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RANK ZERO AND RANK ONE SETS OF HARMONIC MAPS*

QING HANT AND FANGHUA LIN?

Introduction. In this paper we study the sets of rank one and rank zero for har-
monic maps between two Riemannian manifolds. The rank one sets are generalizations
of nonsingular nodal sets of harmonic functions, while the rank zero sets are gener-
alizations of critical sets, or more specific, critical nodal sets, of harmonic functions.
Nodal sets and critical nodal sets are studied intensively for harmonic functions, or in
general, solutions of general elliptic equations of the second order. In [22], Lin derived
an optimal bound for the geometric measure of nodal sets for analytic solutions in
terms their frequency. A less optimal bound was obtained for nonanalytic solutions
in [19] by Hardt and Simon. In the same paper, Hardt and Simon proved that for
classical solutions with relatively high order derivatives critical nodal sets are count-
able unions of subsets of correspondingly smooth (n — 2)-dimensional submanifolds.
Thus, they are countably (n — 2)-rectifiable. See also [6]. This result was generalized
to weak solutions in [15]. It is proved that for weak solutions, as long as they do not
vanish to infinite order, the critical nodal sets are countable unions of subsets of C*
(n — 2)-dimensional submanifolds. Hence they are also countably (n — 2)-rectifiable.
Concerning the size of critical nodal sets, R. Hardt and the authors obtained a uniform
estimate on the measure of critical nodal sets in terms of the frequency of solutions
in [17]. See also a paper by M. and T. Hoflmann-Ostenhof, N. Nadirashvili and R.
Hardt [21].

In this paper we will generalize those results to rank one and rank zero sets of
harmonic maps. In [26] Sampson showed that when an open subset is mapped into
an geodesic by a harmonic map then the whole domain is mapped into the geodesic.
We will show in this paper that for a given harmonic map either the whole domain
is mapped into a geodesic or the set of points where the differential has rank one is
countably (n — 1)-rectifiable. In the latter case we also obtain a measure estimate on
this set. Rank zero sets were first studied by Gromov and Schoen [14] for minimizing
harmonic maps when the image is in a singular space with the so-called nonpositive
curvature property. They showed that such sets have codimensions at least two.
Later on this result was generalized to arbitrary smooth harmonic maps between two
smooth manifolds by S. Yamada [30]. In this paper we will show that rank zero
sets of minimizing harmonic maps are countably (n — 2)-rectifiable and have bounded
(n — 2)-dimensional Hausdorff measure. Our method is similar to that in [17].

The main results are as follows.

THEOREM A. Suppose (N, h) is a smooth compact Riemannian manifold and that
u: By = N is a smooth harmonic map. Then the rank zero set Ro(u), the subset
of B1 where the differential du has rank zero, is countably (n — 2)-rectifiable unless u
maps the whole By to a point in N. Moreover there holds

H*?(Ro(u) N Byy3) < C
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where the positive constant C depends on the manifold N, the supnorm of the gradient
of u on By and the quantity fB1 |u — u1|? with u; as the average of u over Bj.

THEOREM B. Suppose (N, h) is a smooth compact Riemannian manifold and that
uw: By = N is a minimizing harmonic map. Then the rank zero set Ro(u) is countably
(n — 2)-rectifiable unless u maps the whole By to a point in N. Moreover there holds

H* 2 (Ro(u) N Byj) £C

where the positive constant C' depends on the manifold N, the total energy [, B, | Dul?
of u on By and the quantity fBl |u — up|* with uy as the average of u over By. In
particular if sing(u) N By # ¢, then C' depends only on the manifold N and the total
energy fBl |Dul? of u on Bj.

In both theorems, the smaller the quantity |, B, |u — uy|?, the larger the constant
C.

Concerning the rank one sets we have the following results. In the next two
theorems, the quantity J(u) is defined as (5.4) in Section 5. It describes quantitatively
how harmonic maps differ from geodesic maps.

THEOREM C. Suppose (N, h) is a smooth compact Riemannian manifold and that
u: By = N is a smooth harmonic map. Then the rank one set Ry (u), the subset of By
where the differential du has rank one, is countably (n — 1)-rectifiable unless u maps
the whole By to a point or a geodesic in N. Moreover there holds

H* N (R1(u) N Byyp) <C

where the positive constant C depends on the manifold N, the supnorm of the gradient
of w on By and the supnorm of J(u).

THEOREM D. Suppose (N, h) is a smooth compact Riemannian manifold and that
u: By = N is a minimizing harmonic map. Then the rank one set Ry (u) is countably
(n—1)-rectifiable unless u maps the whole By to a point or a geodesic in N. Moreover
there holds ,
H* N (R1(u)N Byyz) < C

where the positive constant C' depends on the manifold N, the total energy [, B, | Dul?
of u on By and the supnorm of J(u) on By. In particular if sing(u) N By # ¢, then
C depends only on the manifold N and the total energy fB1 |Du|? of u on Bj.

In both theorems, the smaller the supnorm of J(u) on Bj, the larger the constant
C.

The proofs of these theorems are similar. We use Theorems A and B for an
illustration. They consist of three steps. The first step is the decomposition of the
rank zero sets. We will show that, at almost all points in rank zero sets, the sets
themselves are approximated by (n — 2)-dimensional hyperplanes and harmonic maps
are approximated by nonzero homogeneous harmonic polynomials of two variables
by appropriate rotations. The second step is to show that when harmonic maps are
approximated by nonzero homogeneous harmonic polynomials of two variables the
rank zero sets have local measure estimates. This is based on a stability result of the
splitting of zeroes for holomorphic functions, whose proof requires some knowledge of
local rings. The last step is to iterate the local estimates obtained in step two. In order
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to achieve this we need to work in a class of smooth or minimizing harmonic maps
which satisfies some nice compactness property. Because different compact classes are
defined for smooth harmonic maps and minimizing harmonic maps, iteration processes
are quite different. The discussion for minimizing harmonic maps is more complicated.
In fact it requires the result established for smooth harmonic maps.

The paper consists of five sections. In the first section we discuss the geometric
structure of rank zero sets. We will prove a stratification result which plays an impor-
tant role in the subsequent sections. In the second section we will discuss the measure
estimates of rank zero sets of smooth harmonic maps. Minimizing harmonic maps will
be discussed in the third section. In the fourth section we will prove a stability lemma,
which is needed in sections two and three. In the last section we discuss the rank one
sets. It is similar to that for rank zero sets. So the discussion is brief.

A major portion of the work in this paper was done while the first author was
visiting Courant Institute. He would like to thank the Courant Institute for its hos-
pitality. He would also like to thank the Slaon Foundation for the partial support.

1. Geometric Structure of Rank Zero Sets. First we assume that B; is the
unit ball in R*, n > 2, endowed with a Riemannian metric g. Throughout this paper
we always assume that g is the standard Euclidean metric. The general case can be
discussed in a similar fashion. We further assume that (N, h) is a smooth compact
Riemannian manifold of the dimension m > 2, which by Nash’s isometric embedding
theorem, we assume is isometrically embedded in some Euclidean space Rf. We
consider maps u of B; into N; such maps will be thought of as maps u = (ul,--- ,u*) :
B — R* with the additional property that u(B;) C N. If u is nonsmooth it is
" understood as u(z) € N for ae. z € B;. H'(B;,N) will denote the set of maps
u € H'(By,R¥) such that u(B;) C N. For any u € H'(B;, N) we define the Dirichlet
energy of u as

E(u,By) = / | Dul?.
B,
The map u € H(Bj, N) is called a minimizing harmonic map if E(u, B;) < E(v, B;)
for any v € H'(By, N) with u = v on 0B;.

If w € H'(By, N) is a minimizing harmonic map, then u satisfies the following

elliptic system in the weak sense

(1.1) Au+ A(u)(Du,Du) =0 in B,

where A is the usual Laplacian operator in B; and A(u) denotes the second funda-
mental form of V at the point u € N. In general the smooth solutions of this elliptic
system is called smooth harmonic maps.

Given a smooth harmonic map u : B; — N, we define the rank zero set Ro(u) as

(1.2) Ro(u) = {p € By ; Du(p) = 0} .
For a minimizing harmonic map u : By — N, we define the rank zero set Ro(u) as
Ro(w) = {p € reg(u) ; Du(p) = 0},

where reg(u) denotes the regular set of u, the subset of B; where u is smooth. A
well-known theorem of Schoen and Uhlenbeck [27] shows that

dims(By \ reg(u)) <n -3,
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where dimy denotes the Hausdorff dimension.
The main result in this section is the following theorem.

THEOREM 1.1. Suppose u € H'(By, N) is a smooth harmonic map or a mini-
mizing harmonic map. Then the rank zero set Ro(u) is countably (n — 2)-rectifiable
unless u maps the whole By to a point in N.

Proof. Since this is a local result, we may assume that u is smooth in B;. Hence
u satisfies the elliptic system

(1.3) Au+ A(u)(Du,Du) =0 in B;.

By the unique continuation property of the second-order elliptic systems, (see [2]),
u cannot vanish to infinite order unless u is a constant. In the following we always
assume that u is not a constant map.

For each integer d > 2, define the rank zero set of the d-th level

Rg(u) ={yeB17 Diu(y)zo, for a‘ny’L:lv 7d_17 Ddu(y) #O} .

Since u does not vanish to infinite order, R¢(u) = ¢ for sufficiently large d. Therefore

Ro(u) = | R§(w).

a>2

Take any point y € B;(0) N R&(u). Consider the Taylor expansion of u at y. By
the definition R&(u), the lowest nontrivial term in the expansion, except possibly the
constant term, is given by a homogeneous polynomial P = P, : R* — RF of degree d.

From the equation (1.3), Au vanishes at the point y to the order at least d — 2
since u is of degree at least d. On the other hand, the right hand side vanishes to the
order at least (d — 1) + (d — 1) = 2d — 2, since Du vanishes to the order at least d — 1.
Since d — 2 < 2d — 2 under the condition d > 2, the d-th degree homogeneous terms
of u at y are harmonic, i.e., AP = 0.

To summarize, for any y € R&(u), there exists a nontrivial homogeneous polyno-
mial P = P, : R* - R* of degree d such that

u(z +y) =u() + P(z) +o(|z|?) asz—0

and
AP =0.

We should point out that some components of P might be zero, but there is at least one
nontrivial component. For convenience, we will call P = P, the leading polynomial
of u at y. With the introduction of leading polynomials, the rank zero set of the d-th
level can be written alternatively as

Ri(u) = {y € By;degP, =d} .

In the following we will show that each RE(u) is countably (n — 2)-rectifiable.
Take any point y € R¢(u) and assume the leading polynomial of u at y is given
by the d-degree non-zero homogeneous polynomial P = P,. Then P satisfies AP =0
in R*. For P = (P!,---,P*), if P® is nontrivial for some a = 1,--- , k, we set
RY(P*) = {z € By; D'P%(z) =0, forany i =0,1,--- ,d — 1, D4P%(z) # 0} .

Since P is a d-degree non-zero homogeneous polynomial, we always have 0 € R¢(P?).
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We claim that R¢(P®) is a linear subspace and
(1.4) P%(z) = P*(z +z) for any z € R® and z € R4(P?) .
In fact for any z € R4(P%), we have
D"P*(z)=0 forany |v|<d-1.

Assume

P¥(z) = Z aqz® .

|a|=d

Then we have

P%(z) = Z ao(z — 2)* .

|a|=d

This implies (1.4). Now we may prove easily that R¢(P?) is a linear subspace.

Next, we show that dim R¢(P?) < n —2 for any d > 2. In fact the formula (1.4)
implies P is a function of n-dim R¢(P%) variables. If dim R¢(P®) = n — 1, then P
would be a d-degree harmonic monomial of one variable. Hence d = 0 or 1, which is
a contradiction.

We now define fora=1,---k,and 7 =0,1,2,--- ,n — 2,

R4.i(w) = {y € R%(u); dim R4 (P = j}.

We claim that R¢ ;(u) is on a countable union of j-dimensional C* manifolds for any
d>2, a=1,--‘k,and j = 0,1,2,... ,n — 2. In fact we will prove that for any
y € Rdayj(u) there exists an r = 7(y) such that Rda,j(u) N B.(y) is contained in a
j-dimensional C' manifold.

To show this we let £7 be the j-dimensional linear subspace R4 (Py) for any y €
RE ;(u). We assume y = 0 and u(y) = 0 for simplicity. For any {y;} C ’Rg,j (u) with
Yy — Yy, we may assume by taking subsequence if necessary that & = yi/|ui| — § € S1.
Since P = Py is the leading polynomial of v at y = 0, there holdsfor¢ = 0,1,--- ,d—1,

Di(u(z) — P(z)) = o(|z|*"%) asz — 0.

Evaluating at y; = |y;]§ and taking the limit { — oo, we conclude that DP(£) = 0
forany ¢ = 0,1,--- ,d—1. Since P? is a nontrivial d-degree homogeneous polynomial,
then DYP(¢) # 0, and hence ¢ € £3 = S4(Pg). Therefore we conclude

(1.5) Angle <7y, £; >— 0

whenever {y;} C R ;(u) with 3 — y € RZ ;(u). Furthermore let P, and P be the
leading polynomials of v at y; and y = 0, respectively. By smoothness of the map u
we have

P, — P uniformly in C¢(B,;(0)).

This implies that
by, =ty asl— oo

as subspaces in R™.
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By (1.5) we obtain that for any y € Rg,j(u) and small € > 0 there exists an
r =r(y,€) such that

(1.6) RE ;N By (y) C Br(y) N Ca(£2)

where
Ce(ly) = {z € R*; dist(z,£;) < €lzl}.

Moreover by an argument similar to above to prove (1.5) we may prove that the con-
stant 7 in (1.6) can be chosen uniformly for any point z € R% ;(u) in a neighborhood

of y. In other words we obtain that for any y € Rg,j (u) and any small £ > 0 there
exists an r = r(e, y) such that

’R,i,j(u) N B.(2) C B.(2) NC(¢2) for any z € Rg,j(u) N B (y).

For ¢ > 0 small enough this clearly implies that Rg’j (u) N B,(y) is contained in a
j-dimensional Lipschitz manifold. By (1.5) this manifold is C?.
We may define for j =0,1,--- ,n — 2,

k
Ro,i(w) = |J |J RE; @)

d>2 a=1

Then we have
n—2

Ro(u) = U Ro,j(u).
=0
Moreover each R ;(u) is on a countable union of j-dimensional C' manifolds for
j=0,1,--- ,n—2. This finishes the proof of Theorem 1.1. We should emphasize that
Ro,0(w), Ro,1(u), -+ ,Ro,n—2(u) are not necessarily mutually disjoint and that they
may have overlaps. 0O
Remark. With the notation in the proof, we set

n—3
Re(w) = | Ro,j(w)
§=0

R*(u) = Ro,n_z (u)
Then we have the decomposition
Ro(u) = R*(u) U Ry(u)

with the property that R.(u) is countably (n — 3)-rectifiable, that R*(u) is on a
countable union of (n — 2)-dimensional C*! manifolds and that for any y € R*(u) some
component P;* of the leading polynomial P, of u at y is a homogeneous harmonic
polynomial of 2 variables. Such a decomposition will play an important role in the

following sections.

2. Measure Estimates of Rank Zero Sets of Smooth Harmonic Maps. In
this section we discuss the measure of rank zero sets of smooth harmonic maps.

Suppose u € H(B;, N) is a nonconstant smooth harmonic map. Then u satisfies
the following elliptic system

(2.1) Au+ A(u)(Du,Du) =0 in B;.
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We first point out some obvious facts about smooth harmonic maps. For any
positive constant M we use H(M) to denote the smooth harmonic maps v : By = N
such that

sup |Du| < M.
B;

LEMMA 2.1. The class H(M) is compact under the local L*-metric.

Proof. The proof is straightforward. For any u € H(M), by interior Schauder
estimates we get for any positive integer k and constant r,« € (0,1)

(2.2) lullcre(p,_,) < C

where C is a positive constant depending only on the manifold N and the constants
M, k,a and r. Now consider a sequence u; € H(M). Then there exists a subsequence
uy such that uy converges to some u in L2. It is easy to see by (2.2) that in fact

uy — u in local C’k(Bl)

for any k > 1. Hence u is smooth in B; and the image of u lies on the manifold N. By
taking k = 2 we conclude that u also satisfies the equation (2.1) and hence a smooth
harmonic maps. It is obvious that u belongs to the class H(M). This concludes the
proof. O

Remark. In fact we have the following result. For any two smooth harmonic maps
v and v in H(M) if ||u — v||L2(B,) < 1 for some positive n > 0 then for any integer
k> 1 and any r € (0,1) there holds

lu = vl|lcr(B,_,) < C(n)

where C(n) is a positive constant depending on 7, as well as the manifold N and the
constants M and k, with the property that C(n) — 0 as 5 — 0. This fact will be used
in the following discussion.

For the next result we introduce the following standard notation. Define u, , as
the average of u over 0B, (z). For z = 0 we simply write u, = ug ,.

LEMMA 2.2. There exist positive constant C and ry depending only on the man-
ifold N and the constant M such that for any x € Byj; and r € (0,70) there holds

rfBr(z) | Dul? - /5, |Dul?

faB,(z) [u—ug > ~ fasl lu—up|?

Lemma 2.2 is based on a variant of monotonicity formula, which claims that for
some strictly positive function c¢(x) the ratio

™[5 () | Dul?
JoB, (z) cltt — U r?

is a monotonically increasing function of r € (0,1 — |z|). Such a monotonicity formula
was proven for elliptic equations by Garofalo and Lin in [11]. The argument in [11]
can be modified to yield the results in Lemma 2.2. The key observation is that under
the assumption |Du| < M in Bj the elliptic system (2.1) can be viewed as a linear
system with bounded coeflicients for first order terms. Moreover the principal part of
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this system is decoupled. We will not provide the argument in detail. We refer the
interesting readers to [11].

In view of Lemma 2.2, we introduce H (M, F') for some positive constant F as the
collection of those harmonic maps v € H (M) with the additional assumption

TfB,(z) | Dul?
;<F
faB,(m) v — ua,p|

for any x € By and 7 € (0,1/2).

LEMMA 2.3. The class H(M, F) is compact under the local L?-metric. Moreover
the class H(M, F) is invariant under the translation and dilation. In other words, if
u € H(M,F), then for any x € By and r € (0,1/2) the map up, () also belong to
H(M, F), where up, ()(y) = u(z +ry) for y € By.

This follows from Lemma 2.1 easily.
The main result of this section is the following theorem.

THEOREM 2.4. For any u € H(M, F), there holds
Hn_2(R0(U) N B1/2) < C(N,M,F)

where C(N, M, F') is a positive constant depending only on the manifold N and the
constants M and F'.

Theorem A follows from Lemma 2.3 and Theorem 2.4 easily.
To prove Theorem 2.4 we first prove a lemma.

LEMMA 2.5. For any u € H(N,M,F), there exists a finite collection of balls
{Br;(z;)} with z; € Ro(u) and r; < 1/4 such that

H"™? (Ro(w) N Byys \ UB,, (2:)) < C,
and

St <y,

where C is a positive constant depending only on the manifold N and the constants
M and F', independent of u.

Proof. Take any u € H(N, M, F). By Theorem 1.1 we have
Ro(u) = R*(u) U Ry (u)

where R, (u) has the Hausdorff dimension not exceeding n —3, R*(u) is on a countable
union of (n — 2)-dimensional C' manifolds and for any y € R*(u) some component
Py of the leading polynomial P of u at y is a homogeneous polynomial of 2 variables
by an appropriate rotation. In particular

H" 2 (R, (u)) = 0.

Then there exist at most countably many balls B, (z;) with 7; < 1/8 and z; € R.(u)
such that

(2.3) Reu(u) C | By (2:)
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and
_ 1
(2.4) o< ST

We claim for any y € R*(u) N B4, there exist positive constants R = R(y,u) <
1/8,r = r(y,u) < R, n =n(y,u), ¢ = c(y,u) and positive integer K = K(y,u) such
that if the function v satisfies

(2:5) lu = v|Ex (Br) <7

then

(2.6) H" 2 {Ro(v) N B, (y)} < er™ 2.

Here we use || - ||&m (Br) O denote, M as a positive integer, the CM _norm weighted

with the radius R, i.e., for w € CM(Bg),

M
l[wll&m (g = O B sup |D'w(z)].
i=0 ®€Br

To prove (2.6) we take any y € R*(u) N Bs/4. By assuming u(y) = 0, we have
u(z +y) = P(z) +¢(2)

where P = (PL,--- ,P*) is a nonzero d-degree homogeneous harmonic polynomial
with d > 2 and ¢ = (¥, ,9F) is smooth in a neighborhood of the origin and
satisfies

(2.7) Dip(0) =0 fori=0,1,---,d.

For some a = 1,---,k, P* is a nontrivial homogeneous harmonic polynomial with
d > 2 and by an appropriate rotation P is a polynomial of two-variable. This follows
from the remark at the end of section 1. Hence we may apply Lemma 4.1 in the next
section to Q = P“. Let &, and r, be the constants given in Lemma 4.1 for Q. By
(2.7) and the smoothness of 9 at 0 we may take a positive constant R = R(y,u) <1/8
such that

1 o 1
”'ﬁ"/)auczaﬁ(gn) < '2'5*‘
Choose 7 small, depending on R and ¢, such that (2.5), with K = 2d?, implies

1, . 1
”'];ﬁ(u - va)“c2d2(BR(y)) < 55*'

Then there holds 1

7 (0% = Q= ) st (g < &

By considering the transformation z + y + Rz, we have

1
”ﬁ“a(y + R ) = Qllgzez g,y < €x-

Note Q is a homogeneous harmonic polynomial of two variables and of degree d. Hence
we may apply Lemma 4.1 to Q. After transforming back to Br(y) we get for some
r < Rr,

H2(|Dv®|7H{0} N B,) < ¢(n)(d — 1)%m2,
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Note that Ro(u) N Br(y) C |Dv¥|~1{0} N B,.. Therefore we obtain (2.6).
It is obvious that the collection of {B,(z;)} and {B,«,)(¥)}, y € R*(u), covers
Ro(u). By the compactness of Ro(u) U sing(u), there exist z; € Ry(u) U sing(u),
i=1,---,p=p(u), and y; € R*(u), j =1,---,q = q(u), such that

p q
Ro(u) N Bas C (U B, (:m) U (U B,, (yj))
i=1 j=1

with r; <1/8,i=1,---,p,and s; <1/8,5=1,---,¢. Denote
P g
B, = U Br,- ((L’z), Gy = U Bs,- (y])
i=1 j=1
Since Ro(u) is closed, there exists a positive constant p = p(u) such that
{z € Bsyy ; dist(z,S(u) Using(u)) < p} C B, UG,.

Consider any v € H(N, M, F) with ||u — “||L2(Bl) < 0 for some constant § > 0.
By a priori estimates for elliptic system and a compactness argument there holds for
any positive integer K,

(2.8) [u — v|ox(B,,,) < C(0)
where C(6) — 0 as 6 — 0. See the remark after Lemma 2.1. Now we take
K = K(u) = max{K(y1,u), - , K(yq,u)}-
Obviously if C(4) is small, then
(2.9) Ro(v) N By C By UGy

Moreover by taking § = 6(u) small further, we get that the condition (2.9) implies
that for each j =1,--- ,q = q(u),

lu = 0lGx By, < 15> w)-
Hence by (2.6) we obtain for each j =1,--- ,q = q(u),
(2.10) H™?(Ro(v) N By, (y;)) < cs} >
Therefore there hold by (2.4), (2.9) and (2.10),
Ro(v) N Byja C (Ro(v) N By) U (Ro(v) N Gu)

q
H" 2 (Ro(v) NGy) < c Z 2=C()
and
By, = Ul By,( <1 and Z .
), T g oo i < 2n_

If Ro(v) N By, (z;) # ¢, we may take Z; € Ro(v) N By, (z;). Obviously By, (z;) C
By, (%;). Therefore, by renaming radii and centers, we get the following conclusion.
For any u € H(N, M, F), there exist positive constants § = §(u) and C' = C(u) such
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that for any v € H1(N, M, F) with ||u — v||12(B,) < J there exist a finite collection of
balls {B;,(z;)} with z; € Ro(v), r; < 1/4, and 3772 < 1/2 such that

H" 2 (Ro(v) N By 2 \ UBr, (xi)) < C(u).

By Lemma 2.3, H(N,M,F) is compact under the L?>-metric. Hence there exist
ug, - ,ur € Hi(N,M,F) and §; = 6(u1), -+ ,6r = d(ur) such that for any v €
H(N, M, F) there exists an I, 1 <1 < L, with the property

lv —willz2(s,) < di-

Denote
C = max{C(u1), -+ ,C(ur)}.

Such a C depends only on the manifold N and the constant Eq. This finishes the
proof. O

Now we prove Theorem 2.4.

Proof of Theorem 2.4. We use the standard iteration process. To begin with,
define

¢o = {B1/2(0)} -

We claim that we may find ¢y, ¢, -, each of which consists of a collection of balls,
such that for any £ > 1

rad(B) < = - (—21—)1'7 for any B € ¢y

N~

> lrad(B)" < ()"
Beg,

and

Bege—1 Beg,

-2 (Ro(u)ﬂ U B~ U B) SC(-;—)f—l,

where C is the positive constant given in Lemma 2.5. Observe that

Ro(u) N Byy(0) C (Ro(u)ﬁ( U B~ U B))

=1 Bego— Beg,

uﬁ (Ro(u)ﬂG U B).

£=0 j=t BE®;

Hence we have

1ie-1 21y
n—2 < - i -y? .
H"* (Ro(u) N By/2(0)) _0{2(2) +§lef12(2) } <20
21 j=L
To prove the claim we construct {¢,} by induction. Note ¢o = {Bi/2}. Suppose
0, P1,-.. ,¢e—1 are already defined for some £ > 1. To construct ¢, we take B =
B, (y) € ¢¢—1, with r < 1/2. Consider the transformation = + y + 2rz and the map

up(x) = u(y + 2rz). By Lemma 2.4 ug € H(N, M, F). Hence we may apply Lemma
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2.3 to up to obtain a collection of balls {Bs,(2;)}, with s; < 1/4 and z; € Ro(ug)
such that
H" 2 (Ro(ug) N By/2\UB;,(2:)) < C

D57 s

Now transform B;/5(0) back to B.(y) by z — (z —y)/2r. We obtain that for B =
B, (y) € ¢¢-1, there exist finitely many balls {B,,(z;)} in B2,(y), with r; < 1/2, such
that

and

N |

2

H"? (Ro (u) N B, (y)\ U B, (xi)) <Cr?

and .
Zr;’_z < —2-7'”"2.
1
Then we set
¢¢ = J{Bi(z:)}
and
¢e= U of -
B€pe-1

Hence we obtain

Hn? (Ro(u)ﬂ U B~ U B) gc( Z r;f—2>
B, (z:)Ede—1

Be€gi—1 Beg,

and by induction
1,¢ e 1.¢
(3)" > ()

By, (z:i)Ede

T <

DO =

for each £ > 1. This concludes the proof. 0O

3. Geometric Measure of Rank Zero Sets of Minimizing Harmonic
Maps. In this section we will discuss the measure estimates of rank zero sets of
minimizing harmonic maps.

Suppose v € H'(B;, N) is a nonconstant minimizing harmonic map. We define

reg(u) = {y € By;u is smooth at y},
sing(u) = By \ reg(u)

and
Ro(u) = {y € reg(u); Du(y) = 0}.

Schoen and Uhlenbeck [27] showed that dimy (sing(u)) < n — 3. Theorem 1.1 implies
that dimy (Ro(u)) <n —2.

The discussion in this section is more complicated than that in the previous
section, partly because the set Ro(u) is only relatively closed in the open set reg(u).
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Another reason is the difficulty to construct a compact class of minimizing harmonic
maps which is invariant by dilations.

For any positive constants E and m, we use H,(E,m) to denote the collection
of minimizing harmonic maps u : By — N such that

/ |Dul* < E
B;

|Du|Lm(32/3) Z m.

and

First we prove
LEMMA 3.1. The class Hy(E, m) is compact under the local H'-metric.

Proof. The proof is straightforward as in the proof of Lemma 2.1. Suppose u; €
Hm(E,m) for any ¢ = 1,2,--- . Then it is obvious that there exists a subsequence
uy such that uy converges H' weakly to some u € H'(By, N), which is a minimizing
harmonic map. Next we prove that

|D’LL|L¢>0(B2/3) >m.

It is obvious if sing(u) N By/s # ¢. If sing(u) N By/3 = @, then by the small energy
regularity theorem and the strong local H! convergence, we conclude that sing(uy) N
By/3 = ¢ for all large 4'. Moreover there exists a positive constant M > 0 such that

sup |[Duy| < M, for any i'.
Bays

Hence the desired inequality follows from the uniform convergence of the gradients in
By /3. See the remark after Lemma 3.1. 0O
The main result in this section is the following.

THEOREM 3.2. For any u € H.n(E,m), there holds
Hn_z(RO(u) n B1/2) < C(N’ E: m)

where C(N, E,m) is a positive constant depending only on the manifold N and the
constants E and m.

We first prove a lemma.

LEMMA 3.3. For any u € Hn(E,m), there exists a finite collection of balls
{Br,(z;)} with z; € Ro(u) and r; € (ro,1/4) such that

H" % (Ro(u) N Byy2 \ UBy,(z;)) < C,

and
>/,

where C' and ro are positive constants depending only on the manifold N and the
constants E and m, independent of u.

Prbof. The proof is similar to that of Lemma 2.6. So we only give details on the
difference. Take any u € H1(Eo, N). By Theorem 1.1 we have

Ro(u) = R*(u) U Ry (u)
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where R, (u) has the Hausdorff dimension not exceeding n—3, R* () is on a countable
union of (n — 2)-dimensional C' manifolds and for any y € R*(u) some component
P} of the leading polynomial P, of u at y is a homogeneous polynomial of 2 variables
by an appropriate rotation. In particular

H""2 (R (u) Nsing(u)) = 0.

Then there exist at most countably many balls B, (z;) with r; < 1/8 and z; €
R4 (u) N sing(u) such that

(3.1) Ry (u) Using(u) C U B, (z;)
and

_ 1
(3.2) o< ST

As in the proof of Lemma 2.6 we may prove that for any y € R*(u) N Bs/4, there
exist positive constants R = R(y,u) < 1/8, r = r(y,u) < R, n = n(y,u), ¢ = c(y,u)
and positive integer K = K (y, u) such that if the function v satisfies

(33) ‘ IU - U'EK(BR(y)) <n
then
(3.4) H™ {Ro(v) N Br(y)} < ™2,

It is obvious that the collection of {B,,(z;)} and {B,q)(v)}, ¥ € R*(u), covers
Ro(u) U sing(u). By the compactness of Ro(u) U sing(u), there exist z; € Ry(u) U
sing(u), ¢ =1,--- ,p =p(u), and y; € R*(v), j = 1,--- ,q = q(u), such that

p q
(Ro(u) U sing(w)) N Bs/s C (U B, (x,.)) U ( U Bs; (yj)>

i=1 j=1

withr; <1/8,i=1,--- ,p,and s; <1/8,j=1,---,q. Moreover there holds

=1

smwnU%wﬁw.

Denote

p q
B, = U By (i), Gu= U By, (y;)-
i=1

i=1
Since Ro(u) U sing(u) is closed, there exists a positive constant p = p(u) such that
{z € B34 ; dist(z, Ro(u) Using(u)) < p} C By UGy.

Define
r(u) = min{2rq, -+, 2rp}.
Consider any v € H1(Eo, N) with ||u — v||g(p,,5) < 6 for some constant § > 0.

By taking ¢ small we get
(Bsa \ Bu) UGy C reg(v),
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and in particular
sing(v) N G, = ¢.

Moreover by a priori estimates for elliptic system and a compactness argument there
holds for any positive integer K,

(3.6) |u — v|ox (By,4\Ba)ug.) < C(6)
where C(6) — 0 as d — 0. Now we take
K = K(u) = max{K(y1,u), -+, K(yq,u)}-
Obviously if C(d) is small, then
(3.7) Ro(v) N By C By UGy

Moreover by taking § = d(u) small further, we get that the condition (3.7) implies
that for each j =1,--- ,¢ = q(u),

lu = VIEx (Br(y)) < MWiHw)-
Hence by (3.4) we obtain for each j = 1,--- ,q = q(u),
(3.8) H"2(Ro(v) N Bs; (y;)) < es)™2.
Therefore there hold by (3.2), (3.7) and (3.8),
Ro(v) N By 2 C (Ro(v) N By) U (Ro(v) N Gu)

H" 2 (Ro(v) N Gy) < ci 3?—2 = C(u)

j=1
and

S L
— 9n—1

k
1
— 1 /P . . .
Bu - Ui:lBri (wl)a r; < 3 and E r

i=1

If Ro(v) N By, (z;) # ¢, we may take Z; € Ro(v) N By, (z;). Obviously B, (z;) C
By, (%;). Therefore, by renaming radii and centers, we get the following conclusion.
For any u € Hm(E,m), there exist positive constants 6 = §(u) and C = C(u) such
that for any v € Hm(E,m) with [lu — v|[r1(B, ) < & there exist a finite collection of

balls {B;,(z;)} with z; € Ro(v), r; < 1/4, and Y7772 < 1/2 such that
H™ 2 (Ro(v) N By /2 \ UBy, (x:)) < C(u).

By Lemma 3.1, H,,(E,m) is compact under the local H'-metric. Hence there ex-
ist w1, - ,ur € Hpm(E,m) and 6, = §(u1),---,0r = d(ur) such that for any v €
Hm(E,m) there exists an I, 1 <! < L, with the property

lv — wlle (B, < di-

Denote
C = max{C(u1),--- ,C(ur)},

ro = max{r(uy),--- ,7(ur)}-
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Such C and 9 depends only on the manifold N and the constants E and m. This
finishes the proof. 0O

Now we prove Theorem 3.2. As for Theorem 2.5 we use the standard iteration
process. However the class H,,(F,m) is not invariant under the dilation. This makes
the iteration process complicated.

Proof of Theorem 3.2. Take a map u € H,,(E, m). To begin with, define

$o = {31/2(0)} .

By Lemma 3.3 we find ¢;, which consists of a collection of balls, such that

rad(B) < % "3 for any B € ¢4
1
n—2 -
(3.9) > [rad(B)"* < o
Beg
and
(3.10) H? | Ro(w)n | ] B~ |J B <C,
Be€go Beg

where C' is the positive constant given in Lemma 3.3.

To illustrate the idea we only carry out the next step. We take any B = B,.(y) €
¢1, with y € By/; and r < 1/4. Consider the transformation z + y + 2rz and the
map

up(z) = u(y + 2rz) .

Monotonicity formula implies

1
|Dup|® = —————_—/ |Dul? < 2”‘2/ |Du|? < 2"2E.
/B1 (2r)n—2 Bo(y) By /2(y)

We first consider the case that |Dup| Lo (By)3) < m. In this case up is a smooth
harmonic map in By/3. By Lemma 3.3 the radius of the ball B satisfies rad(B) =71 >
ro for some positive number rg depending only on the manifold NV and the constants E
and m. Hence there exists a positive constant 7, again depending only on the manifold
N and the constants E and m, such that

/ lu — uy,2r|2 >
Bar (y)

where uy o, is the average of u on B,,. This follows easily from the compactness of
the class H,,(E,m) and the continuity of the map (y,r) — fBzr(y) lu — uy,9.|? for
Bsr(y) C By. Therefore there holds

Dup|?
fBll Bl - <F
Js, luB = (up)l

for some Fy depending only on the manifold NV and the constants E and m. Now we
map apply Theorem A to up to conclude that

H"?(Ro(up) N By/2) < Cy
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for some positive constant C; depending only on the manifold N and the constants E
and m. Now transform By /5(0) back to By (y) by = = (z —y)/2r. We obtain that for
B = B,(y) € ¢1, if ug(z) = u(y + 2rz) satisfies

(3.11) IDuBlLoo(BZ/S) <m
there holds
(3.12) H"? (Ro(u) N B,(y)) < Chr"™~?

By (3.9) and (3.12) we conclude that

(3.13) > H™? (Ro(u)ﬂ Us~U B) < %cl.

Begisatisfies (3.11) Bego Begr

Hence we may delete those balls satisfying (3.11) from the collection of ¢; and add
the measure estimates (3.13) back to (3.10).
Therefore we obtain the following result. We still use the same notation. Recall

$o = {31/2(0)} .

Then we can find ¢;, which consists of a collection of balls, such that

rad(B) < for any B € ¢,

<Ll
22

Z [rad(B)]"~

Q-
l\.’)|l—‘

and

(Ro UB~UB)<C+ SC,

Begpo Beg¢

where C and C; are both positive constants depending only on the manifold N and
the constant E and m. Moreover for any ball B = B, (y) the map up(z) = u(y + 2rz)
satisfies

|Dup|Le(By/q) 2 M-

Now we may proceed inductively. We then obtain ¢y, @s,---, each of which
consists of a collection of balls, such that for any £ > 1

rad(B) < % . (%)Z for any B € ¢,
> ld(B)" < (5)°

Beg,
and
H"*2< n U B~UB>< C+()Cl,
Bede-1 Beg,

where C' and C] are positive constants depending only on the manifold N and the
constants E and m.
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The rest of the proof is the same as that in Theorem 2.5. This concludes the
proof. 0O

Now we prove Theorem B.

Proof of Theorem B. Suppose that u € H(B;, N) is a minimizing harmonic map
with [ |Dul® < E. If |Du|p=(p,) > 1, then we may apply Theorem 3.2 to conclude
that

H" ?(Ro(u) N Byys) < C

where the positive constant C' depends only on the manifold N and the constant E.
This is the case if sing(u) = ¢. Now if [Du|r~(p,) < 1, then u is a smooth harmonic
map. We apply Theorem A to u to get a similar estimate with the new constant C
depending on the manifold and the quantity [ B, lu— wp|?. O

4. Purterbations of Zeroes. The following result is used in the proof of
Lemma, 2.5 and 3.3. It was proved in [17]. We just point out some key steps.

LEMMA 4.1. Let P be a homogeneous harmonic polynomial of degree d > 2 and
of two variables in R™. Then there exist positive constants € and r, depending on P,

such that for any u € ¢’ (By) if
I'LL - P'02d2(31) < >

then
'Hn—2(|Du|—1{0} NB,) < c(n)(d - 1)2rn—2‘

The proof is based on the Weierstrass-Malgrange Preparation Theorem for finitely
differentiable functions. First we recall some terminology. For any point p € R* we
let Cp°(R™) denote the ring of germs of smooth functions in a neighborhood of p. For
a smooth map f from a neighborhood of p into R* with f(p) = 0 we let (f) denote
the ideal generated by fi,-- -, fn, the components of f. The local ring of f at p is the
quotient ring

Re(p) = C3°(R™)/(£)-

It is easy to see that Rf(p) is a vector space over R, whose dimension is called the
multiplicity of f at p. Instead of C3°(R") in the above definition we may also use
P(R™), the space of all polynomials in R", or C}'(R"), the space of analytic germs
at p. See [1] or [13]. The above notion can be defined for functions in C*. The
importance of multiplicity is its connection with zeroes of maps. It can be shown that
holomorphic maps, which maps zero to zero, have finite multiplicity at the origin if
and only if the origin is the isolated zero point. This result is not true in R", even for
analytic maps.

The notion of local rings and multiplicities can also be defined for finitely differ-
entiable functions.

The following result was proved in [3]. We assume that p, N and N’ are all
positive integers with N < N'.

LEMMA 4.2. Let D C R™ be a domain with 0 € D. Let f : D — R"*, with
f(0) =0, be a function of smoothness w(N' + 1) with the multiplicity p at 0, and let
{e1, - ,eu} be a basis of its local ring consisting of functions of smoothness pu(N +1).
Then there exist neighborhoods U, V and Q of zero in R™, for which V C U C D and
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f(V)cQ c f(U), and a positive constant ¢ with the following property: for any map
9:D = R" of smoothness p(N' + 1), if

If = gleuwav+n(py <€
there exists a bounded linear operator
E9 = (E{,---,E}) : c*" (W) = [CN (@)%,

such that for any function @ € CN(U) there holds

n
olv =Y e (Blp)og.
i=1

Proof of Lemma 4.1. We first prove for n = 2. By using the polar coordinate
z; = rcosf and z2 = rsinf in R2 = {(z1,z2)} we may assume P(z) = r? cosds.
Direct calculation shows that

Dy, P =dr®*cos(d —1)8, Dy, P = —dr® sin(d — 1)d.

Therefore both D,, P and D,, P are products of d — 1 different homogeneous linear
functions. We obtain that the map f = (D, P, D;,P) : R2 — R? has the origin as
its only zero. In fact if f is viewed as a map from C? to C?, with z € R? replaced by
z € C?, the origin is also its only zero. Hence by Bezout’s formula ([1], Corollary 1,
P200) we conclude that

dimP(R?)/(f) < (d - 1)%,

where P(R?) is the space of all polynomials in R?.

We may apply Lemma 4.2 with N' = N = 1 and u = (d — 1)2. We obtain
that there exist neighborhoods U,V,Q of the origin in R? with V C U C B; and
f(V) C Q and a positive constant ¢ > 0 such that for any map g € C2d=1*(By; R?)
with |9 — f|2(a-12(g,) < € and any function a € C24=1*(U) there exist a1, -+ ,a, €
C(Q) such that

m

(3.1) a(z) = Z ei(z)a;(g(z)) forzx e V

i=1
Hence for such a map g we may prove for some positive constant r with B, C V
Card(g™*{0} N B,) < (d - 1)%
The proof is a modification of that for Lemma 2, P97, in [1].
Now consider u € C2¢ (B;) with |u—Plgzaz g,y < €. Note 2(d—1)?+1 < 2d? for
any positive integer d. Hence with g = Du we have |g — f|o2(a-1)2 (By) <E- Therefore

we conclude
Card(|Du|™*{0} N B,) < (d - 1)%

This finishes the proof for n = 2.
Next we discuss the general dimension. For any p € R* andany 1 <i<j<n
let P;;(p) denote the 2-dimensional hyperplane

{(pla"' yPi—1, T3, Dit1,° 0 5 Pj—1,T5,Pj41,° ,Pn)}
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and simply write P;;(p) = {(x;,z;)} where there is no confusion. We also set P;; =
Pi;(0).

Now let P be a homogeneous harmonic polynomial of degree d and of two variables
in R®. With the explicit expression of P we may find a change of coordinates with
the following property. In the new coordinate system {(zi,---,z,)}, for any fixed
1 <i<j<n,themap fij = (Dg, P, D;; P)|Py, viewed as a map from R? to R?,
has the origin as its only zero and each component of f;; is the product of d — 1
homogeneous linear polynomials. In fact if fi; is viewed as a map from C? to C?,
with £ € R™ replaced by z € C", the origin is also its only zero. As before there exist
positive constants e;; and r;; such that for any g € C2(4-1)° (B2 /23 ) with

(3.2) lg — fijlcz(d—lﬁ(Bf/z) < 5ij’,
there holds
(3.3) card(g~*{0} N BZ,) < (d—1)>.

Here we use B2 to denote the ball (centered at origin) with radius r in R2.
Take

E= min &, T=_ min 7.

1

5 1<i<ji<n 1<i<j<n
Consider any u € C2¢(B;) such that

IU - Plogd2(Bl) < E.

For any p € R® and any 1 < i < j < n, set f;; = (D, P, Dsz)I]Pij as before and
Gijp = (Dwiu,Dzju)HP’ij(p). We may take r smaller such that for any p € B, there
holds

|9ij,p — fijlcz(d—lﬁ(Bf/z) < 2 < g

Hence
card(gi;’lp{O} NB2) < (d—-1)2.

Obviously [Du|~*{0} N P;;(p) C g;;5,{0}. If we set m;; as the projection
Tij (@1, Tn) = (Bl Timd, Tikd, > Tjm1, Tjt1," - » Tn) € RP72
then we have shown that for any ¢ € B* 2CR* 2 andany 1 <i<j<n
card(|Du| "' {0} N 7' (¢) N B,) < (d— 1)
Hence the integral geometric formula [10], 3.2.22, implies
H*2(|Dul {0} N B;)

< ¥ / card(|Du| {0} N} (q) N B)dH™2q
1<icj<n?Br7?

<c(n)(d - 2)%r"2.
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5. Geometric Structure and Measure of Rank One Sets. In the final
section, we discuss the rank one sets for harmonic maps, both smooth and minimizing.
Since the discussion follows the same line for the rank zero sets, we only point out the
difference.

As in Section 1, we assume that B, is the unit ball in R™, n > 2, endowed with
the standard Euclidean metric. We further assume that (IV, g) is a smooth compact
Riemannian manifold of the dimension m > 2. Throughout this section we will not
view the manifold NV isometrically embedded in some Euclidean space. For a smooth
map u : B; = N, with respect to local coordinates z — u, the gradient Du(p) can be
represented by the matrix u® = 247

ozt *
Suppose that u : By = N is a smooth harmonic map. Then u satisfies the system

(5.1) Au®+ 3 T ufu] =0,

where I’s are the Christoffel symbols on (NN, g). We define the rank one set R1(u) as

(5.2) Ri(u) = {p € By ; Du(p) has rank one } .

For a minimizing harmonic map u : By — N, we define the rank one set R (u) as
Ri(u) = {p € reg(u) ; Du(p) has rank one },

where reg(u) denotes the regular set of u, the subset of B; where u is smooth. As
pointed out in Section 1, it is known that

dimy (B \ reg(u)) <n — 3.
We first discuss the geometric structure of rank one sets.

THEOREM 5.1. Suppose u € H'(By,N) is a smooth harmonic map or a mini-
mizing harmonic map. Then the rank one set Ri(u) is countably (n — 1)-rectifiable
unless u maps the whole B; to either a point or a geodesic in N.

Proof. Since this is a local result, we may assume that u is smooth in B;. Hence u
satisfies the elliptic system (5.1). By the unique continuation property of the second-
order elliptic systems, (see [2]), u cannot vanish to infinite order unless u is a constant.
In the following we always assume that u is not a constant map or a geodesic map,
i.e., u(Bi) is not a geodesic in N.

Take 0 € R1(u). As in the proof of Theorem 1.1, we will use the leading polyno-
mials of u at 0 to study the rank one set R (u) near 0. We claim that by choosing
appropriate coordinate system {z’} in R* and {y*} at u(0) in N, the harmonic map
u has the following Taylor expansion of u at 0

u®* =Py + Ry fora=1,--- ,m,

where Py (z) = cx; for some constant ¢ # 0 and P, - - - , P, are homogeneous harmonic
polynomials with degree d > 2, at least one of which is not identically zero.

To prove the claim, we note that Du(0) : R™ — Ty(0)N has rank one as a linear
transform. So we can choose a coordinate system y* at u(0) such that

Ju(0)(Du,dy®) =0 for any a # 1.
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Let o be the geodesic in N through u(0) in the direction 3;:’1. Then one conclude
that I'f; (y) = 0 for any y € o near u(0). Furthermore, we can choose the usual Fermi
coordinate system along o; in other words, we require that I'g. (y) = 0 for any o > 1

and any y € o near u(0). Thus there holds for any a > 2

T2, () = 0((0,52,--+ ,5™) < 3 Iy°l.

a>2

By the system (5.1), we have for any a > 2

|Au| =13 T8, (wufu]|
=1
= 0(/(0,u?,- - ,u™|)Du* < C Y [P,
B8>2

where C is a constant depending on the derivatives of u as well as the geometry of N.
By the unique continuation property, (see [2]), either (u?,--- ,u™)(z) = 0 for z near 0
or (u?,---,u™) vanishes at 0 up to finite order. However (u2,--- ,u™)(z) = 0 implies
that the image of the original map u(z) = (u!,u?,--- ,u™)(z) near 0 is contained in
the set {y! = 0}, i.e., the geodesic o. By the unique continuation property again, the
whole image of the map w is contained in o. This is a contradiction to the hypothesis.
Therefore (u2,--- ,u™) has a nontrivial Taylor expansion at 0. We assume the leading
terms are given by homogeneous polynomial (P, -, P,;,) of degree d > 2. At least
one of the P, is not identically zero. Proceed as in the proof of Theorem 1.1, all P,
are harmonic polynomials, @ = 2,--- ,m. Note that u' has a nontrivial linear term
by the construction. This finishes the proof of the claim.

As in the proof of Theorem 1.1, in order to study the rank one set Ri(u) of u
near 0, we just need to study the rank one set Ry (P) of P = (P, P»,--- , Py,), where

Pi(z) =z and Py, - - - , P,,, are homogeneous harmonic polynomials with degree d > 2,
at least one of which is not identically zero. Since DP;(z) = (1,0,---,0), it is easy to
see that
n OPy i
Ri1(P)={z € R 5 =0, foranya=2,---,m, andi=2,--- ,n}.
i

Suppose for some 2 < a < m,

OF, =0, forany i =2,--- ,n.

6.17,'

Then P, is a harmonic function of variable z;, hence P, must constant or linear. This
contradicts the fact deg(P,) = d > 2 if P, is not identically zero. Therefore if P, is
not identically zero, then for some 2 < ¢ < mn, % is not an identically zero function.

For such « and i,
. OPo
Ri(P) C {z e R (z) = 0}.
6.’171'
Note {z € R™; %—%(z) = 0} is a real analytic variety of dimension < n — 1. Now
proceed as in the proof of Theorem 1.1, we may obtain a similar stratification result
for Ry (u). In particular, R (u) is countably (n — 1)-rectifiable near 0. This finishes

the proof. O
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Next we discuss how to obtain the measure estimates of rank one sets of harmonic
maps. As suggested by Theorem 1.1, we need to describe how harmonic maps differ
from geodesic maps quantitatively. One way is to consider all the possible difference
with geodesic map as follows:

(5.3) c(u) = inf{|u — o|p~(p,); 0 : By = N is a geodesic map}.

Obviously u is not a geodesic map if and only if ¢c(u) > 0. An alternative way is to
introduce the following section J(u) on the bundle T ([u*(A2T*N) ® AZR"[*):

(5.4) J(w)p(w1 Aws)(v1 Awg) = [u* (w1 A ws)](v1 Avg)

where wy, ws are one-form in T v N, and vy, v are vectors on R™. It is easy to check
that the union Ro(u)UR; (u) are exactly the collection of points p such that J(u), = 0.
In fact J(u), = 0 implies that for any wy,w; € T;(p)N vectors u*ws, u*ws are linearly
independent in T,R” = R™, which is equivalent to say that any 2 x 2 submatrix of
the differential Du at p with respect to some coordinate systems for R* and T, N
is always degenerate. Thus it describes a point p in Ro(u) U Rq(u).

The key step for the measure estimates of rank one sets is the following result.
Compare with Lemma, 2.5.

LEMMA 5.2. Suppose u : By — Ny is a smooth harmonic map, but not a geodesic
map. Then there exists a finite collection of balls {B,,(z;)} with z; € Ro(u) and
r; < 1/4 such that

H™ ! (Rl (u) N B1/2 \ UB,, (CL‘z)) <C,
and

Y orrt<iy2,

where C is a positive constant depending only on the manifold N, the supnorm of Du
in By and the reciprocal of c(u) or the reciprocal of supnorm of J(u) in By.

Proof. We only give a sketch of the proof since it proceeds similar to that of
Lemma 2.5. Note R;(u) is not a closed subset of B;. The union Ro(u) U Ry (u) is
closed. By Theorem 1.1 we have

H™ 1 (Ro(u)) = 0.

Then there exist at most countably many balls By, (z;) with r; <1/8 and z; € Ro(u)
such that

(5.5) Ro(u) C | Br. (x:)
and
(5.6) dorpt< -21;

We claim for any p € Ri(u) N B4, there exist positive constants r = r(p,u) <
1/8, n = n(p,u), ¢ = ¢(p,u) and positive integer d = d(p,u) such that if the smooth
map v : By — N satisfies :

(57) |'u - 'vlcd(Br(p)) <n
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then
(5.8) H" Y {Ri(v)NB,(p)} < er™ L.

To prove this we employ the Taylor expansion of u we derived in the proof of
Theorem 5.1. For p € Ry (u) N B4, by taking appropriate coordinate system {z'} in
R™ and {y*} at u(p) in N, the harmonic map u has the following Taylor expansion of
uat 0

u*(-+p)=Py+Ryfora=1,---,m,

where Pi(z) = yz; for some constant v # 0 and P,--- , P, are homogeneous har-
monic polynomials with degree d > 2, at least one of which is not identically zero. We
assume P, is not identically zero. Moreover by the argument in the proof of Theorem
5.1, %‘% is not an identically zero function for some ¢ = 2,--- ,m, say ¢ = 2. Since %
is a nonzero homogeneous polynomial of degree d — 1, we may find an orthonormal
basis {e1,-- - ,en} in R" such that

OP:
(5.9) Df{‘l (5:10—2) is a nonzero constant for any i =1,--- ,n.
2

For any smooth map v : B; — N close to u near p, the rank one set Rq(v) is
contained in the zero set of the function
det(av“) Ot 0v? Ovt 9P

At 1=12Y = 5.1 " 522 T 952 9yl

<
Il

The corresponding function for P is

]5=det(6Pa) ‘ _6_P1.8P2_8P1.8P2_ Py
- ot /1=t T 51 T 9p2 T 942 Ol 781:2 ’

Therefore there exist positive constants r = r(p, P) < 1/8 and 1 = n(p, P) such that
if the smooth map v : By — N satisfies

[P — v+ )lcas, o) <0
then

(5.10) Dg:lﬁ is never zero in B,(p) forany i =1,--- ,n.

By using 1-dimensional mean value theorem d—1 times, we conclude that there cannot
be more that d zeroes of ¥ in any line parallel to e; for some . Hence integral geometric

formula implies
H" 1 {6"1(0) n Br(p)} <er™,

where ¢ is constant depending on p and P. By the inclusion R;(v) C 9~1(0), this
proves (5.8) under the assumption (5.7).

The rest of the proof proceeds exactly as in Lemma 2.5, with (2.3)-(2.6) replaced
by (5.5)-(5.8). O

By Lemma 5.2 we may derive Theorem C in the same way we prove Theorem A.
We may also prove a similar result as Lemma 5.2 for minimizing harmonic maps and
then prove Theorem D. We omit the details.

As a final remark, we point out that the discussion of rank one sets can be
extended to stationary harmonic maps. For stationary harmonic maps the singular
sets have (n — 2)-dimensional Hausdorff measure. So they have the lower dimension
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compared with rank one sets. Hence the discussion is similar to that for the minimizing
harmonic maps as long as the weak limits are not constant maps or geodesic maps.
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