [x - d(x),x + d(x)] C [x - rj, x + r]], and, therefore, 

111     rx+d(x) rx+r) 

77      a(x)      ^ Jx-d(x) Jx-n 

Sufficiency. Suppose that (4.5) holds.   Assume the contrary:  77 < d(x). Then 
[x — ri,x + rj\c[x — d(x),x + d(x)] and, thus we obtain a contradiction 

x+d(x) 

-<^/        q{£)<U-<- q{0dZ=J-. 
rj      * JX-T) * Jx-d(x) d(x) 

U 
Return to our example for d G (0,1). Let us show that d(xk) ->• 00 for k -> 00 if 

x^; = (2&7r + I TT)      ,   k = 1,2,.... To do that, let us estimate Jk 

fXk+rik 

fXk-r)k 

i-e 
where rjk = xk 2   It is easy to see that 

rXk+rik 

Jk= [1 + sin (\t\9)]  dt, 
J Xu—T)u 

rVk 

Jk -^k^- I      [sin (xk + zf + sin (xife - z)6]  dz. 
Jo 

Since ry^ • xk 
1 -> 0 for k —> 00, we have for z G [0, rjk] 

(xk+z)e=xl   1 + 

(^-^ = 4   1- 

2; 

a?ib. 

= xl+6rt[^ + 9-^xi(±)   +...**4 + ak{z) 

=xl-gxl[±)+
eJL^lxl(±)   -..V^+Mz). 4-64 

Xk 21 Xk 
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Note that rjkXfT1 —»• 0 for k —> oo, and the inequalities 

\ak(z)\ < 2exe
k-
lz,    \pk(z)\ < 2exe

k-
1z 

hold for all k ^> 1 uniformly in z G [0,^]. Hence, for k ^>1 we obtain 

Jk = 2rik+ [sin (x9
k + a*^)) + sin (xg + Pk(z))]  dz = 2^ 

- /     [cos(aA.(^)) + cos()9fc(2;))] d^ 
Jo 

rh\2     ak(z)Z+pk(z)2 , aft(^)4+^(z)4 

2m- 2-"*w  0,^^   + 
2! 4! 

dz 

-yo 2 -        k     Jo 3       *     fc-ifo 

Thus for fe > 1 by Lemma 4.1, we conclude that d(xk) > rjk. Since rjk -> oo for 
A; -> oo, by Theorem 3.4 we obtain our claim for 9 G (0,1). 

Let 9 e (1, oo). For a; > 1 we have 

i  rx+2 cwt6 x+2 r l-       (1 + sint°)dt = 2-(e-i)c-^r      +(9-i) 
Z Jx-2 l x-2 Jx 

x+2 ,„ ., r+2costedt   0    c    i 
>2--S-T>-. 

x-2 ^x-2        6 x z 

Hence, d(#) < 2 by Lemma 4.1. Similarly, we obtain d(x) < 2 for x <C — 1. Since the 
function d(x) is continuous, then the above proves that it is bounded for x G R and 
and inequality K < oo holds. 

Let 9 = 1. Then, 

2 A 

£+4 -. 

(1 + sin*) cft-=4-cost I^J > 2 > -. 
£-4 ^ 

Hence, d(x) < 4 for x > 4, and, similarly, d(a;) < 4 for x < -4. Thus, d(a;) is bounded 
for x G R because it is continuous, and inequality K < oo holds. 

Remark. All the assertions of Theorem 4.1 follows from the two-sided estimates 
for the roots di(x) and d2(x) of equations (1.8) which are obtained in the course of 
the proof, and from Theorem 1.1 (see (§3 and §9)). The proof of these estimates rests 
on technical tools whose application guarantees that conditions (1) - (4) hold (see 
above). To any other method of obtaining estimates for di (x) and d2 (x) there would 
correspond another variant of an assertion such as Theorem 4.1. Thus, one can find 
some concrete conditions for regularity of the inversion problem for equation (1.1) in 
LP(R); each of such conditions will follows from Theorem 1.1. 

Note that such a relationship between the general criterion (Theorem 1.1) and 
"concrete" sufficient conditions (such as Theorem 4.1) is typical. For example, in the 
theory of number series one has the same relationship between the Cauchy convergence 
criterion and various particular conditions for convergence. 

5. Auxiliary assertions. In this section we prove Lemmas 3.1, 3.2 and some 
technical assertions. 

Proof of Lemma 3.1.   For x G R from (2.2) it follows that 

(5.1)  2r{x)p{x)vl{x) = [1 + r(a;)p/(x)]i;(x),   2r{x)p{x)u'{x) = -[1 - r{x)p'(x)]u{x). 
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From (5.1) and (2.1) one deduces (1.13). Let m = 1 - e, e € (0,1] (see (1.15)). Then 
for x e R from (1.15) we get (5.2) and (3.2): 

(5.2) €       <v,{x) <      1 g       < lu'{x)l <      1 xei?. 
2r(a;)p(x) — v(x) ~~ r(x)p(x)'   2r(x)p(a;) —   u(rc)   ~ r(x)p(a:)' 

From (5.2), for x > t, x,t 6 R we obtain: 

(5.3) exp f | f -pA-) < 2^ < exp ( f -«     ) . 

From (5.3) and (2.3) we get (3.3) and (3.4) for v(x) and, similarly, for u(x). Since 
v'it) ^ 0 for ^ € R (see (2.4)), one has 

(5-4) T^y^T " 9(0 KiMO '     e e A 

Hence, for c = r(0)vf(0) we have 

(5.5) r(x)v'(x) = cexp^l%(0^^j    ,        x>0 

(5.6) r(x)v'(x) = c exp (- jT g(0 ^^y). « < 0 

Let us verify that if (1.7) G 5, then 

9(0p(0de = «),    / ^MO « = oo. 
-oo ^0 

Indeed, for x > 0 from (5.2) and (5.5), one deduces (5.8) and (5.8) implies (5.9): 
(5-8) 

^<r(x)p(xy(x) = cp(x)exp (J* ^^Q) <cp(x)exp (f j[%(0p(0« 

(5.9) | exp (-? jT  ^(OP(O^) < cu(x),    x>0. 

From (5.9) and (3.3), for u(x), we deduce the second equality of (5.7) and, similarly, 
the first one. Now (5.2), (5.5) - (5.7) imply (3.3) - ( 3.4) for r(a;)i;/(a?) and r(x)u'(x). 
U 

Proof of Corollary 3.1.1. For p G [1, oo) the proof follows from Corollary 2.1.1. 
Because of (2.1) and (3.3) - (3.4), it is obvious for p - oo. D 

Proof of Lemma 3.2. The existence of a positive root of (3.5) follows from (5.7) 
and (2.5). Let us check the inequalities: 

(5.10) \ii{x + 8) - p{x)\ < \s\        for        \s\<p(x),    x G R. 

Let s G [0,p(:c)]. Then, 

rX+lL{x) r(x + s) + (s+ll,{x)) 

i = /      <7(0M£)# < / qimzw 
JX—/J,(X) J(x-\-s) — (s+ii{x)) 

rX+fi{x) r(x+s) + (lJ,(x)-s) 

i = /      qtmm > / q(mm- 
Jx-fj,(x) J(x-\-s)-(/jt(x)-s) 
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From this we conclude that ^(x + s) < II(X) + 5, ii(x + 5) > ii(x) — s, i.e., (5.10) holds. 
The case s G [—//(#),0] can be treated in a similar way. From (5.10) it follows that 
//(x) is continuous for x G R. Let us verify, for example, the second equality of (1.19). 
If it is not true, then there are XQ and {xn}(^:-1 such that xn -» 00 as n —>• 00, and 
#n - ^(rcn) < XQ, n = 1,2,... . Then, by (5.7) and (2.5) we get a contradiction: 

Jxn—u(xn) Jxn ^ Jxn 

def , 
LEMMA 5.1.   Lei (1.7) G 5, x G R, te A(x) = [x - /x(x),x + /i(x)]. T/ien, 

u(x)     i)(a;)     p{x)     h(x) 

Proof.   Prom (5.4) we get (5.12) and (5.13): 

r(t)v'(t)  =rvn/7'g(gMg 
r^i;'^) P U    r(0i;'(0 7 ' 

From (5.2), (5.12) and (2.5), for te[x,x + fi(x)], it follows that 

(5-14)    i^wE ^exp f 7 T 9(0^(0*) ^exP (7 /     QiOHOdt) =exp r(a;)i;/(x) \e Jx J \e JA{x) I 

Since rfyv'it) does not decrease, (5.14) also holds for t G [x - IJL(X),X]. Similarly, for 
t G [x — /x(a:),x], from (5.2), (5.13). and (2.5), we get 

<5-15>   WiM^" (? /"««>/■«>«) S«P (j /    rtOMIw) =exp 

and r(t)v'(t) does not decrease, and (5.15) remains true for £ G [a;, a: + fJb(x)]. Thus, 
for i G A(x), x G R one has the inequality 

(5.16) c-VfaV(s) < ^W^W < c r(a;y (x). 

Now, from (5.16) and (5.2), for t G A(x), we get 

1 '    j       w(x)      i;(t) ' p(x) - e   ritWit)   '   u(x)      v(t) p(x) " 2   r(ty(t) ' 

From (5.16) - (5.17) we deduce (5.11) for u(x) and, similarly, for v(x). This immedi- 
ately implies (5.11) for p(x) and, by (2.5), also for h(x). D 

LEMMA 5.2.    // (1.11) /io/c?5; then for x G i^ there exists an R(x, //(•))-covering. 
Proof.   Let i/(£) = t—fji(t)—x. By Lemma 3.2, i/(t) is continuous for t G R. Clearly, 

v(x) = — fi(x) < 0. By (1.19), one has u(to) > 0 for some £0 > x- Then z/(ti) = 0 
for some ti G (x,to), i.e., x = ti — /i(ti),fi > x. Set Ai = [ti — iJ>(ti),   ti + M(^I)]. 

00 
Similarly, one can construct segments A2, A3,... . Let us verify that  U An = [x, 00). 

71=1 

Assume the contrary. Then there is XQ > x, such that A+ < XQ for all n = 1,2,... . 
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By construction, the sequence {tn}^-1 is increasing and bounded by XQ. Let £ be its 
CO 

limit, £ G (x,Xo]. Since oo>xo — a;>2^ M^n)? one has /i(£n) —> 0 as n —> oo. 
71=1 

Since /i(-) is continuous, we get //(£) = 0, a contradiction to Lemma 3.2. The other 
assertions of the lemma can be checked similarly. D 

LEMMA 5.3. For the regularity of the i.p. for (1.1) in Lp{R)^ it is necessary and, 
under the condition (1.1) G 5, sufficient that H < oo. One has ||G||p_+p < H. 

Proof Necessity. Let the i.p. for (1.1) be regular in LP(R). Then the operator 
G: C(R) -)• C(R) is bounded (see (1.4)). Hence, for f(x) = 1,   x G R one has 

H = sup 
xeR 

/oo 

G(x,t)f(t)dt 
-oo 

= ||(G/)(*)llc(*) < IIGHcw-cwII/llcw < oo. 

The proof of sufficiency follows from Lemma 2.5 and Corollary 3.1.1. D 

6. A criterion for a homogeneous Sturm-Liouville equation to be stan- 
dard. In this section we prove Theorem 3.1. 

Proof   Inequality (1.13) follows from (2.1): 

(r(x)pl(x))   = r2(x) [v'^uix) + ul(x)v(x)]   = r2(x) [v'^utx) — u,(x)v(x)] 

- 4r2(x) \u'(x)\ v'(x)u(x)v(x) = 1- 4r2(x) \u'(x)\ v,(x)p(x) < 1. 

Let us verify that (1.11) and (1.15) are equivalent.  Let m = 1 — e, e G (0,1). 
Then, from (2.4), (5.1) and (2.5) one deduces relations leading to (1.11): 

2 r(x)v'(x)   _ l + r(x)p'(x)      £ J_      £ _J_ _ £   f_l_        1 
(p(x) v(x) 2p(a:) 2 p(x)      4 /i(x)      4   \^(a;)      ijj(x) 

2 r(a?)|M/(a?)| _ 1 - r^p'ix)      e_ _1_      £ _J_ _ £   /_2_ 1 
il>(x) ~       u{x) 2p(x)        _ 2 p(a;) ~ 4 ft(a;)      4   \^(a:)      ^(a:) 

Let (1.11) hold. Then (5.1) and (2.4) imply (6.1), and (6.1) implies (6.2): 

(6.1) _L < I ^1 < K(x)l \<x)\ = l-KaOp'Os) < 4 ^) < ^ x € ^ 
4a _ 4 ^(x)        w(a;)   ^'(a:)       1+ r(a:)p/(a;)         ^{x) 

(6.2) ^(^Ip'^)! < (4a - 1) (4a + l)"1,        x G R. 

Q 

7. Necessary and sufficient conditions for the Green operator to be 
bounded. In this section we study the properties of operator G (see (1.4)). 

LEMMA 7.1.    Let UJ{X) be a positive function, continuous for x £ R, such that 

(7.1) c~1v(x) < v(t) < cv(x),   c~1u(x) < u(t) < cu(x)   for  \t — x\ < oo{x),   x G R. 

If ([Gllp^p < oo for some p G [1, oo], then sup(h(x)u(x)) < c\\G\\p^p. 
xeR 

Proof Let p G [l,oo), let fx(t) be the characteristic function of the segment 
A (a?) = [X-U;(X),X + UJ(X)]. From(7.1) and (2.5), for t € A (a?), we get (7.2), and (7.2) 
=> (7.3): 

(7.2) (%)(«)=»«) f   »m+»«) r"w
nm>^^>^^ 

JX-UJ(X) Jt C C 
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(7.3)       HGHjU^      sup      ^|>sup 
 P(R)  II/IIP 

||G/,,,P 

o^feLp xeR 

LP(A(X)) > sup f h(x)uj(x) 
2u(x) x€R 

For p = oo one can take f(x) = 1, a: € iZ as a test function and repeat the same 
argument. D 

LEMMA 7.2.   Let tfte hypotheses of Lemma 7.1 /ioM.  ///or even/ x € R there 
exists an i?(x, to(•))-covering (see Definition 2.1) and 

(7.4) 
(-• /.a:+u;(a;) \ 

—-r-r / g(t)dt    > 0, 
MX) Jx-.(x)      ^      I 

then H < c6~l (see (2.7)). In addition, if for any p G [l,oo] equation (1.7) has no 
solution z(x) £ LP(R) apart from z(x) = 0, then the i.p. for (1.1) is regular in Lp(R), 
and ||G||p-»p < c^-1, p G [l,oo]. 

Proof   From (2.1) it follows that for x G R one has (see [1]): 

/x pOO 

q(t)v(t)dt + v{x) /     q{t)u(t)dt d= {Gq){x) 
-oo J X 

We use an jR(a:,a;('))-covering, (7.5), (7.1) and the notation A (a;) = [a; — u(x),x + 
u)(x)]i 

~1     f ^   f 
1 > (Gq)(x) = u(x)   ^T    / q(t)v(t)dt + v(x) ^ / q(t)u(t)dt 

n=_00JA(xn) n=1JA(xn) 
-1 

> - I u(x)   ^2  v(xn)u(xn) 

4- v(x),^2u{xn)u(xn) 
n=l 

2u){xn) JA{Xn) 

2w(a;„) JA(xn) . 

v(xn) 

q(t)dt 

L «(*) J 

> — ^ ii(x)   V    /        t;(t)dt + v(x) V /        wmdt > = -^ /     G(xyt)dt. 
C     I nf^oo ^(xn) ^1 /A(,n) J ^ 7.^ 

Thus H < c26 1. It remains to apply Lemma 2.5. □ 

8» Proof of the main results. In this section we prove Theorems 1.1, 3.1 - 
3.4 and their corollaries. 

Proof of Theorems 1.1 and 3.2. 
Necessity. By Lemmas 2.2 and 2.3, the function d(x) satisfies the hypothesis 

of Lemma 7.1. By this lemma we get for a;(a;) = d(x) and we obtain Sl-1^ < 
||G||p_>p, p G [l,oo] (see Theorem 1.1 and (3.1)). 

Sufficiency. Since (1.1) G 5, by Corollary 3.1.1 and Lemma 2.5 it is sufficient to 
prove that H < oo (see (2.7)). From (1.11), (6.2), (1.17) and (2.5) we get 

(8.1) G(a;, t) < p(t) exp \[t 
-co   / 

\Jx 

<% 

r(0M0 
x,t e R. 
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Here 2co = (4a + I)-1, and a is a constant from (1.11). Below we use (2.5), (8.1), 
Lemmas 2.3, 2.4 and the definition of d(x) (see Lemma 2.2): 

< 36 <   ]P  exp(-| |n| - l\co)h(xn)d(xn) + ^ exp(-|n - l|co)/i(a:n)d(a;n) > 
l,n=—oo n=l ) 

(8.2) 
< c(a)B. 

From (8.2) we get H < c(a)B, which completes the proof of Theorem 1.1 and (3.1). D 

Proof of Theorem 3.3. 
Necessity. Since the i.p. for (1.1) is regular in LP{R), the operator G\ LP(R) -> 

Lp(R) is bounded for p G [l,oo]. By Lemmas 3.2 and 5.1, the function //(#) satisfies 

the hypothesis of Lemma 7.1 and, therefore, /JQ = sup(h(x)f.L(x)) < oo. From (3.5) 

and (5.11) we get A(x) := [x — fJ>(x), x + ^(x)]: 

1 =  [      q(t)h(t)dt < ch(x) [      q(t)dt < Cfio   —^ /      q(t)dt 
JA(X) JA(X) 2fJ,{x) JA(X) 

, x € R. 

Hence, A > (c/io)"1 (see (1.18)). 

Sufficiency. By Lemmas 3.2, 5.1 and 5.2, the function /j,(x) satisfies Lemma 7.2. 
Therefore, H < cA-1. It remains to refer to Lemma 5.3. 

In Lemma 7.1, set u(x) = /J>(x). Inequalities (5.11) then imply: 

c\\G\\p^p > aup(h(x)ii(x)) = sup       h(x)^ 

I qmrn 
x—fi(x) 

> c-1 sup ?& = cT1 sup l-^-r [^ ^ q(0d0\ 

x—n(x) 

(i fX+nix) \ ~ 
inf ^^-r /        q(Odn    =c-1A-1. xen 2fx(x) J^^ *) 
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Proof of Corollary 3.3.1. Let, for example, q(x) -> 0 as x -> oo. Then by (1.16), 
for any e > 0 there exists xo(e) > 1 such that for all x > xo(e) one has the inequalities 
q(x) < e, and there exists xi(e) > a;o(e) such that for all x > xi(e) one has inequalities 
x - ii(x) > xo{e). From this, by Lemma 5.1, we get 

px-t-ii(x) 
1= q(t)h(t)dt < csh(x)/i(x) ,   x > Xi(e). 

J x — u(x) 

Hence, sup(h(x)fi(x)) = oo. Then by Lemma 7.1, the operator G: LP(R) -> LP(R) is 
x€R 

not bounded for any p G [1, oo]. D 
Proof of Corollary 3.3.2. The estimates for IIGHp-^, obtained in Theorems 3.2 

and 3.3, imply the inequalities c-1 < AB < c which prove the corollary. D 
Proof of Corollary 3.3.3. From the hypothesis of the lemma and Theorem 3.3, 

we get A > 0. Suppose that the segments {An, n = ±1, ±2,...} form an iJ(a;,/z(-))- 
covering of R. Then 

Xn+lJ,(xn) 

—j—       [      q(t)dt >A>0 
2fJi(xri)      J 

Xn—fjL(xn) 

I n = ±l,±2,... 

J      q(t)dt > 2Afi(xn) 
xn-fJ>(xn) 

k n = ±l,±2,... 

These inequalities imply: 

/    q(t)dt = Y,        q^dt ^2A22 ^n) = ^ 
^0 n=1 JAn n=1 

,o -1      r ^ 
/      g(t)dt=   J2    /     q(t)dt>2A   22   M^n) = oo. 

Proo/ o/ Theorem 3.4.   From (2.5) and (3.8) it follows that 

(8.3) (47 + 4)-ld(x) < h(x) < {2j + l)d{x) ,    x € R 

From (3.6), (1.10), (2.6) and (2.5) it follows that 

fX+d(x) 

-d(x) 
(8.4) 

rX + dfr)     fa 

-^(x) < / -7^ < ch{x) < cd(x) , 
" Jx-d(x)   r(t) 

x e R 

rx-ta^x)    fa 

(8.5) c^dix) < c^hix) <c ^-r< cd(x),        x G R. 
Jx-d(x)    r\t) 

Necessity. It follows from Theorem 1.1 and (8.3) - (8.5): 

oo > B = sup(/i(x)d(x)) > c-2 sup d(xy = c 2K. 
x£R xGR 
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Sufficiency. From (2.2), (2.3) and (3.6), it follows that 

r00_d^_ _ r j_    (_ r1   da   \ 
L VHO'L pwexpv Lr(Op(o) 

(8-6) ^r -nr™ exP (- f -T^TH) * = 7- Jx,   r(t)p(t)        V   Jx1 r(Op(Oj 

From (8.6) and (2.1) we conclude that v(x) -4 oo as x -> oo and, similarly, u(x) -> oo 
as x -> -oo. Since iT < oo, by (2.5) and (8.3) one has p(x) = w(a;)i;(x) < 2h(x) < 
2(27 + l)d(x) < c.fC for x e R. From this it follows that v(x) -> 0 as a; -> -oo, 
w(a;) -> 0 as a; -^ oo. The latter means that for p E [l,oo], equation (1.7) has no 
solutions z(x) e LP{R) apart from z(x) = 0. Furthermore, using (3.6), (8.3), (1.12) 
and the inequality K < oo, we get 

H = sup 
xeR IJ—oo 

/oo 

y/p(x)p(t) exp 
-oo 

< c sup    /     exp I -1 L 

x€R U-oo \ c      ) 

I « 
»-(0P(0 

= C < 00. 

dt 

Now the proof of the theorem follows from Lemma 2.5. □ 

9.   Proofs of the assertions concerning the estimates of the auxiliary 
functions. The following elementary assertion is given without proof. 

LEMMA 9.1.     Let 6 e (0,1],   x > -1 + 5. Then one has inequalities 

(9.1) 
l + x 

<x. 
S2    -l + x 

Proof of Theorem 4.1.     Let 7 G (0,3a). Then one has the following relations: 

/ x—'yd(x) 
q(t)dt 

= I qi(t)dt+  f 7 q2(t)dt> -l- qi{x)d{x) 
■yd(x) a 

sup 
M<3 

Irx+z 

/ < talfidt 

(9.2) 
= - \/Qi(x)ri(x) - y/qiixy^x) ^(x) = y/q^r^x) (- - xi(xj) 

In the following relations we use (9.1): 

r   A = r   jL+r    (. 1 L A M . 7 ^ 
Jx-yd(x) r(i)       Jx-fdix) rl(t)       Jx-yd(x)  V -fd(x) rl(t) 

r2(t)r1(t)-
1        dt 

■yd(x) \ri(t)+r2(t)     nit) 

J x—jd{ 

dt>- 
a ri(x) 

r r2(t)r1(t)-
1     _d^>2 1 _ fx r2(t)dt 

Jx-yd(x) 1 + r2(t)ri(t)"1  nit) " a ^qi(x)ri(x)     Jx_7iix) nit)2 

(9.3) 
> 

Vli (x)ri (x) 
(I-x2(x)). 
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Hence, since xi(x) and X2{x) are sufficiently small as |x| ^> 1, one has 

(9.4) Tiix) ^ r ^r • f Q(t)dt > (1 - x2(x))   (1 - ^(xj) , \x\ » 1. 
Jx-'rd(x)r\t)    Jx-<yd(x) Va '    Ka , 

Choose 

2 = >/3 + xi(a;) + X2(a:) ,   |a:| > 1. 
a 

Clearly, 

(9.5) Tifr) > (v/3 + X2(a;))   (\/3 +xi(x)) > 3 ,   '|a?| > 1. 

Similarly, we check that with such choice of 7 and \x\ ^> 1, one has 

,   ,     rx+~id{x)     1, px+i^x) 

(9.6) T2{X)       lx Wi «(*)*>-3. 
Moreover, from (9.5) and (9.6) it follows that 

/x     dt       Cx P00  dt       f00 

—- • /      q(t)dt > 3 ,   /     -j-r- q(t) dt > 3,    |x| » 1. 
-oo r(t)   y.oo Jx    r{t)   Jx 

From (9.7) it follows that for any x € R one has inequalities 

/x poo 

q(t) dt > 0 ,     /     q(t)dt > 0. 
-00 J x 

In addition, according to a well-known criterion for convergence of improper integrals 
([7, §1.5]), in each of the products Ti(x) and T^x) at least one of the integrals diverges. 
This implies (1.3). 

Note that the auxiliary functions di^ix) (and hence functions (p(x), ip(x) and 
h(x)), which are systematically used in our arguments, are continuous for x € R. This 
can be proved by applying standard theorems on the properties of implciit functions 
([4], Ch. 5, §109). 

Now let us give estimates for di(x) (for ^(rr) they have the same form and can 
be proved in a similar way). Setting in (9.4) 

7 = 7i = o(l + xi(x) + X2(x)) ,   \x\ > 1, 

we obtain Ti(x) > 1 as \x\ > 1. Hence, di(x) < 7id(a;). 
Now let us obtain a lower estimate for di(x). As before, let 7 G (0,3a). Then 

pX pX pX 

/      ^     q(t)dt= ^     qxifydt^- /      ^     q2{t)dt < a^qi{x)d(x) 
Jx—'yd(x) Jx—yd(x) Jx—^d(x) 

I    rx+z 

sup       /       q2{t)dt = a7Vgi0z;)ri(x) + ^(xjr^a;) xi(x) 

-7d(ic) Jx—'yd(x) Jx—yd(x) 

pX + Z 

+ 
|2|<3ad(a;) M* 

(9.8) 

(a7 + xi(a;)) \/qi(x)ri(x). 
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In the following relations we use (9.1): 
rx dt r      _^__ r*      _d^_    rx      /      i i_\ 

Jx-rd(x)r(t)     Jx-7d(x)ri{t)     Jx-fd(x)\n(t)+r2{t)     n{t)) 
dt 

(9.9) 

Jx-yd(x) n(t)     Jx—rdix) l + r2(t)r^1(t) ri(t) - Jx-yi{x) ri(t) 

^A-Td^V      ri(*)/ ri(t)     V      PJ Jx-7i{x) nit)     fi2 J^fa) 

^ . ,      1 \      d(a:)       1 
< | 1 + — 1 a7-V4 + 

>C2{x) 1 

r2(*) 

ri(t)2 dt 

aT ( ! + ^) + ^ **(*) JV      nW      52  ^r1{x)ql{x)     y/riWqilx) [ 

Prom (9.8) and (9.9) we get 
(9.10) 

Tx(x) <(l + ^) (a7+^(x)) (07 + Y^) ^ (1 + ^) ("T+^iW) («7+^(x)). 

For |a;| > 1 we have xi(x),X2{x) sufBciently small and,therefore5 72 € (0,3a): 

def 1 
72 = - a vTT^ -Xi(x) - X2(x) 

Setting 7 = 72 in (9.10), we get: 

TiWKll + j; xi (a?) x/TT^ 

Hence, di{x) > 72^), as |a;| > 1. Thus, 

(9.11) J2d(x) < di(x) < 7id(a;) ,     |a;| > 1. 

From this, taking a bigger \x\, if necessary, we get 

S 

M*)) <i. 

(9.12) 

(9.120 

\/3 a 
S 

V3a 

d{x) < d^x) < V2 a  d(x) ,     \x\ > 1, 

d(x) < d2(x) < V2 a d(x) ,    |a:| » 1. 

Inequality (9.12') can be proved similarly to (9.12). 
Let us estimate <£>(#), i){x), h{x). From (9.3) and (9.11),for 7 = 4= ^ and |a;| > ] 

we obtain: 

(plx)= —rT> -T^^ X2\x))—■====>-—T — =. 
Jx-d^x) r(t) -Jx-7d(x) r(t) -\a V ^(xjn(x) " 2a2  ^(^^(x) 

Similarly, from (9.9) and (9.11), for |x| > 1 it follows that 

<p(x) = -yr <  / 
Jx-di(x) rW        Jx-V2ad(x 

2V3a2 1 

d£ 
< 

) r(0      y^I^M Hi+?)+^ 
s P V^iWiiW 
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The estimates for ip(x) have the same form and can be obtained in a similar manner. 
Thus, 

(9-13) i    /   ,1w x < <P(*)M*) < y o2   /   / w N '   lxl » L 

By (9.13) and the definition of h(x), it immediately follows that 

(9.14) -^     ,      1     = < ft(g) < ^ g2 . /      
1   = ,   |x|»l. 

Let us extend (9.13) - (9.14) to the whole number axis. For example, 
h(x)^qi(x)ri(x) is a continuous function with no zeros in R. Then, in every finite 
segment [—a, a] there is c(a) such that 

(9.15) c(a)_1 £ Hx) \/^i(^)ri(^) < c(^)5   x € [—a, a]. 

Then, (9.15), (9.14) and similar estimates for ip(x) and V^) imply: 

(9.16) c"1 < ft(a:) v^iC^iW < c  ,    re G ii, 

c"1 1 
(9.17) - < ip{x)^{x) < c—= xeR. 

VQi (x)ri (x) V 9i (:c)ri (x) 

Estimate (9.16) concludes the proof of assertion A) of Theorem 4.1. 
Let us check B). We start with estimating d(x). From (2.6) it follows that 

px+d(x)    jj rx+d(x)     J. 

(9.18) 4-1 exp(-2) / — < h(x) < 4exp(2) / -r- ,   x e R. 
Jx-d(x) rW Jx-d(x) nt) 

From (9.18) and (9.14), for |a;| > 1 we obtain: 

/n-,nx ! ^ 16a2exp(2)   fx+dW   dt        .  ,      n 
(9.19) /    / x    / x ^  F"^-2 / ZT^T >     kl > ! 

\/ri(x)^i(a;) 5 Jx-d(x)   rW 

J2 T^^ _dt_ < 1 

8^ a2 eXP(       Jx-d{x)   r(t) - y/nixfaix) ' 

Let us apply (9.9) and (9.19). Assume that d(x) < jid(x) where 71 = (£)   -—Q. Then, 
taking a bigger |a:|, if necessary, we get 

1 <16a2exp(2)   fx+d^  dt   ^ 16a2exp(2)   f**^*)   dt rx+aw j^      16a2exp(2)   rx^a 

Jx-d(x)    r(t)  ~ 5 Jx-idk \/ri{x)qi{x) ^ Jx-d(x)   r(t) s Jx-jdix)   r{t) 

<16Q2e
f
xp(2)Ufi+^ + X2(z) 

<32a!exp(2)f1+      ^)     ^ 7, 
<53        ^'V      071(1 + ^);   ^(^(x) 

320o3 1 1 1 
< —75— 7i- 

53 ^(^r^x)      2  y/q^nix)' 
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This is a contradiction. Hence, d(x) > 7iJ(a;) for |x| > 1. Now let us apply (9.20) 
and (9.3). Assume that d(x) > i2d{x) where 72 = i^-. Then, taking a bigger (re), if 
necessary, we get 

> ^L^ exp(-2) F™  *- > ^2exP(-2)  r*** A 
" a?      PV       Jx-d{x)  r(t) -    8x73 a2    Jx-^(x)   r{t) 
i! 

\/gi(a:)ri(a;) _ 8^3 a2 ^^    y h-Hx) 'V;        ov^ a" ^a:-7<i(;r) 
«52exp(-2) /72 N           1 «52exP(-2) / a           \           1 

- 8V3 02    Va ') yfq^nix) 8^3 a3     V 72           J y/f^xfc 

^^    S2     72            1 =_2_           1 
- 80\/3 a3 VnCx)^!^)      v^ >/ri(a;)gi(a;)' 

This is a contradiction. Hence, d(a;) < 72^(3;) for |a;| » 1. Thus, 

(9-21) ^  (Q   d(*) < <*(*) < ^ d>) ,   |*| » 1. 

From (9.21), using the fact that d{x) is continuous (see Lemma 2.2), we obtain 

(9.22) c-1, feM < d{x) < c   /!lM ,    XGR, 

To obtain (9.22) for x 6 R, we use the same method as for (9.16). 
Now, claim C) follows from claims A) and B). D 
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