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THE LINEAR DIFFRACTIVE PULSE EQUATION*
DEBORAH ALTERMAN' AND JEFFREY RAUCH?

Abstract. The asymptotic description of short wavelength wavetrain solutions of constant
coefficient linear hyperbolic partial differential equations leads, for times of order 1, to amplitudes
which satify the linear transport equation along rays. For linear phases and times of order 1/e
with wavelength & O(e), diffractive effects become important and the amplitudes satisfy a linear
Schrédinger equation. The asymptotic description of pulse solutions involves the same linear transport
equation for time of order one (see [A], [AR2], [MR], [Y1], [Y2]). For times of order 1/e, instead
of a Schrédinger equation, the amplitudes satisfy a partial differential equation we call the Linear
Diffractive Pulse Equation (LDPE) (see [A], [AR1]). Nonlinear analogues of all these results are
known for solutions of the appropriate amplitudes. In this paper we examine in some detail the
initial value problem for the LDPE.

Dedication. It is our pleasure to dedicate this paper to Cathleen Morawetz who
has been an inspiration to us in our lives and our research. We hope that the tie to
asymptotics recalls her profound work with Ludwig on the justification of geometric
optics expansions in the exterior of convex obstacles [LM], that the slightly nonstan-
dard multipliers recall her brilliant use of the a,b,c method for problems of mixed type
for example in [M], and finally that the characteristic initial manifold recalls her deep
contributions to characteristic initial value problems of Tricomi type. Her work on ex-
ponential decay in exterior domains includes the crucial Morawetz multiplier and the
first proof of decay for nontrapping obstacles which remains one of our favorite results
in modern analysis [MRS]. Speaking for the many mathematicians who have turned to
her for advice and guidance both personal and scientific, we offer our heartfelt thanks.

1. Well posedness of the initial value problem. The linear diffractive pulse
equation (LDPE) is the partial differential equation

(1) 2utm = Ayu, A= Z %2_ .
j=1 J
We will show that it is a good evolution equation.
A first observation is that the plane {t = 0} is characteristic so there are null
solutions, that is smooth nonzero solutions which vanish for ¢ < 0. In fact, u = f(t)
is such a solution for any smooth nonzero f supported in [0, ool.

On the other hand, let d := n + 1 and define variables (2,21, ..., 24), by

zoz=tlm- z1:=t—_—x 29y ey 2140 = Y1y-- 1 Yn -
The inverse transformation is
t:zo_i_—z1 m:u Yly-orYn = 22,...,214n -
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264 D. ALTERMAN AND J. RAUCH

Then
_fi__1_<i+i) i__l_(i_i)
ot 2\0z 0z)’ or ~ 2\0z 0z)’

and equation (1) becomes the classical wave equation

52 U 52
2 D,u=0 0:= — — —_—.
Thus, equation (1) is simply the wave equation in coordinates rotated 45°.
Plane wave solutions u = e("t+£2+71%) are given by solutions 7, £,7 of the char-

acteristic equation

_ne
26
The fact that this dispersion relation is real shows that though the plane {¢t = 0} is

characteristic, equation (1) defines a unitary group on H*(R;%™) for all s.
Equivalently one can solve (1) by Fourier Transform in the x, y variables to obtain

®3) —2ré+ > =0, T

=2t &n) = —Inl*a(t,&n), A& m) = 3 4(0,€,7).

The multiplier ei!"°/(26) has modulus equal to one which implies that the H?®(R?)
norm of the solution is independent of ¢t € R.
Another point of view is to write the equation formally as
- w = 1 ( 7]
T2 \oz

The commuting operators A, and §;! are symmetric and antisymmetric respectively.
Thus with its natural domain defined with the aid of the Fourier transform, 9;1A,
is antiselfadjoint on H®(R*™). It generates the unitary group F* e®ln*/(26) F on
H?#(R'*™). The solutions are continuous with values in H* but are not in general dif-
ferentiable in time even as a function with values in the tempered distributions (see Re-
mark 4 after Theorem 1). Tt is not hard to show that solutions u € C(R; ; H*(R'*™"))
are characterized by the following equivalent conditions.

)_lAyu.

1. Equation (1) holds in the sense of distributions on Rf;g

2. a(t,&m) = e/ a(0,6m).
3. 2i€a.(t,&,m) = |n|>a(t,&,m) in the sense of distributions on R%‘E”}’ .

THEOREM 1. If f(z,y) € H*(R'*™™), there is a unique function

(4) ueC(R; HR™™),  ul_,=f
satisfying (1) in the sense of distributions. The solution is given by the formula
(5) | a(t,&m) = /8 f(E,).

In particular one has the conservation law,

(6) 1wz ®reny = 1fllas @i+n)
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for all t. There are regular solutions u. € C*°(R; ; S(R-")) of (1) which converge to
u as € — 0 in the topology of C(Ry ; H*(R!*™)).

Proof. Only the last sentence needs comment. Choose x € C*®(R'*") with x
vanishing on a neighborhood of the origin, and ¢ € C$°(R!*™) equal to one on a
neighborhood of the origin. Then the solutions with initial data

4(0,&,m) = x(&/e,n/e) (€€, en) 4(0,&,m)
have the desired properties. [0

EXAMPLES/REMARKS. 1. The fundamental solution is the solution u whose
initial value is u(0,z,y) = §(z,y). Then u is a distribution in ¢, z,y homogeneous of
degree —n — 1. This is immediate from the observation that if u is the fundamental
solution then for A > 0,

AL u (A, Az, Ayt - - - Ayn)

is also a fundamental solution. The homogeneity follows from uniqueness of solutions
of the initial value problem.

2. If u is a solution then so is u(—t,—z,y). It follows that if you know how to
solve the initial value problem for ¢ > 0 then one solves for ¢ < 0 by remarking that
u(—t,z,y) = v(t,z,y) where v is the solution with initial data f(—z,y). For this
reason it suffices to describe the fundamental solution for ¢ > 0.

3. The initial data u(0, z,y) is arbitrary so long as it is square integrable at infinity
in the sense of membership in some H®. This freedom in data must not be confused
with arbitrary Cauchy data. The equation is second order so that the Cauchy data is
the pair u(0), u¢(0) and the theorem shows that the first determines u and thereby the
second. The differential equation represents a relation between u(0) and u(0). This
is because the initial manifold {¢ = 0} is characteristic, which in turn is equivalent to
the fact that the conormal (7, 0,0) belongs to the characteristic variety.

4. Though the solutions are continuous in time, they will not in general be
differentiable in time, even for initial data in the Schwartz space S(R**™). This is
easy to see from the formula ‘

Even for f € S one will not have 4; square integrable unless f vanishes at £E=0. A
necessary and sufficient condition for u; to be a bounded function of ¢ with values in
9 7 2
In* f(&,m)

L2(R'*™) is that
/Rl+n £

2. Domains of dependence and propagation speeds. Implicit differentia-
tion of (3) yields

(8) 21 {+27r =0, “2mé+2n=0.

dédn < oo.

Together with (3), this yields the group velocities

9) (re,7) = (%, 7).



266 D. ALTERMAN AND J. RAUCH

Note in particular that the z component of the group velocity is always nonnegative.
The group lines (t,t|n|?/2¢,tn/€) foliate the light cone 2tz = |y|%.

The conservation laws (6) can also be obtained by the method of multipliers. In
the next computations suppose that u € C°(Ry ; §). Theorem 1 shows that general
solutions are limits of such functions. Multiplying the equation (1) by u, yields the
conservation identity

V,ul? ~
O (ug)? + (l——;—|> —Z(uwuyi)yi = 0.

=1

Integrating with respect to x,y shows that
(10) ) / (up)? dody = 0.
]R1+n

In the same way multiplying by
(1= Ag ) (e—82)tu,

yields
2
) / (@ - 200)7% (e~ 82)"Vu.) dody = 0
Rl-l—n

Letting € > 0 decrease to 0 recovers (6).

The previous argument shows the utility of the multiplier u, in deriving estimates
for the LDPE. One also has the standard identity in the z coordinates with multiplier
Uz There is also a simple identity from the multiplier u; which is in fact a linear

combination of the above two. It reads
n

n
Ut (2Ut:c - Ayu) = (U?)w - Z “t“y; + Z Uy; /2
j=1 j=1

We next investigate what remains of the finite speed of propagation for the wave
equation in 2g,...,2n41. It is natural to expect that for our initial value problem,
the domain of determination of a point (¢, z,y) is the backward light cone sketched in
Figure 1. The intersection with the plane {¢t = 0} is a parabolic region denoted P in

the next theorem.

t=0

Figure 1. Domain of dependence is the intersection of the cone with ¢ = 0.
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The light cone in the figure has the equivalent equations

n n+1
1) 20t-tle-2) =) Wi-y), (0-2) = > (z—2z).
=1 i=1

The assertion about the domain of dependence is the content of the next result.

THEOREM 2. Suppose that t > 0 and consider the intersection of the light cone
(11) whose vertex is t,z,y with the plane {t = 0}. The interior of the cone cuts out
the parabolic region

(12) P = {(t,a:,y) t=0 and 2z < 2%z- Y (yi-y,)’ }

i=1
If the initial data of a solution u from Theorem 1 vanishes in P then for 0 < t, u
vanishes inside the light cone (11) that is in the set

{(t,:c,y) . 0<t<t and 2(t—§)(:c—§)>zn:(yi—y_i)2}.

=1

In particular if the data vanish for z < a then for ¢ > 0 the solution vanishes for
z < a. Influence propagates to the right. This is reasonable given the group velocities
(9) with positive first component.

Proof. Regularizing the initial data with a smooth approximate delta function
supported in an € ball yields a solution with data in Ny H® supported in the parabola
translated to the right by € units. If the theorem were known for data in N;H*® one
would conclude that the solutions u¢ vanished in the translated cone. Passing to the
limit € — 0 one obtains Theorem 2. Thus it suffices to prove the theorem for data in
NsH?®. Since both real and imaginary parts of a solution are themselves solutions, it
suffices to treat real solutions with such smooth data.

Theorem 1 shows that

u € C(Re; NsH?)

and the differential equation then shows that
uz € CH(Ry ; Ny H?).
For —co < # < z denote by C(%) the part of the light conein ¢t > 0 and % > z,
C(#) := {t,a:,y c0<t<t, >z, 2t-t)(z—2z)< |y|2}.
Multiply the equation by u, and integrate over C to find

0 = By (uy)? + (1Yl 3 dtdzd
— Jew o) +(_2_)x_2(“’”“yf)y.- bdwady.
i=1

Next integrate by parts obtaining three boundary terms
(13)

0= I/t(uz)2+uw|Vyu|2/2—Z vy, (Ug uyj)daf/ (uz)2d:cdy+/ |Vyul?/2dtdy,
P -

8Cone =7
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where
(&“w,.t“t,y“ﬂ)
le—z,t—t,y—yll

V= (Vt, Vg, Vy; -+ Vy,) =

is the unit outward normal and do is surface measure. The hypothesis on the initial
data implies that the integral over P vanishes. The integrand in the 8 Cone integral
is nonnegative. One way to see this is that the surface is a limit of strictly spacelike
surfaces on which the positivity of the integrand is nearly the definition of space like.
Since all three integrals are nonegative it follows that they all vanish. In particular,
the integral of |Vyu|?> over £ = Z vanishes. Since & is arbitrary we conclude that
Vyu =0 at all points of C(Z).

Knowing that u, = 0, the surface integral yields [, . ¥t(tuz)*do = 0. Since
vy > 0 this implies that u, = 0 on the surface of the cone. The same argument holds
for the cones with vertex lowered at any point between (£,z,y) and (0,z,y). This
proves that u, and therefore V, yu vanishes at all points inside C(Z).

By connectedness, it follows that for each ¢ > ¢ > 0 the restriction of u(t) to the
interior of the light cone is constant. Since the time section has infinite measure, and
u(t) is square integrable, it follows that u(t)|light cone = 0 and the proof is complete. O

This theorem has a dual form in terms of domain of influence.

COROLLARY 3. Fort > 0 the domain of influence of the origin for the LDPE,
equivalently the support of the fundamental solution, is contained in the parabolic
region

v

n
{toy: 22> >0}

Proof. Theorem 2 shows that the fundamental solution vanishes on a neighbor-
hood of ¢, z,y if the origin is not contained in the region (12), that is if

n
(14) 0> 2z y.
i=1

The fact that the support is contained in z > 0 is consistent with the fact that
the group velocities have nonegative £ component.

3. Relations with 00,. We next describe in more detail the relation between
solutions u(t,z,y) of the linear diffractive pulse equation and the corresponding so-
lutions of the wave equation O,u = 0. The solutions of the LDPE are given by the
Fourier integral representation

1) ulbzy) = @n) DR / it/ 29) +28tum) Fe ) dedp,
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while the solutions of O,v = 0 are

(16) V(20,21,- -5 Znt1) = V4 + V- =

(271.)—(n+1)/2 . Z / ei((n,~~~,znf1)-(41»~~-,Cn+1)ﬂ:zo|Cl,~~~,Cn+1|)ai (TR Cng1)dCe .. dCnyr.
+

To compare the formulas (15) and (16) use the relations between the ¢, z,y vari-
ables and the z variables given at the beginning of §1, and the dual relations

CO = T—\;_;a Cl = %9 C2>-H>Cn+1 = Mye-5Mn -
_ G+G _ GG

- T) 5 \/§ 3 My -y = CZ)"'aCn+1'

When these relations hold one has

+ —_
17) Tt+Er+ny = T\/; zo+z—\/§—€z1 +n.(29,...,214n) = (.2,
and
G-G = =G = 26— Inf.

The last identity verifies that ¢ belongs to the characteristic variety of O, if and only
if 7,&,n is characteristic for the linear diffractive pulse equation. Denote this variety
by I,

(18) T={c#0: =G+ +Cu} = {nem#0 : 2=},

The solution u(t,z,y) of the LDPE correspond to the solution v(z) of the wave
equation by a change of independent variable,

(19) v(z) = (2m)~ (D2 / B

The coefficient of zg in the exponent is

A () L b2

V2 \ 2 2v2¢
The sign of this quantity is the same as the sign of €. In formula (16) the solution of
the wave equation is written as the sum of two terms each determined by the sign of
the coeflicient of zg in the exponent of the exponential. With this in mind let
(20)

vi(z) = (2m)" (/2 / e SN CANE ) f(&,n) dednmy .. .dn,.
+£>0

z9+z1 _[nl2 z0—z1
vz ot

Erlzems) ) fe,m) dg din ... dn

To compare with (15) we change variables in the integral for v+ noting that
ei(((1,~--,Cn+1).(’_T;,y1,...,yn):ti‘/"'—g [€1yeesntrl) ei(J%‘; t+z.£+y.n)

where the map ((1,...,¢n+1) = (§,7) is given by

(21) £=:E|C1,~~;/C2f+1l-ﬁ, M-esln = C2yevns Gt -
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The inverse map is given by
. n? =282
22 == =M.,
(22) G W G Catl =M---,0n

The Jacobian determinants are

a(&,n) 0¢ 1 +(1 E G (ST Y|

( ) ot a(CI-'-,Cn-H) aCI \/E{ICD '~aCn+1| } \/-2-|Ch--~aCn+1| ’
and

0 ...\ Coy1) _ OG I + 2¢*
@ e o Taval & )
Performing the change of variable in (20) with

o n Gy Cnt1 | F G

d =

’ ot (C )Cn+1)’ \/EICI;"~7C7I,+1| ’
yields

+ = (27r)—(n+1)/2 /ei(ilcly’"’gfb-#l|z0+(gl1'”v<n+1)'(z17'“yzn+1)) X

(25)
¢, Gl = G €1y, Gt F Q1
Xf 7C27H~,Cn dC ...dcn .
( V2 +1> V2G5 Gt ' i
To summarize the solution of the wave equation has amplitudes given by
A(EIG -Gl = G G155 G| F Q1
(26) a:l:(C7--~7Cn ) =f 7(7"'7Cn .
' o ( V2 > ») V2Ct, s Caa

Note that the restriction of f to ££ > 0 determines a.

ExaMPLE. Consider the fundamental solution of the LDPE defined by u|(—¢ =
8(z,y). This solution is continuous in ¢ with values in H*(R'*") provided that s <
—(1+n)/2. The Fourier transform f is independent of £, and therefore the amplitudes
a+ are functions homogeneous of degree zero and smooth except at the origin. It
follows that vy and v are all C(R, ; H*(RZ" . ) provided s < —(n +1)/2. In
general the relation between the regularity of u and that of v is not quite this simple

because of the nonlinear dependence on ¢ of the argument of f.

Continuing the computation using the shorthands ¢' := (C1,...,(nt1), 2'
(21, ..., Zn4+1) one has
; / i(£¢zor¢ ) ICTF G
VL = dC
(2m)ntt V21l
1 " 1
- —  (+ 9 i(£]¢ |20+¢".2") de' .
e (20a70) [ VAT
Therefore
1 Loyt 't . ' ot 1
- - - _ i(1¢"|z04+¢" ") _ pi(=1¢"|20+(" 2 1
v=vpt+vo = T (82— 0-,) /(e e ) A ¢’ .
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So, up to a constant, v is equal to 8., — 0, applied to the fundamental solution of
O,. We will recover this relation in the computation of the fundamental solution, wu,
in the next section.

There is a different strategy for transforming the initial value problem for the
LDPE into a boundary value problem for the wave equation. Define

{u it t>0

Y= 0 if t<o.

Then
(207, — Ay) @ = 2uy(0,,y) ().

In the variables z this reads

0.4 = % (020 — 021) f((20 = 21) [ V2, 22, - -, 20t1) 6((20 + 21) /V2)

= fu((z0 — zl)/\/—Z-, 29,y 2n+1) 0((20 + zl)/\/i)/Q

There are infinitely many solutions of this equation differing by solutions of the ho-
mogeneous wave equation. Since {t = 0} is characteristic, there is even an infinite
dimensional set which have support in t > 0. The correct solution is the one ob-
tained by convolution with forward fundamental solution of O,. The computation of
fundamental solutions in the next section verify this assertion.

4. E)fplicit fundamental solutions. The fundamental solution is given by
(15) with f = (2r)~(®*1)/2 The evaluation of the integral begins by performing the
7 integral using the identity

n/2
(27) /e—“|"|2/2 e dny = (37_7) e‘|y|2/2a, Rea>0, a#0.
a

The branch of the square root of 27/a is the one with positive real part. With
a = —it/€, 1/a = i€[t, this yields

(28) u = @%—7 / (27Ti§/t)"/2 e i€lyl?/2t £ié de .

4.1. The case n = 2k € Ngyen. In this case, the wave equation O, is in a space
of odd dimension equal to 2k + 1, so it is not surprising that the formulas are simpler
and exhibit a Huyghens’ principal. In the same vein, when n = 2k, there is no square
root in formula (28) and one has

u = (zﬂ;m / (2mig Jt)k e~ i8I /2t ging ge

Differentiating the identity
1 )
i€s —
5 / e*® ds = 6(s)

yields
1 ok iEs d*s
3 [0 s = 50 = T (o).
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Therefore
k
- gk [ e
= OO - 2t = 0" ((2at — [yl*)/2t) .
(2m)ntl ¢k (2w t)

Since 6®*) is positive homogeneous of degree —k — 1, for ¢t > 0 this simplifies to
(29) u = 7?5 2zt — |y|%), t>0.

Since 6(*) is homogeneous of degree —k — 1 and 2zt — |y|? is homogeneous of degree
2, it follows that 6(*¥) (22t — |y|?) is homogeneous of degree 2(—k — 1) and therefore
that u is homogeneous of degree —n — 1. Similarly, the local Sobolev regularity is
—n/2 —1/2 — e. These verifications confirm properties already demonstrated about
the fundamental solution. On the other hand, the formula (29) exhibits a Huyghens’
principal. The support is contained entirely on the surface of the parabolic region P
from Theorem 2. When n = 1 and more generally for even dimensional space time,
the support fills the solid light cone.

In the spirit of the last section, consider u as a solution of the wave equation in
the z variables. Up to a constant factor, the function in (29) is equal to

Zo + 21 5k (22 — 22

t60) (22t — [y*) = 0= == 2pg)

- 3%2\/_321 D (2 -2 22,
The function v := (2m)7%6(* =1 (22 — 22 — ... — 22 ) satisfies (see formula (41) of
§VI.15.6 in [C)])
O,v = 0, U,zo=0 =0, Ut,z0=0 =0(21,---,2n+1) -

Thus, the fundamental solution of the LDPE is equal to ¢(0,, — 8,,) v where v is a
fundamental solution of OI,.

4.2. The case n = 1. When n is odd the branch of the square root of 27/t in
(28) is important. It is inherited from (27) and is given by

(2mile/t|sgn (¢/8) "/
@rle/t) /2 (isgn (¢/1)"*

orleeyrs TR, (30

Inserting (30) into (28) yields for t >0 and n =1,
1+ sgn§ it(z—y?/2t)
= v/ d€ .
B (27) 3/2 Vi / el g

For ¢ > 0 the integrand includes the factor (1 + 7)/v/2 while for £ < 0 this factor is

(2mig/t)!/?
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replaced by
1—1 144

v vE

Thus if we define the square root by
43 if£>0

(31) (€ —i0)/? = lim (¢ —ie)'/? =
- ~iVIE it€<0,

then for all real £ # 0
1+zsgn£ Vg = 1+Z i)/ = e/t (6 —q0)l/2 .

Therefore
eim/4

(27T)3/2\/'
Example 7.1.17 in [H] yields the identity
—3/2 —izg _ pim/4 1/2
o | e dE = ¢"/* (€ ~ i0)

The Fourier Inversion Theorem yields

i0)1/2 eib(z—y?/21) de .

eim/4 —-3/2

i€z (¢ :\1/2 _ 4 — 3/2
o /e (& —140)"/= d¢ —_1"(—1/2) = x; (x)
where we have introduced the notation (3.2.17) from [H]. Therefore

3/
w= e - ya) = B

The composition has the standard interpretation as in [H, Theorem 6.1.2]. Simplifying
yields the compact formula valid when ¢ > 0 and n =1

X2 2at —y?).

2t 3/2
(32) u = — (2zt — y?) .
\/—
Note that the support of the distribution u(t) agrees with that computed in
Corollary 3 and also that the formula for u is homogeneous of degree -2 in ¢, z,y as it
must be.

PROPOSITION 4. The fundamental solution of the linear diffractive pulse equation
is given for t > 0 by formula (29) when n = 2k is even and by formula (82) when
n=1.

The cases n = 1 and n = 2 are the most important for the applications. The
case of n odd and greater than 1 can also be computed following the ideas used above.
Numerical computations of some solutions of the LDPE can be found in [AR1].
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