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HOPF BIFURCATION OF TRAVELLING PULSES IN SOME
BISTABLE REACTION-DIFFUSION SYSTEMS*

TSUTOMU IKEDA', HIDEO IKEDA!, AND MASAYASU MIMURAS

Abstract. The present paper is devoted to the study of the global structure of travelling
pulse solutions of a bistable reaction-diffusion system with a sufficiently small parameter € > 0. The
simplification of piecewise-linear nonlinearity enables us to reveal the global branch of travelling pulse
solutions. Using the singular limit analysis as € | 0, the appearance of the Hopf bifurcation point
on the branch is shown, from which propagating pulse solutions with oscillating layers (travelling
breathers) arise numerically.

1. Introduction. Reaction-diffusion systems have been utilized for describing
various nonlinear phenomena and have contributed to theoretical understanding of the
mechanism of spatio-temporal pattern formation in diverse fields of natural sciences,
for instance, chemical reactions, population dynamics, morphogenesis and combus-
tion. The present paper is devoted to the study of pulse-like patterns among others.
Typical experimental examples are excitingly beautiful chemical waves such as tar-
get and spiral waves arising in the Belouzov-Zhabotinsky reaction, which have been
intensively studied from various points of view ([4], [15], [21] and [22] for instance).
Such patterns come into view in two-dimensional media, however, their fundamental
mechanism can be explained by the analysis of pulse solutions on the infinite line. It
is already shown in some mathematical models that there are stable pulse solutions
propagating on the infinite line with non-zero constant velocity (travelling pulses, [3],
[8] and [14]) and stable motionless pulse solutions (standing pulses, [2], [3], [5] and
[10]). Moreover, as numerical evidences, there are stable layer-oscillating pulse solu-
tions (in-phase breathers, [13] and [19]) as the consequence of the Hopf bifurcation
from standing pulses. Recently, as shown in Figures 1.1 and 1.2, stable layer-oscillating
propagating pulse solutions called travelling breathers have been found in numerical
simulations ([12]) for the following reaction-diffusion system:

(1.1)  ug = Uz + f(u,v), vt =Duvgy +g(u,v) forze (0,L)andt>0

subject to the periodic boundary condition on both the activator u(t,z) and inhibitor
v(t, 7). Here, L > 1 is fixed, D is a positive parameter and the nonlinearity {f, g} is
given by

flu,v) =u(u—a)(B—u)—v and g(u,v) = d(u—yv)

with positive constants a, 8 (a < (), v and § < 1. When {f, g} is far from the odd
symmetry, no travelling breather can be observed for any D > 0 although travelling
pulses, standing pulses and in-phase breathers come into view for suitable values of
D (A nonlinearity {f, g} is said to be odd symmetric if there exists a point (uo,vo)
such that f(ug,v0) = g(uo,v0) = 0, f(ug + u,vo +v) = —f(up — u,v0 — v) and
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F1G. 1.1. Profiles of travelling breathers of (1.1)

9(uo + u,vo +v) = —g(uo — u,vo — v) for any (u,v) € R?). When {f, g} becomes
close to the odd symmetry, on the other-hand, the following different behavior is
observed. The system (1.1) has a stable travelling pulse for small D. As D increases,
the travelling pulse loses its stability and gives place to a travelling breather. Figures
1.1 and 1.2 exhibit respectively profiles and contour lines of u(¢,z) calculated by the
conventional implicit finite difference method for (1.1) with L = 400.0, @ = 0.112635,
B = 1.005256, v = 6.0, § = 0.002 and D = 3.51 (the spatial mesh size Az = 0.5 and
the time increment A¢ = 0.1).

| time

F1G. 1.2. Travelling breathers of (1.1) (ezcited regions are shaded)

By analogy with the advent of in-phase breathers from standing pulses through the
Hopf bifurcation, we reason that the Hopf bifurcation of travelling pulses brings about
travelling breathers. Since travelling breathers may exist only when the nonlinearity
is close to the odd symmetry, the present paper deals with bistable systems in the
following form:

(1.2) etus = Eugy + f(u,v), v = Vg + g(u,v) forz € Rand t >0,

where both parameters € and 7 are positive and ¢ is assumed to be small. Since €
expresses the width of the transition layer and 7 controls the relaxation-time ratio,
they are called layer and relazation parameters, respectively. We note that putting
e=+/0/D, = V8D and replacing z and ¢ respectively by ez and §t, we can rewrite
(1.1) as (1.2). The system (1.2) is assumed to have two stable spatially uniform
equilibria (u—,v-) and (uy,v4) as shown in Figure 1.3 (u~ < ug < u4). Precise
assumptions on the nonlinearity { f, g} are stated in (1) of Appendix, and we here note
only that the nullcline of f consists of three continuous curves u = h_(v), u = ho(v)
and v = h,(v). For smooth initial data, the diffusion term €’u, is negligible for
some time interval, so that (1.2) is approximated by

ETUL = f(ua U)a VUt = Vgg + g(ua U)‘

Since f takes cubic nonlinearity and e is small, the line R is decomposed into two
regions, say, u = h_(v) (rest state) in one region while u = h,.(v) (ezcited state) in
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the other. Thus, there appear several transition layers of the width of O(e) in the
profile of u(t,z). Since we are interested in travelling breathers shown in Figures 1.1
and 1.2, we focus our attention on pulse solutions of (1.2) having exactly one localized
excited region.

We hope to clarify the appearance of stable travelling breathers from travelling
pulses through the Hopf bifurcation, and in the present paper
e we reveal the global branch of travelling and standing pulses of (1.2) with small
€ > 0 and the piecewise-linear nonlinearity (1.3),
¢ we show the existence of the Hopf bifurcation point on the branch of travelling
pulses of the singular limit system (1.4) derived from (1.2) in the limit of € | 0, and
o we confirm numerically the appearance of stable travelling breathers of (1.2) with
small € > 0 from a critical point corresponding to the above Hopf bifurcation point.

Generally speaking, the system (1.2) prefers steady states and has stable motion-
less solutions if 7 is very large (i.e. 7 = O(1/e€)) while (1.2) has stable propagating
wave solutions if 7 is very small (i.e. 7 = O(e)) as was pointed out by Nishiura [18].
Actually, it is proved that (1.2) has a standing pulse which is stable for large 7. Fur-
thermore, it has been shown ([8], [9] and [14]) that when {f, g} is slightly perturbed
from the odd symmetry, (1.2) has a pair of stable travelling pulses with velocity +s
and an unstable standing pulse for small 7. This information suggests that the travel-
ling pulses bifurcate from the standing pulse as shown in Figure 1.4. When we assign
each pulse its stability symbol {og,01,02,03}, 0; = 0, — or +, that means the signs
of real parts of four critical eigenvalues of the linearized problem around the pulse,
we know that the standing pulse has no unstable eigenvalues for large 7 while it has
three unstable ones for small 7. This change indicates that high degeneracy occurs
around the singular point on the branch of standing pulses.

Fi1c. 1.3. Bistable nonlinearity

In the companion volume [10], it is found that the stable standing pulse is destabi-
lized through both the Hopf and static bifurcations as 7 decreases. Thus, the stability
dependence of standing pulse on 7 is clarified. That is, the stable standing pulse loses
its stability via both the Hopf bifurcation at Pf; and the static bifurcations at P ;.
as 7 decreases and therefore it has three unstable eigenvalues for small 7 (Figure 1.5).

The bifurcation picture of pulse solutions could be simply explained if the static
bifurcation from the standing pulse could occur primarily and super-critically before
the Hopf bifurcation occurs as 7 decreases. That is, a travelling pulse resulting from
the static bifurcation could keep its stability for any small 7. However, this assumption
is not true. The order that the Hopf and static bifurcation points appear depends on

the nonlinearity {f, g} ([10], [12] and [13]).
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Avelocity s

7”‘.

Fi1G. 1.4. Velocity s of travelling pulses

We here consider the forthcoming piecewise-linear nonlinearity (1.3) with 0 <
d < 1, which is close to the odd symmetry. Then, the stable standing pulse has lost
its stability at Pf; first and no stable solution can arise from P, ,,,.. It is also proved
that the travelling pulse is stable for small 7. Hence, if the branches of travelling
pulses and standing pulses are connected at Pf,,,;., the bifurcation theory suggests
that the branch of travelling pulses contains the Hopf bifurcation point Pf,, s, and
moreover, a travelling breather may bifurcate stably at P, . if the stable travelling
pulse is first destabilized at Pf,,, as 7 increases. In the present paper, combining
analytical and numerical methods, we show that a travelling breather appears along

the above story.

It may be possible to give a formal scheme like (2.8) in Section 2 that determines
the branch of travelling pulses for a class of general nonlinearities. However, the
construction of the branch is not easy and the stability analysis along the branch is
much more difficult. Actually, the existence of stable travelling pulses is assured only
when the nonlinearity is very close to the odd symmetry ([8] and [9]), and the order of
the Hopf and static bifurcation points is known for some special nonlinearities alone
([10)).

With a view to discussing the existence and stability of travelling pulses in detail
and getting a global bifurcation picture of pulse solutions, we adopt the following
McKean type nonlinearity [16] as a prototype in the present paper:

—u—1-v/p fu<0

, u,v;d) =u+d—(1-1/p),
—u+1-v/p ifu>0 a( ) ( /p)

(1.3) f(u,v) = {

where p > 2 is a constant. The relative attraction of two stable equilibria

(u_,v_) = (_?id_—_l

-d-1
d=1) and (up,ve) = (P —,d+1)
is controlled by d € (1 — p,p— 1). If d = 0, the nonlinearity becomes odd symmetric
and two equilibria have the same attraction. If d > 0, then (u_,v_) is more attractive
and (1.2) has standing and travelling pulse solutions with localized excited region. We
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suitably fix p > 2 and adopt d € [0,p — 1) as a parameter since we deal with the case
where the excited region is localized.

Here, let us indicate intuitively how we obtain the singular limit system (1.4)
below from the reaction-diffusion system (1.2). We deal with pulse solutions of (1.2)
having two transition layers such that the excited state is localized between the layers.
Since u & h_(v) in the rest region and u = h4(v) in the excited region, the second
equation of (1.2) is approximated by

Ut = Uge + G—(v) in the rest region, vy = vz + G+(v) in the excited region

when € is small, where G_ (v) = g(h—(v),v) and G (v) = g(h4(v),v). Let = S ()
be the center of the right internal layer at time ¢, and put v, = (b, ¥5 (t)). When
¢ is small, the first equation of (1.2) is approximated by eTu; = €uge + f(u,vs) ina
neighborhood of (¢, %5 (t«)), which is rewritten as

s = Uyy + F(T,v4)

by the introduction of stretched variables y = (z — ¥} (t«))/€ and s = t/er, where
a(s,y) = u(ers, ey + ¥ (ts))- I vs € (Umin, Umaaz), the above scalar reaction-diffusion
equation subject to

lim @(s,y) = hi(vs) and limd(s,y) = h_(v.)

{—o0 ytoo
has a travelling wave solution with velocity c(v.) depending on vs. Thus, when € is
small, the velocity of right internal layer at time ¢ is approximated by c(v(t, ¥ (t«))/r
and the velocity of left internal layer is also approximated by —c(v(ts, ¥ () /T,
where ¥¢ (t.) denotes the center of left layer. We will first study pulses in the limit of
¢ | 0 where transition layers can be regarded as interfaces, and then extend results to
the system (1.2) with small € > 0. Let z =¢_(t) and z = 14 (t) be two interfaces and
assume that the excited state is localized in (¥—(t),%+(t)). The singular perturbation
method gives the following description of the dynamics of interfaces called the singular
limit system:

W _ _
Td(&)t C('U(t: ’(»b— (t))) for t > 0, 'U(t, ) € Cl(R)’
(14) T'Et = C(’U(t, 1/}+(t)))

vy = Vg +G-(v) for z ¢ [Y- (1), ¥+ (2],
vt = Vg + G+ (v) for = € (Y- (8), ¥+ ())-

The problem (1.2) (resp. (1.4)) with (1.3) is denoted by (RD) (resp. (SL)) hereafter.

The outline of the paper is as follows. In Section 2, we derive a necessary and
sufficient condition for the existence of a travelling pulse of the singular limit system
(1.4) with general nonlinearities satisfying (A1)~(A4) stated in Appendix. In Sections
3~5, we fully study pulse solutions by adopting the piecewise linear nonlinearity (1.3).
Section 3 reviews briefly the existence and stability of travelling front /back waves and
standing pulses of (RD) and (SL) after discussing the range of parameters p and d
included in (1.3). Section 4 constructs travelling pulses of (SL). We show the unique
existence of the branch of travelling pulses, the connection by the branch between the
bifurcation point from travelling front/back waves and the static bifurcation point
from standing pulses, the direction of static bifurcation and so on. Section 5 investi-
gates the behavior of four critical eigenvalues of the formal linearized problem of (SL)
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around travelling pulses along the branch. All propositions in Sections 4 and 5 are
proved in Appendix. Even for (1.3), however, rigorous treatments are not sufficient
for deriving more detailed information such as the numbers of turning points and the
Hopf bifurcation points on the branch of travelling pulses. Since (1.3) is piecewise
linear, the branch is determined by a transcendental equation and the critical eigen-
values are solutions of another transcendental equation. One of reasonable approaches
is to numerically solve these equations with high accuracy. Section 6 shows the global
bifurcation picture of pulse solutions of (SL) obtained by combining the theoretical
and numerical results. Several remarks and future problems are mentioned in Section
7.

Our assertion consists of two parts: one is about the global branch of travelling
pulses of (RD) and the other is about the appearance of the Hopf bifurcation from
the branch of travelling pulses of (SL). The following theorems on the existence of
branches of travelling pulses are obtained by extending Propositions 1, 2, 4, 5 and 8
for the singular limit system (SL) to the reaction-diffusion system (RD) with small e.
The proof of the theorem is omitted since it is similar to those of Theorems 2.7, 3.10,
3.17 and 3.18 in [10] clarifying the existence and stability of standing pulses of (RD)
with small € based on the theory in Henry [6].

THEOREM 1.1. Fiz d € (0,1). There ezists g > 0 such that the following holds
for e < €.
(1) Let 75;(d) and 7544;.(d) be respectively the Hopf and static bifurcation points of the
standing pulse of (RD). Then 1§ (d) > T&4450(d) if d is near 0, while 78,,,;.(d) > 75 (d)
if d is near 1.
(2) There exists a unique smooth function 75(s) on (0,00) such that (RD) has a
travelling pulse with the velocity s for almost all s > 0 if T = 75(s). The travelling
pulse is unique up to phase shifts and it is stable when s is large. Moreover, T5(s)
tends to TS q1i.(d) as s 1 0 while limgyoo 75(s) = 0.
(3) The second derivative of T5(s) is negative around s = 0 if d < dS while it is positive
there if d > d, where dS is a constant depending on €. O

The first statement (1) of the above theorem is already shown in [10] while (2)
and (3) are new results and very important to draw the global structure of travelling
pulses: (2) is about the global branch of travelling pulses which is bifurcated from
(T&44i0(0),0) and (3) is about the direction of the bifurcation.

We have studied the branch of travelling pulses also by fixing 7 and adopting d as
a bifurcation parameter. The existence of stable travelling pulses has been shown only
for d ~ 0 in [8] and [9], so that the global bifurcation diagram of pulse solutions in the
(d, s)-plane is first given in Theorem 1.2 below. The existence and stability of standing
pulses are given in the first statement (1), where the destabilization of standing pulses
is described in a complicated form since the inverse function of 7§;(d) is multi-valued
as revealed in Figure 3.1. The second statement (2) clarifies the connection by the
branch of travelling pulses between the static bifurcation point (dS;q.(7),0) from
standing pulses on the d—axis and the bifurcation point (s$(7),0) from travelling
front/back waves on the s—axis. The third one (3) is about the direction of the static
bifurcation. (For the bifurcation point from travelling front/back waves, see Fig. 11
of (8], Fig. 4 of [9] or Fig. 4.2 of [14].)

THEOREM 1.2. Fiz 7 < 1/p. There exists g > 0 such that the following holds
fore<eg.
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FiG. 1.6. Global bifurcation pictures of standing and travelling pulses of (RD) (T: fized)

(1) (RD) has a standing pulse for each d € (0, 1), which is unique up to phase shifts.
It is stable for large d, and is destabilized through the Hopf and static bifurcations as
d decreases. Let d5;(7) be the first Hopf bifurcation point and dS1aic(T) De the static
bifurcation point. Then d(T) > dSq4.(T) if T is near 1/p while dS,aiic(T) > dg (1) if
7 is near 0.

(2) There ezists a unique smooth function de(s) on (0,s5(7)) such that (RD) has a
travelling pulse with the velocity s for almost all s € (0, s¢(1)) if d = d<(s), where

(1) = (2/7) (1 = PPV (2 = 1) /2 +0(1) as €l0.

The travelling pulse is unique up to phase shifts and it is stable when s is near s&(7).
Moreover, d<(s) tends to dSu;.(T) as s L 0 while (d<(s), s) tends to the bifurcation
point (0,55()) from travelling front/back waves as s 1 s8(7).
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(3) The second derivative of di(s) is negative around s = 0 if T > 7 = T&445.(dC)
while it is positive there if T < 7€. O

The assertions in the above two theorems are derived from the results for (SL) by
applying the singular perturbation technique with respect to € > 0. Hence, it holds
that

161{{)1 T;I (d) = TH(d): lelﬂ;l T.:tatic(d) = Tstatic (d)a

lel,lr,ll;l d;{('r) =du (T)a lelﬁ)l d;tatic (T) = dstatiC(T)a

lim 74 (s) = Ta(s(s? +4)71/2), lim s (5) = d,(s(s% +4)-1/2),
¢ €

. ¢ o . ] .
lflﬂ)l s*(T) = 25*(7-)(1 - S*(T) ) 1/2’ lel,{{)l dc =d, and 1613)17'; = Te,

where 7g(d), Tstatic(d), Ta(S), d-(S), S«(7), d. and 7, are given in Propositions 2 ~
5, and dg(7) (resp. dstatic(T)) is the inverse function of 7y (d) (resp. Tstatic(d)) as
explained in Section 6. The branch of travelling pulses of (SL) contains some turning
points, and we need the phrase ’for almost all s’ in the second assertion of Theorems
1.1 and 1.2 since we cannot extend the results for (SL) to the reaction-diffusion system
(RD) with € > 0 at such turning points.

The static bifurcation point Pysigtic(d) = (Tstatic(d), 0) of standing pulses of (SL) is
given by the explicit formula (3.6). For (SL), solving the corresponding transcendental
equations by the bisection method, we can calculate with very high accuracy the Hopf
bifurcation point Py (d) = (7w (d),0) of the standing pulse, the branch {(74(s),s)} of
travelling pulses, critical real eigenvalues of the formal linearized problem around trav-
elling pulses along the branch and turning points on the branch. Solving a system of
transcendental equations by Newton’s method, we can also calculate critical complex
eigenvalues and the Hopf bifurcation point on the branch with high accuracy. For
instance, Figure 3.1 shows the graphs of 7 (d) and Tstatic(d) with p = 2, and Fig-
ure 6.2 displays the positions of the Hopf bifurcation point and turning point on the
branch of travelling pulses. Combining these results obtained by mathematical analy-
sis (Theorems 1.1 and 1.2) and numerical calculations (Conjectures 1 ~ 5), we arrive
at the conjecture as shown in Figure 1.5. We here explain the bifurcation pictures (1)
~ (4) in Figure 1.5.

Fix a sufficiently small € > 0. For each fixed d € (0,1) (RD) has a unique branch
{(75(s), 8); 8 > 0} of travelling pulses in the (r,s)-plane, and there exist constants

Hops a0d dg,,p such that the bifurcation picture of standing and travelling pulses
becomes as follows.

(1) Fix d € (0,d). Then 7§(d) > TSquc(d). A travelling pulse bifurcates super-
critically from PS,,;.(d) = (T5ati0(d),0), and it recovers the stability at the Hopf
bifurcation point Pf,,:(d) on the branch of travelling pulses. The branch has no
turning point, and limgyo,ej0 Pfyop(d) = (1/p,0).

(2) Fix d € (dt,dy,,z)- Then 7(d) > 75y44,.(d) also. A travelling pulse bifurcates
sub-critically from Pf,.;.(d), and it recovers the stability first at a turning point
P, (d) and then at Pf,,:(d). The point Pf,.,(d) tends to Fj,,;.(d7) as d | di.

(8) Fix d € (dy,pprdiouste)- Then the bifurcation picture is similar to the case
(2) except the order between P, (d) and Pf, ¢(d). The point Pg,,:(d) tends to

Ptiatic(@ounie) = Pir(dioupe) @5 1 dgpupe-
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(4) Fix d € (d%,upe>1)- Then 78&,,;.(d) > 75(d). A travelling pulse bifurcates sub-
critically from Pg,,;.(d), and it recovers the stability at Pf,,,(d). The branch has no
Hopf bifurcation point, and limg4; Pf,,.,,(d) = (0, 00).

urn

—| time

time

F1G. 1.8. Travelling breathers (excited regions are shaded, d = 0.0170)

The transition process of bifurcation pictures becomes clear if we draw pictures
in the (d, s)-plane by fixing 7 > 0 and adopting d as a bifurcation parameter. The
Hopf and static bifurcation points of standing pulses of (RD) are denoted respectively
by Q4 (1) = (d%(7),0) and Q%44ic(T) = (dSsatic(7),0) in Figure 1.6. The transition
process is explained in Section 7.

The appearance of stable travelling breathers from travelling pulses via the Hopf
bifurcation is numerically shown for the problem (RD) on a finite interval subject
to the periodic boundary condition. Figures 1.7 and 1.8 represent the contour lines
of numerical solutions u(t,z) of the problem (RD) with p = 2.0, 7 = 0.46 and the
length L = 25.0 of the finite interval. In numerical computations, the spatial mesh
size Az = 0.05 and the time increment At = 0.005 are fixed, and d is adopted as
a bifurcation parameter. The travelling pulse arising from the bifurcation point of
travelling front/back waves (Fig. 11 of [8], Fig. 4 of [9] or Fig. 4.2 of [14]) keeps its
stability for small d as shown in Figure 1.7. At a critical value between d = 0.0160 and
0.0167 the travelling pulse loses its stability, and a stable travelling breather comes
into view when d is slightly greater than the critical value as shown in Figure 1.8.

2. A scheme for finding travelling pulses. Let {v(z),m;s} be a travelling
pulse of (1.4) with the width 2m > 0 of excited region and the velocity s, where
z = ¢ — st is the moving coordinate. Then, through a suitable phase shift {v(z),m; s}
satisfies the following equations:

7s = —c(v(-m)), 7s=c(v(m)), ve C}R),

(2.1) v" + sv' + G_(v) =0 for 2z € [-m,m],
v+ sv' + G4 (v) =0 for z € (—m,m)
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subject to the boundary condition lim|,|4, v(2) = v_. We may assume s > 0 since
if {v(2),m;s} is a travelling pulse of (1.4) so is {v(—z),m; —s}. Put w = v'. Then,
(v(2),w(2)) satisfies

(2.2) Jim (v(2),w(2)) = (v-,0),
(2.3) vV =w, v =-sw—-G_(v) forz¢g[-m,m)],
(2.4) v =w, w'=-sw—-Gy(v) forz € (-m,m).

The system (2.3) has a unique equilibrium point (v_,0). Since G_' < 0 and s > 0,
the saddle point (v_,0) has an unstable manifold U_ and a stable manifold S_ lying
in the half plane {(v,w);v > v_}. They are expressed as

U_ ={(v,w);v>v_,w=U_(v;8)} and S_ = {(v,w);v >v_,w=S_(v;s)},

respectively, by using smooth functions U_(v;s) and S—(v;s). Similarly, (v4,0) is a
unique equilibrium point of (2.4), and (v, 0) has a stable manifold S and an unstable
manifold Uy lying in the half plane {(v,w);v < v;}. We denote the unique cross
point of U_ and S; by (U4,w+) and that of S_ and Uy by (9—,%w-), respectively.
Solution orbits F of (2.4) crossing the v-axis in the part of v < v4 are expressed as

W=, (v-d+1)

Fic. 2.1. U_, S_, U4, S4, F4 and others

F, (v,w; s) = constant

by the use of a smooth function F (v, w;s). See Figure 2.1, in which U_, S_, U,
S., F, and others are depicted for the case of the nonlinearity (1.3).

We put (V—m,w—m) = (v(—m),w(-m)) and (Vm,wm) = (v(m),w(m)). Since
c(v) is strictly monotone decreasing, the first two equations in (2.1) are rewritten as

(2.5) V_m =c (=78) and v, = c 7 (7s)
by the use of the inverse function ¢! of ¢. It follows from (2.2) ~ (2.4) that

(2.6) wem =U_(v=m;8), V= <V <V, Wy =58_(Vn;$), v- <vm<i_,
(2.7) : Fy(vom,Wem;s) = Fy (Vm, Wi 8)-
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Substituting (2.5) and (2.6) into (2.7), we obtain

Fy(cH(=78),U_(c}(~Ts);8);8) = Fy(c™ (r5),5-(c" (75); 5); 5)

2.8
@8) vo < cH=78) <y, v <cHrs) <D-.

Thus, the problem of finding a travelling pulse of (1.4) is reduced to the problem of
finding a solution {s > 0,7 > 0} of (2.8).

3. Travelling front and back waves and standing pulses. Hereafter, we
discuss the behavior of pulse solutions by adopting the piecewise-linear nonlinearity
(1.3) as a prototype. The system (RD) becomes bistable when p > 1 and |d| <p—1
in (1.3). If p > 2, the bistable condition |d| < p— 1 is satisfied by all travelling pulses
of (SL) constructed by fixing 7 and adopting d as a parameter in Section 4 and they
can be extended to travelling pulses of (RD) with smalle > 0. If 1 < p < 2, on
the other hand, some travelling pulses of (SL) given in Section 4 violate the bistable
condition (Proposition 4). This is the reason why we restrict p > 2 in (1.3). We may
assume d > 0 without loss of generality since the relations

f(=u,—v) = —f(u,v) and g(—u,—v;—d) = —g(u,v;d)

imply that if (u(t,z),v(t,z)) is a solution of (RD) with d =d* then so is
(—u(t,z), —v(t,z)) of (RD) with d = —d*.

We briefly review the existence and stability of travelling front/back waves and
standing pulses of the reaction-diffusion system (RD). All the propositions in this sec-
tion can be extended to the reaction-diffusion systems (RD) with small € > 0 although
they are stated for the singular limit system (SL) for the brevity and the clearness.
Travelling wave solutions (u(t,z),v(t,z)) of (1.2) having exactly one transition layer
are named travelling front waves and travelling back waves in [8]. A travelling front
wave and a travelling back wave satisfy

wl’}rfoo(u(t,m),v(t, z)) = (ug,v¢) and wgrilw(u(t,x),v(t, z)) = (ux,v1),
respectively. Clearly a travelling front wave with velocity s becomes a travelling back
wave with velocity —s through the coordinate transformation x — —z. The stability
of travelling front and back waves has been studied in [7], [11] and [20] for instance.
Let us here apply the results to (SL). We fix 7 > 0, and define

(3.1) v,(S) =prS(r28% +1-82)"Y2 and ds(S;7) =S —v,(S) for S € (-1,1).
The smooth odd function df(S;7) satisfies

dg(0;7) =0, limg,4,ds(S;7) =%(1-p),
d¢(S;7) <0on (0,1) when 7> 1/p,
d¢(S;7) >0 0n (0,S.(7)) and d¢(S;7) <0 on (S«(7),1) when 7 < 1/p,

where S,(7) = {(1 - p?72)/(1 —7%)}'/2. By applying the discussion in [7] and [11], it
is shown that for each S € (—1,1), (SL) has a travelling front wave with the velocity
s = 25(1 — 5§?)~1/2 being unique up to phase shifts if and only if d = d;(S;T) and
the wave is stable if d;'(S;7) < 0 while it is unstable if d¢'(S;7) > 0.

For any T > 0 travelling front and back waves with the same velocity 0 coexist
at d = 0. Similarly, when 7 < 1/p, stable travelling front and back waves with the
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same velocity S.(7) also coexist at d = 0. The bifurcation of travelling pulses from
these coexisting travelling front and back waves has been already proved (Fig. 11 of
[8], Fig. 4 of [9] or Fig. 4.2 of [14]). We note that travelling pulses constructed in
the present paper are bifurcated from these travelling front and back waves ((3.2) in
Proposition 1 and (4.9) in Proposition 4).

PROPOSITION 1. (1) Fiz 7 < 1/p. There exist a positive number §(1) < S.(7)
and a smooth function d,(S;7) such that for each S € (S.(1)—0(7), S« (7)) (SL) has a
stable travelling pulse with the velocity s = 2S(1—S2)~'/2 if and only if d = d,(S; 7).
Moreover,

2) 1 7)) =0 and lim d,(S;7)= 1 "S;r)=1- -2,
(32)fim ) B(Sim) =0 and lm &' (Si) = Jm. ) dr (Sim) = 1= r)

(2) Let T # 1/p. Then, (SL) has a standing pulse for small d. Moreover, the standing
pulse is stable if T > 1/p while it has three unstable eigenvalues if T < 1/p. O

H. Ikeda and T. Ikeda [10] have dealt with standing pulses of (1.2), and have
shown that there exist two types of destabilization of standing pulses as 7 decreases.
One is the static bifurcation and the other is the Hopf bifurcation. Since the order of
these two bifurcation points is apparently crucial for the pattern selection problem,
they have also studied which type of bifurcation occurs first as 7 decreases by using
the nonlinearity (1.3) with p = 3/2. Their results can be applied to (SL), which are
summarized as

PROPOSITION 2. (1) For d > 1 (SL) has no standing pulse. For each fized
d € (0,1) (SL) has a standing pulse, which is unique up to phase shifts. The width
of its excited region is given by —logd, which tends to 0o and 0 asd } 0 and d 1 1,
respectively.
(2) There exist Tstaric(d) > 0 and Tg(d) > 0 such that the standing pulse is stable
for T > max{Tstatic(d), Trr(d)}, and it is destabilized through the static bifurcation at
T = Tstatic(d) and through the Hopf bifurcation at 7 = 7 (d) as T decreases.
(8) The smooth functions Tstatic(d) and Ty (d) satisfy

ln oot (d) = I 7 (d) = 1/p,  Tutais'(d) < 0 for amy d € (0,1), Lma'(d) >0,
Tstatic(d) = O((1 = d)?) and 7H(d) = O((1 — d)®) around d =1,
and hence

(3.3)7H(d) > Tstatic(d) around d =0 while Tsatic(d) > Ta(d) aroundd=1. O

Each standing pulse of (SL) is symmetric with respect to the center of excited
region. It is shown in [10] that the eigenvalue problems with an eigenvalue A around
the standing pulse for the asymmetric and symmetric perturbations are expressed
respectively by

(3.4) prA/2—1+d+(1—-e"?™)/k=0 and
(3.5) prA/2—1+d+ (1+e72™)/k =0,

where k = (1+X)'/2, Re £ > 0, and 2m = — log d denotes the width of excited region.
The equation (3.4) has two real solutions. One is the eigenvalue Ao = 0 corresponding
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to the translation of the standing pulse. (We often call this 0-eigenvalue the trivial 0-
eigenvalue in the present paper.) The other eigenvalue A; changes its sign depending
on d and 7. The static bifurcation point 7st4tic(d) is determined so that A\; = 0 and
it is explicitly expressed as

(36) sttatic(d) -1+ d— dlogd =0.

lp

Tdoublef*++** 3
\o,

H “‘.f:lalic(d)

0.85 ddouble

‘‘‘‘‘
......

R,

0.0
00 » d 10

Fi1G. 3.1. The Hopf and static bifurcation points of standing pulses of (SL)

The equation (3.5) also has two solutions Ay and Az3. Both Mg and A3 are negative
real numbers for large 7, however, they become a complex-conjugate-pair as 7 de-
creases and cause the Hopf bifurcation at 7 = 7g(d). The critical value 7 (d) can
be calculated by using the method (8) of Appendix, and Figure 3.1 shows the graphs
of 7 = tg(d) and T = Tg4a5c(d) with p = 2. Thus, a standing pulse has four crit-
ical eigenvalues Ag, A1, A2, and As. The stability symbol of the standing pulse is
{0,+,+, +} for sufficiently small d, and it changes from {0, +,+,+} to {0, +,+,—}
and {0,—,~—,~} in the order as d increases if Tst4tic(d) < Tr(d) while the order is
replaced by {0,+,+,+}, {0,+,—,—} and {0,—, —, =} if Tu(d) < Tstatic(d).
Although the bifurcation structure of standing pulses will be studied later in
Section 6 for the case where 7 is fixed, we get the following partial results at the
present point:
o Let 7 > Tpear, = maxye(o,1) TH(d). The standing pulse is stable for any d € (0,1).
o Let 7 € (1/p,Tpear). The stable standing pulse for sufficiently small d loses and
recovers its stability through the Hopf bifurcation as d increases.
o Let 7 < 1/p. The unstable standing pulse with stability symbol {0,+,+,+} for
sufficiently small d recovers its stability through exactly one time static bifurcation as
d increases. It also recovers, loses and recovers the stability via the Hopf bifurcation
as d increases. Finally it becomes stable for large d.

4. Velocity of travelling pulses. This section is devoted to the study of the
existence of travelling pulses of (SL). The functions c(v), G_(v) and G+(v) in (SL)
are given by

(4.1) c(v) = c(v;p) = —20(p* —v*) /2,
(42) G-(v)=G-(v;d)=-v+d—-1 and G4+(v) =G4+(v;d) = —v+d+1.
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The saddle points of (2.3) and (2.4) are given by (v-,0) = (d - 1,0) and (vy,0) =
(d + 1,0), respectively. We deal with travelling pulses having a localized excited
region (d > 0) and a positive velocity (s > 0). Instead of the velocity s > 0, a more
convenient notation

(4.3) S=s(s>+4)712 € (0,1)
will be utilized hereafter. Then, (2.5) is replaced by
(4.4) Vom = =V = v,(S)
and U_, S_ and F, in (2.6) ~ (2.8) are expressed as

(45) U-(v;8) = ue(S)(w—d+1), S_(v;8) = p_(S)(v-d+1),
P (0w;8) = {u- () - d = 1) - w} S {w - py (S)(v — d — )},

where
pe(8)=(1-8)(1-8)"12>0 and p_(S)=—(1+S)1-S52)"2<o0

are solutions of the characteristic equation 22 +sz—1 = 0 of (2.3) and (2.4). Moreover,
¥4 and - in (2.8) are given by 9, = d+ S and §_ = d— S, respectively (Figure 2.1).
Now, our problem of finding a travelling pulse of (SL) is to

Findd > 0,7 > 0and 0 < S < 1 such that

WOF(S,d,0:(5)) = 1+ 5)1og 22 _ (1 510 2252 05)

d—1<v(5)<d+S, d-1<-v,(S)<d-S

since the first equality in (2.8) is equivalent to F(S,d,v,(S)) = 0. If {v(z),m;s > 0}

is a solution of (2.1) satisfying lim|, e v(2) = v— then {d, 7,5 = s(s2 + 4)~1/?} s a

solution of (4.6) and v(—m) = v,(S), while if {d, 7, S} is a solution of (4.6) then one

can find a unique function v(z) and a positive number m so that {v(z), m;s = 25(1-

§?)71/2} is a solution of (2.1) subject to the boundary condition lim|, 100 v(2) = v_.
We have the following necessary condition for a solution of (4.6):

PROPOSITION 3. A solution {d,T,S} of (4.6) satisfies

1_p2T2
1-172

(47)0<d<1-9,(5)/S, 0<7<1/p and 0<S< 8, (r)={ /2 1o

We study the problem (4.6) first by fixing 7 € (0, 1/p). The following proposition
implies that there exists a unique branch {(d,(S),S);0 < S < S.(r)} of travelling
pulses of (SL) in the (d, S)-plane for an arbitrarily fixed 7 € (0, 1/p), and that the
branch connects the bifurcation point on the S—axis from travelling front/back waves
and the static bifurcation point on the d—axis from standing pulses. It also clarifies
the direction of the bifurcation of travelling pulse from standing pulses.

PROPOSITION 4. Fiz 7 € (0,1/p). For each S € (0,S.()) there exists a unique
dr = d-(S) such that {d;,,S} is a solution of (4.6). Moreover, d.(S) satisfies

48) S —v.(S) < dr(S) <1—-v:(3)/S,
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4. li = li S(S)=1- 2= 1 "(S;
(4.9) STg_r%T)dr(S) 0 and sTé’f}f)d (8)=1-(pr) STlérf%T)df (S57),

(4.10) pr—1+d.(0) —d,(0)logd,(0) =0 and d,'(0) =0,

(~3logd,(0))d"(0) =
d-(0) — dr(0)(1 - logd,(0))*(1 + 2logd-(0)) — 3pr(1 — 72),

(4.12) d."(0) <0 if 7> 7, while d."(0)>0 if T <,

(4.11)

where d.(0) = limg,o d.(S), d.'(0) = limgyo d,'(S), d,"(0) = limg,od."(S) and . is
some constant belonging to (0,1/p). O

The reaction-diffusion system (RD) becomes bistable if and only if |d| < p — 1.
When p > 2, d-(S) always satisfies the bistable condition |d| < p — 1 by (4.8). If
p < 2, on the other hand, the bistable condition is violated. Actually, we have

pr =1—-4d,;(0) + d-(0)logd-(0) in the limit of S |0,

which implies that d,(S) tends to 1 as (7,.5) | (0,0) and d.(S) > p — 1 for small 7
and S.

We study (4.6) also by fixing d € (0,1), and obtain the following results similar
to the case where 7 € (0,1/p) is fixed: the unique existence of branch {(74(S), S);0 <
S < 1} of travelling pulses in the (7, S)-plane, the connection by the branch between
the bifurcation point on the S—axis from travelling front/back waves and the static
bifurcation point on the T—axis from standing pulses, and the direction of static
bifurcation from standing pulses.

PROPOSITION 5. Fiz d € (0,1). For each S € (0,1) there exists a unique 74 =
74(S) such that {d,74(S),S} is a solution of (4.6). Moreover, it holds that

(4.13) gﬁvfd(s)(S) =1-d and gﬁ Td(S) =0,

—2(1—d)
— (- a7

N = i 9 v/ 2) —
(4.14) gITxllEvm(s)(S)—l and g?lldS(Td(S) 1 S)—(p2

p1a(0) —1+d—dlogd =0, 74(0)=0,
(4.15) 3p74d"(0) = d — d(1 — log d)?(1 + 2logd) — 3p74(0)(1 — 74(0)?) and
74"(0) <0 ifd < d, while 74"(0) >0 ifd>d.,

where Td(O) = 1imsw Td(S), Td'(O) = 1imsw Td'(S), Td"(O) = limsw ’rd"(S) and d. €
(0,1) is the solution of 1 — x + zlogz = pr,. O

The above two propositions assure the existence of the global branch of travelling
pulses and show that the branch has at least one turning point when 7 is fixed in the
interval (0,7.) or when d is fixed in (d.,1). The critical value 7. is very near to 1/p
and d, is very near to 0 as shown in Figure 4.1. Actually 7. ~ 0.4793 and d. ~ 0.00692
when p = 2.

It is still not easy to check the sign of d.'(S) and 74/(S) for S € (0,1) in the
rigorous way even for the piecewise-linear nonlinearity (1.3). We will give a conjecture
on this problem derived from numerical computation of (4.6) in Section 6.
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FI1G6. 4.1. Direction of static bifurcation

5. Stability of travelling pulses. Let {V(2),m;s} be a travelling pulse of
(1.4), where z = z — st is the moving coordinate. We derive the formal linearized
eigenvalue problem of (1.4) around {V(2),m;s}. Substituting

V-(t) = st —m —¢_(1), () =st+m+ gy (2),
v(t,z) = V(z ~ st) + w(t,z — st) = V(z) + w(t, 2)

into (1.4), where st — m and st + m denote respectively the left and right interface
Positions of the travelling pulse V(z) and {w(t,2),¢_(t), 0. ()} is a perturbation, we
obtain

T%(t) = eV (=m){=V'(-m)¢_(t) + w(t, -m)} + h.o.t.,
T%t(t) = e(V(m){V'(m)g, (t) + w(t,m)} + ho.t.,

B1) (W08 + (e, €) = (502, = [ (- (-=m)$- (1) + [Cly (m)(m)hs (1
+/_;>m G- (V)wedz + /m°° G- (V)wédz + /_: Gy (V)wédz + h.ott.

for any ¢ € HY(R).
Here (, ) denotes the usual L2—inner product on R,
) dc ,_ d
oW =F), =L
. dG
G1(V(2) = —=(V(2) and [Gly(s) = G+(V(2)) - G_(V(2)).

Thus, the eigenvalue problem is given by
FindAeC, ¢_€C, ¢, €C, andw e H'(R) such that
A = &V (=m)){-V'(-m)¢_ + w(-m)},
TAb4 = &(V(m)){V'(m)¢y. + w(m)},
(5-2)  Aw, &) + ', &) - (sw',€) = (Gl (—m)&(=m)$— + [Gly(m)€(m) b+

+ / o G_(V)wédz + / - G_(V)wédz + / " G4 (V)wédz
for any ¢ € HY(R).
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Clearly, {A =0,¢_ = 1,¢;+ = —1,w = V'} is a solution of (5.2) corresponding to the
translation free of the travelling pulse V().
We study the behavior of spectra of (5.2) with the nonlinearity (1.3). We have
V(-m) = -V(m) = v, (9),
V'(-m) = (1-8)(1 = 85%)~12(w.(S) —d+1),
(5.3) Vi(m) = —(14+ 8)(1 = 8?)~V2(—v,(S) —d + 1),
&V (-m)) = &V (m)) = (=2/p)(r*S* + 1 - §2)3/2(1 - §%)73/2,
G'_(V) = G+(V) =-1 and [G]v(_m) = [G]V(m) =2,

where S = s(s% +4)~1/2 and v,(S) is given by (4.4). Hence, (5.2) becomes

Find A€ C, ¢_ € C, ¢, € C, and w € H!(R) such that
(5.4) FAp— = V'(—m)p_ —w(-m), FApy =-V'(m)¢4+ —w(m),
)\(w,f)-{-(w’,f') _(Sw,a€)+(w7€) = 2‘5(_m)¢—+2£(m)¢+ for any f € H! (R))

where ¥ = —7/¢(V(—m)). The third equation of (5.4) is equivalent to

w' +sw —w=Aw (z#=xm),

(5.5)
w'(-m—0)—-w'(-m+0)=2¢_ and w'(m—0)—w'(m+0)=24,.

We consider spectra of (5.4) belonging to {( € C; Re ( > —1}. Solving (5.5) with
respect to w and substituting it into the first two equalities in (5.4), we obtain

_ bt by

K
2mK —
gy = V(g - L2 EECTT

656 FAd_ = V' (~m)d_

where k4 = k+(\) are two solutions of the characteristic equation 22 +sz—(1+X) =0
(Re k- < 0 < Re k4), and & = k(A) = (k+(A) — k=(N))/2, that is,

57) ke(N) = —5/2£ (82/4+ 1+ N2, k1(0) = pg = (=S £ 1)(1 - §2)~1/2,
5.7

k(\) = (s?/4+1+ X2 and k(0) = (1 - S?)~1/2.
Of course, (5.6) has a non-trivial solution if and only if

(5.8) FX=V'(=m) + 1/6)(FX+ V' (m) + 1/k) — e~ 4™ /% = 0,

which is the equation determining eigenvalues of (5.4). Since {\ = 0,¢_ = 1,¢, =
—1} is a solution of (5.6) corresponding to the translation of travelling pulse, we know

(5.9) V'(-m)=(1—-e 2™+)/k0) and V'(m)=—(1—e*™-©))/x(0).

By the use of (5.3), (5.7) and (5.9), we have the expression of the width of excited
region

(L=8)Y2 d+S—v(S) __(1-$) 1o 4= 5+ 0:(5)

(5:10) 2m=-—"F—g—le—— 15— =313 1-5
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Let us fix 7 < 1/p. The eigenvalue problem (5.8) is defined on the branch
{(d-(5),89);0 < S < S.(1)} in (d,S)-plane, and its solution is continuous on the
branch. The eigenvalue problem around a standing pulse is given by

(5.11) {prA/2 =14+d+ (1 —e 2™)/c}HprA/2 - 1+d+ (1 +e ™)/} =0

from (3.4) and (3.5). The problem (5.11) is defined on the d-axis in (d, S)-plane, and
its solution is continuous there. The following proposition clarifies the continuity of
(5.8) and (5.11) at the static bifurcation point of standing pulses.

PROPOSITION 6. When 7 < 1/p is fized, the solution of (5.8) tends to that of
(5.11) with d = d.(0) as S | 0. Similarly when d € (0,1) is fized, the solution of (5.8)
tends to that of (5.11) with 7 = 74(0) as S 0. O

For studying the behavior of real eigenvalue p of (5.8), we put

H_(p) =7p=V'(-=m) +1/6(p), Hy(p) =7p+V'(m)+1/k(p),

B Hyp) =m0 k(o and H(p) = H_(9)H (o) ~ Holp).

Then, (5.8) is equivalent to H(p) = 0, and we have

PROPOSITION 7. Put H(p) = %(p). It holds that

(5.13) signH (0) = —signd,’(S) = —sign7y'(S). O

A close relation is expected between the sign of H(0) and the existence of positive
eigenvalue of (5.8). It is easy to show that (5.8) has a positive eigenvalue if H(0) < 0
since lim,poo H(p) = 00. We have also get the following partial result in the case of

H(0) > 0:

PROPOSITION 8. (1) If d;'(S) > 0 (equivalently if 74'(S) > 0), then (5.8) has a
positive eigenvalue and the travelling pulse is unstable.
(2) (5.8) has no non-negative real eigenvalue except the trivial 0-eigenvalue corre-
sponding to the translation free of the travelling pulse when 0 < 7 < 1/p is fized and
S is near S.(7) or when 0 < d < 1 is fized and S is near 1. O

In order to study the sign of real eigenvalues in the case of H(0) > 0 and to track
the behavior of complex eigenvalues in accordance with .S, we have to solve (5.8) and
(5.11) numerically. The numerical method and the results will be discussed in Section
6 as well as a global bifurcation picture of standing and travelling pulses.

6. Global bifurcation diagram of pulse solutions. The static bifurcation
point Tstatic(d) of a standing pulse of (SL) is a monotone decreasing function ex-
plicitly given by (3.6). Although we do not have an explicit expression of the Hopf
bifurcation point 74 (d), we can calculate 75 (d) with very high accuracy by using the
method described in (8) of Appendix. Their graphs shown in Figure 3.1 lead us to
the conjecture that there exist constants dpeqr and daouste in the interval (0, 1) such
that

Ti'(d) > 0 on (0,dpear) and 7g'(d) < 0 on (dpeqk, 1),
TH(d) > Tstatic(d) on (0, ddouble) and TH(d) < Tstatic(d) on (ddouble, 1)~

(6.1)
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We thus arrive at the following conjecture, where Tpear = Tr(dpeak), Tdouble =
TH (ddouble) = Tstatic(ddoudte), and T ! and Tsapic~! are the inverse functions of
TH and Tsiatic, respectively:

CONJECTURE 1. (1-1) If T > Tpeak, the standing pulse is stable for any d € (0,1).
(1-2) Fiz 7 € (1/p,Tpear). There exist 0 < dy < d2 < 1 such that as d decreases the
stable standing pulse loses and recovers its stability through the Hopf bifurcations at
d =dy and d = dy, respectively. Here d; = d1(7) tends to 0 as 7 | 1/p.

(1-8) Fiz 7 € (Tdouble, 1/p). As d decreases, the standing pulse loses its stability first
through the Hopf bifurcation at d = Ty~ 1(7) and second via the static bifurcation at
d= Tstatic_l(T)-

(1-4) Fiz 7 < Tigoupie- As d decreases, the standing pulse loses its stability first through
the static bifurcation at d = Tstatic 1 (T) and second via the Hopf bifurcation at d =
TH_I(T).

(2-1) Fiz d € (dgoubie,1). As T decreases, the standing pulse loses its stability first
through the static bifurcation at T = Tstatic(d) and second via the Hopf bifurcation at
T =7 (d).

(2-2) Fiz d € (0,dgoubie). As T decreases, the standing pulse loses its stability first
through the Hopf bifurcation at 7 = 7g(d) and second via the static bifurcation at
T = Tstatic(d). O

The critical number d, appearing in (4.15) is very small as shown in Figure 4.1,
so that we may suppose d; < dgouste (equivalently, 7. > T4oupie). Combining this
property and Conjecture 1, we obtain

CONJECTURE 2. A travelling pulse bifurcated from a standing pulse at the static
bifurcation point is unstable. O

The branches {(d-(S),S);0 < S < S«(7)} in the (d, S)-plane and {(74(S), 5);0 <
S < 1} in the (7, S)-plane of travelling pulses can be numerically calculated from (4.6)
with very high accuracy by using the method explained in (9) of Appendix. We have
thus obtained the following precise information on the branches (Figure 6.1).

CONJECTURE 3. (1) If T > 7. is fized, then d.(S) decreases with increasing S on
(0,5«(7)). If T < 7 is fized, then the branch has ezactly one turning point Qiurn (7).
(2) If d < d. is fized, then 74(S) decreases with increasing S. If d > d. is fized, then
the branch {(74(S),S);0 < S < 1} has ezactly one turning point Pyyrp(d). O

4y (S) 5)
Mr>t, @<z, @) d<d, @d>d.

F1G. 6.1. Branches of travelling pulses (T is fized in (1), (2) and d is fized in (3), (4))

When 7 < 1/p, stable travelling front and back waves with the same positive
velocity coexist at d = 0 as stated in Section 3. Both the front wave and the back
wave have two critical eigenvalues: one is the 0-eigenvalue corresponding to the phase
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shifts and the other is negative. The travelling pulse bifurcated from the pair of
coexisting travelling front and back waves inherits their critical eigenvalues. Actually
it has four critical eigenvalues, one trivial 0-eigenvalue and three negative eigenvalues
as proved in [8] and [9]. Each standing pulse also has four critical eigenvalues as
stated in Section 3. These together with Propositions 6 lead us to the conjecture that
(5.8) also has four critical eigenvalues. Based on this conjecture, we have calculated
solutions of (5.8) by the high-accuracy method discussed in (10) of Appendix, and
have obtained the following numerical evidence.

1.0 1.0

PEEANS

NN, The turning point
, . The tuming point & po
N

©

\\ ‘The Hopf bifurcation point
e
I

The Hopf bifurcation point Xtz

0.0 0.0
00 r 0.5
(1) T: fixed

05

‘The tumning point

‘The Hopf bifurcation point

~~~~~~~~
_______

0.0

0.0 » d 1.0

(2) d: fixed

0.0

Fi1G. 6.2. The Hopf bifurcation point and turning point on the branch of travelling pulses
(0 = 2). The solid lines express the S-component (S = s(s? +4)~1/2), and the dotted lines show
the d-component in (1) and the T-component in (2), respectively.

CONJECTURE 4. (1) The branch {(d-(S),S);0 < S < S«(7)} of travelling pulses

contains no point where (5.8) has a non-trivial 0-eigenvalue if T > 7. while Qtyrn(T)
is the unique point on the branch where (5.8) has a non-trivial 0-eigenvalue if T < 7.
The branch contains ezactly one Hopf bifurcation point Qrops(T) if T > Taoubte while
it has no Hopf bifurcation point if T < Tdouble-
(2) The branch {(74(S),S);0 < S < 1} contains no point where (5.8) has a non-trivial
0-eigenvalue if d < d. while Pyyrn(d) is the unique point on the branch where (5.8) has
a non-trivial 0-eigenvalue if d > d.. The branch contains exactly one Hopf bifurcation
point Props(d) if d < daouste while it has no Hopf bifurcation point if d > daoupte- O

The travelling pulse bifurcated from the coexisting travelling front and back waves
is stable as proved in [8] and [9]. Hence, if the S-component of Qpops(T) is greater
than that of Qsurr(7), that is, if the Hopf bifurcation first occurs when d increases,
there is a possibility that a stable travelling breather bifurcates from the travelling
pulse. If the order is reversed, on the other hand, no stable solution can arise from
the Hopf bifurcation point. In this sense, the estimate of the order of S-components
of QHops(7) and Qturn(7) is crucial for the justification of stable travelling breather.
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Figure 6.2 compares S-components of @ Hopf (1) and Qturn(7) and those of Props(d)
and Piyurn(d), which are numerically calculated for p = 1/2 by the method stated in
(10) of Appendix. We thus arrive at the following conjecture.

CONJECTURE 5. (1) If 7 < 1/p is fized near 1/p, then a stable travelling breather
bifurcates from the travelling pulse at QHops (1) when d increases.
(2) If d € (0,1) is fized near 0, then a stable travelling breather bifurcates from the
travelling pulse at Props(d) when T increases. U

7. Concluding remarks. The bifurcation pictures of standing and travelling
pulses of (RD) becomes clearer when we draw them by fixing 7 > 0 and adopting d
as a bifurcation parameter. We here explain the conjecture of bifurcation pictures in
the (d, s)-plane drawn in Figure 1.6.

Fix a sufficiently small € > 0. There exists 75,, > 0 such that (RD) has no
travelling pulse with non-zero velocity if 7 > 75, is fixed while (RD) has a unique
branch {(d<(s),5);0 < s < 84} of travelling pulses in the (d, s)-plane if 7 < 75, is
fixed (limyo 75, = 1/p). Moreover, the bifurcation picture of standing and travelling
pulses changes as follows depending on the value of fixed 7 > 0.

(1) All standing pulses are stable if 7 > 7., = MaX4e(0,1) 75 (d).

(2) There appears a pair of the Hopf bifurcation points H¢ and HS on the branch of
standing pulses at 7 = 75, and HE tends to the origin while HS tends to Qg (75,,)
as 7 | Topg- The case 7 = Térg 18 the organizing center of the bifurcation diagram.
Except Q% (7¢y,), all other critical points shrink up into the origin at 7 = 75,,.
(3) When 7 becomes below 75, QS1atic(T) arises from the origin and a branch of
travelling pulses appears also in a neighborhood of the origin. A travelling pulse
bifurcates super-critically from Q¢,,;;.(T) and it recovers its stability at the Hopf
bifurcation point Q%,,s(7) on the branch of travelling pulses.

(4) The direction of pitchfork bifurcation changes at 7 = 7¢. The branch of trav-
elling pulses contains a turning point Q¢urn(T) when 7 < 75. The travelling pulse
arising sub-critically from Q¢4 (7) recovers the stability first at Qf,.(7) and then
at Qiyops () for T € (T pp,7c), Where Tf1ops 1S the T-component of Pl op (Aops)-
(5) The bifurcation diagram for 7 € (TSoubter Thops) 18 similar to the case (4) except
the order between Q. () and Qyop s (7), Where 745, = Ty (dSoupte) AS T4 Taoutes
QS40ps (T) approaches to the bifurcation point Q%;asic (TSouste) = Qur (Tdoubte)-

(6) The order between Q% (7) and QS atic(T) is reversed at T = Tg,upc- A travelling
pulse arises sub-critically from Q%;,4;c() and it recovers the stability at Qf,.m(7)-
Both Q% (1) and Q%44 (7) tend to (1,0) as 7 4 0, and lim; 0 Qfyrn () = (1, 00).

We studied the global bifurcation diagram of standing and travelling pulses of
some bistable reaction-diffusion systems, and succeeded in showing the Hopf bifurca-
tion of travelling pulses. We showed also that a stable travelling breather can come
into view only when the nonlinearity is close to the odd symmetry. In order to com-
plete the existence of unique branch of travelling pulses and in order to investigate
the stability of travelling pulses along the branch, we assumed the piecewise-linear
nonlinearity (1.3) and we sought the help of numerical computations of solutions of
transcendental equations. Nevertheless, our results are expected to be valid to a wide
class of nonlinearities satisfying the conditions (A1)~(A4) since a variety of numerical
evidences support the story of the advent of travelling breather from travelling pulses
via the Hopf bifurcation, the typical example displayed in Figures 1.1 and 1.2 among
others.
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As shown in Figure 1.6 a stable travelling breather bifurcates from Q%,,; when
T € (Thopfs> Torg) i fixed and d is increased. What is the stability of travelling breather
for much larger d ? Aoki [1] has studied this problem by numerically solving the
evolution systems and has shown that the travelling breather is destabilized by a
saddle-node bifurcation when d arrives at another critical value. The destabilization
by saddle-node bifurcation is also proved for a layer-oscillating propagating pulse
solution of an ODE model reduced from (1.4) in the forthcoming paper [17].

We close the present paper by noting the possibility of another origin of travelling
breather. When 7 = 75_,,. is fixed and d is decreased, the standing pulse loses its sta-
bility by the Hopf and static bifurcation at the same d = d (75, up1.) = A5 (Toousie)-
That is, the bifurcation of codimension 2 occurs there. Complicated behaviors of
solutions are expected around the codimension 2 bifurcation point in general. As
reported in [1], rather simple and beautiful travelling breathers can appear near the
point where both symmetric in-phase mode and asymmetric travelling mode bifur-
cate from the standing pulse. The codimension 2 bifurcation point is far away from
the curve {Q%,ps(7); 7 € (Thopss Torg)} consisting of the Hopf bifurcation points of
travelling pulses in the parameter space {(7,d); 7 > 0,d € (0,1)}. The connection by
a sheet of travelling breathers between the codimension 2 bifurcation point and the
curve {Q%,,7(7)} in the parameter space is carefully studied in [1] by numerically
solving the evolution systems. At the present stage, however, the problem is still open
and any numerical evidence is not yet proposed.

8. Appendix. This appendix states precise assumptions on the nonlinearity
{f, g}, gives the proofs of propositions asserted in Sections 4 and 5 and describes the
methods of numerical calculations referred in Section 6.

(1) Assumptions on the nonlinearity The results in Section 3 hold for a wider
class of nonlinearities satisfying less restrictive assumptions, however, we impose the
following conditions on {f, g} throughout the present paper for the brevity.

(A1) The nullcline of f is S-shaped and consists of three continuous curves u =
h_(v), u = ho(v) and u = hy(v) defined on the intervals (vVmin, ), (Vmin,Vmaz)
and (—00,Umaz), respectively. The inequalities h—(v) < ho(v) < h4(v) hold on
(Vmin, Umaz)-

(A2) J(v) = :_*((:)) f(s,v)ds has an isolated zero at v = v* € (Umin,Vmaz) and
4 (%) < 0.

(A3) The nullcline of g intersects with each of three parts of the nullcline of f at
(u—,v-), (uo,vo) and (u4,v4), respectively, and v— < v* < wy.

(A4) fo(u,v) <0, gu(u,v) > 0 and g,(u,v) < 0on R, fu(h-(v),v) < 0on [Vmin,0),
fu(h+(v),v) <0 on (=00, Vmas), £g(h-(v),v) <0 on [vmin, o) and £ g(ht(v),v) <
0 on (=00, Umaz]-

(2) Proof of Proposition 3  Assume {d,7,S} to be a solution of (4.6). The
estimate d < 1 follows immediately from d — 1 < v,(S) and d — 1 < —v(S) in (4.6).
The inequalities d — 1 < v,(S) <d+ S and d — 1 < —v,(S) < d — S yield that

0<(d+8S-v:(9)/(1+8)<1 and 0<(d—S+v,(9)/(1-5) <1
These together with F(S,d,v,(S)) = 0 lead to

0<(d=S+v:08)/(1=8) < (d+8=v:(5))/(1+8) <1,
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which implies d < 1 — v-(S)/S. Thus, the proof is completed since 1 — v-(S)/S >0
is equivalent to (1 —72)S%? <1 -p*r2. 0

(3) Proof of Proposition 4 The inequalities 0 < 7 < 1/pand 0 < S < Si(7) lead
to S > v;(S) > 0. The argument d of F(S,d,v(S)) can move only on the interval
(S — v-(S),n(S)) by (4.7), where n(S) =1 — v-(S)/S. It is clear that

(8.1) dislir&(s) F(S,d,v;(S)) = +ox0,
(8.2) F(S,n(S),v-(S)) = 2Slogn(S) <0.

Now, the unique existence of solution and the property (4.8) follows from the facts
that

. 1+8  1-5
T d+S-v.(S) d-S+v.(5)

(8.3) ?9—5(5’ d, ) <0 for §—v.(S) <d<n(S).

The first property of (4.9) follows immediately from (4.8). Let us show the second
property. Putting d.(S) = 6(S)n(S) by (4.8), where 5(S) € (S,1), and substituting
this into F(S,d(S),v-(S)) = 0, we obtain

§(S)+ S
1+S

As S tends to S(7), the first term on the left-hand side of (8.4) is bounded and the
third term tends to —oo. Hence, limgys, (r) log(6(S) — S)/(1 — S) = —oo. We thus
know

85(S) - S

(8.4) (1+ 9)log =S

—(1-S5)log +2Slogn(S) =0.

lim 6(S) = S. d lim Sn(8)/d:(S)=1.
sim (S) () an s n(8)/d-(S)

The differentiation of F(S,d-(S),v-(S)) =0 by S leads to

d-+S5—v, d. —S+vr 1+8S , ,
_— ! —_— - ——a . \Ur - Ur
5 log 133 +log—7—— 2+d,-+S—'uT(d +1-w.")
-z d r_ 1 —
dT—S+vT(T L+o) =0,
where d, = d,(5), d;' = d,'(S), v; = v-(S) and v;' = v;'(5). Multiplying (8.5) by
d; — S + v;, we obtain

dr+S - dr =S+
(dT—S+Ur){10g—T—+S—1)'t+10g——7'T—;§ﬁ— }
S —Sn/d- . 1-5%n/d, '
- " 2 d,  +2——F— (1 —-v)=0,
2 T sne, ) =0

where n = 1(S). Now, by the use of limgsg, (r) Sn(S)/d-(S) =1 and the fact
0<d,—S+v,<dr +S—-v, =0 as S15(),
which follows from (4.8), we succeed to show

8.7 lim d,/(S)=1- lim v/(S)=1- )72,
(8.7) s | () sm ' (S) (p1)
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This together with (3.2) completes the proof of the second property of (4.9).
We next turn to the properties (4.10) ~ (4.12) of d,(S) in the limit S | 0. Using

. — 1 _ B ] — . " —— _ 22
(8.8) limn(S) =1-pr, lim (S)=0 and lim 7 (8) =-pr(1-7?),
we prove the key property d.(S) = O(1) around S = 0. Fix a small positive constant
d so that 1/6 +1ogd + log(1 — pr) — 1 > 0. It holds that

5+S -8
T+5  (—Slegi—¢

F(S,n(S),v-(S)) = (1 + 5) log +2Slogn(S)

=mg§f§+smga+sx&-$+QSMgma
—(1+8)log(1+S)+ (1 —S)log(1 - S)
= 5-G(5,5),

G, S) = %loggtg +log§f§ +2logn(S) —2 + O(S?) around S = 0.

Since G(9,S) tends to 2{1/6 +log § + log(1 — pr) — 1} > 0as S | 0 by (8.8), we know
F(S,6n(8S),v,(S8)) = S-G(6,5) > 0 for small S > 0. This together with (8.3) leads to
d.(S) > én(S) > 6(1 — pr)/2 > 0 near S = 0. We thus obtain d-(S) = O(1) around
S=0.

Because of 57(S5)/d, (S) = O(S) around S = 0 we can rewrite F(S, d(S), v, (S)) =
0 as

dr(1+Sn/dT) _ dT(l_Sn/dT)
1+8 1-S
=2Slogd, — (14 S)log(1+S) + (1 — S)log(1 — S)
+ (1 + 85)log(1 + Sn/d.) — (1 - S)log(1 — Sn/d,)
=2S8(logd; — 1+ n/d,) + S3¢ + 0(S%)

0=(1+S5)log (1-29)log

around § = 0, where d. = d.(S), n = n(S) and { = ¢(S) = {1 — 3(n/d,)? +
2(n/d,)?}/3. Multiplying the above equality by 1/25, we obtain

(8.9) 0=logd, —1+mn/d. +S?¢/2+0(S®) around S =0,
which and (8.8) imply the first equality of (4.10). The differentiation of (8.9) yields
(8.10) 0=d,'/d: +7'/d; —nd,'/d% + S¢ +O(S?) around S =0,

where d.’ = d.'(S) and 1’ =7'(S). We thus obtain (4.10) with the aid of (8.8).
Differentiating (8.10) again and taking the limit S | 0, we have

(8.11) dr(0)d;"(0) + d-(0)7"(0) — n(0)d," (0) + d,(0)*¢(0) = 0

where 7(0) = limgyo7(S), 7”(0) = limsyo7"(S) and ((0) = limgyo ¢(S). We now
obtain (4.11) from (8.11) with the aid of (4.10) and (8.8).
Put g(z) =1 -2z + zlogz and

r(z) =z —z(1 —logz)?(1 + 2logz) — 3q(z)(1 — q(z)?/p*) for z € (0,1).
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Then d."(0) has the same sign as r(d,(0)). Since lim,or(z) = —3(1—1/p?) < 0 and
limg4q r(z) = 0, it suffices for the proof of (4.12) to show that there exists a unique
z. € (0,1) satisfying r'(z) > 0 if z < z. and r'(z) < 0if z > z.. It holds that ¢'(z) =
logz < 0 and 7'(z) = ro(x) log x, where ro(z) = 3(1 + 3¢(z)?/p*) — 3logz — 2(log z)*.
Let o = €?, where § is the smaller solution of 3 — 3z — 222 = 0. Then, if < « then

zro’(z) = (18/p*)z(1 — z + zlogz) logz — 3 — 4log
> 18z(1 —z)logz —3 —4logz > —(4—18a(l—a))logz—-3 > 0,

and if + > a then ro(z) > 3 — 3logz — 2(logz)? > 0, which implies the unique
existence of z. € (0,c). O

(4) Proof of Proposition 5 When S € (0,1) is fixed, v-(S) increases with 7 and
its infimum and supremum are 0 and p, respectively. Because of the bistable condition
p > 1 —d, the infimum vy and supremum vy, of the argument v of F(S,d,v) in
(4.6) are given respectively by

Ving = max{0,S —d} and s, = min{l —d,d+ S}.

Since F'(S,d,v) decreases with increasing v, it suffices for the proof of the unique
existence of solution to show

(8.12) lim F(S,d,v)>0 and lim F(S,d,v) < 0.

Uivinf VVsup
Assume vy = 0. Then, we have

d+S d-S
. _ 4+5 1 o)oe L2
v}lvrinan(S,d,v) (1+S)10g1+5 (1-29) 8T g
which is a monotone decreasing function of d € (S,1) tending 0 as d 1 1. Hence
limyy,,,, F(S,d,v) > 0. Moreover, if v;ny = S — d then limyy,,,, F(S,d,v) = .
We thus obtain the first assertion of (8.12). The second assertion is obtained also by
noting that

2 —
lim F(S,d,v) = (1+ ) log 225~ 1

0 if vsup=1-d
‘UT'UAu.p 1+S < ! USP

and limyty,,, F(S,d,v) = =00 if vgp = d + S.
The property (4.13) follows immediately from the facts

UTd(S)(S){ 1-5 }1/2‘
S P =) (5)?

Put v,,(5)(S) = S —d+n(S). Clearly, 0 < n(S) <1- S and n(S) tends to 0 as
S 11 by (4.13). Substituting the above v,,(5)(S) into (4.6), we have

S—d<v,s)(S)<1-d and 74(S) =

2d-n 7
(8.13) (1+9)log 155 =(1 S)IOgl—S’

where 7 = 1(S). Since the left-hand side of (8.13) tends to 2logd as S 1 1, 7(S)/(1-5)

tends to 0 as S 1 1. Differentiating (8.13) by S and using (8.13) again, we obtain
2d—-n 2d -1 . 1 o i

S+(1-9)2 5+1-95I 1+8 *1-5

m(S) = -
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which tends to 0 as S 1 1. We thus obtain (4.14). We omit the proof of (4.15) since
it is obtained by applying a similar argument as in the proof of Proposition 4. O

(5) Proof of Proposition 6 We first consider the case where 7 is fixed. Choose
d € (0,1) so that Teatic(d) = 7. When S is sent to 0, d, (S) tends to d, ¢(V(-m)) to
=2/p, both V'(—m) and ~V'(m) to 1 —d by (5.3), & to (1 + A\)/2 by (5.7) and 2m
to —logd by (5.10). Similarly, when d is fixed and S is sent to 0, 74(S), &(V(-m)),
both V'(—m) and —V'(m), & and 2m tend to Tytatic(d), —2/p, 1 - d, (1 + A)/2 and
—logd, respectively. We thus know that (5.8) tends to (5.11) as S | 0, and complete
the proof. O

(6) Proof of Proposition 7 It follows from (5.3), (5.7), (5.9) and (5.12) that

26(0)*+ = pr(25% + 1 — §2)=3/2 = %(5),

B1Y LO)H_(0) =1 - K(O)V!(=m) = e=2m+0) = (41 § - .(8))/(1 + S),
K(0)H1(0) = 1+ £(0)V'(m) = 2™-0) = (d = § +v,(5))/(1 - S).
Using & = dk/dp = 1/(2k), we obtain
H(p) = (7 = &(0) ™ /2)(H-(p) + H4(p)) + 5(p) (1 + 2mx(p)) Ho(p).
The substitution of p = 0 into the above yields
(815)  2x*H(0) = (2637 — 1)(kH_ + kH,) + 2(1 + 2m) (s H_) (kH)

with the aid of Ho(0) = H_(0)H,.(0), where & = x(0) and Hy = Hy (0). The above
equality (8.15) is rewritten as

2 .
25 F(0) = (222.(8) ~ 1=t + —L ) 42— log B — logxH,
H_H,

(816) oS kH_ I€H+

by the use of (8.14). By using (8.14) again, we can rewrite (8.5) as

1 1.,
(g~ H{:)dr (S)

v,

= (35

Fix d € (0,1) and put 7 = 74(S) in (4.6). Differentiating the resulting equality by S,
we get :

(8.17) 1

1
(S) - 1)(EIT + m) +2—logkH_ —logkH,.

ov, 1 1
or (S)(/-cH_ + kH,

All the right-hand sides of (8.16), (8.17) and (8.18) are the same. The coefficient of
H(0) is positive while those of d.'(S) and 74'(S) are negative. We thus complete the
proof. O

(8.18) — )74 (S) = the same as the right-hand side of (8.17).

(7) Proof of Proposition 8 (1) Clearly lim,j0, H(p) = c0. Since H (0) < 0 by
Proposition 7, the equation H(p) = 0 has a positive solution and (5.8) has a positive
eigenvalue.

(2) From the equality £ = 1/(2x) > 0, we have dHo/dp(p) < 0 for any p > —1.
Moreover, dH_ /dp = dH, /dp = 7 — k™2 = 7 — k=3 /2 and 7 — k3 /2 increases with
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p. Hence, if # — k(0)73/2 > 0 then (5.4) has no non-negative real eigenvalue except
the O-eigenvalue corresponding to the translation invariance. By (5.3) and (5.7), the
condition 7 — k(0)~3/2 > 0 is equivalent to

(8.19) pr > (1282 +1 - §2)3/2,

Since the right-hand side of (8.19) tends to (pr)® when 7 < 1/pis fixed and S 1 S.(7),
(8.19) is satisfied. When d is fixed, T = 74(S) = O((1 — S)'/?) around S = 1 by (4.13)
and (4.14). Hence, the left-hand side of (8.19) is of O((1 — §)'/2) while the right-hand
side is of O((1 — S)3/2) around S = 1, and (8.19) is satisfied. O

(8) How to calculate the Hopf bifurcation point of standing pulse Put
k=a+iB (e € R,8€Randi=+/~1)in (3.5). Then A = a® — g% — 1 +2iaB. The
Hopf bifurcation point 74 (d) is determined so that (3.5) has a pair of pure imaginary
solutions, and in this case (3.5) is split into the following real and imaginary parts:

(8.20) 0=1-d- {a+e?™*(acos2mfB — Bsin2mpP)}/(a® + ?),
(8.21) pafBry(d) = {B + e~2™*(8 cos 2mp + asin 2mpB)}/(a?® + §?),

where 8 = B(a) = (a® — 1)'/2. Lemma 3.11 in [10] for a class of more general non-
linearities pointed out that the right-hand side of (8.20) increases with a. Moreover,
the right-hand side of (8.20) tends to —2d < 0 (resp. 1 —d > 0) as a | 1 (resp.
a 1 00). Hence, we can calculate the solution a of (8.20) by the bisection method and
get 7 (d) from (8.21).

(9) How to calculate the branch of travelling pulses As stated in the proof
of Proposition 4, d,(S) is a unique zero-point of the monotone decreasing function
F(S,d,v-(S)) of d. Hence we can calculate d,(S) by the bisection method. The
turning point Qtyrn (7) is, if exists, calculated by applying the bisection method to d,’
expressed as (8.5). Since 74(S) is also a unique zero-point of the monotone decreasing
function F(S,d,v-(S)) of T as described in the proof of Proposition 5, 74(S) can be
calculated by the bisection method.

(10) How to calculate eigenvalues along the branch of travelling pulses
We denote by H(A;S,7) the function defined by the left-hand side of (5.8), and the
0O-eigenvalue corresponding to phase shifts by Ag. We explain the method in the case
where 7 is fixed.

Real eigenvalues A are real roots of (5.8). We began with the observation of
graphs of H(A;S,7), which are classified into five typical patterns as shown in Figure
8.1. There seems to exist a constant Scompiec Such that (5.8) has four simple real
roots Ay < Ay < A3 < Ao for S > Scomple (the case (1) of Figure 8.1) , two simple
real roots A; < Ao and one double root Ay = Az for S = S;ompies (the case (2)), two
real roots A1, Ao and one pair of complex conjugate roots for S < Scompiez (the cases
(3) ~ (5)). When S is near S.(7), the graph is like (1) and (5.8) has four real roots
A1 < A2 < A3 < Ag. As S 1 S.(7) both A\; and A tend to the same negative number
and A3z to 0 from the below. When the branch of travelling pulses has a turning point
Qturn(T), the graph changes its shape like (1), (2), (3), (4) and (5) in the order as
S decreases, and \; tends to 0 from the above as S | 0. When the branch has no
turning point, the shape changes like (1), (2) and (3) in the order as S decreases, and
A1 tends to O from the below as S | 0.

If we find some Sy such that H(X\;Sp,7) = 0 has four simple roots and initial
values po, p1, p2 and p3 satisfying —1 < pg < A\; < p1 < A2 < p2 < A3 < p3 < Ag for
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its unknown roots A;, A2 and Az, then the roots are estimated by the bisection method.
Moreover, once we get nice approximated roots A1, A2 and Az of H(XA; So,7) = 0, then
(1 —1)/2, (A1 +X2)/2, (A2 + A3)/2 and A3/2 become excellent initial values in order
to find the roots of H(A;S,7) = 0 for S belonging to a neighborhood of Sp.

We next proceed to complex eigenvalues. We have effectively calculated them
based on the continuity of (5.8) and (5.11) at the static bifurcation point of standing
pulses. Putting & = k(A) = a+i8 (@ € R, 8 € R and i = v/—1), we split each
of (5.8) and (5.11) into the real and imaginary parts. We thus obtain a system of
transcendental equations with respect to a and S, say, Hyy(a, 8;S,7) = 0 from (5.8)
and H,,(a, B;d, 7) = 0 from (5.11). Giving an approximated solution do of g (d) = T,
we calculate the solution (75 (do), Qtmp, Btmp) of (8.20) and (8.21) with d = do, where
Atmp > 1 and Bimp = (AFmp — 1)1/2, After these steps we get the solution (ao,30)
of Hsp(a,B;do,7) = 0 by using Newton’s method and adopting (¢mp,Bemp) as an
initial value. Let d;j = do +j(d;(0) —do)/M (j =1,---,M)and 0=5p < S; <--- <
SN < S«(7), where M and N are positive integers. Newton’s method with the initial
value (a] 1,0j—1) gives the solution (a;,0B;) of Hgp(a, B5d;, ) = 0 iteratively for
j=1,---,M. Then, (ap, Br) satisfies also Hyy(a, 3;0,7) = 0, which is equivalent to

s,,(a, ,B,d (0),7) = 0 since (5.8) and (5.11) are continuous at the static bifurcation
point of standing pulses. The successive application of Newton’s method with initial
value (apr+k—1,B8m+k—1) yields the solution (aar4k,Bm+k) of Hep(a, B5Sk,7) = 0
(k=1,---,N).

Let (a(S),B(S)) be the solution of Hy,(a,B;S,7) = 0. Then this pair satisfies
a(S)? = B(S)? — 1 = 0 at the Hopf bifurcation point Qops (7). Hence, S-component
of QHops(7) is calculated by applying the bisection method to a(S)? — 8(S)? —1 = 0.
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