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NEW APPROXIMATION ALGORITHMS FOR A CLASS OF
PARTIAL DIFFERENTIAL EQUATIONS DISPLAYING BOUNDARY
LAYER BEHAVIOR*

WENFANG CHENG', ROGER TEMAM?!, AND XIAOMING WANGS

Abstract. The aim of this article is to propose and study a class of new algorithms which
qualitatively and quantitatively capture the behavior of the exact solutions of a class of evolution
- partial differential equations which display boundary layer behavior. The idea of the new schemes is to
incorporate the boundary layer into the Galerkin base in the finite element approximation. Our error
estimates demonstrate that the new schemes are effective in the under-resolved region of the classical
schemes. Our numerical experiments support the numerical analysis. The design and analysis of the
new schemes depend on the detailed analysis of the boundary layer. The development and proof
of the asymptotic expansion of the solutions of the partial differential equations are attached as an
Appendix.

1. Introduction. Many physical problems involve diffusive process with small
diffusive coefficients. The Navier-Stokes equations for incompressible Newtonian fluids
is such an example where the Newtonian viscosity is usually very small. This kind of
small diffusive coefficient coupled with Dirichlet boundary condition (like the no-slip
boundary condition in fluid problems) usually produce a thin sharp transition layer
near the boundary, called boundary layer. The problem with boundary layer can
be illustrated via the following example of Friedrichs (1941): consider the boundary
value problem

(L1) ~euS, — fuS = 1, in (0, 1),
(1.2) wf(0) = us (L) = 0.

where 8 > 0 is a fixed parameter. The solution can be calculated explicitly as

. z l—ePo/eL
(1.3) u®(z) = —'B-*l' T_—?BL—/EE .

The corresponding inviscid problem, equipped with up-wind boundary condition is

(1.4) —Bugz =1, in (OaL)a
(1.5) u(L) = 0.

We observe that there is a transition layer located near z = 0 of thickness /3 where
uf changes value from 0 to 1.

This is somewhat a generic situation even for similar time evolution problems as
we shall recall in the Appendix. In numerical approximation of such problems it is
then required to resolve such small scales. In fact for the classical methods such as
standard finite elements it is well known that they produce oscillations in the under-
resolved region, i.e., when the mesh size is larger than the boundary layer thickness
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(see attached figures). On the other hand it is very costly in computational fluid
dynamics (CFD) problems if we resolve the boundary layer using a sufficenitly fine
mesh and standard methods. Here we would like to propose, study and partially test a
new scheme which incorporates the boundary layer into the Galerkin base. We study
the scheme on a model problem of a convection-diffusion equation of the following
form

(1) o eus, — Bl = f(a 1),
(1.7 u®(0,t) = w®(L,t) =0,
(19) w(2,0) = wo(a),

where ¢ is a small diffusive coefficient. This model problem is an embedded system
of the Navier-Stokes system with non-characteristic boundary conditions:

(1.9) %6—5A6’+ (@ V)7 +Vp=F,
(1.10) V-7=0,
(111) ﬁlz:O,L = (_ﬁ$ 0:0)

Indeed consider a special type of body force f = (0, f(z,t),0) and a special type of
solution ¥ = (-3, u(z,t),0). We have

0
%p - 07
0 0
au_eumz—ﬂuz‘i'a_yp—fv
0
gp - Oa
ulz:O,L =0.

Since the equations involve z, ¢ only, we must have

0
Byp =0
and hence we end up with our one dimensional model problem.

The steady state case of this model problem was studied in Cheng and Temam
(1999) first. The idea of our new algorithm is in the same spirit as in that work:
namely we try to incorporate the boundary layer into our Galerkin base. In this way
we have resolved the boundary layer which enables our scheme to function well even
in the region which is under-resolved in the classical case. Our numerical analysis and
computations indicate that our method captures qualitatively and quantitatively the
behavior of the exact solution even in the under-resolved case (mesh size >> €). A
similar idea of incorporating special feature of the equation into the Galerkin base so
that the new scheme works in the under-resolved regime of classical scheme can be
found in the work of Hou, Wu and Cai (1999) among others. In the steady state case,
it is also related to the so called exponential fitting method (see for instance Ascher,
Mattheij and Russell, 1988).

The boundary layer behavior of this model evolution problem bears some resem-
blance to the time independent (steady state) problem studied by Cheng (1999) and
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Cheng and Temam (1999). In particular we show in the Appendix that the boundary
layer is located at the outlet (downwind) boundary (z = 0) only and is of uniform
thickness €/3. This is the same as for the Navier-Stokes equations as was studied
by Temam and Wang (1999). The time independent feature of the boundary layer
is somewhat a surprise since we generally anticipate the variation of the boundary
layer as time evolves. Mathematically this is due to the non-characteristic nature
of the boundary (for the inviscid problem) and the incompressibility in the case of
Navier-Stokes equations. There is a distinction however between the stationary case
and the time evolution case: for the stationary case the boundary layer is of the form
e~Pz/e while for the time evolution case secondary boundary layer such as ze=#%/¢
appears. The appearance of the secondary boundary layer is due to the resonance
effect (see the Appendix for more details). The appearance of this secondary bound-
ary layer also provides us with the choice of whether to incorporate this secondary
boundary layer into our Galerkin base. Depending on whether we take into account
this secondary boundary layer, we propose two different new schemes. The difference
in the numerical results are minimal since the secondary boundary layer is small in
the H! norm.

The article is organized as follows. In Section 2 we present the new schemes and
in Section 3 we derive error estimates for the new schemes. These error estimates
indicate the applicability of the new schemes in the under-resolved region for the
classical methods. In Section 4 we present some numerical evidence supporting our
numerical analysis. In the Appendix we derive and prove the systematic asymptotic
expansion for our model problem for small diffusive coeflicient &.

Application of our new schemes to more realistic models such as the Navier-Stokes
system and the comparison of our method to other non-standard methods (such as
adaptive, streamline diffusion, etc) will be the subject of future work.

2. The new algorithms. According to the systematic asymptotié expansion
developed and proved in the Appendix we know that there exist smooth functions
ul(z,t),ul(z,t) and co(t), G (t) and a generic constant k independent of ¢ such that

(2.1) |luf — u® — eul — coe™P/e — éome_ﬂz/E”Loo(O’T;H2) <k,

(2.2) ||uf —u® — eul — cpe™ P2/ — &Owe_ﬂm/elle(O’T;Hl) < ke.

This implies that

(23) l[u® — coe™#/ — Goxe™*/*|| oo (0,1 1r2) < K,
and

(2.4) luf —u® —eut - coe"ﬂ””/E”Loo(O,T;Hz) < n.s_%,
(2.5) juf = u® — eul — Coe_ﬁz/EHLoo(OyT;Hl) < Ke?.

Interpolation inequalities imply

e__,0__ .1 —Bx /e
flu® —u®” — eu' — cge ”Loo(o,T;H%) < K,

which further implies

(2.6) llu® - coe_ﬁm/EHL“(O,T;H%) S k-
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These estimates suggest that we have a choice for our new Galerkin basis (classical
finite element basis plus boundary layer base).

For fixed N, we consider the classical piecewise linear finite element base functions
@; of the following form: for h = % andfor j=1,---,N —1,z; =jxh and

%(z —zj_1) for z;; <z <y,
(2.7) pj = #(@j —x) for z; <z <wjp,
0 elsewhere;
(2.8) po(z) = eP/c 4 (1— e~ F)z/L - 1,
(2.9) Go(z) = ze™Po/ — ze= %
Let
(2.10) , Vv =span {@1, -, oN-1},
(211) VN = span {‘po’(pl""’(pN-l}a
(2.12) VN = span {®0, @0, 1, -+, on-1} -

Our first algorithm takes into consideration the primary boundary layer type base
o only: we consider the problem of finding @y (¢) € Vv () such that
oun . N -,
(213) (—a_t"v)+€(uNwavz) —(UN:I)’U) = (f,’U), Yo € VN’
(2.14) (@N|t=0,v) = (uo,v), Vv € Vy.

In (2.14) we may replace Vi by Vi since the initial data uo has no boundary layer by
our assumption ( assuming all compatibility conditions are satisfied, see the Appendix
for more details) .

Our second algorithm takes into consideration both the primary boundary layer
base o and the secondary boundary layer base ¢o. Hence we seek an approximate

solution @iy € V y such that

(2.15) (§gTN,v) + e(Uing, vz) — (UNg,v) = (f,v), Vv € XL}N,

(2.16) (zthlt:o,v) = (ug,v), Ywe€ V.

3. Error estimates. In this section, we derive error estimates for the new algo-
rithms proposed in the last section. These error estimates indicate that our scheme
should produce satisfactory results when h << 5. Notice this is well in the under-
resolved region of the classical methods.

First we notice that thanks to the boundary layer asymptotic expansions (2.6) and
(2.3) we have, when combined with classical interpolation results for finite element

spaces, that there exist ¢1,---,cy—1 and a constant x independent of € such that
N-1 \

(3.1) lluf =Y cxprllzeo,ri) < w2,
k=0
N-1 )

(32) luf = ) cxprllzoo,rm) < KhZ,

k=0
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N-1

(3.3) o fJuf = GoPo — Z ckprllLe(o.r;22) < I,
k=0
N-1

(3.4) [lu® — éoPo — Z ckPrllLe0,m;m1) < K.
k=0

Of course the ¢’s may be different in each cases, although we use the same notation
in all cases.
We then have the following theorem

THEOREM 1. There exists a constant k = k(T, ug, f) independent of € or h, such
that

3
. 1,1 2 T
(35) ||u5 - ’u,NHLoo(O’T;Lz) < K,(T, uO,f)(€2h2 + 5—%_)(1 + log _lﬁ)
Proof. Let
N-1
(3.6) uy = Z CkPks
k=0

be the interpolation of u¢ in Vy such that the interpolation inequalities (3.1) and
(3.2) hold with @x as the interpolant.
Denote

(3.7) en(t) = an(t) — an(t).

It is easy to see that we only need to prove the estimate for this error between the
approximate solution and the interpolation since

lu® = dnlleeo,1;22) < llu® —@nllLe(o,1522) + N = AnllLeo(0,1;22)
3 ~ ~
< &h? + |lan — AN||Le(0,1;22)5

thanks to the interpolation inequality (3.1).
In order to estimate ey we consider the auxiliary adjoint problem

(39) ~(L-on(s),0) + ac(v,ow(5)) = 0, %0 € Viv, s € (0,0),
(3.9 (un(t) —en(t),v) = 0,Yv € Wy,
where

aes(u,v) = e(ug, vg) + B(u,vg).

Denoting
(3.10) On(s) = u(s) = in(s),
we see that
(3.11) Oy —ey =u® —dy ~ (Uy ~—dN) = u° — dp,
(3.12) (On(0) — en(0),v) = (uo — @n(0),v) = 0,Vv € Vy,

(3.13) (%(ON—eN),v)+as(@N—eN,v) =0,Yv e Vy.
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Thus we deduce that
(3.14) llen(®)l72 = /0 [(—%UN(S),eN(S)) +ac(en(s),vn(s))] + (vn (8), en(t))
= [ lggen(s)ox6) + aclen(), v (6] + o (0),en(0)

t
0
= [ 15 0n(s),on(5) + ax(Ox(9) v (9)] + (@n(0), v (0)
0 .
t 8 t
== [ (©x(s), gow )+ [ a(@x(5),o(5) +(On (D)o (1)
0 0
0
< ||@N(3)”L°°(o,t;L2)”%vN(S)”LI(o,t;m)
+el|ON|l Lo 0,651 [Nl L1 (0,651) FBION Lo (0,6;22) [N | L1 (0,551

O~z llen (@)l L2

Thus it is necessary to estimate various norms of vyy. We observe that after reversing
the time the equation for vy is equivalent to an ODE system

(3.15) n+eAn+B8Bn =0,

(3.16) n(0) = o,

where A corresponds to the discrete Laplacian and B corresponds to the discretization
of — %.

Multiplying equation (3.15) by  we deduce
1d 2 i 2 _
(3.17) 571 +elAzn(s)* =0,

where we used the skew symmetry of the operator B. Hence we have

(3.18) [lonllze(o,t522) < EllmllLe=(o,s) < &lmo| < &llen(t)]lzz,
. 1 K K
(3.19) lonllz20,6m1) < &llAZN|L2(0,) < glﬂol < glleN(t)Hp-

 Multiplying equation (3.15) by s we deduce

(320) sli(s) + 5 (5143 n()) - SlAb(s) < mlAdn(o)lsli(s)]

1. 1
< 5sli(s)® + sl An(s)[.

When combined with the L2(0,¢; A2) estimate, this implies

1 K
(3.21) C AE(s)] < —<Imol,
ES82
1, K
(3.22) [s20(s)|L2(0,6) < 8—%I770!-

Next we take the time derivative of equation (3.15) and find

(3.23) 7(s) + eAn(s) + BBn(s) = 0.
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Multiplying this equation by s27(s) we deduce that

1d 1.
(3:24) 53;]877(8)12 — sli(s)|* + elsAziq(s)* = 0.
This implies
) K
(3.25) [1(8)] < —Imol,
: £2s

which further implies, together with the inverse Poincaré inequality, that
1 h? ¢
620) [ lids = [ lilds+ [ lits)s

B2 t
1
< [ len(s) + 8Ba@)ds + 5 [ —lolds
0 h2 €28

h2
K K _1 T
< [ sl + Fla(o)) + re~H ol log 33
1 T
< n|no|(s+h+s_5log;ﬁ)
_1 T
< ke 2|no|(1 + log FQ_)

Utilizing these relations in the estimate for ||ex||> we obtain

3 T 3
llex(®)172 < ﬁgllew(t)llm(l +log 75) + kh |len (t)]] 2

3

1.1 hz
+re2h?|len (8|2 + KE—%lleN(t)lle
1.1 hE T
< K,(€2 hz + ;%—(1 + log ;l—z))lleN(t)HLz,

which implies the result of the theorem.
This completes the proof of this theorem. O

If we are willing to assume more regularity on the data ug, f and more compati-
bility conditions so that the interpolation inequalities (3.1) and (3.2) hold for the time
derivative as well (this is possible due to our analysis in the Appendix) we are able
to improve the previous error estimate by removing the logarithmic term or deriving
a bound on the error which is independent of . More precisely we have

THEOREM 2. Let iy be the solution of the boundary layer base truncation equa-
tions (2.18) - (2.14). Let u be the ezact solution of the linear convection-diffusion
equation (1.6) - (1.8). Then there ezists a constant k = k(T,uo, f) independent of €
or h such that

| S

(3.27) llw — @l 0,702y < K(Tsuo, f)(EFhE + =),

(L)
[T

and

(3.28) llw = @il poe o502y < (T, uo, f)h2,
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provided that the data are smooth (C®) and satisfy the compatibility conditions (to
order /) (see the Appendiz).

Proof. Thanks to the systematic asymptotic expansion in the Appendix under
added smoothness and compatibility, we see that, there exist cy(t), & (¢) and a generic
constant k independent of €, such that

ué 0 0 0 1 %

9 pae st -
50" = 54" — e g = coe ™" = e ||z 1) < me?

This implies that

(3.29)

0 ! —Bz/e
(3.30) ”—‘UE — Coe ”Lz(o,T;H%) Sk

By applying the usual interpolation theory to Zu® —che™#*/¢, we see that, there exist
¢}, such that

N-1

0
(3.31) ”at” - Z ckerllzao,riL2) < kh3,
P N-1
(332) 570" = D chellzzo o) < wh?.
k=0
Since the initial data wg is smooth, there exist ¢;(0),k = 1,---,N — 1 and a

generic constant k (independent of €) such that

N-1
(3.33) lluo = >~ & (0)pllzz < KA2,
k=1
N-1
(3.34) lluo — > cx(0)xlla < Kh.
k=1
Now we define
t
(3.35) cx(t) =ck(0)+/ cp(8)ds,k=1,--- N -1,
0
¢
(3.36) co(t) :/ co(s) ds,
0
and denote
N-
(3.37) iy (z,t) = Z (H)pr(z) € V.

We deduce, after integrating (3.31) and (3.32) in time

(3.38) l[u — anllz=(o,7i22) < KhE,
(3.39) [ — | peoo,757) < KHE,
9 o . 3
(3.40) 5507 = 5pnllz20,mi02) < kh2,
o . 0. 1
(3.41) | =u® — —UN”Lz(O,T;Hl) < khZ2.

ot ot
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By setting v = 4y in (2.13), we see that
(3.42) linllpeo,r;L2) < &-

We now consider the difference of v and 4n; we have
(3.43) (%(u — i), 0) 4 (g — Nz, Vz) — (Ug — Ging,v) =0 Yo € Vy,
(3.44)  anl|i=0 € VN, (in]t=0,v) = (up,v) Vv € Vp.
Equation (3.44) implies
(3.45) lluo = @nle=ollzz < slluollm= - h* < rh?;
indeed, (3.44) can be written as

(up — Un|t=0,v) =0 Vv € Vy,an]|t=0 € Vn-

Hence, for every @ € Vi

(3.46) (uo — UN|t=0, 0 — Un|t=0)
= (up — UnN|t=0,%0 — @) + (Uo — Un|t=0,T — Un|t=0)

= (up — UnN|t=0,uo — @);
we thus have
(3.47) lluo — inle=oll32 < lluo — Gnli=ollr2|luo — @llr2, Va@ € Vi,

and (3.45) follows from the usual interpolation inequalities.
Now notice that

1d - -
(348) 5 llu— N7z + ellus — Gnell7e

0 - - - - - -
= (a(u —UN),u — ON) +E(Uy — TNz, Us — UNz) — (Uz — UNe, u — UN)

0 o . 0 . .
= (E(u —ay), N — UN) + (-a—i(u —1y),u —0N)
+5(uw — UNg,UNz — ﬁNa:) +5('Ula: — UNg, Uy — ﬁNa:)

— (Ue — UNz, UN — UN) — (Ug — UNg, U — UN)

= (%(u —in),u — in) +&(up — Ung, Us — Ung) — (Up — UNg, U — Un)

s (}%(“ —un),u —ON) +ellu — dnl g llu — dnllm + llu = Gnllm e — an|lze
= (g_t(u ~ @), u—aN) + gllu— an i + rellu — anllf + ke Hlu — anll
< (% u—Uy),u —Uy) + §||u — N3 + Kk(eh + h;.)

(Thanks to (3.38) and (3.39)).

Hence, we have

d - - 3] - . h3
(3.49) EHU — N2z +ellu — dn])3n < Q(EZ(U —Un),u —Un) + &(eh + ?)
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Integrating (3.49) in time and utilizing (3.45), we find that
¢
©50) =)l +e [ = am(e)lnds

3
k(h* +eh + —hg-) + 2((u — an) (), (u — an)(F))

Oun

~2 [ (- )0, (G - B eas

h3 1 - .
< k(h* +eh+ =) + 5ll(u = an)Olzz + 2ll(u — @) @72

ou Bu
/ I — i) (8)]%ds + 2 / 155 = S50 ds

<R+ eh 1) 4 Bl a0l + 5 [ - i)l
(Thanks to (3.40)).

This further implies
t
(351) I = T +2¢ [ 1l = am)(olfinds
0
3 t
(b4 et 1)+ [ ) 6) s
0

Now we apply the usual Gronwall inequality (see for instance J. Hale, 1980); we
find

).

This indicates that the scheme (2.13) - (2.14) could capture the qualitative be-
havior in the under-resolved case (h >> ¢), as long as h¥e~2 << lor h <<e3,(e.g.
h << 107t ife =1073).

An alternative way to derive the convergence rate for the under-resolved scheme
is as follows. Notice that

m |§‘
wle

=

(3.52) [ = Il (o, ms) < K(T,uo, £)(eFhE +

(3.53) (g — UNg, v — GN)| = |(u — OGN, ug — UNg)]|
<lu—dnl|2llue — dnellzz -

1 - N
< Z”“ - UN“%2 + [lus — UNm“i2
1
< Z“u — N2 + Kh
(Thanks to (3.39)).
Hence we have, instead of (3.48) and (3.49)
(3.54) —|lu — anl32 + ellu — anllzn
. . 1 _
(v —an),u—an) + gllu - anllz

€ 5 e .
+§HU — |7 + 5”” — w7
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Integrating (3.54) in time and applying the same technique as was used in (3.50)
- (3.51), we see that

¢
(3.55) l(u — an)()I|72 + 5/0 ll(u = @n)(s)l|72ds.
< k(h+h3)+2 /t [[(u = an)(s)||p2ds
0

1
< kh+2 / (- ) (5)]| 2ds.
0

Applying the same Gronwall type argument we obtain
(3.56) | llu = @nllpee o,752) < £(T,uo, A2

This completes the proof of the Theorem. O
An under-resolved scheme with better error estimates (those comparable to the
stationary case) can be derived by adding both e=%/¢ and ze~%/¢ into the basis.

THEOREM 3. Let ty be the solution of the modified finite element scheme

(3.57) (352\1 v) + (ling, vg) — (uNw, v) = (f,v), Yw € XZ/N,
(358) uN|t=0)U) = (Uo,’U),V’U € VN7

-z z
€ g

where iy € Vy = span{po, Po, 1, s PN-1} With go(z) = z(e” = — e‘%) ~ ze”
Then there ezists a constant k = (T, uo, f) independent of € or h such that

= 1 h?
(3.59) = in |l pes (0.7:22) < K(T, 0, F)(€2h + 3

Proof. Thanks to the systematic asymptotic expansion in the Appendix, we have
(3.60) llu® — co(t)wo(x) — Eo(t)Po ()|l Lo (0,7;m2)
< luf = co(t)e™* = o(t)me™ || poe(o,1var2)
_1 - _1
+leo®) (1 —e™#)z — 1) + Go(t)me™ < || Lo (0,1;12)
< kK.

Combining this with the classical interpolation theory, we see that there exist con-
stants ¢;(t), -+, cn—1(t) such that

N-1
(3.61) llu® — co(t)po(x) — Eo(t)Po(z) — Z ¢j(t)pjllLee(0,7512)
Jj=1
< K|lu® = co(t)po(@) — Eo(t)Po (@)l Lo (0,750 *
< kh?,
N-1
(3.62) l[uf = co(t)po (x) — Eolt Z ¢i (8)p; (@)l o= (0,131)

< K|lu® = co(t)po(x) — Co(t )SDO(m)IILw(O,T;H 2)-h
< kh.
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Denoting by iy the expression

N-1

(3.63) in =Y cj(t)p; € VN,
=0

we can rewrite (3.61) - (3.62) as

(3.64) ”’U,E - 'l_ALN”Loo(O’T;L2) < Khz,

(3.65) Hue - ’l]NHLoo(O,T;Hl) < kh.

By setting v = @y in (3.57), we see that
(3.66) llan Lo (o,7;22) < K-
We now consider the difference of v and ty; we have
(3.67) (%(u CEN) ) + £t — Fivas vs) — (s — Bine,v) =0 Vo€ Vn,
(3.68) in|e=0 € Viv, (in|e=0,v) = (uo,v) Vv € Vy.
Equation (3.68) implies
(3.69) lluo — @nle=ollz2 < &lluollm2 - h® < KA
indeed, (3.68) can be written as
(up — fLNIt:o,v) =0 WYve Vn,un|t=0 € VN.
Hence, for every 4 € Vi ,

(3.70) (uo — Un]e=0, Uo — Unt=0)
= (UO — ﬂN|t=0,u0 - ﬂ) + (Uo - 'llN't:O,ﬂ - aNIt:O)

= (uo — belt=o,Uo —a);
we thus have
(3.71) lluo — Gnle=ollfz < lluo — Gnle=ollz2lluo — @llL2, Vi € Vi,

and (3.69) follows from the usual interpolation inequalities.
Now notice that

1d, - )
(3.72) 53{““ — a3z + €llue — Gnzll72

= (%(’U,—’IZLN),U—'(:LN) +5(U:c _aNz,'U'z _aNcc) - (Ua: _ﬁNz,u—aN)
0 A - 0 = .
= (a(u —UN), 4N —UN) + (E(U_UN):U —ap)

+5(Uz - 'liNa:,'aN:c - 7:1'Nz) +5(uz - 'liNz,ua: _'aNa:)

- (Ua: _'Z'LNQ:,TAJ'N _ﬁN) - ('Ll,z _'ﬁNz:u_ﬁ'N)

8 = ~ = ~ = A
= (;9—t(u —un),u — UN) + €(Uz — UNg, Uz — UNz) — (Ug — UNz, U — UN)
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0 = A 4 N = N
< (5= En)u—an) +ellu— fnllm llu =yl + lu = anllm v = dvllze
= N £ = N — ~
< (2= ), ) + Gl il -+ el =l + e =

3 ~ N > ~ 2 h3
< (a(u —an),u—UN) + 5”“ —un||zn + r(eh + ?)
(Thanks to (3.64) and (3.65)).

Hence, we have

d = = 0 ~ h®
(3.73) allu —Gn|2e +ellu — anllzn < 2(E(u —an),u —Un) + K(eh + —6—).

Integrating (3.73) in time and utilizing (3.69), we find that
¢
a74) =Gl +e [ = i) Elds
h* ~
k(h* +eh® + =)+ 2= an)(t), (u — an)(t))

2 [ (=)o G - o

< wlh? + et + 0 4+ i = )OI + 20 - )OI
+3 [ a6 +2 [ 168 - B s

< it et + 1) 1 M= i) 013 + 3 [ - i
(Thanks to (3.64) and our assumption on time derivative for the problem) .

This further implies
t
(3.75) = &) (0122 + 26 / () (8)| 22 ds
0

h ‘ =
< w(h* +eh® + =) + / ll(u = in)(s)lF2ds-
0

Now we apply the usual Gronwall inequality . More precisely, we repeat the
argument by setting

t ~
(3.76) ot) = / 1w = ) (3)]12 s
We then have
(3.77) g'(t) < g(t) + H,(h4 +eh?+ E:—),
or

4

d h
(e tg(t)) < K(h* +eh® + —8—)

(3.78) =
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Hence
4
(3.79) g(t) < k(T,uo, f)(h* +eh?* + h?) vt € [0,T).

Inserting this into (3.75) we find
< 1 h2
(380) ||u — UN||L°°(0,T;L2) < E(T, Ug, f)(é‘2 h+ 6‘_%)

This indicates that the scheme (3.57) - (3.58) could capture the qualitative be-

havior in the under-resolved case (h >> ¢), as long as h2c™% << 1 or h << &%, (e.g.
h<<1071ife =107%).

As for the case with one boundary layer base incorporated, we have an alternative
way to derive the convergence rate for the under-resolved scheme as follows. Notice
that

(3.81) (e — Gz, — in)| = [(u— N, te — Gno)]
<llu—unlle2llue = dnellzz

1 z N
< gl = EllEe + llua = anll

1 =
< leu - ’U,N”%2 + kh?

(Thanks to (3.65)).

Hence we have,
d = 19 ) 2 0 = . 1 = o
(3.82) %Hu —un||j2+ellu — an||z2 <kh +2(§(u —aN),u — uN)+§Hu—uN||L2.

Integrating (3.82) in time and applying the same technique as was used in (3.74)
- (3.75), we see that

(3.83) l|(w = an)(@)]|7 + 25/0 ll(w = an)(s)lZ2ds-.
<wk(h?+h3+ht)+2 /t l(w — tn)(s)||2ds
0

1
< fch2+2/ l(w = an)(s)||L2ds.
0

Applying the same Gronwall type argument we obtain, as in (3.76) - (3.80)
(3.84) ‘ llu — an |l (0,7;02) < K(T;uo, f)h.
Notice that the right hand side of (3.84) is independent of & which is in contrast to
(3.80).

4. Numerical Results. The numerical calculations were carried out on an SGI
Octane 225 Mhz machine with 512 Mb memory running IRIS 6.4. Figure 1 is for the
equation

8_u
ot
u(t,0) = u(t,1) =0,
'U‘O(O’x) = "B(l - .’17),

— EUggy — Ug = 1,
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with ¢ = 0.001. Figure 2 is for the equation
Ou
ot
u(t,0) = u(t,1) =0,
u®(0,z) = 2°(1 — z)°.

— EUgy — Uz = t5,

The grid size in space is 0.1 and it is 0.01 in time. The implicit Euler method
is used for the time discretization. For our new scheme, when T is fixed, we employ
Gaussian elimination to solve the linear system Az = b directly. This is possible since
the associated matrix has the structure of a tridiagonal matrix plus an extra row and
an extra column. What we observed is similar to the stationary case. The classical
finite element method produces oscillations for coarse grid sizes in the space. We do
not observe any oscillations with our new scheme. The results are shown in Figures 1
and 2. In both figures, (a) and (a') are approximate solutions at T = 1.0 and T = 2.0
using standard finite element methods respectively. Notice that there are oscillations;
(b) and (b') are approximate solutions at T = 1.0 and T' = 2.0 using the new scheme
with one boundary layer base respectively. Notice that there is a sharp boundary layer
near z = 0; (c) and (c') are enlarged pictures of (b) and (b') near z = 0 respectively.

(a) Finite Element Basis (@’) Finite Element Basis
3.5
T=1.0 3 —
1.5 T=2.0
2.5
1 2
E] s 15
0.5 1
0.5
0
0
-05 X -0.5 b3
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
(b) with 1 BL basis (b') with 1 BL basis
1 1
08 0.8
T=1.0 T=2.0
0.6 0.6
=] 3
0.4 04
0.2 0.2
0 X 0 X
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
(c) with 1 BL basis (c’) with 1 BL basis
1 1
0.8 0.8
0.6 0.6
El 3 T=2.0
0.4 T=1.0 0.4
0.2 0.2
0 0
0 1 2 3 4 5 X ) 1 2 3 4 5X
x10° x10°

Figure 1: ut — eugy —uy = 1,6 = 1073, u0(z) = 2(1 — ), N = 10, At = 0.01
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(a) Finite Element Basis

T=1.0

0.2 0.4 0.6 08

(b) with 1 BL basis

T=1.0

0 0.2 04 06 08 1%
(c) with 1 BL basis
T=1.0
1 2 3 4 5%
x107

(a’) Finite Element Basis

20

T=2.0

310
5
0
0 0.2 0.4 0.6 0.8 1
(b’) with 1 BL basis
12
T=2.0
10
8
> 6
4
2
0
(o] 0.2 0.4 0.6 0.8 1
(c’) with 1 BL basis
12
10
8
3
6 T=2.0
4
2
0
0 1 2 3 4
x10°

Figure 2: u; — €Uz — up = t°, € = 107%,u%(z) = 22(1 — )%, N =10, At = 0.01

5. Appendix:

Systematic expansion for the model problem with a

small diffusive coefficient. In this Appendix, we introduce and prove, in a system-
atic fashion, asymptotic expansions for the solutions to the following type of linear
convection-diffusion equations

(5.1)

ou®

ot - Euim - ﬂu;
ut =wug att=0,
ut =0

f  in £,

at z =0and L,

for small diffusive coeflicient . Here § is the interval (0, L) in the one dimensional
case. Extensions to higher dimensional cases do not raise any further difficulty, but
will not be addressed here.

Two types of asymptotic expansions will be introduced. The first type is of the

form

o0
u® ~ E elu?
=0
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which is suitable in the interior of . This asymptotic expansion is not valid on {0 in
general due to the existence of a boundary layer. In order to develop an asymptotic
expansion valid up to the boundary, correctors of various orders are needed to resolve
the boundary layers of various orders. More specifically, we will have an asymptotic
expansion of the form

o0
(S Zsj(uj + 6%).

=0

This outer expansion (outside the boundary layer) is suitable in . The correctors 6
are of the boundary layer type and their explicit form are needed in our design and
analysis of the new schemes.

The problem we treat here is a prototype problem. The treatment we introduce
here continues and generalizes the treatment by Vishik and Lyusternik (1957) and
Lions (1973). The boundary layer analysis of other viscous perturbation of hyperbolic
problems can be found in the work of Gisclon and Serre (1994), Grenier and Gues
(1998) and Xin (1998) among others. Notice that we have a detailed analysis of the
boundary layer for our model problem which was not found in other works. These
detailed features are needed in the design and analysis of our numerical scheme. More
precisely, we have to the leading order

J
(5.2) ¢ = chxke"ﬂm/e.

The first two terms in the expansion are useful in the numerical analysis of our under-
resolved scheme with a boundary layer base.

Asymptotic expansion in the interior. In this section, we study the asymp-
totic behavior of the solutions to the following one dimensional linear convection-
diffusion equation with a small diffusive coeflicient:

Ou® c . .
(5.3) ot €Uz, — Pug = f in (0, L) x (0, 00),
(5.4) u® =ugatt=0,
(5.5) u*=0atz=0and L,

where £ is a fixed positive constant. The extension to variable non-vanishing 8’s does
not raise any major difficulty.
We first consider an expansion of u in a power series in ¢ of the form,

(5.6) uf ~ i el (t,x).

=0

Inserting this into the equation we obtain
(5.7 253 t (t,z) — Zs""l ul ,(t,z) — ﬂZaJ I(t,x) = f.
By formal identification of the coeflicients of the powers of ¢ we obtain,

(58) S -pl=,
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and

ot

(5.9) —Bul =uiyt, forj>1.

These are linear transport equations which can be solved recursively using the method
of characteristics (see for instance F. John (1982)). In fact the projected characteristic
takes the form

z+ 0t =c.

Hence the natural boundary condition for each of them is the upwind boundary con-
dition,

(5.10) w =0at L,
and the natural initial conditions are

(5.11) u® =g at t =0,
(5.12) w! =0att=0, for j > 1.

These equations can be solved explicitly.
Certain compatibility conditions are needed to ensure the smoothness of these
solutions u/. More precisely in order to ensure that u® € C™ we need

uO)f € CTL
and
al
0= ﬁuo(L,O)
. d -1 . H-1
(513) = f'—uo(L) + kgﬂ si=iiggr/ (L:0)

for all I < n. In order to ensure that u/ € C™,j > 1 we need

.—l 2'
w2t e C", orug, f € C™TY

and
8l ] -1 . 61_1 -
(5.14) 0= 7w (L,0) =} f* o aruls (L,0)
k=0
for alll < n. .

A general treatment of the compatibility conditions for nonlinear problems can
be found in the work of Temam (1982).

Convergence of the asymptotic expansion (5.6) to all orders, in L*(0,T; L*(22)),
can not be proven (directly) at this stage, but will follow from subsequent results of
asymptotic expanison valid up to the boundary and the asymptotic formular for the
boundary layer functions.
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Asymptotic expansion up to the boundary. In order to figure out the form
of boundary layer type functions, we use a standard stretched coordinate argument
in the boundary layer. Assuming that

€ = J (0,3 ir L
(5.15) ut ~ Y (W () + 0 =)

=0

and substituting into the equation (5.3), we deduce that, up to the leading order,

20 o080
8X?2 0X
In order to balance these two terms, we choose
(5.16) a=1.
Hence (5.15) can be written as:
1 ¢ ~ I (I (¢ 67 (t, =)).
(5.17) us(t, ) ZE(U(MH &)

Inserting (5.17) into (5.3), denoting 2% = X !, we obtain

X 0w L . . o
(5.18)2(57% — el ﬁaf?-“— + f% — BT — BPTTIY) = f
j=0

Collecting the terms of the same order in & and utilizing the equations for u/, we
obtain,

0%6°  96°
(5.19) Toxz T ox U
297 J j—1
(5.20) o6 967 _ 106 for j > 1.

AT X T B o
The boundary conditions for the correctors 7 are:

¢ =0atz =1,
(5.21) 67 = —uf at =0,

since we need homogeneous boundary conditions for u/ + 67.
Notice that

(5.22) °=0att=0,

since u® = ug =0 at z = 0,¢ = 0, which is a compatibility condition that we assume.
Indeed, we can prove a more general result regarding 67.

PROPOSITION 4. For fized k > 0 we have

(5.23) 09 =0att=0 forj <k,

1We use 'Be—” as the stretched coordinate because it is a non-dimensional number. It is also related
to the Reynolds number in the fluid dynamic case.
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provided the following compatibility condition holds

ot
(5.24) —a—tl—(0,0) =0 forl+j<k.

Proof. We will prove a stronger result, namely

8'67
e Qatt=0forl+j<
Notice that (5.23) is a special case of (5.25) with [ = 0.

In order to prove (5.25), we perform induction on j and I. For j = 0, we notice

(5.25)

140
that T satisfies
0% 8'¢° o 0'¢°
(5.26) ~e5 (g ~ Py, (Ga) =0
0'4° 0'4° ol
(527) —a-t—l_Oatz—L,gt-l—_—Watx—O.

L go
At t = 0, we have %—tl—(o, 0) = 0 for | < k by the compatibility assumption (5.24).

Hence

0'4°
5.2 — =0att=0 f <
(5.28) a1 0a 0forl <k,
by a simple elliptic uniqueness result. Now suppose that for 0 < jo < k, we have
2 O0% wit=0 fori+;
(5 9) —BtTatt—O or +]0Sk
-1
Then i1 g7o+1 satisfies the following equation, thanks to (5.19), (5.20) and (5.21),
82 al—l . 8 81—1 i 1 61 .
.2 jo+1y _ g9 jo+1y — _ 29 4o
(5.30) 50 (ar 1) P Gt = ~Cga?
oi-1 L o-1 1 Hl—1ydo+l
(531) 5;!—_10]04- =0atz= L, atl_l g’° = —W atr = O,
Combining (5.29), (5.30), (5.31) and (5.24), we obtain
ot .
atl_19’°+ =0 att=0 forl+jo <k,

thanks to the standard elliptic uniqueness result. With this, we end the proof of the
proposition. O

With this proposition, we can prove rigorously the validity of the expansion (5.17)
using standard energy estimates.

THEOREM 5. Assume that the data are smooth and that they satisfy compatibility
conditions (5.13), (5.14) and (5.24) and set

k
(5.32) wi = uf — Zsj(uj(t, z) + 69 (t, _ﬂe_l’))

=0
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Then there exists a constant x independent of € ( but depending on L uo, f and k)
such that

(5.33) Nlwgll Lo 0,7522) < KT,
(5.34) Nlwllp2(o,m;mm) < keFH2
(5.35) will Lo 0,750y < K",

(5.36) il 2o, 1;m2) < me* 3,
(5.37) lwill oo 0,73m2) < k™1
(5.38) gl oo (0,1 0,y < KEFTE.

Proof. It is easy to see that w§, satisfies the following equation and boundary and
initial conditions:

’ € ek
5.39 Owg _ ew,, — fws, =eftluk — gt 8—,
ot kxz kx Tz ot
(5.40) wi,=0att=0,
(5.41) wi=0atz=0,L,

thanks to (5.8), (5.9), (5.10), (5.11), (5.12), (5.19), (5.19), (5.20), (5.21) and (5.23).
Multiplying (5.39) by w}, and integrating over 2, we obtain:

1d
(5.42) 3 dt”wk”L2 + ellwi, |32
< e b, pelluf s +¥lla - nL 12,
1 60k

< gl + 2™ 132 +6kl|$——|lL2Hwiz|lL2,
< Sl + Sllwgals + 5e% 2l e+ 22
-2 z 2 2 ot

1

I/\

”’wk”L2 + = Hwizlliz + ke t2

where we have used the approximate form of §¢ developed in the next theorem whose
proof is independent of the proof of this theorem. We also used the classical Hardy
inequality. Hence we have,

d
(5.43) Zillwilzs + ellwiallis < llwglize + 2662,

Applying the usual Gronwall inequality and using (5.40), we obtain (5.33) and (5.34).

To derive (5.35) and (5.36) (which are needed for the numerical analysis of our
approximation scheme for (5.1)), we multiply (5.39) by —w{,, and integrate over
2 = (0, L). Notice that

owg, . 1d

(544) ot (—wkmm) 2 dt”wkm”L21

Q
(5.45) /Q ey (~Wss) = ellwhaals,
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(5.46) 18 /Q wE WS | < Bl el 2,
ﬂZ

2
< Z”wlf:mm“L2 + ?

k
I bt < 4 b e oo

”me“%%

€
Z”wkmz”Lz + €2k+1“ua:m”L27
(5.47) [ 5 O el < M1 I e 1o
€
Z”wk::z::z:”L2 + €2k l” ”2
Thus we have
1d
2 dt ||wk:z:“L2 + E”wls::z:z”L2
3 € 2 62

< Sellwgaallte + Tl + e 1. + - 2y,

or

232

d €
a—tllwizlliz + §“wim“%2 < —E—Hwiz”%z + 267Kk

zz“% 2e 2= 1” It “L2
Integrating (5.48) over (0,t) and utilizing the estimate (5.34), we obtain (5.35) and
(5.36). Lastly, we notice that (5.38) is a consequence of (5.33) and (5.35). Indeed,
thanks to Agmon’s inequality, we have

1 1
”wz”Lm((O,T)XQ) S \/illwinf,oo(o,T;L2)“wim”zoo(o’T;Lz),
(5.48) < kebt vt € 0,7

This implies (5.38).

In order to derive L®(0,T’; H?) estimates we first derive L>(0,T; L?) estimates
on the time derivative and then apply elliptic estimates. For this purpose, we take
the time derivative of the equation satisfied by w5, (5.39) and obtain

O*wf ows ows, i1 A OUF L O%0F
_e(=k = A g2 2
g gy e =BG = A~ G
€
a(;"tk —0atz=0,L,
owy,
=0att=0.
a
(The zero initial condition is due to the equation and the fact that wj = 0 at ¢ =
k
0,u* =0att=0and %%—:0 att=0.)

€
by —8-1—{— , integrate over 2, and utilize the following

We multiply the equation for —* ETR

at

owg . owi 0w
/9 ( ):t:z: ot _'snataw“L27

estimates:




NUMERICAL APPROXIMATION OF BOUNDARY LAYERS 385
/ —B(wf)awf =0,

/ k+1Aau 6wk k+1”A
Q

ot ot ot el T i

ows,
< —H k”L 2k“llﬁ

ot “L?a
8%0% duwe 6 1 Ows
[~ O < ke S ol 2 2
82 k
S k“atak“L ” atg “L2
3 we g2k—1 629k
02wt
= 5” atak ”L + K’E2k+2
We then find
ows, ows owe
SN + ell S |2 < S5kl + 2.
Thus the usual Gronwall inequality implies
ows

”_af”Lm(O T;12) < keh L

H HL2(0TH1) < kektE

Next we rewrite the equation for wf, as:

k+1Auk_Ek_889_:_a;§+ﬂ <

—EWf,, =€

w; =0atx=0,L.

We then deduce from elliptic theory

1 o6k
llwgllLes 0,1 12) < g(EkHHAukHLw(o,T;LZ) + €k||~3—t‘||L°°(o,T;L2)

ows, -
+”_at_”L°°(O,T;L2) + Bllwg | Lo 0,7;11))
< g(e'c+1 +eFTE f bt g b
< ket

This completes the proof of Theorem 5. O

REMARK. A useful observation is that we have the same estimate for wj, as for
&

the 8—;%’3, at least for the L>(0,7;L?) and L2?(0,T;H") norms, provided suitable
compatibility conditions are satisfied (see (5.13), (5.14), (5.24)). In fact we can derive
the same kind of estimates for —= in other spaces (i.e. L°°(0,T; HY), L>°(0,T; H?))

as those for wj, provided that higher order compatibility conditions are satisfied. This
is used in our numerical analysis. O
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Our last objective in this section is to demonstrate that the 67’s are real boundary
layer type functions, i.e., they decay rapidly as = increases. We shall fulfill this task
by deriving an asymptotic formula for 7.

First, ° can be calculated explicitly by using (5.19) and (5.21); we have

e=Be/e _ g—BLe

0 — _,0
(5.49) °(t,z) = —u’(¢,0) T ohL):
Thus asymptotically we have
(5.50) 0°(t, z) = —u’(t, z)e P/ + e.s.t.,

where e.s.t. represents terms exponentially small in any Sobolev norm in time variable

t and space variable . More precisely, we have:

. DEFINITION. A function ¢¢ is called an exponentially small term, denoted e.s.t.,
if there exists a € (0,1) such that for any k,{ > 0, there exists a constant cq .1,

af3L

(5.51) 9°(| e 0,11 (@) < Caki€” < -

Then 6' can be calculated explicitly using (5.19), (5.21) and (5.49):

—Bz/e _ o—BL/e
9 (t,z) = —u'(t,0)% c

1—ePL/e
0 —BL/e —Bz/e _ ,—BL/e
du’(t,0) e e e (L -12)
ot eB(l — e PL/e) 1—eBL/e
x uO(t,0) 1
52 — e Pa/e d
(5:52) +€,Be Ot 1—eBL/
or asymptotically,
0
t, _
(5.53) 6 (t,z) = g%e—ﬁw/ew — e P25 (1,0) + e.s.t.

The method can be generalized by induction to 67 for all j > 2. Indeed we have

THEOREM 6. Assuming that the data are smooth and satisfy compatibility condi-
tions mentioned before ((5.13), (5.14), (5.24)), we have

a—juo(t 0)
(5.54) 9 (t,z) = —e~P*/5uI (t,0) + (_1)j+1(%)je—ﬂz/s ot~ 7

5j]
j—1
T
+ Z Ajk(ﬂ?)ke_'gz/'s + e.s.t.,
k=1

o’ .
where the Aji are linear combinations of the %uo(t, 0) and are independent of € and
z.

Proof. We have already proved that (5.54) is true for j = 0 and 1. We now
proceed using an induction argument.
Assuming that (5.54) is true for j, we prove that it is true for j + 1.
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It is easy to see that the influence of an exponentially small term on §7*! is
still exponentially small. Thus we have, using the stretched coordinate X = ﬂg_x and
(5.20), and the induction hypothesis:

9293t 9gItl 1 067

G5 ~xr ~ox T F
gi+1 i
= ie—x ou? (t’, 0) + (=) xIeX oL (t,0)
AT ]
j—1
1 04
Z ,32 sz X +e.s.t.,
(5.56) 0% gL =0, 67x=0 =~ |xm0.
X= —
€
It is then desirable to consider the problem
0% 00 b
(5.57) 5%z T A% = X"
Notice that
k+1 k!
(5.58) 0= —Xle¥,
= I
is a special solution to the previous equation. Hence we may define
j+1
5.59)%! = —_Xe -x 0w (t,0) 1)i+?2 il x pE w(t0)
(5:59) ﬁ o Z B2+
2 b
k=1 I=1 'B ot
pitl |
_ iXe_X auJ (t, 0) + (—1)j+2Xj+le—X at]:'i'l u (ta 0)
B2 at BP+2(j + 1)!
ot
—1 k+l
j+2 L. xata+1 £,0 Yle=X 1 0Ajg
+( 1)] Z X ﬁ2]+2]' Z(Z ) alt] I
k=1 =1 i
8 + 0 .
1 _ 8uj(t, 0) . . _ t-7+1 ( 0) J _
_ @Xe XT+(_1)J+2XJ+1 X/L6951+__2(]+—1)'-+2Xk6 XAji1ke
k=1
Here
oI+l o0 )
1 t0) =X 1104
) j+2 8t1+1 _ o945
(5.60) A = (D)5 B2i+2 kg2 ot

l=k-1
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Thus 671 — ¢i*! satisfies the equation

QO —gTY)  a(ei+ — 6t

(5.61) % 5% = e.s..t.,
(5.62) (67 — @it gL =est, (67 - 0t [ x=o = —u*|x=0.
X= —
€

Consider now
(5.63) GIt1 = gitt L i t1(t, 0)e P/,

1
We have

299t — gj+1) eI+ — gj+1)
(5.64) - %7 - BV =e.s.t.,
(5.65) 07+ — §it)]| gL, = es.t., (07 — 69+1)| x=o = 0.
X= —
€

This implies
(5.66) it = it fesit.;

equivalently, thanks to (5.59), (5.60) and (5.63), we obtain (5.54). This completes the
proof of the theorem. O
We now turn to the validity in the interior of the naive approximation of u® by

its inviscid limit 0.
THEOREM 7. Let u® and u® be the solutions of the “viscous” and “inviscid”
problems respectively. Then there ezists a constant k, independent of €, such that

1
lluf — v oo (0,7522(0)) < KEZ.
Moreover, for 0 < § < L, there exists a constant ks, independent of €, such that

1
lu® = w®lpeo 0,1y x (5,1)) < KoE2-

Proof. The proofs are a simple combination of our convergence results in Theorem
5 and our explicit form for the correctors given in Theorem 6. Indeed,

llu® — w0l oo 0,7 22(0)) < l1U€ = u® = 6°|| oo co,i22(02)) + [10°1l(0,7522(02))

(Thanks to (5.33) and (5.54)),

< ke + /-:5%,

< KeZ.

Likewise
l[u = u®l| poo 0,7y x(8,1)) < 1w = u® = 6%l ((0,1) x(8,2)) + 10°ll= (0,1 x (5,L))»

(Thanks to (5.38) and (5.54)),

< K€ + K:(;E%,

1
< KgEZ.

This ends the proof. O
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